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Introductory Note 


This ninth volume of Collected Papers includes 87 papers comprising 982 pages on Neutrosophic Theory 
and its applications in Algebra, written between 2014-2022 by the author alone or in collaboration with the following 
81 co-authors (alphabetically ordered) from 19 countries: E.O. Adeleke, A.A.A. Agboola, Ahmed B. Al-Nafee, 
Ahmed Mostafa Khalil, Akbar Rezaei, S.A. Akinleye, Ali Hassan, Mumtaz Ali, Rajab Ali Borzooei , Assia Bakali, 
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Hee Sik Kim, Seon Jeong Kim, Valeri Kromov, R. M. Latif, Madeleine Al-Tahan, Mehmat Ali Ozturk, Minghao Hu, 
S. Mirvakili, Mohammad Abobala, Mohammad Hamidi, Mohammed Abdel-Sattar, Mohammed A. Al Shumrani, 
Mohamed Talea, Muhammad Akram, Muhammad Aslam, Muhammad Aslam Malik, Muhammad Gulistan, 
Muhammad Shabir, G. Muhiuddin, Memudu Olaposi Olatinwo, Osman Anis, Choonkil Park, M. Parimala, Ping Li, 
K. Porselvi, D. Preethi, S. Rajareega, N. Rajesh, Udhayakumar Ramalingam, Riad K. Al-Hamido, Yaser Saber, 
Arsham Borumand Saeid, Saeid Jafari, Said Broumi, A.A. Salama, Ganeshsree Selvachandran, Songtao Shao, Seok- 
Zun Song, Tahsin Oner, M. Mohseni Takallo, Binod Chandra Tripathy, Tugce Katican, J. Vimala, Xiaohong Zhang, 
Xiaoyan Mao, Xiaoying Wu, Xingliang Liang, Xin Zhou, Yingcang Ma, Young Bae Jun, Juanjuan Zhang. 
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Neutrosophic Closed Set and Neutrosophic Continuous 


Functions 


A. A. Salama, Florentin Smarandache, Valeri Kromov 


A.A. Salama, Florentin Smarandache, Valeri Kromov (2014). Neutrosophic Closed Set and Neutrosophic 
Continuous Functions. Neutrosophic Sets and Systems, 4, 4-8 


Abstract 


In this paper, we introduce and study the concept of "neutrosophic closed set "and "neutrosophic continuous function". Possible 


application to GIS topology rules are touched upon. 


Keywords: Neutrosophic Closed Set, Neutrosophic Set; Neutrosophic Topology; Neutrosophic Continuous Function. 


1 INTRODUCTION 


The idea of "neutrosophic set" was first given by 
Smarandache [11, 12]. Neutrosophic operations have been 
investigated by Salama at el. [1-10]. Neutrosophy has laid 
the foundation for a whole family of new mathematical 
their 


theories, generalizing both 


13]. 


crisp 


shall 


and fuzzy 


counterparts [9, Here we present the 
neutrosophic crisp version of these concepts. In this paper, 
we introduce and study the concept of "neutrosophic closed set 


"and "neutrosophic continuous function". 
2 TERMINOLOGIES 


We recollect some relevant basic preliminaries, and in 
particular the work of Smarandache in [11, 12], and 


Salama at el. [1-10]. 


2.1 Definition [5] 

A neutrosophic topology (NT for short) an a non empty 
set X is afamily T of neutrosophic subsets in X  satisfy- 
ing the following axioms 


(NT) Oy sly €7, 
(NT,) G,NG, er foranyG,,.G, er, 
(nT;) UG, er V{G,:ieJ}or 


In this case the pair (xX , t) is called a neutrosophic 


topological space (NTS for short) and any neutrosophic 
setin T is known as neuterosophic open set (NOS for 
short) inX | The elements of 7 are called open 


neutrosophic sets, A neutrosophic set F is closed if and 
only if it C (F) is neutrosophic open. 


2.1 Definition [5] 
The complement of (C (A) for short) of is called a neutro- 
sophic closed set ( for short) in A . NOSA NCS X. 


3 Neutrosophic Closed Set . 
3.1 Definition 

Let (X,z) be a neutrosophic topological space. A 
neutrosophic set A in (X,z) is said to be neutrosophic 
closed (in shortly N-closed). 
If Nel (A) c G whenever A c G and G is neutrosophic 
open; the complement of neutrosophic closed set is 
Neutrosophic open. 


3.1 Proposition 
If A and B are neutrosophic closed sets then AUB is 
Neutrosophic closed set. 


3.1 Remark 
The intersection of two neutrosophic closed (N-closed 
for short) sets need not be neutrosophic closed set. 


3.1 Example 
Let X = {a, b, c} and 
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A= <(0.5,0.5,0.5) , (0.4,0.5,0.5) , (0.4,0.5,0.5)> 
B = <(0.3,0.4,0.4) , (0.7,0.5,0.5) , (0.3,0.4,0.4)> 
Then T = { On,IN, A, B} is a neutrosophic topology on X. 
Define the two neutrosophic sets A; and A, as follows, 
A, = <(0.5,0.5,0.5),(0.6,0.5,0.5),(0.6,0.5,0.5)> 
A) = <(0.7,0.6,0.6)(0.3,0.5,0.5),(0.7,0.6,0.6)> 
A, and A, are neutrosophic closed set but A, M A, is 
not a neutrosophic closed set. 
3.2 Proposition 
Let be a neutrosophic topological space. If B is 
neutrosophic closed set and B cA CNcl (B), then A is 
N-closed. 


3.4 Proposition 

In al Ketrosophic topological space (X,T), T=5 (the 
family of all neutrosophic closed sets) iff every 
neutrosophic subset of (X,T) is a neutrosophic closed set. 


Proof. 

suppose that every neutrosophic set A of (X,T) is N- 
closed. Let AcT, since A c A and A is N-closed, Nel (A) 
Cc A. But A Cc Ncl (A). Hence, Nel (A) =A. thus, A € 3. 
Therefore, T c 3. If B € 3 then 1-B €T Cc S. and hence 
BeT, That is, 3 c T. Therefore T=3 conversely, suppose 
that A be a neutrosophic set in (X,T). Let B be a 
neutrosophic open set in (X,T). such that A c B. By 
hypothesis, B is neutrosophic N-closed. By definition of 
neutrosophic closure, Ncl (A) c B. Therefore A is N- 
closed. 


3.5 Proposition 

Let (X,T) be a neutrosophic topological space. A 
neutrosophic set A is neutrosophic open iff B c NInt (A), 
whenever B is neutrosophic closed and B c A. 

Proof 

Let A a neutrosophic open set and B be a N-closed, such 
that B c A. Now, B c A> 1-A =>1-B and 1-A is a 
neutrosophic closed set = Nel (I-A) ¢ 1-B. That is, 
B=1-(1-B) ¢ 1—Ncl (I-A). But 1—Ncl (1—-A) = Nint (A). 
Thus, B c Nint (A). Conversely, suppose that A be a 
neutrosophic set, such that B c Nint (A) whenever B is 
neutrosophic closed and B c A. Let |-A CB >1-BCcA. 
Hence by assumption 1—B c Nint (A). that is, 1—Nint (A) 
c B. But 1—Nint (A) =Ncl (1—A). Hence Ncl(l—A) c B. 
That is 1-A is neutrosophic closed set. Therefore, A is 
neutrosophic open set 


3.6 Proposition 
If Nint (A) ¢B CA and if A is neutrosophic open set 
then B is also neutrosophic open set. 


Collected Papers, IX 


4. Neutrosophic Continuous Functions 


4.1 Definition 

i) If B5(ug.0g.vg) 18 a NS in Y, then the preimage of B 
under f denoted by f lB), is a NS in X defined by 
p'B)=(f a). Ion). fey} 

ii) If A=(u4,0,4.v,4) is a NS in X, then the image of A 


under f,denoted by f(A), is the a NS in Y defined by 
f(A) = (rasa) Fon). F090) 


Here we introduce the properties of images and 
preimages some of which we shall frequently use in the 
following sections . 


4.1 Corollary 
Let A, {A;:ie¢ J}, be NSs in X, and 

B, \B;:7¢K}NSinY, and f:X >Ya 
function. Then 
(a) Ay c Ap & f(A\) Sc f (Ad), 

By CB) & f '(B) cf (Bp), 
(b) Ac f '(f (A) and if f is injective, then 
A= f \(f(A) )- 
(c) f (f(B)) cB andif f is surjective, then 
f'(f(B) )=B,. 
) f(UB) )=UfB), FOB) =F "Bs 
(€) f(VA) =Uf(A); ((0A,) CAF (A); and if f is injective, 
then f(A) =f (A); 
© fdy)=1y fy) =Oy- 
(g) fOy)=On, fUy)=1y if f is subjective. 


Proof 
Obvious. 


4.2 Definition 
Let (X,7,) and (Y, >) be two NTSs, and let 
f :X —Y bea function. Then / is said to be continuous 
iff the preimage of each NCS in [> isa NS ins}. 


4.3 Definition 

Let (xX, i) and (Y, Py) be two NTSs and let 
f :X — Y bea function. Then f is said to be open iff the 
image of each NS in J) isaNSin/>. 


4.1 Example 
Let (X,1,) and (Y,y,) be two NTSs 
(a) If f : X — Y is continuous in the usual sense, then in 
this case, f is continuous in the sense of Definition 5.1 
too. Here we consider the NTs on X and Y, respectively, 
as follows: = Vas ,0, ue) “Ge r} and 
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n= Hn thn) :H Ee ¥, J; 


= - case we me for each 
-1 -1 -l;,oc 
Ee 0, Hh) = f Qn). f OF ue)) 
tae ty SOA) eT. 
b) If f:X —Y is neutrosophic open in the usual 
sense, then in this case, f is neutrosophic open 
in the sense of Definition 3.2. 
Now we obtain some characterizations of 
neutrosophic continuity: 


Yo) 
(1111.0, uh JEP a, 


f. 


4.1 Proposition 

Let f :(X,1,) > (Y, I). 
f is neutrosop continuous iff the preimage of each NS 
(neutrosophic closed set) in J isaNSin/>. 


4.2 Proposition 
The following are equivalent to each other: 
(a) f:(X,1,)—- (7,1) is neutrosophic 
continuous . 
f '(Nint(B) < Nint(f ~'(B)) for each CNS B 
in Y. 
(c) NCI f~'(B)) < f '(NCKB)) for each NCB in 
Y. 


(b) 


4.2 Example 

Let (Y, I>) be a NTS and f ;X —Y be a function. In 
this case [) =\f ‘A): Hel, lis a NT on X. Indeed, it 
is the coarsest NT on X which makes the function 
f:X—Y continuous. One may call it the initial 
neutrosophic crisp topology with respect to f. 


4.4 Definition 


Let (X,T) and (Y,S) be two neutrosophic topological space, 


then 

(a) A map f : (X,T) > (Y,S) is called N-continuous (in 
short N-continuous) if the inverse image of every closed 
set in (Y,S) is Neutrosophic closedin (X,T). 

(b) A map f:(X,T)—> (Y,S) is called neutrosophic-gc 
irresolute if the inverse image of every Neutrosophic 
closedset in (Y,S) is Neutrosophic closedin (X,T). 
Equivalently if the inverse image of every Neutrosophic 
open set in (Y,S) is Neutrosophic open in (X,T). 

(c) A map f:(X,T)> (Y,S) is said to be strongly 
neutrosophic continuous if f(A) is both neutrosophic 
open and neutrosophic closed in (X,T) for each 
neutrosophic set A in (Y,S). 

(d) A map f : (X,T) > (Y,S) is said to be perfectly 
neutrosophic continuous if f' (A) is both neutrosophic 
open and neutrosophic closed in (X,T) for each 
neutrosophic open set A in (Y,S). 

(ec) A map f:(X,T)>(Y,S) is said to be strongly N- 
continuous if the inverse image of every Neutrosophic 
open set in (Y,S) is neutrosophic open in (X,T). 
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(F) A map f:(X,T)->(Y,S) is said to be perfectly N- 
continuous if the inverse image of every Neutrosophic 
open set in (Y,S) is both neutrosophic open and 
neutrosophic closed in (X,T). 


4.3 Proposition 

Let (X,T) and (Y,S) be any two neutrosophic topological 
spaces. Let f : (X,T) > (Y,S) be generalized neutrosophic 
continuous. Then for every neutrosophic set A in X, 
F(NcI(A))  Nel(f(A)). 


4.4 Proposition 

Let (X,T) and (Y,S) be any two neutrosophic topological 
spaces. Let f : (X,T) > (Y,S) be generalized neutrosophic 
continuous. Then for every neutrosophic set A in Y, 
Nel(f'(A)) c f \(Nel(A)). 


4.5 Proposition 

Let (X,T) and (Y,S) be any two neutrosophic topological 
spaces. If A is a Neutrosophic closedset in (X,T) and if f : 
(X,T) — (Y,S) is neutrosophic continuous and 
neutrosophic-closed then f(A) is Neutrosophic closedin 
(Y,S). 


Proof. 

Let G be a neutrosophic-open in (Y,S). If f(A) c G, then 
Ave f'(® in (X,T). Since A is neutrosophic closedand 
f-\(G) is neutrosophic open in (X,T), Nel(A) < f'(G), 
(i.e) f(Ncl(A)cG. Now by assumption, f(Ncl(A)) is 
neutrosophic closed and Ncl(f(A)) c Nel(f(Ncl(A))) = 
f(Ncl(A)) c G. Hence, f(A) is N-closed. 


4.5 Proposition 
Let (X,T) and (Y,S) be any two neutrosophic topological 
spaces, If f : (X,T) —> (Y,S) is neutrosophic continuous 
then it is N-continuous. 

The converse of proposition 4.5 need not be true. See 
Example 4.3. 


4.3 Example 
Let X ={a,b,c} and Y ={a,b,c}. Define neutrosophic sets A 
and B as follows A = ((0.4.0.4.0. 5), (0.2,0.4.0. 3), (0.40.40 .5)) 
B= ((0.4,0.5,0.6), (0.3,0.2,0. 3), (0.4,0.5,0. 6)) 
Then the family T = {Oy, lx, A} is a neutrosophic topology 
on Xand S = {0y, In, B} is a neutrosophic topology on 
Y. Thus (X,T) and (Y,S) are neutrosophic topological 
spaces. Define f : (X,T) > (Y,S) as f(a) =b, f(b) =a, f(c) 
= c. Clearly f is N-continuous. Now f is not neutrosophic 
continuous, since f '(B) ¢ TforB eS. 


4.4 Example 
Let X = {a,b,c}. Define the neutrosophic sets A and B as 
follows. 


A= ((0.4,0.5,0.4), (0.5,0.5,0. 5), (0.4,0.5,0.4)) 
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B 
and 


= ((0.7,0.6,0.5), (0.3,0.4,0. 5), (0.30.40. 5) 
C= ((0.5,0.5,0.5), (0.40.50. 5), (0.5.0.5. 5)) 
T= {On, 1n, A ,B} 
and S = {On, In, C} are neutrosophic topologies on X. 
Thus (X,T) and (X,S) are neutrosophic topological spaces. 
Define f: (X,T) > (X,S) as follows f(a) = b, f(b) = b, f(c) 
=c. Clearly f is N-continuous. Since 
D = ((0.6,0.6,0.7), (0.4,0.4,0 .3) , (0.6,0.6.0 .7)) 

is neutrosophic open in (X,S), f(D) is not neutrosophic 
open in (X,T). 
4.6 Proposition 
Let (X,T) and (Y,S) be any two neutrosophic topological 
space. If f: (X,T) > (Y,S) is strongly N-continuous then 
f is neutrosophic continuous. 

The converse of Proposition 3.19 is not true. See 
Example 3.3 


4.5 Example 
Let X ={a,b,c}. Define the neutrosophic sets A and B 

as follows. 

A = ((0.9,0.9,0 .9) ,(0.1,0.1,0 .1) , (0.9,0.9.0 .9)) 

B= ((0.9,0.9.0 9) ,(0.1,0.1,0 ) , (0.9,0.1,0 .8)) 
and C= ((0.9,0.9.0 .9) ,(0.1,0,0.1 ), (0.9,0.9,0 .9)) 
T = {On, ly, A ,B} and S = {Oy, In, C} are neutrosophic 
topologies on X. Thus (X,T) and (X,S) are neutrosophic 
topological spaces. Also define f :(X,T)— (X,S) as follows 
f(a) =a, f(b) = c, f(c) = b. Clearly f is neutrosophic 
continuous. But f is not strongly N-continuous. Since 

D = ((0.9,0.9,0.99 ), (0.05,0,0. 01) , (0.9,0.9,0 .99) 
Is an Neutrosophic open set in (X,S), f'@) is not 
neutrosophic open in (X,T). 


4.7 Proposition 
Let (X,T) and (Y, S) be any two neutrosophic topological 
spaces. If f: (X,T) > (Y,S) is perfectly N-continuous then 
f is strongly N-continuous. 

The converse of Proposition 4.7 is not true. See 
Example 4.6 


4.6 Example 
Let X = {a,b,c}. Define the neutrosophic sets A and B as 
follows. 

A= ((0.9,0.9,0 .9) , (0.1,0.1,0 .1) , (0.9,0.9,0 9)) 

B= ((0.99,0.99 ,0.99) , (0.01,0,0) , (0.99,0.99 0.99) ) 
And C= ((0.9,0.9,0 .9) , (0.1,0.1,0 .05) , (0.9,0.9,0 .9)) 
T= {0n, ly, A,B} and S = {0y,1y, C} are neutrosophic 
topologies space on X. Thus (X,T) and (X,S) are 
neutrosophic topological spaces. Also define f : (X,T) > 
(X,S) as follows f(a) =a, f(b) = f(c) = b. Clearly f is 
strongly N-continuous. But f is not perfectly N 
continuous. Since D = ((0.9,0.9,0.9) , (0.1,0.1,0 ) , (0.9.0.9,0 .9)) 

Is an Neutrosophic open set in (X,S), f(D) is 

neutrosophic open and not neutrosophic closed in (X,T). 
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4.8 Proposition 
Let (X,T) and (Y,S) be any neutrosophic topological 
spaces. If f: (X,T) — (Y,S) is strongly neutrosophic 
continuous then f is strongly N-continuous. 
The converse of proposition 3.23 is not true. See 

Example 4.7 
4.7 Example 
Let X = {a,b,c} and Define the neutrosophic sets A and B 
as follows. 

A = ((0.9,0.9.0 9) ,(0.1,0.1,0 1) , 0.9,0.9.0 .9)) 

B= ((0.99,0.99 0.99) , (0.01,0,0) , (0.99,0.99 0.99) ) 
and C= ((0.9.0.9.0 .9) ,(0.1,0.1,0 .05) , (0.9,0.9.0 .9)) 
T = {On, In, A ,B} and S = {Oy, ly, C} are neutrosophic 
topologies on X. Thus (X,T) and (X,S) are neutrosophic 
topological spaces. Also define f : (X,T) > (X,S) as 
follows: f(a) = a, f(b) = f(c) = b. Clearly f is strongly N- 
continuous. But f is not strongly neutrosophic continuous. 
Since 

D = ((0.9,0.9,0.9) , (0.1,0.1,0 ) , (0.9,0.9.0 .9)) 
be a neutrosophic set in (X,S), f(D) is neutrosophic open 
and not neutrosophic closed in (X,T). 


4.9 Proposition 

Let (X,T),(Y,S) and (Z,R) be any three neutrosophic 
topological spaces. Suppose f : (X,T) > (Y,S), g : (Y,S) 
— (Z,R) be maps. Assume f is neutrosophic gc-irresolute 
and g is N-continuous then g o f is N-continuous. 


4.10 Proposition 

Let (X,T), (Y,S) and (Z,R) be any three neutrosophic 
topological spaces. Let f : (X,T) > (Y,S), g : (Y,S) > 
(Z,R) be map, such that f is strongly N-continuous and g 
is N-continuous. Then the composition g o f is 
neutrosophic continuous. 


4.5 Definition 
A neutrosophic topological space (X,T) is said to be 
neutrosophic Tj/. if every Neutrosophic closed set in (X,T) 
is neutrosophic closed in (X,T). 
4.11 Proposition 

Let (X,T),(Y,S) and (Z,R) be any _neutrosophic 
topological spaces. Let f: (X,T) > (Y,S) and g: (Y,S) 
— (Z,R) be mapping and (Y,S) be neutrosophic T1,. if f 
and g are N-continuous then the composition g o f is N- 
continuous. 

The proposition 4.11 is not valid if (Y,S) is not 

neutrosophic Tj; 


4.8 Example 
Let X = {a,b,c}. Define the neutrosophic sets A,B and 
Cas follows. 
A= ((0.4,0.4,0 .6) , (0.4,0.4,0 .3) 
B= ((0.4,0.5,0 .6) , (0.3,0.4,0 .3) 
and C= ((0.4,0.6,0 .5) , (0.5,0.3,0 4)) 
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Then the family T = {Oy, In, A}, S = {Oy, ly, B} and R = 
{Ox, In, C} are neutrosophic topologies on X. Thus 
(X,T),(X,S) and (X,R) are neutrosophic topological spaces. 
Also define f : (X,T) > (X,S) as f(a) =b, f(b) =a, f(c) = 
c and g : (X,S) — (X,R) as g(a) = b, g(b) = c, g(c) = b. 
Clearly f and g are N-continuous function. But g o f is not 
N-continuous. For 1 — C is neutrosophic closed in (X,R). 
f- (g'(1-C©)) is not N closed in (X,T). g o f is not N- 


continuous. 
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Soft neutrosophic semigroups 
and their generalization 


Mumtaz Ali, Muhammad Shabir, Munazza Naz, Florentin Smarandache 


Mumtaz Ali, Muhammad Shabir, Munazza Naz, Florentin Smarandache (2014). Soft 
neutrosophic semigroups and their generalization. Scientia Magna 10(1), 93-111 


Abstract Soft set theory is a general mathematical tool for dealing with uncertain, fuzzy, not 
clearly defined objects. In this paper we introduced soft neutrosophic semigroup,soft 
neutosophic bisemigroup, soft neutrosophic N-semigroup with the discuissionf of some of their 
characteristics. We also introduced a new type of soft neutrophic semigroup, the so called soft 
strong neutrosophic semigoup which is of pure neutrosophic character. This notion also foound 
in all the other corresponding notions of soft neutrosophic thoery. We also given some of their 
properties of this newly born soft structure related to the strong part of neutrosophic theory. 

Keywords Neutrosophic semigroup, neutrosophic bisemigroup, neutrosophic N-semigroup, 
soft set, soft semigroup, soft neutrosophic semigroup, soft neutrosophic bisemigroup, soft ne- 


utrosophic N-semigroup. 


§1. Introduction and preliminaries 


Florentine Smarandache for the first time introduced the concept of neutrosophy in 1995, 
which is basically a new branch of philosophy which actually studies the origin, nature, and 
scope of neutralities. The neutrosophic logic came into being by neutrosophy. In neutro- 
sophic logic each proposition is approximated to have the percentage of truth in a subset T, 
the percentage of indeterminacy in a subset J, and the percentage of falsity in a subset F’. 
Neutrosophic logic is an extension of fuzzy logic. In fact the neutrosophic set is the generaliza- 
tion of classical set, fuzzy conventional set, intuitionistic fuzzy set, and interval valued fuzzy 
set. Neutrosophic logic is used to overcome the problems of impreciseness, indeterminate, and 
inconsistencies of date etc. The theory of neutrosophy is so applicable to every field of alge- 
bra. W. B. Vasantha Kandasamy and Florentin Smarandache introduced neutrosophic fields, 
neutrosophic rings,neutrosophic vector spaces,neutrosophic groups,neutrosophic bigroups and 


neutrosophic N-groups, neutrosophic semigroups, neutrosophic bisemigroups, and neutrosophic 


30 


Florentin Smarandache (author and editor) Collected Papers, IX 


N-semigroups, neutrosophic loops, nuetrosophic biloops, and neutrosophic N-loops, and so on. 
Mumtaz ali et al. introduced nuetrosophic L.A-semigroups. 

Molodtsov introduced the theory of soft set. This mathematical tool is free from parame- 
terization inadequacy, syndrome of fuzzy set theory, rough set theory, probability theory and so 
on. This theory has been applied successfully in many fields such as smoothness of functions, 
game theory, operation research, Riemann integration, Perron integration, and probability. Re- 
cently soft set theory attained much attention of the researchers since its appearance and the 
work based on several operations of soft set introduced in [2,9, 10]. Some properties and algebra 
may be found in [1]. Feng et al. introduced soft semirings in [5]. By means of level soft sets 
an adjustable approach to fuzzy soft set can be seen in [6]. Some other concepts together with 
fuzzy set and rough set were shown in [7, 8]. 

This paper is about to introduced soft nuetrosophic semigroup, soft neutrosophic group, 
and soft neutrosophic N-semigroup and the related strong or pure part of neutrosophy with the 
notions of soft set theory. In the proceeding section, we define soft neutrosophic semigroup, soft 
neutrosophic strong semigroup, and some of their properties are discussed. In the next section, 
soft neutrosophic bisemigroup are presented with their strong neutrosophic part. Also in this 
section some of their characterization have been made. In the last section soft neutrosophic 
N-semigroup and their corresponding strong theory have been constructed with some of their 
properties. 


§2. Definition and properties 


Definition 2.1. Let S be a semigroup, the semigroup generated by S and Tie. SUT 
denoted by (SUI) is defined to be a neutrosophic semigroup where IJ is indeterminacy element 
and termed as neutrosophic element. 

It is interesting to note that all neutrosophic semigroups contain a proper subset which is 
a semigroup. 

Example 2.1. Let Z = {the set of positive and negative integers with zero}, Z is only 
a semigroup under multiplication. Let N(S) = {(ZUJ)} be the neutrosophic semigroup under 
multiplication. Clearly Z Cc N(S) is a semigroup. 

Definition 2.2. Let N(S) be a neutrosophic semigroup. A proper subset P of N(S) is 
said to be a neutrosophic subsemigroup, if P is a neutrosophic semigroup under the operations 
of N(S). A neutrosophic semigroup N(S') is said to have a subsemigroup if N(S) has a proper 
subset which is a semigroup under the operations of N(S). 

Theorem 2.1. Let N(S) be a neutrosophic semigroup. Suppose P; and P, be any two 
neutrosophic subsemigroups of N(S') then P, UP, (i.e. the union) the union of two neutrosophic 
subsemigroups in general need not be a neutrosophic subsemigroup. 

Definition 2.3. A neutrosophic semigroup N(S) which has an element e in N(S) such 
that ex s =s*e==s for all s € N(S), is called as a neutrosophic monoid. 

Definition 2.4. | Let N(S) be a neutrosophic monoid under the binary operation x. 
Suppose e is the identity in N(S), that is s*e =ex*s =s for all s € N(S). We call a proper 
subset P of N(S) to be a neutrosophic submonoid if 
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1. P is a neutrosophic semigroup under *. 

2. e € P,i.e., P is a monoid under «. 

Definition 2.5. | Let N(S) be a neutrosophic semigroup under a binary operation *. 
P be a proper subset of N(S). P is said to be a neutrosophic ideal of N(S) if the following 
conditions are satisfied. 

1. P is a neutrosophic semigroup. 

2. For all p € P and for all s © N(S) we have px s and s *p are in P. 

Definition 2.6. Let N(S) be a neutrosophic semigroup. P be a neutrosophic ideal of 
N(S), P is said to be a neutrosophic cyclic ideal or neutrosophic principal ideal if P can be 
generated by a single element. 

Definition 2.7. Let (BN(S),*,0) be a nonempty set with two binary operations * and 
o. (BN(S),x*,0) is said to be a neutrosophic bisemigroup if BN(S) = P1U P2 where atleast 
one of (P1,*) or (P2, 0) is a neutrosophic semigroup and other is just a semigroup. Pl and P2 
are proper subsets of BN(S), i.e. Pl & P2. 

If both (P1,*) and (P2,0) in the above definition are neutrosophic semigroups then we 
call (BN(S'), *, 0) a strong neutrosophic bisemigroup. All strong neutrosophic bisemigroups are 
trivially neutrosophic bisemigroups. 

Example 2.2. Let (BN(S),x*,0) = {0,1,2,3,7,27,37,5(3),*,o} = (Pi,*) U (Po,o) 
where (P,,*) = {0,1,2,3,/, 27, 32,*} and (P2,0) = ($(3),0). Clearly (P,,*) is a neutrosophic 
semigroup under multiplication modulo 4. (P», 0) is just a semigroup. Thus (BN(S),*,0) is a 
neutrosophic bisemigroup. 

Definition 2.8. Let (BN(S) = P1U P2;0,*) be a neutrosophic bisemigroup. A proper 
subset (To, *) is said to be a neutrosophic subbisemigroup of BN(S) if 

1.7 =T1UT2 where T1 = PINT and T2 = P2NT. 

2. At least one of (T'1,0) or (T2,*) is a neutrosophic semigroup. 

Definition 2.9. Let (BN(S) = P, U Po, 0,*) be a neutrosophic strong bisemigroup. A 
proper subset T of BN(S) is called the strong neutrosophic subbisemigroup if T = T,; UT> with 
T, = P, NT and T2 = P2 NT and if both (1), *) and (To, 0) are neutrosophic subsemigroups of 
(P,,*) and (P2,0) respectively. We call T = T,UT> to be a neutrosophic strong subbisemigroup, 
if atleast one of (Ti,*) or (T2,0) is a semigroup then T = T U T) is only a neutrosophic 
subsemigroup. 

Definition 2.10. Let (BN(S) = P; U Pox,0) be any neutrosophic bisemigroup. Let J 
be a proper subset of B(N'S’) such that J; = JM P, and Jg = JM P» are ideals of P,; and P, 
respectively. Then J is called the neutrosophic bi-ideal of BN(S). 

Definition 2.11. Let (BN(S), *, 0) be a strong neutrosophic bisemigroup where BN(S') = 
P,U P with (P,,*) and (P2,0) be any two neutrosophic semigroups. Let J be a proper subset 
of BN(S) where I = I, U Ig with I) = JNM P, and Ig = JNM Py are neutrosophic ideals of 
the neutrosophic semigroups P, and P; respectively. Then I is called or defined as the strong 
neutrosophic bi-ideal of B(.N(S)). 

Union of any two neutrosophic bi-ideals in general is not a neutrosophic bi-ideal. This is 
true of neutrosophic strong bi-ideals. 


Definition 2.12. Let {S(N),*1,...,*} be a non empty set with N-binary operations 
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defined on it. We call S(N) a neutrosophic N-semigroup (N a positive integer) if the following 
conditions are satisfied. 
1. S(N) = S$, U...U Sy where each S; is a proper subset of S(N) i.e. S; GS; or Sj & S; 


fiz. 
2. (S;,*;) is either a neutrosophic semigroup or a semigroup for 7 = 1,2,...,N. 
If all the N-semigroups (Si, *i) are neutrosophic semigroups (i.e. for 7 = 1,2,...,.N) then 


we call S(NV) to be a neutrosophic strong N-semigroup. 

Example 2.3. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3= ;a,b,c,d € (RUT) ?, neutrosophic semigroup under matrix multiplica- 
c 


tion and S4 = (Z UT), neutrosophic semigroup under multiplication. 

Definition 2.13. Let S(N) = {51 U Sy U...U Sy, #1,...,*n} be a neutrosophic N- 
semigroup. A proper subset P = {P, UP, U...U Py, *1, *2,...,*n} of S(N) is said to be a 
neutrosophic Nsubsemigroup if P; = PM $;,7 = 1,2,...,N are subsemigroups of S; in which 
atleast some of the subsemigroups are neutrosophic subsemigroups. 

Definition 2.14. Let S(N) = {5 US2U...U Sw, *1,...,*w} be a neutrosophic strong 
N-semigroup. A proper subset T = {T, UT) U...UTy,*1,...,*w} of S(N) is said to be a 
neutrosophic strong sub N-semigroup if each (T;, *;) is a neutrosophic subsemigroup of (S;, *;) 
fori =1,2,...,N where T; = 7T1 Sj. 

If only a few of the (T%,*2) in T are just subsemigroups of (Si,*7) (ie. (Ti, *i) are not 
neutrosophic subsemigroups then we call T to be a sub N-semigroup of S(V). 

Definition 2.15. Let S(N) = {51 U $9 U...U Sy, #1,...,*w} be a neutrosophic N- 
semigroup. A proper subset P = {P; U Po U...U Py, *1,...,*n} of S(N) is said to be a 
neutrosophic N-subsemigroup, if the following conditions are true, 

i. P is a neutrosophic sub N-semigroup of S(NV). 

ii. Each P; = PN S;,2 = 1,2,...,N is an ideal of S;. 

Then P is called or defined as the neutrosophic N-ideal of the neutrosophic N-semigroup 
S(N). 

Definition 2.16. Let S(N) = {5; US2U...U Sn, *1,...,*w} be a neutrosophic strong 
N-semigroup. A proper subset J = {I, UIj2U...UIw} where I, = JN S; for t = 1,2,...,.N is 
said to be a neutrosophic strong N-ideal of S(N) if the following conditions are satisfied. 

1. Each is a neutrosophic subsemigroup of S;,t = 1,2,...,N i.e. It is a neutrosophic 
strong N-subsemigroup of S(N). 

2. Each is a two sided ideal of $; for t= 1,2,...,N. 

Similarly one can define neutrosophic strong N-left ideal or neutrosophic strong right ideal 
of S(N). 

A neutrosophic strong N-ideal is one which is both a neutrosophic strong N-left ideal and 
N-right ideal of S(N). 
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Throughout this subsection U refers to an initial universe, F is a set of parameters, P(U) 
is the power set of U, and A C E. Molodtsov !"7! defined the soft set in the following manner: 

Definition 2.17. A pair (F, A) is called a soft set over U where F is a mapping given 
by F.: A—>+ P(U). 

In other words, a soft set over U is a parameterized family of subsets of the universe U. 
For e € A, F(e) may be considered as the set of e-elements of the soft set (FA), or as the set 
of e-approximate elements of the soft set. 


Example 2.4. Suppose that U is the set of shops. F is the set of parameters and each 
parameter is a word or senctence. Let E={high rent, normal rent, in good condition, in bad 
condition}. Let us consider a soft set (F', A) which describes the attractiveness of shops that Mr. 
Z is taking on rent. Suppose that there are five houses in the universe U = {hy, ha, h3, ha, hs} 
under consideration, and that A = {e1, €2,e3} be the set of parameters where 


e, stands for the parameter high rent. 

€2 stands for the parameter normal rent. 

e3 stands for the parameter in good condition. 

Suppose that 

F(e,) = {hi, ha}. 

F(e2) = {ho, hs}. 

F(e3) = {hg, ha, hs}. 

The soft set (FA) is an approximated family {F'(e;),7 = 1,2,3} of subsets of the set U 


which gives us a collection of approximate description of an object. Thus, we have the soft set 
(F, A) as a collection of approximations as below: 


(F, A) = {high rent = {h1, ha}, normal rent = {h2,h5}, in good condition = {h3, ha, hs}}. 

Definition 2.18. For two soft sets (F', A) and (H, B) over U, (F, A) is called a soft subset 
of (H, B) if 

1 ACB. 

2. F(e) C G(e), for alle € A. 

This relationship is denoted by (F, A) e (H, B). Similarly (F, A) is called a soft superset 
of (H, B) if (H, B) is a soft subset of (F', A) which is denoted by (F, A) D (H, B). 

Definition 2.19. Two soft sets (F,.A) and (H, B) over U are called soft equal if (F, A) 
is a soft subset of (H, B) and (H, B) is a soft subset of (F’, A). 

Definition 2.20. (9, A) over U is called an absolute soft set if F(e) =U for alle ce A 
and we denote it by U. 


Definition 2.21. Let (F, A) and (G, B) be two soft sets over a common universe U such 
that AN B 4 ¢. Then their restricted intersection is denoted by(F, A) Nr (G,B) = (H,C) 
where (H,C) is defined as H(c) = F(c) G(c) for alle € C=ANB. 

Definition 2.22. The extended intersection of two soft sets (F,A) and (G,B) over a 
common universe U is the soft set (H,C), where C = AUB, and for all e € C, H(e) is defined 
as 
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F(e), ifee AB, 
H(e) = G(e), ifee B—A, 
F(e)N Ge), ifee ANB. 

We write (F, A) M. (G, B) = (H,C). 

Definition 2.23. The resticted union of two soft sets (fF, A) and (G, B) over a common 
universe U is the soft set (H,C), where C = AU B, and for all e € C, H(e) is defined as the 
soft set (H,C) = (F, A) Ur (G, B) where C= AN B and H(c) = F(c) UG(c) for all ce C. 

Definition 2.24. The extended union of two soft sets (F', A) and (G, B) over a common 
universe U is the soft set (H,C), where C = AUB, and for all e € C, H(e) is defined as 


F(e), ifee A-B, 
H(e) = G(e), ifee B—A, 
F(e)UG(e), ife€e ANB. 
We write (F, A) Uz (G, B) = (A, C). 
Definition 2.25. A soft set (F,A) over S is called a soft semigroup over S if (F, A) 
(F, A) C (F,A). 
It is easy to see that a soft set (F, A) over S' is a soft semigroup if and only if ¢ 4 F (a) is 


XK 
10) 


a subsemigroup of S. 

Definition 2.26. A soft set (fF, A) over a semigroup S is called a soft left (right) ideal 
over S, if (S,£) C (F, A), ((F, A) C (5, B)). 

A soft set over S is a soft ideal if it is both a soft left and a soft right ideal over S. 

Proposition 2.1. A soft set (FA) over S is a soft ideal over S if and only if ¢ 4 F (a) 
is an ideal of S. 

Definition 2.27. Let (G,B) be a soft subset of a soft semigroup (F,A) over S, then 
(G, B) is called a soft subsemigroup (ideal) of (F, A) if G(b) is a subsemigroup (ideal) of F' (0) 
for all b € A. 


§3. Soft neutrosophic semigroup 


Definition 3.1. Let N(S) be a neutrosophic semigroup and (FA) be a soft set over 
N(S). Then (F,A) is called soft neutrosophic semigroup if and only if Fe) is neutrosophic 
subsemigroup of N(S), for all e € A. 

Equivalently (FA) is a soft neutrosophic semigroup over N(S) if (F, A) } (F, A) © (F, A), 
where Nw(s),A) x (F, A) x dQ. 

Example 3.1. Let N(S) = (Z* U {0}* U {7}) be a neutrosophic semigroup under 
+. Consider P = (2Z* UTI) and R = (3Z* UTI) are neutrosophic subsemigroup of N(S). 
Then clearly for all e € A, (F, A) is a soft neutrosophic semigroup over N(S), where F(x,) = 
EC AglO & tay Gi) em Grau Om Og an 

Theorem 3.1. A soft neutrosophic semigroup over N(S') always contain a soft semigroup 


over S. 
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Proof. The proof of this theorem is straight forward. 

Theorem 3.2. Let (Ff, A) and (H, A) be two soft neutrosophic semigroups over N(S). 
Then their intersection (F, A) M (H, A) is again soft neutrosophic semigroup over N(). 

Proof. The proof is staight forward. 

Theorem 3.3. Let (F,A) and (H, B) be two soft neutrosophic semigroups over N(S). 
If AN B= 4, then (F, A) U (A, B) is a soft neutrosophic semigroup over N(S). 

Remark 3.1. The extended union of two soft neutrosophic semigroups (Ff, A) and (K, B) 
over N(S) is not a soft neutrosophic semigroup over N(S). 

We take the following example for the proof of above remark. 

Example 3.2. Let N(S) = (Z* U1) be the neutrosophic semigroup under +. Take 
P, = {(2Z* UI)} and Py = {(3Z* UI)} to be any two neutrosophic subsemigroups of N(S). 
Then clearly for all e € A, (F, A) is a soft neutrosophic semigroup over N(S), where F(a,) = 
{(2Z+ U1)}, F(ae) = {(8Z7 UD}. 

Again Let Ry = {(5Z7UI)} and Ry = {(4Z* Ul)} be another neutrosophic subsemigroups 
of N(S) and (K, B) is another soft neutrosophic semigroup over N(S), where K (2) = {(5Z7U 
1}, K (es) = {(4Z+ UD}. 

Let C = AUB. The extended union (F, A) Uz (K,B) = (H,C) where x, € C, we 
have H(a,) = F(a1) U K(a1) is not neutrosophic subsemigroup as union of two neutrosophic 
subsemigroup is not neutrosophic subsemigroup. 

Proposition 3.1. The extended intersection of two soft neutrosophic semigroups over 
N(S) is soft neutrosophic semigruop over N(S). 

Remark 3.2. The restricted union of two soft neutrosophic semigroups (F’, A) and (K, B) 
over N(S) is not a soft neutrosophic semigroup over N(S). 

We can easily check it in above example. 

Proposition 3.2. The restricted intersection of two soft neutrosophic semigroups over 
N(S) is soft neutrosophic semigroup over N(S). 

Proposition 3.3. The AND operation of two soft neutrosophic semigroups over N(S) 
is soft neutrosophic semigroup over N(S/). 

Proposition 3.4. The OR operation of two soft neutosophic semigroup over N(S) may 
not be a soft nuetrosophic semigroup over N(S). 

Definition 3.2. Let N(S) be a neutrosophic monoid and (F, A) be a soft set over N(S). 
Then (Ff, A) is called soft neutrosophic monoid if and only if F(e) is neutrosophic submonoid 
of N(S), for all w € A. 

Example 3.3. Let N(S) = (ZUI) be a neutrosophic monoid under +. Let P = (2ZUT) 
and Q = (83Z UI) are neutrosophic submonoids of N(S'). Then (F, A) is a soft neutrosophic 
monoid over N(S), where F(a1) = {(2Z UI)}, F(a2) = {(3ZUT)}. 

Theorem 3.4. Every soft neutrosophic monoid over N(S) is a soft neutrosophic semi- 
group over N(S') but the converse is not true in general. 

Proof. The proof is straightforward. 

Proposition 3.5. Let (F,A) and (K, B) be two soft neutrosophic monoids over N(S). 
Then 
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1. Their extended union (F, A) U. (K, B) over N(S) is not soft neutrosophic monoid over 


N(S). 

2. Their extended intersection (F', A)N- (K, B) over N(S) is soft neutrosophic monoid over 
N(S). 

3. Their restricted union (F, A) Ur (K, B) over N(S) is not soft neutrosophic monoid over 
N(S). 

4. Their restricted intersection (F,A)M- (K,B) over N(S') is soft neutrosophic monoid 
over N(S). 

Proposition 3.6. Let (F,A) and (H,B) be two soft neutrosophic monoid over N(S). 
Then 


1. Their AND operation (F, A) A (H, B) is soft neutrosophic monoid over N(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic monoid over N(S). 

Definition 3.3. Let (F, A) be a soft neutrosophic semigroup over N(S), then (F, A) is 
called Full-soft neutrosophic semigroup over N (S$) if F(a) = N(S), for all « € A. We denote it 
by N(S). 

Theorem 3.5. Every Full-soft neutrosophic semigroup over N(S') always contain absolute 
soft semigroup over S. 

Proof. The proof of this theorem is straight forward. 

Definition 3.4. Let (Ff, A) and (H, B) be two soft neutrosophic semigroups over N(S). 
Then (H, B) is a soft neutrosophic subsemigroup of (F, A), if 

1 BCA. 

2. H(a) is neutrosophic subsemigroup of F(a), for all a € B. 

Example 3.4. Let N(S') = (ZUI) bea neutrosophic semigroup under +. Then (Ff, A) isa 
soft neutrosophic semigroup over N (5), where F'(#1) = {(2Z UI)}, F(a2) ={BZUD}, F(a#3) = 
{(5ZUT)}. 

Let B = {1,22} C A. Then (H, B) is soft neutrosophic subsemigroup of (F’, A) over N(S), 
where H(2,) = {(4Z UI)}, H(ae) = {(6ZUT)}. 

Theorem 3.6. A soft neutrosophic semigroup over N(S) have soft neutrosophic sub- 
semigroups as well as soft subsemigroups over N(S). 

Proof. Obvious. 

Theorem 3.7. Every soft semigroup over S is always soft neutrosophic subsemigroup of 
soft neutrosophic semigroup over N(S). 

Proof. The proof is obvious. 

Theorem 3.8. Let (F, A) be asoft neutrosophic semigroup over N (S') and {(H;, Bi) ;7 € I} 
is a non empty family of soft neutrosophic subsemigroups of (F, A) then 

1. Nier (Hi, B;) is a soft neutrosophic subsemigroup of (F’, A). 

2. Aier (H;, B;) is a soft neutrosophic subsemigroup of Ajer (F, A). 

3. Uier (Hi, Bi) is a soft neutrosophic subsemigroup of (F,A) if Bi; B; = 4, for alli # j. 

Proof. Straightforward. 

Definition 3.5. A soft set (F,A) over N(S) is called soft neutrosophic left (right) ideal 
over N(S) if N(S) 3 (F,A) ¢ (F,A), where Nwyis),a) # (F,A) # @ and N(S) is Full-soft 
neutrosophic semigroup over N(S). 
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A soft set over N(S) is a soft neutrosophic ideal if it is both a soft neutrosophic left and a 
soft neutrosophic right ideal over N(S). 

Example 3.5. Let N(S) = (ZU) be the neutrosophic semigroup under multiplication. 
Let P = (2Z UI) and Q = (4Z UI) are neutrosophic ideals of N(S'). Then clearly (F, A) is a 
soft neutrosophic ideal over N(S), where F(x,) = {(2ZUT)}, F(a2) = {(4Z UT)}. 

Proposition 3.7. (FA) is soft neutrosophic ideal if and only if F(x) is a neutrosophic 
ideal of N(S), for all x € A. 

Theorem 3.9. Every soft neutrosophic ideal (F, A) over N (S) is a soft neutrosophic 
semigroup but the converse is not true. 

Proposition 3.8. Let (F,A) and (K,B) be two soft neutrosophic ideals over N(S). 
Then 

1. Their extended union (F, A) U; (K, B) over N(S) is soft neutrosophic ideal over N(S’). 

2. Their extended intersection (F,A)M- (K,B) over N(S) is soft neutrosophic ideal over 
N(S). 

3. Their restricted union (F, A) Ur (K, B) over N(S) is soft neutrosophic ideal over N(S). 

4. Their restricted intersection (fF, A)NM- (K,B) over N(S) is soft neutrosophic ideal over 
N(S). 

Proposition 3.9. 

1. Let (F, A) and (H, B) be two soft neutrosophic ideal over N(S). 

2. Their AND operation (F', A) A (H, B) is soft neutrosophic ideal over N(S). 

3. Their OR operation (F, A) V (H, B) is soft neutrosophic ideal over N(S). 

Theorem 3.10. Let (F,A) and (G,B) be two soft semigroups (ideals) over S and T 
respectively. Then (F, A) x (G, B) is also a soft semigroup (ideal) over S x T. 

Proof. The proof is straight forward. 

Theorem 3.11. Let (F, A) be asoft neutrosophic semigroup over N (5') and {(H;, Bi) ;i € I} 
is a non empty family of soft neutrosophic ideals of (F, A) then 

1. Mier (Hi, B;) is a soft neutrosophic ideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic ideal of Ajc; (F, A). 

3. User (Hi, B;) is a soft neutrosophic ideal of (F, A). 

4. Vier (Hj, B;) is a soft neutrosophic ideal of Vier (F, A). 

Definition 3.6. A soft set (F, A) over N(S) is called soft neutrosophic principal ideal 
or soft neutrosophic cyclic ideal if and only if F(a) is a principal or cyclic neutrosophic ideal of 
N(S), for all x € A. 

Proposition 3.10. Let (F,A) and (K, B) be two soft neutrosophic principal ideals over 
N(S). Then 

1. Their extended union (F', A) U. (K, B) over N(S) is not soft neutrosophic principal ideal 
over N(S). 

2. Their extended intersection (FA) M- (K,B) over N(S) is soft neutrosophic principal 
ideal over N(S). 

3. Their restricted union (FA) Ur (K,B) over N(S) is not soft neutrosophic principal 
ideal over N(S). 
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4. Their restricted intersection (F, A) M- (K, B) over N(S) is soft neutrosophic principal 
ideal over N(S). 

Proposition 3.11. Let (Ff, A) and (H, B) be two soft neutrosophic principal ideals over 
N(S). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic principal ideal over N(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic principal ideal over N(S). 


§3. Soft neutrosophic bisemigroup 


Definition 3.1. Let {BN (S), *1,*2} be a neutrosophic bisemigroup and let (F, A) be 
a soft set over BN(S). Then (F, A) is said to be soft neutrosophic bisemigroup over BN(G) if 
and only if F(x) is neutrosophic subbisemigroup of BN(G) for all x € A. 

Example 3.1. Let BN(S) = {0,1,2,/,2I,(Z UTI), x, +} be a neutosophic bisemigroup. 
Let T = {0,1,21,(2Z UI),x,+},P = {0,1,2,(5Z UD), x,+} and L = {0,1,2,Z,x,+} are 
neutrosophic subbisemigroup of BN (S). The (F, A) is clearly soft neutrosophic bisemigroup 
over BN (S), where F (21) = {0, 1,20, (2ZUI), x, +}, F (v2) = {0, 1,2, (5ZUL), x, +}, F (x3) = 
Oi oe Sct y, 

Theorem 3.1. Let (F, A) and (H, A) be two soft neutrosophic bisemigroup over BN(S). 
Then their intersection (Ff, A) 9 (H, A) is again a soft neutrosophic bisemigroup over BN(S). 

Proof. Straightforward. 

Theorem 3.2. Let (Ff, A) and (H, B) be two soft neutrosophic bisemigroups over BN(S) 
such that AN B = ¢, then their union is soft neutrosophic bisemigroup over BN(S). 

Proof. Straightforward. 

Proposition 3.1. Let (F,A) and (K,B) be two soft neutrosophic bisemigroups over 
BN(S). Then 

1. Their extended union (F’, A) U; (K, B) over BN(S) is not soft neutrosophic bisemigroup 
over BN(S). 

2. Their extended intersection (F', A)N-(K, B) over BN(S) is soft neutrosophic bisemigroup 
over BN(S). 

3. Their restricted union (F, A)Ur(K, B) over BN(S) is not soft neutrosophic bisemigroup 
over BN(S). 

4. Their restricted intersection (F, A). (K,B) over BN(S) is soft neutrosophic bisemi- 
group over BN(S). 

Proposition 3.2. Let (F,A) and (K,B) be two soft neutrosophic bisemigroups over 
BN(S). Then 

1. Their AND operation (F, A) A (K, B) is soft neutrosophic bisemigroup over BN(S). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic bisemigroup over BN(S). 

Definition 3.2. Let (F, A) be a soft neutrosophic bisemigroup over BN(S), then (F, A) 
is called Full-soft neutrosophic bisemigroup over BN(S) if F(a) = BN(S), for all « € A. We 
denote it by BN(S). 

Definition 3.3. Let (Ff, A) and (H,B) be two soft neutrosophic bisemigroups over 
BN(S). Then (H, B) is a soft neutrosophic subbisemigroup of (F, A), if 
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1 BCA. 

2. H(x) is neutrosophic subbisemigroup of F'(«), for all x € B. 

Example 3.2. Let BN(S) = {0,1,2,/,2I,(Z UTI), x, +} be a neutosophic bisemigroup. 
Let T = {0,1,21,(2Z U1),x,+},P = {0,1,2,(5Z UD), x,+} and L = {0,1,2,Z,x,+} are 
neutrosophic subbisemigroup of BN (S). The (F, A) is clearly soft neutrosophic bisemigroup 
over BN (S), where F (21) = {0, 1,22, (2ZUI), x, +}, F (v2) = {0, 1,2, (5ZUL), x, +}, F (x3) = 
{0,1,2, Z, x, +}. 

Then (H, B) is a soft neutrosophic subbisemigroup of (F, A), where H (x1) = {0,/, (4Z UI), 
x, +}, W (x3) = {0,1,47, x, +}. 

Theorem 3.3. Let (Ff, A) bea soft neutrosophic bisemigroup over BN (S) and {(H;, B;); 
i € I} be a non-empty family of soft neutrosophic subbisemigroups of (F', A) then 

1. Nier (Hi, B;) is a soft neutrosophic subbisemigroup of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic subbisemigroup of Ajez (F, A). 

3. Uier (H;, B;) is a soft neutrosophic subbisemigroup of (F, A) if B;1.B,; = ¢, for alli F 7. 

Proof. Straightforward. 

Theorem 3.4. (fF, A) is called soft neutrosophic biideal over BN (S) if F(x) is neutro- 
sophic biideal of BN(S), for all x € A. 

Example 3.3. Let BN(S) = ({(Z U I),0,1,2,7,27,+,x}(x under multiplication 
modulo 3)). Let T = {(2ZU 1),0,1,1,21,+,x} and J = {(8ZU 1), {0,1,1,2I}, +x} are 
ideals of BN(S). Then (FA) is soft neutrosophic biideal over BN(S), where F(x) = 
{(2Z UI),0,1,1, 21, +, x}, F (a2) = {(8Z UI), {0, 1, 1, 20}, +x}. 

Theorem 3.5. Every soft neutrosophic biideal (F', A) over BS (N) is a soft neutrosophic 
bisemigroup but the converse is not true. 

Proposition 3.3. Let (Ff, A) and (K, B) be two soft neutrosophic biideals over BN(S). 


Then 

1. Their extended union (F, A) Ue (KX, B) over BN(S) is not soft neutrosophic biideal over 
BN(S). 

2. Their extended intersection (FA), (K,B) over BN(S) is soft neutrosophic biideal 
over BN(S). 

3. Their restricted union (F, A)Up(K, B) over BN(S) is not soft neutrosophic biideal over 
BN(S). 

4. Their restricted intersection (F,.A)M.- (K,B) over BN(S) is soft neutrosophic biideal 
over BN(S). 

Proposition 3.4. Let (F, A) and (H, B) be two soft neutrosophic biideal over BN(S). 
Then 


1. Their AND operation (F, A) A (H, B) is soft neutrosophic biideal over BN(S). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic biideal over BN(S). 

Theorem 3.6. 

Let (F, A) be a soft neutrosophic bisemigroup over BN (S) and {(H;, B;);i € I} is a non 
empty family of soft neutrosophic biideals of (F, A) then 

1. Mier (Hi, B;) is a soft neutrosophic biideal of (F’, A). 

2. Aier (H;, B;) is a soft neutrosophic biideal of Ajez (F, A). 
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§4. Soft neutrosophic strong bisemigroup 


Definition 4.1. Let (F, A) be a soft set over a neutrosophic bisemigroup BN(S). Then 
(F, A) is said to be soft strong neutrosophic bisemigroup over BN(G) if and only if F(a) is 
neutrosophic strong subbisemigroup of BN(G) for all x € A. 

Example 4.1. Let BN(S) = {0,1,2,/,2I, (ZUT), x,+} be a neutrosophic bisemigroup. 
Let T = {0,/,27,(2Z UI),x,+} and R = {0,1,/,(4Z UTI), x,+} are neutrosophic strong 
subbisemigroups of BN (.S). Then (F’, A) is soft neutrosophic strong bisemigroup over BN (S), 
where F (a1) = {0, 1,21, (2Z UI), x, +}, F (x2) = {0,1,1,(4ZU I), x, +}. 

Theorem 4.1. Every soft neutrosophic strong bisemigroup is a soft neutrosophic bisemi- 
group but the converse is not true. 

Proposition 4.1. Let (Ff, A) and (K, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then 

1. Their extended union (F,A) U- (K,B) over BN(S) is not soft neutrosophic strong 
bisemigroup over BN(S). 

2. Their extended intersection (F,A)M- (K,B) over BN(S) is soft neutrosophic stong 
bisemigroup over BN(S). 

3. Their restricted union (F,A) Ur (K,B) over BN(S) is not soft neutrosophic stong 
bisemigroup over BN(S’). 

4. Their restricted intersection (fF, A) M- (K,B) over BN(S) is soft neutrosophic strong 
bisemigroup over BN (3S). 


Proposition 4.2. Let (Ff, A) and (K, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then 

1. Their AND operation (F,A) A (K,B) is soft neutrosophic strong bisemigroup over 
BN(S). 
2. Their OR operation (F, A) V (K, B) is not soft neutrosophic strong bisemigroup over 
BN(S). 

Definition 4.2. Let (F,A) and (H, B) be two soft neutrosophic strong bisemigroups 
over BN(S). Then (H, B) is a soft neutrosophic strong subbisemigroup of (F, A), if 

1 BCA. 

2. H(a) is neutrosophic strong subbisemigroup of F(x), for all x € B. 

Example 4.2. Let BN(S) = {0,1,2,/,2I,(ZUT), x,+} be a neutrosophic bisemigroup. 
Let T = {0,/,27,(2Z UI),x,+} and R = {0,1,/,(4Z UT), x,+} are neutrosophic strong 
subbisemigroups of BN (.S). Then (Ff, A) is soft neutrosophic strong bisemigroup over BN (S), 
where F (x1) = {0, 1,21, (2Z UI), x, +}, F (x2) = {0,1, (4Z U1), x, +}. 

Then (H,B) is a soft neutrosophic strong subbisemigroup of (F,A), where H (#1) = 
eee VAC omecre so 

Theorem 4.2. Let (Ff, A) be a soft neutrosophic strong bisemigroup over BN (S) and 
{(Hi, Bi) ;i € I} be a non empty family of soft neutrosophic strong subbisemigroups of (F’, A) 
then 

1. Nier (Hi, B;) is a soft neutrosophic strong subbisemigroup of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic strong subbisemigroup of Ajer (F, A). 
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3. Uier (Hi, B;) is a soft neutrosophic strong subbisemigroup of (F, A) if B; 1 B; = @, for 
alli Aj. 

Proof. Straightforward. 

Definition 4.3. (Ff, A) over BN (S) is called soft neutrosophic strong biideal if F(x) is 
neutosophic strong biideal of BN(S), for all x € A. 

Example 4.3. Let BN(S) = ({(ZUJ),0,1, 2,7, 27}, +, x(x under multiplication modulo 
3)). Let T = {(2Z7 UT),0,7,1,22,4+,x} and J = {(8Z UI), {0,1, 2,27}, +x} are neutrosophic 
strong ideals of BN (S). Then (F, A) is soft neutrosophic strong biideal over BN (S), where 
F (a1) = {(2Z UI), 0,1,1, 21, +, x}, F (a2) = {(8Z UI), {0, 1, L, 20}, +x}. 

Theorem 4.3. — Every soft neutrosophic strong biideal (F,.A) over BS (N) is a soft 
neutrosophic bisemigroup but the converse is not true. 

Theorem 4.4. — Every soft neutrosophic strong biideal (F,A) over BS (N) is a soft 
neutrosophic strong bisemigroup but the converse is not true. 

Proposition 4.3. Let (F,A) and (K,B) be two soft neutrosophic strong biideals over 
BN(S). Then 

1. Their extended union (F, A)U,(K, B) over BN(S) is not soft neutrosophic strong biideal 
over BN(S). 

2. Their extended intersection (F,A) M- (K,B) over BN(S')) is soft neutrosophic strong 
biideal over BN(S). 

3. Their restricted union (fF, A) Up (K,B) over BN(S) is not soft neutrosophic strong 
biideal over BN(S). 

4. Their restricted intersection (F, A) M- (K,B) over BN(S) is soft neutrosophic stong 
biideal over BN(S). 

Proposition 4.4. Let (F,A) and (H, B) be two soft neutrosophic strong biideal over 
BN(S). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic strong biideal over BN(S). 

2. Their OR operation (F, A) V (A, B) is not soft neutrosophic strong biideal over BN(S). 

Theorem 4.5. Let (Ff, A) be a soft neutrosophic strong bisemigroup over BN (S) and 
{(H;, B;);i € I} is a non empty family of soft neutrosophic strong biideals of (F', A) then 

1. Mier (Hj, B;) is a soft neutrosophic strong biideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic strong biideal of Ajez7 (F, A). 


§5. Soft neutrosophic N-semigroup 


Definition 5.1. Let {S(N),*1,...,*} be a neutrosophic N-semigroup and (F, A) be 
a soft set over {S(N),*1,...,*}. Then (F, A) is termed as soft neutrosophic N-semigroup if 
and only if F'(a) is neutrosophic sub N-semigroup, for all x € A. 

Example 5.1. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 


So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 
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a b 
S3 = ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 
cd 


tion. 
S4 = (ZUT), neutrosophic semigroup under multiplication. Let T = {T, U To U T3 U 
T4, *1, *2, *3,*4} is a neutosophic sub 4-semigroup of S (4), where T, = {0,2,4,6,8,10} C Zy2, 


b 
=. Fors es B= tl" |setewe OUR Ve $74 1670 Te Se 
cd 


the neutrosophic semigroup under multiplication. Also let P = {P,U PU P3U Py, *1, *2, *3, *4} 
be another neutrosophic sub 4-semigroup of S (4), where P; = {0,6} C Zi2, Po = {0,1, I} c 


b 
So, Pa = tl“ ” )sabede(ZUD$ C $3, Py = {(2ZUD} C Sy. Then (F,A) is soft 
cd 


neutrosophic 4-semigroup over S (4), where 


b 
F(a) = {0,2,4,6,8,10}U {0,7,27,31}U¢ (| ° -a,b,c,d€ (QUI) SUL(BZUD}, 
d 


I 


F (x2) {0,6} U {0, 1,2} U : : ;a,b,c,d€ (ZUTL) pU{2ZUT)}. 


Theorem 5.1. Let (F, A) and (H, A) be two soft neutrosophic N-semigroup over S(N). 
Then their intersection (Ff, A) (H, A) is again a soft neutrosophic N-semigroup over S(N). 

Proof. Straightforward. 

Theorem 5.2. Let (F, A) and (H, B) be two soft neutrosophic N-semigroups over S(NV) 
such that AN B = ¢, then their union is soft neutrosophic N-semigroup over SV). 

Proof. Straightforward. 

Proposition 5.1. Let (F, A) and (K, B) be two soft neutrosophic N-semigroups over 


S(N). Then 

1. Their extended union (F’, A) U, (K, B) over S(N) is not soft neutrosophic N-semigroup 
over S(N). 

2. Their extended intersection (Ff, A)N-(K, B) over S(N) is soft neutrosophic N-semigroup 
over S(N). 

3. Their restricted union (F, A) Up (K, B) over S(N) is not soft neutrosophic N-semigroup 
over S(N). 

4. Their restricted intersection (F’, A)N-(K, B) over S(N) is soft neutrosophic N-semigroup 
over S(N). 

Proposition 5.2. Let (F,A) and (K, B) be two soft neutrosophic N-semigroups over 
S(N). Then 


1. Their AND operation (F, A) A (K, B) is soft neutrosophic N-semigroup over S(N). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic N-semigroup over S(NV). 

Definition 5.2. Let (F, A) be a soft neutrosophic N-semigroup over S(N), then (F, A) 
is called Full-soft neutrosophic N-semigroup over S(N) if F(x) = S(N), for all « € A. We 
denote it by S(NV). 
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Definition 5.3. Let (F, A) and (H,B) be two soft neutrosophic N-semigroups over 
S(N). Then (H, B) is a soft neutrosophic sub N-semigroup of (F, A), if 

1 BCA. 

2. H(x) is neutrosophic sub N-semigroup of F(x), for all x € B. 

Example 5.2. Let S(N) = {5,US2US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = {Z12, semigroup under multiplication modulo 12}. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3 = ;a,b,c,d € (RUT) >, neutrosophic semigroup under matrix multiplica- 


cd 
tion. 
S4 = (ZUTI), neutrosophic semigroup under multiplication. Let T = {T, UT) U T3 U 
T4, *1, *2,*3,*4} is a neutosophic sub 4-semigroup of S (4), where T; = {0,2,4,6,8,10} C 


a b 
212, T2 = {0, 7,27, 37} Cc So, T3 = 3a,b,c,d € (QUI) & S3, 1 = {(5Z U 
cd 


I)} Cc $4, the neutrosophic semigroup under multiplication. Also let P = {P, U Py U P3U 
P4, *1,*2,*3, x4} be another neutrosophic sub 4-semigroup of $' (4), where P,; = {0,6} C Zi, 


a b 
Py = {0,1,I} C So, P3 = :a,b,c,d € (ZUT) C S3, Py = {((2Z UT)} C Sy. Also 
cd 
let R = {R, U Ro U R3 VU Ra, ¥1, *2, *3,*4} be a neutrosophic sub 4-semigroup os S (4) where 
a b 
R, = {0,3,6,9}, Ro = {0,7,27},R3 = :a,b,c,d € (2ZUT) >, Ry = {(3ZUT)}. 
cd 


Then (F’, A) is soft neutrosophic 4-semigroup over S (4), where 


b 
F(a) = {0,2,4,6,8,10}U {0,7,27,3}U¢ (| ° -a,b,c,d€ (QUI) SU{(BZUD}, 
cd 
a b 
F(a) = {0,6}U {0,1,2}U :a,b,c,d € (ZU) pU{QZUD)}, 
Cc 
a b 
F(e3) = {0,3,6,9}U{0,1,21}U pe bed € 2ZU1) pULBZUD}. 
Cc 


Clearly (H, B) is a soft neutrosophic sub N-semigroup of (FA) , where 


b 
H(.) = {0,4,8}U{o,7,2nU4( " ” |sabc,¢e(ZUN $uU{i0zZUD}, 
d 


Cc 


H (x3) 


b 
fo,eyu fous | 9” |sabede4zun su{ezun}. 
cd 


Theorem 5.3. Let (F, A) be asoft neutrosophic N-semigroup over S' (NV) and {(H;, B;) ;i € I} 
is a non empty family of soft neutrosophic sub N-semigroups of (FA) then 
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1. Nier (Hi, B;) is a soft neutrosophic sub N-semigroup of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic sub N-semigroup of Ajez (F, A). 

3. User (Hi, B;) is a soft neutrosophic sub N-semigroup of (F, A) if B; 1B; = ¢, for all 
i#j. 

Proof. Straightforward. 

Definition 5.4. (F,A) over S(N) is called soft neutrosophic N-ideal if F(x) is neuto- 
sophic N-ideal of S(N), for all x € A. 

Theorem 5.4. Every soft neutrosophic N-ideal (F, A) over S (NV) is a soft neutrosophic 
N-semigroup but the converse is not true. 

Proposition 5.3. Let (F, A) and (K, B) be two soft neutrosophic N-ideals over S (N). 


Then 

1. Their extended union (F, A) U- (K, B) over S'(N) is not soft neutrosophic N-ideal over 
S(N). 

2. Their extended intersection (FA) M- (K,B) over S(N) is soft neutrosophic N-ideal 
over S(N). 

3. Their restricted union (F, A) Up (K, B) over S (N) is not soft neutrosophic N-ideal over 
S(N). 

4. Their restricted intersection (F,A)M- (K, B) over S(N) is soft neutrosophic N-ideal 
over S(N). 

Proposition 5.4. Let (Ff, A) and (H, B) be two soft neutrosophic N-ideal over S (N). 
Then 


1. Their AND operation (F, A) A (H, B) is soft neutrosophic N-ideal over S'(N). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic N-ideal over S (NV). 

Theorem 5.5. Let (F, A) be a soft neutrosophic N-semigroup over S (NV) and {(H;, B;); 
i € I} is a non empty family of soft neutrosophic N-ideals of (FA) then 

1. Mier (Hi, B;) is a soft neutrosophic N-ideal of (F, A). 

2. Aicr (H;, B;) is a soft neutrosophic N-ideal of Ajc7 (F, A). 


§6. Soft neutrosophic strong N-semigroup 


Definition 6.1. Let {S(N), *1,...,*} be a neutrosophic N-semigroup and (F, A) be a 
soft set over {S(N),*1,...,*}. Then (F, A) is called soft neutrosophic strong N-semigroup if 
and only if F(a) is neutrosophic strong sub N-semigroup, for all x € A. 

Example 6.1. Let S(N) = {5,US,US3US4, *1, *2, *3, x4} be a neutrosophic 4-semigroup 
where 

S, = (Ze UT), a neutrosophic semigroup. 

So = {0,1,2,3,7,27,32, semigroup under multiplication modulo 4}, a neutrosophic semi- 
group. 


a b 
S3 = ;a,b,c,d € (RUT) ?, neutrosophic semigroup under matrix multiplica- 
c 
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S4 = (ZUTI), neutrosophic semigroup under multiplication. Let T = {T, UT) U T3 U 
T4, *1, *2,*3,*4} is a neutosophic strong sub 4-semigroup of S (4), where T; = {0,3,37} C 


b 
ie NTH 40,7 OF CS OL a hed eiOun ss, m= 1570 
cd 


I)} Cc $4, the neutrosophic semigroup under multiplication. Also let P = {P, U Po U P3U 
P4, *1,*2, *3, x4} be another neutrosophic strong sub 4-semigroup of S$ (4), where P; = {0,2/, 47} 


a b 
C (Ze UT), Po = {0,1, 1} C So, Px = ;a,b,ce,d€ (ZUT) C $3, Py = {(2Z UI) } 
cd 


Cc S4. Then (F, A) is soft neutrosophic strong 4-semigroup over S (4), whereThen (F, A) is soft 
neutrosophic 4-semigroup over S (4), where 


Cc 


b 
F(m) = {0,3,32}U {0,1,20,3I}U ue -a,b,0,d€ (QUD SU{(SZUD}, 


F (x2) 


{0,27,4}U{0,1,U4 |” : -a,b,e,d€ (ZU Su{ezuD}. 
c 

Theorem 6.1. Every soft neutrosophic strong N-semigroup is trivially a soft neutro- 
sophic N-semigroup but the converse is not true. 

Proposition 6.1. Let (FA) and (K, B) be two soft neutrosophic strong N-semigroups 
over S(N). Then 

1. Their extended union (FA) Uz (K,B) over S(N) is not soft neutrosophic strong N- 
semigroup over S(V). 

2. Their extended intersection (F,A) M- (K,B) over S(N) is soft neutrosophic strong 
N-semigroup over S(N). 

3. Their restricted union (FA) Ur (K, B) over S(N) is not soft neutrosophic strong N- 
semigroup over S(V). 

4. Their restricted intersection (F,A) M- (K,B) over S(N) is soft neutrosophic strong 
N-semigroup over S(N). 

Proposition 6.2. Let (FA) and (K, B) be two soft neutrosophic strong N-semigroups 
over S(N). Then 

1. Their AND operation (F, A) A (K, B) is soft neutrosophic strong N-semigroup over 
S(N). 

2. Their OR operation (F, A) V (K, B) is not soft neutrosophic strong N-semigroup over 
S(N). 

Definition 6.2. Let (F, A) and (H,B) be two soft neutrosophic strong N-semigroups 
over S(N). Then (H, B) is a soft neutrosophic strong sub N-semigroup of (fF, A), if 

1 BCA. 

2. H(x) is neutrosophic strong sub N-semigroup of F(a), for all x € B. 

Theorem 6.2. 

1. Let (F, A) be a soft neutrosophic strong N-semigroup over S (N) and {(H;, B;);7 € I} 
is a non empty family of soft neutrosophic stong sub N-semigroups of (F, A) then 

2. Mier (H;, B;) is a soft neutrosophic strong sub N-semigroup of (F, A). 
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3. Aier (Hi, B;) is a soft neutrosophic strong sub N-semigroup of Ajez (F, A). 

4. User (Hi, B;) is a soft neutrosophic strong sub N-semigroup of (F, A) if Bin B; = ¢, 
for alli Fj. 

Proof. Straightforward. 

Definition 6.3. (F,A) over S (NV) is called soft neutrosophic strong N-ideal if F(x) is 
neutosophic strong N-ideal of S (N), for all x € A. 

Theorem 6.3. Every soft neutrosophic strong N-ideal (FA) over S(N) is a soft 
neutrosophic strong N-semigroup but the converse is not true. 

Theorem 6.4. Every soft neutrosophic strong N-ideal (FA) over S(N) is a soft 
neutrosophic N-semigroup but the converse is not true. 

Proposition 6.3. Let (F,A) and (K, B) be two soft neutrosophic strong N-ideals over 
S(N). Then 

1. Their extended union (Ff, A) U, (K,B) over S'(N) is not soft neutrosophic strong N- 
ideal over S(N). 2. Their extended intersection (F, A)M-(K, B) over S (N) is soft neutrosophic 
strong N-ideal over S (NV). 

3. Their restricted union (F, A) Ur (K,B) over S(N) is not soft neutrosophic strong 
N-ideal over S (NV). 

4. Their restricted intersection (FA) M_- (K,B) over S(N) is soft neutrosophic strong 
N-ideal over S (NV). 

Proposition 6.4. Let (F,A) and (H,B) be two soft neutrosophic strong N-ideal over 
S(N). Then 

1. Their AND operation (F, A) A (H, B) is soft neutrosophic strong N-ideal over S (NV). 

2. Their OR operation (F, A) V (H, B) is not soft neutrosophic strong N-ideal over S (N). 

Theorem 6.5. Let (Ff, A) be a soft neutrosophic strong N-semigroup over S' (NV) and 
{(H;, B;);i € I} is a non empty family of soft neutrosophic strong N-ideals of (F, A) then 

1. Mier (Hi, B;) is a soft neutrosophic strong N-ideal of (F, A). 

2. Aier (H;, B;) is a soft neutrosophic strong N-ideal of Aje7 (F, A). 


Conclusion 


This paper is an extension of neutrosphic semigroup to soft semigroup. We also extend 
neutrosophic bisemigroup, neutrosophic N-semigroup to soft neutrosophic bisemigroup, and 
soft neutrosophic N-semigroup. Their related properties and results are explained with many 
illustrative examples, the notions related with strong part of neutrosophy also established within 
soft semigroup. 
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(T, |, F)-Neutrosophic Structures 


Florentin Smarandache 


Florentin Smarandache (2015). (T, |, F)-Neutrosophic Structures. Proceedings of the Annual 
Symposium of the Institute of Solid Mechanics and Session of the Commission of Acoustics, 
SISOM 2015 Bucharest 21-22 May; Acta Electrotechnica 57(1-2); Neutrosophic Sets and 


Systems 8, 3-10 


Abstract. In this paper we introduce for the first time a 
new type of structures, called (T, I, F)-Neutrosophic 
Structures, presented from a neutrosophic logic perspec- 
tive, and we show particular cases of such structures in 
geometry and in algebra. In any field of knowledge, each 
structure is composed from two parts: a space, and a set 
of axioms (or laws) acting (governing) on it. If the space, 
or at least one of its axioms (laws), has some indetermi- 
nacy, that structure is a (T, I, F)-Neutrosophic Structure. 
The (T, I, F)-Neutrosophic Structures [based on the com- 
ponents T=truth, I=indeterminacy, F=falsehood] are dif- 
ferent from the Neutrosophic Algebraic Structures [based 
on neutrosophic numbers of the form a+bI, where 


I=indeterminacy and In = I], that we rename as Neutro- 
sophic I-Algebraic Structures (meaning algebraic struc- 
tures based on indeterminacy “T’ only). But we can 
combine both and obtain the (T, I, F)-Neutrosophic I- 
Algebraic Structures, i.e. algebraic structures based on 
neutrosophic numbers of the form a+blI, but also having 
indeterminacy related to the structure space (elements 
which only partially belong to the space, or elements we 
know nothing if they belong to the space or not) or inde- 
terminacy related to at least one axiom (or law) acting on 
the structure space. Then we extend them to Refined (T, I, 
F)-Neutrosophic Refined I-Algebraic Structures. 


Keywords: Neurosophy, algebraic structures, neutrosophic sets, neutrosophic logics. 


1. Neutrosophic Algebraic Structures [or 
Neutrosophic I-Algebraic Structures]. 


A previous type of neutrosophic structures was introduced 
in algebra by W.B. Vasantha Kandasamy and Florentin 
[1-56], since 2003, and 
Neutrosophic Algebraic Structures. 


Smarandache it was called 
Later on, more 
researchers joined the neutrosophic research, such as: 
Mumtaz Ali, A. A. Salama, Muhammad Shabir, K. 
Tlanthenral, Meena Kandasamy, H. Wang, Y.-Q. Zhang, R. 
Andrew Schumann, Salah Osman, D. 
Rabounski, V. Christianto, Jiang Zhengjie, Tudor Paroiu, 


Stefan Vladutescu, Mirela Teodorescu, Daniela Gifu, Alina 


Sunderraman, 


Tenescu, Fu Yuhua, Francisco Gallego Lupiafiez, etc. 
The neutrosophic algebraic structures are algebraic 
structures based on sets of neutrosophic numbers of the 
form N = a + bI, where a, b are real (or complex) numbers, 
and a is called the determinate part on N and b is called the 
indeterminate part of N, while I = indeterminacy, 

with mI + nl = (m+n), 0-1=0, I" =I for integer n > 1, 

and I / I = undefined. 

When a, b are real numbers, then a + bl is called a 
neutrosophic real number. While if a, b are complex 


numbers, then a + blI is called a neutrosophic complex 
number. 
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We may say "indeterminacy" for "I" from a+bI, and 
"degree of indeterminacy" for "I" from (T, I, F) in order to 
distinguish them. 

The neutrosophic algebraic structures studied by Vasantha- 


Smarandache in the period 2003-2015 are: neutrosophic 
groupoid, neutrosophic semigroup, neutrosophic group, 
neutrosophic ring, neutrosophic field, neutrosophic vector 
space, neutrosophic linear algebras etc., which later 
(between 2006-2011) were generalized by the same 
researchers to neutrosophic bi-algebraic structures, and 
more general to neutrosophic N-algebraic structures. 
Afterwards, the neutrosophic structures were further 
extended to neutrosophic soft algebraic structures by 
Florentin Smarandache, Mumtaz Ali, Muhammad Shabir, 
and Munazza Naz in 2013-2014. 

In 2015 Smarandache refined the indeterminacy I into 
different types of indeterminacies (depending on the 
problem to solve) such as Ij, ly, ..., I, with integer p > 1, 
and obtained the refined neutrosophic numbers of the form 
N, = atb)I,+boI5+...+b,1, where a, bj, bo, .. 
complex numbers, and a is called the determinate part of 
N,, while for each ke{1, 2, ..., p} I. is called the k-th 
indeterminate part of N,, and for each ke {1, 2, ..., p}, and 
similarly 


., bp are real or 
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mi + nl, =(m+ nk, 0-1, = 0, i" = I, for integer n> 1, and 
I, /l, = undefined. 

The relationships and operations between J and I, for j #k, 
depend on each particular problem we need to solve. 

Then consequently Smarandache [2015] extended the 
neutrosophic algebraic structures to Refined Neutrosophic 
Algebraic Structures [or Refined Neutrosophic I-Algebraic 
Structures], which are algebraic structures based on the 
sets of the neutrosophic 
at+bj1,+bsI+...+b,l,. 


refined numbers 


2. (T, I, F)-Neutrosophic Structures. 


We now introduce for the first time another type of 
neutrosophic structures. These structures, in any field of 
knowledge, are considered from a neutrosophic logic point 
of view, i.e. from the truth-indeterminacy-falsehood (T, I, 
F) values. In neutrosophic logic every proposition has a 
degree of truth (T), a degree of indeterminacy (I), and a 
degree of falsehood (F), where T, I, F are standard or non- 
standard subsets of the non-standard unit interval ]0, 1°[. 
In technical applications T, I, and F are only standard 
subsets of the standard unit interval [0, 1] with: 

“0 < sup(T) + sup(I) + sup(F) < 3* 
where sup(Z) means superior of the subset Z. 
In general, each structure is composed from: a space, 
endowed with a set of axioms (or laws) acting (governing) 
on it. If the space, or at least one of its axioms, has some 
indeterminacy, we consider it as a (T, I, F)-Neutrosophic 
Structure. 
Indeterminacy with respect to the space is referred to some 
elements that partially belong [i.e. with a neutrosophic 
value (T, I. F)] to the space, or their appurtenance to the 
space is unknown. 
An axiom (or law) which deals with indeterminacy is 
called neutrosophic axiom (or law). 
We introduce these new structures because in the world we 
do not always know exactly or completely the space we 
work in; and because the axioms (or laws) are not always 
well defined on this space, or may have indeterminacies 
when applying them. 


3. Refined (T, I, F)-Neutrosophic Structures 
[or (Tj, Ix, Fi)-Neutrosophic Structures] 


In 2013 Smarandache [76] refined the neutrosophic 
components (T, I, F) into 


(Ti, To, sadn) Thi I), L,, eeigl, F,, F,, a9 F,), 


p 
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where m, p, r are integers > 1. 

Consequently, we now [2015] extend the (T, I, F)- 
Neutrosophic Structures to (T;, To, ..., Tims Ti, Ly, «.., Ips. Fi, 
F,, ..., F,)-Neutrosophic Structures, that we called Refined 
(T, I, F)-Neutrosophic Structures [or (T;, I, F\)- 
Neutrosophic Structures]. These are structures whose 
elements have a refined neutrosophic value of the form (T), 
To, -.-5 Tm i, Ly, ..., 1p; Fi, Fy, ..., F,) or the space has 
some indeterminacy of this form 


4. (T, I, F)-Neutrosophic I-Algebraic Struc- 
tures. 


The (T, I, F)-Neutrosophic Structures [based on the 
components T=truth, I=indeterminacy, F=falsehood] are 
different from the Neutrosophic Algebraic Structures 
[based on neutrosophic numbers of the form a+bI]. We 
may rename the last ones as Neutrosophic I-Algebraic 
Structures (meaning: algebraic structures based on 
indeterminacy “T” only). 

But we can combine both of them and obtain a (T, I, F)- 
Neutrosophic I-Algebraic Structures, 1.e. algebraic 
structures based on neutrosophic numbers of the form a+bI, 
but also have indeterminacy related to the structure space 
(elements which only partially belong to the space, or 
elements we know nothing if they belong to the space or 
not) or indeterminacy related to at least an axiom (or law) 
acting on the structure space. 

Even more, we can generalize them to Refined (T, I, F)- 
Neutrosophic Refined I-Algebraic Structures, or (T;, I,, F\)- 
Neutrosophic I,-Algebraic Structures. 


5. Example of Refined I-Neutrosophic Alge- 
braic Structure 


Let the indeterminacy I be split into I; = contradiction (i.e. 
truth and falsehood simultaneously), I, = ignorance (i.e. 
truth or falsehood), and I; unknown, and_ the 
corresponding 3-refined neutrosophic numbers of the form 
at+b,I,+b.I,+bs3I3. 

The (G, *) be a groupoid. Then the 3-refined I- 
neutrosophic groupoid is generated by I), Ib, I; and G under 
* and it is denoted by 


N3(G) = {(GUI,UI,UI3), *} 


= { a+b,I,+b.I,+b31, / a, by, bo, b; EG }. 
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6. Example of Refined (T, I, F)-Neutrosophic 
Structure 


Let (T, I, F) be split as (T), Ts; I), In; Fi, Fo, F3). Let 

H =( {h, ho, h3}, # ) be a groupoid, where hy, hj, and h; 
are real numbers. Since the elements h,, hj, hj only 
partially belong to H in a refined way, we define a refined 
(T, I, F)-neutrosophic groupoid { or refined (2; 2; 3)- 
neutrosophic groupoid, since T was split into 2 parts, I into 
2 parts, and F into 3 parts } as 

H = {h,(0.1, 0.1; 0.3, 0.0; 0.2, 0.4, 0.1), h2(0.0, 0.1; 0.2, 
0.1; 0.2, 0.0, 0.1), h3(0.1, 0.0; 0.3, 0.2; 0.1, 0.4, 0.0)}. 


7. Examples of (T, I, F)-Neutrosophic I- 
Algebraic Structures. 


1. Indeterminate Space (due to Unknown Element). 
And Neutrosophic Number included. Let B = 
{2+5I, -I, -4, b(O, 0.9, 0)} a neutrosophic set, 
which contain two neutrosophic numbers, 2+5I 
and -I, and we know about the element b that its 
appurtenance to the neutrosophic set is 90% inde- 
terminate. 
Indeterminate Space (due to Partially Known EI- 
ement). And Neutrosophic Number included. 
Let C = {-7, 0, 2+1(0.5, 0.4, 0.1), 11(0.9, 0, 0) }, 
which contains a neutrosophic number 2+I, and 
this neutrosophic number is actually only partially 
in C; also, the element 11 is also partially in C. 
Indeterminacy Axiom (Law). 
Let D = [0+0I, 1+1I] = {c+dI, where c, d € [0, 1]}. 
One defines the binary law # in the following 
way: 

#:DxD>D 
X#y = (x, + Xol) # (y1 + yol) = [(K1 + X2)/yi] + yal, 
but this neutrosophic law is undefined 
(indeterminate) when y, = 0. 
Little Known or Completely Unknown Axiom 
(Law). 
Let us reconsider the same neutrosophic set D as 
above. But, about the binary neutrosophic law © 
that D is endowed with, we only know that it as- 
sociates the neutrosophic numbers 1+I and 
0.2+0.3I with the neutrosophic number 0.5+0.41, 
(1+D©(0.2+0.3D = 0.5+0.41. 


ie. 


There are many cases in our world when we barely 
know some axioms (laws). 
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8. Examples of Refined (T, I, F)-Neutrosophic 
Refined I-Algebraic Structures. 


We combine the ideas from Examples 5 and 6 and we 
construct the following example. Let’s consider, from 
Example 5, the groupoid (G, *), where G is a subset of 
positive real numbers, and its extension to a 3-refined I- 
neutrosophic groupoid, which was generated by l,, lh, I; 
and G under the law * that was denoted by 

N;(G) = { a+b,1,+b2I,+b3I]; / a, by, bo, b; EG he 


We then endow each element from N3(G) with some 
(2; 2; 3)-refined degrees of membership/indeterminacy/ 
nonmembership, as in Example 6, of the form (T), Ts; I, 
I; Fj, Fy, F3), and we obtain a 
N3(G)¢,2:3) = { atbil, +baly+b3I3(T), To; Lh, Io; Fi, Fo, Fs) / a, 

by, bo, b3 € G }, 
where 

a 


EB RODS 


0.5a 


T, eee 
at+b,+b, +b, 


2 


bi I b2 
|= ————_—__, ]. = —____—__; 
at+bi+b2+b3 at+bi+b2+b3 


0.1b3 0.2b1 
= > 2a > 
at+bi+b2+b3 at+bi+b2+b3 


_ b2+ bs 
athitbo+b3 


Fi 


3 


Therefore, N3(G),2..3) is a refined (2; 2; 3)-neutrosophic 
groupoid and a 3-refined I-neutrosophic groupoid. 


9. Neutrosophic Geometric Examples. 


a) Indeterminate Space. 
We might not know if a point P belongs or not to 
a space S [we write P(0, 1, 0), meaning that P’s 
indeterminacy is 1, or completely unknown, with 
respect to S]. 
Or we might know that a point Q only partially 
belongs to the space S and partially does not be- 
long to the space S [for example Q(.3, 0.4, 0.5), 
which means that with respect to S, Q’s member- 
ship is 0.3, Q’s indeterminacy is 0.4, and Q’s non- 
membership is 0.5]. 
Such situations occur when the space has vague 
or unknown frontiers, or the space contains am- 
biguous (not well defined) regions. 
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b) Indeterminate Axiom. 

Also, an axiom (a) might not be well defined on 
the space S, i.e. for some elements of the space 
the axiom (a) may be valid, for other elements of 
the space the axiom (a) may be indeterminate 
(meaning neither valid, nor invalid), while for the 
remaining elements the axiom (a) may be invalid. 

As a concrete example, let’s say that the neutro- 
sophic values of the axiom (a) are (0.6, 0.1, 0.2) = 
(degree of validity, degree of indeterminacy, de- 
gree of invalidity). 


10. (T, I, F)-Neutrosophic Geometry as a Par 
ticular Case of (T, I, F)-Neutrosophic 
Structures. 


As a particular case of (T, I, F)-neutrosophic structures in 
geometry, a (T, I, F)-Neutrosophic 
Geometry as a geometry which is defined either on a space 
with some indeterminacy (i.e. a portion of the space is not 


one considers 


known, or is vague, confused, unclear, imprecise), or at 
least one of its axioms has some indeterminacy (i.e. one 
does not know if the axiom is verified or not in the given 
space). 

This is a generalization of the Smarandache Geometry 
(SG) [57-75], where an axiom is validated and invalidated 


in the same space, or only invalidated, but in multiple ways. 


Yet the SG has no degree of indeterminacy related to the 
space or related to the axiom. 

A simple Example of a SG is the following — that unites 
Euclidean, Lobachevsky-Bolyai-Gauss, and Riemannian 
geometries altogether, in the same space, considering the 
Fifth Postulate of Euclid: in one region of the SG space 
the postulate is validated (only one parallel trough a point 
to a given line), in a second region of SG the postulate is 
invalidated (no parallel through a point to a given line — 
elliptical geometry), and in a third region of SG the 
postulate is invalidated but in a different way (many 
parallels through a point to a given line — hyperbolic 
geometry). This simple example shows a hybrid geometry 
which is partially Euclidean, partially Non-Euclidean 
Elliptic, and partially Non-Euclidean Hyperbolic. 
Therefore, the fifth postulate (axiom) of Euclid is true for 
some regions, and false for others, but it 
indeterminate for any region (i.e. not knowing how many 
parallels can be drawn through a point to a given line). 

We can extend this hybrid geometry adding a new space 
region where one does not know if there are or there are 


is not 
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not parallels through some given points to the given lines 
(i.e. the Indeterminate component) and we form a more 
complex (T, I, F)-Neutrosophic Geometry. 


12. Neutrosophic Algebraic Examples. 


1) Indeterminate Space (due to Unknown Element). 

Let the set (space) be NH = {4, 6, 7, 9, a}, where the set 

"a", therefore the whole 

space has some degree of indeterminacy. Neutrosophically, 

we write a(0, 1, 0), which means the element a is 100% 
unknown. 


NH has an unknown element 


2) Indeterminate Space (due to Partially Known EI- 
ement). 
Given the set M = {3, 4, 9(0.7, 0.1, 0.3)}, we have two 
elements 3 and 4 which surely belong to M, and one writes 
them neutrosophically as 3(1, 0, 0) and 4(1, 0, 0), while the 
third element 9 belongs only partially (70%) to M, its 
appurtenance to M is indeterminate (10%), and does not 
belong to M (in a percentage of 30%). 
Suppose M is endowed with a neutrosophic law* defined 
in the following way: 
X1(ty, in, £1)* Xo(to, ig, f2) = max{X1, X2}( min{t;, t2}, max{iy, 
i2}, max{fj, f2}), 

which is a neutrosophic commutative semigroup with unit 
element 3(1, 0 ,0). 
Clearly, if x, y e M, then x*y e M. Hence the neutrosophic 
law * is well defined. 
Since max and min operators are commutative and 
associative, then * is also commutative and associative. 
If x e M, then x*x =x. 
Below, examples of applying this neutrosophic law *: 
3*9(0.7, 0.1, 0.3) = 31, 0, 0)*9(0.7, 0.1, 0.3) = max{3, 
9}( min{1, 0.7}, max{0, 0.1}, max{0, 0.3} ) = 9(0.7, 0.1, 
0.3). 
3*4 = 3(1, 0, 0)*4(1, 0, 0) = max{3, 4}( min{1, 1}, max{0, 
0}, max{0, 0} ) = 4C1, 0, 0). 

2) Indeterminate Law (Operation). 
For example, let the set (space) be NG = ( {0, 1, 2}, /), 
where "/" means division. 
NG is a (T, I, F)-neutrosophic groupoid, because the 
operation "/" (division) is partially defined and undefined 
(indeterminate). Let's see: 
2/1 = 1, which belongs to NG; 
1/2 = 0.5, which does not belongs to NG; 
1/0 = undefined (indeterminate). 
So the law defined on the set NG has the properties that: 
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= applying this law to some elements, the results are 
in NG [well defined law]; 

= applying this law to other elements, the results are 
not in NG [not well defined law]; 

= applying this law to again other elements, the re- 
sults are undefined [indeterminate law]. 


We can construct many such algebraic structures where at 
least one axiom has such behavior (such indeterminacy in 
principal). 


12. Websites at UNM for Neutrosophic Alge- 
braic Structures and respectively Neutrosoph- 
ic Geometries: 


http://fs.gallup.unm.edu/neutrosophy.htm 
and 
http://fs.gallup.unm.edu/geometries.htm respectively. 
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Neutrosophic filters in BE-algebras 


Akbar Rezaei, Arsham Borumand Saeid, Florentin Smarandache 


Akbar Rezaei, Arsham Borumand Saeid, Florentin Smarandache (2015). 
Neutrosophic filters in BE-algebras. Ratio Mathematica 29, 65-79 


Abstract 


In this paper, we introduce the notion of (implicative) neutrosophic filters in 
BE-algebras. The relation between implicative neutrosophic filters and 
neutrosophic filters is investigated and we show that in self distributive BE- 
algebras these notions are equivalent. 


Keywords: BE-algebra, neutrosophic set, (implicative) neutrosophic filter. 


1 Introduction 


Neutrosophic set theory was introduced by Smarandache in 1998 ([10]). Neu- 
trosophic sets are a new mathematical tool for dealing with uncertainties which 
are free from many difficulties that have troubled the usual theoretical 
approaches. Research works on neutrosophic set theory for many applications 
such as infor-mation fussion, probability theory, control theory, decision making, 
measurement theory, etc. Kandasamy and Smarandache introduced the concept 
of neutrosophic algebraic structures ([3, 4, 5]). Since then many researchers 
worked in this area and lots of literatures had been produced about the theory of 
neutrosophic set. In the neutrosophic set one can have elements which have 
paraconsistent information (sum of components > 1), others incomplete 
information (sum of components < 1), others consistent information (in the case 
when the sum of components =1) and others interval-valued components (with 
no restriction on their superior or inferior sums). 
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H.S. Kim and Y.H. Kim introduced the notion of a BE-algebra as a 
generaliza-tion of a dual BCK-algebra ([6]). B.L. Meng give a procedure which 
generated a filter by a subset in a transitive BE-algebra ([{7]). A. Walendziak 
introduced the no-tion of a normal filter in BE-algebras and showed that there is a 
bijection between congruence relations and filters in commutative BE-algebras 
({11]). A. Borumand Saeid and et al. defined some types of filters in BE- 
algebras and showed the re-lationship between them ([1]). A. Rezaei and et al. 
discussed on the relationship between BE-algebras and Hilbert algebras ([(9]). 
Recently, A. Rezaei and et al. introduced the notion of hesitant fuzzy 
(implicative) filters and get some results on BE-algebras ([8]). 

In this paper, we introduce the notion of (implicative) neutrosophic filters and 
study it in details. In fact, we show that in self distributive BE-algebras concepts 
of implicative neutrosophic filter and neutrosophic filter are equivalent. 


2 Preliminaries 


In this section, we cite the fundamental definitions that will be used in the 
sequel: 


Definition 2 .1. [6] By a BE-algebra we shall mean an algebra X= (X; x, 1) of 
type (2, 0) satisfying the Aollowing axioms: 


(BE1) xxx =1, 
(BE2) ¢#1=:1; 
(BES): Lee =a. 


(BE4) xx (y*z) =y* (xx z), forall z,y,z EX. 


From now on, X is a BE-algebra, unless otherwise is stated. We introduce a 
relation “<” on X by x < yif and only if x x y = 1. A BE-algebra X is said to be 
self distributive if x * (y* z) = (a* y) * (a z), forall x,y,z © X. A BE-algebra 
X is said to be commutative if satisfies: 


(x xy) xy=(y*x) «2, forallx, ye X. 
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Proposition 2.1. [11] If X is a commutative BE-algebra, then for all 7, y € X, 
x*xy=landy*xx=1implyz =y. 


We note that “<” is reflexive by (BE1). If X is self distributive then relation “<” 
is a transitive ordered set on X, because if x < y and y < z, then 


cee eee l= eeu ee) Se eae a 
Hence x < z. If X is commutative then by Proposition 2.1, relation “<” is anti- 
symmetric. Hence if X is acommutative self distributive BE-algebra, then relation 
“<” is a partial ordered set on X. 
Proposition 2.2. [6] In a BE-algebra X, the following hold: 
GC) 2g sa) =, 
(it) yx ((y*xx)*x) =1, forallz,y € X. 


A subset F’ of X is called a filter of X if it satisfies: (Fl) 1 € F, (F2) xe F 
and x * y € F imply y € F. Define 
A(g,.y) ={2 eX 1a (yz) = 1}, 

which is called an upper set of x and y. It is easy to see that 1,7, y € A(z, y), for 
any x,y € X. Every upper set A(z, y) need not be a filter of X in general. 
Definition 2.2. [1] A non-empty subset F’ of X is called an implicative filter if 
satisfies the following conditions: 

(Fl) le F, 

(IF2) xx*(yx*z) € Fandx*y © F imply that x « z € F, forall x,y,z € X. 


If we replace x of the condition (IF2) by the element 1, then it can be easily 
observed that every implicative filter is a filter. However, every filter is not an 
implicative filter as shown in the following example. 


Example 2.1. Let X = {1,a,b} be a BE-algebra with the following table: 


* a Ob 
1 a b 
a loa 
b al 


Then F' = {1, a} is a filter of X,, but it is not an implicative filter, since 
1l*x(a*xb)=1l*ea=ae Fandl*ea=aeF butlxb=b¢ F. 
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Definition 2 .3. [10] Let X beas et. A neutrosophic subset A of X isa triple 
(T'4,I4, F4) where T, : X — [0,1] is the membership function, [4 : X — [0, 1] 
is the indeterminacy function and F’'4 : X — |0, 1] is the nonmembership function. 
Here for each x € X, T4(x), [4(x) and F'4(x) are all standard real numbers in 
(0, 1]. 


We note that 0 < T4(x) + I4(x) + Fa(x) < 3, for all c € X. The set of 
neutrosophic subset of X is denoted by NS(X). 


Definition 2 .4. [10] Let A and B be two neutrosophic sets on X . Define A < B 
if and only if T(x) < Tp(x), La(x) > Ip(x), Fa(x) > F'e(x), for alla € X. 


Definition 2 .5. Let X ,= (X1; *,1) and X ,= (X9; 0, 1’) be two BE-algebras. 
Then a mapping f : X, — X2 is called a homomorphism if, for all 71,72 € X41 
f(a1 * £2) = f(x1) o f (x2). It is clear that if f : X; — X 2 is ahomomorphism, 
then (1) =, 


3  Neutrosophic Filters 


Definition 3 .1. A neutrosophic set A of X is called a neutrosophic filter if satisfies 
the following conditions: 


(NF1) T a(x) < Ta(1), I4(z) > T4(1) and F(a) > F (1), 


(NF2) min{T4(x * y),Ta(x)} < Ta(y), min{l4(x * y), La(x)} > La(y) and 
min{ F(x * y), Fa(x)} > Fa(y), forall x,y € X. 


The set of neutrosophic filter of X is denoted by NF(X). 


Example 3.1. In Example 2.1, put T4(1) = 0.9, T4(a) = T4(b) = 0.5, 
I4(1) = 0.2, I4(a) = I4(b) = 0.35 and F4(1) => 0.1, F4(a) = F'4(b) = 0. 
Then A = (74, 4, F'4) is a neutrosophic filter. 


Proposition 3.1. Let A © NF(X). Then 


(i) ifx < y, then Ta(x) < Ta(y), La(x) > La(y) and Fa(x) > Fa(y), 
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(ii) Ta(x) < Ta(y* x), Ta(x) > La(y * x) and F(x) > Fa(y * 2), 


(iii) min{T4(x), Ta(y)} < Ta(x * y), min{l4(x), La(y)} > La(a * y) and 
min{F'4(x), Fa(y)} 2 Fa(x *y), 


(iv) Ta(a) < Ta((wry)*y), La(a) 2 La((wry)y) and Fa(x) > Fa((wxy) *y), 
(v) min{T4(x), Ta(y)} 


< Ta( (a * (y * 2)) * 2), 
min{I4(c), La(y)} > La((x * (y * 2)) * 2) and 
min{ Fa(2), Fa(y)} > Fal(w * (y #2)) * 2) 


(vi) ifmin{T 4(y), Ta((x xy) * z)} < Ta(z* 2), then Ty is order reversing and 
Ia, F'4 are order (ie. if x < y, then Ty(y) < Ta(x), La(y) > L(x) and 
Fa(y) 2 Fa(2)) 


(vii) if z € A(x, y), then min{T4(x), Ta(y)} < Tal), 
min{J4(x), la(y)} > La(z) and min{ F'4(x), Fa(y)} > Fa(z) 


(viii) ie then JT Gz): = Fale), \\ Lala) = Lala) and 


Jal i=1 
A Fal a;) > Fa(x) ee eas Ces oa ae) 
i=1 i=l 


Proof. (i). Let x < y. Then x * y = 1 and so 
Ta(x) = min{T'4(x),T4(1)} = min{T'4(x), Ta(w * y)} < Tay), 
I(x) = min{Ia(x),[4(1)} = min{l4(x), La(w * y)} 2 Laly), 
F(x) = min{ F(x), F4(1)} = min{ F(x), Fa(z*y)} > Fa(y). 
(ii). Since x < y * x, by using (i) the proof is clear. 
(iii). By using (ii) we have 
min{7'4(x),Ta(y)} < Taly) < Tale * y), 
min{I4(x), La(y)} 2 La(y) 2 La(x * y), 
min{ F(x), Fa(y)} > Fa(y) > Fale *y). 
(iv). It follows from Definition 3.1, 
min{T4(x), T4(1)} 
= min{T4(x),T4((# * y) * (w *y))} 
min{7'4(x), Ta(a * ((a *y) *y))} 
Ta((a * y) *y). 


T(x) 


IA Il 
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Also, we have 


I4(a) 


IV tll 


and 


IV Il 


(v). From (iv) we have 


min{T'4(x), Ta(y)} 


min{J4(2x), La(y)} 


and 


min{ F'4(x), Fa(y)} 


min{/4(x), I4(1)} 


( 
min{I4(x), La((x * y) * (a * y))} 
min{I4(x), a(x * ((@ * y) * y))} 


min{ F'4(x), F'4(1)} 
min{F'4(x), F4((x * y) * (a * y))t 
min{ F(x), Fa(x * ((a * y) * y))F 


TIL wll dle 
ie 
=} 
2 
i 
cu 
a 


Il IV 
. &. 
=) 
pes 
= 
e3 


Fae) Fale ae * (Z * Z) 


min{ F'4(x), Fs 
Fa((x * (y * z)) * 


IV ll 


(vi). Let x < y, that is, x * y = 1. 


Ta(y) 


= min{T4(y), T4(1*1)} = min{T4(y), Ta((axy)*1)} < Ty(1x2r) 


Ta(y) = min{Ja(y), Za(1*1)} = min{Za(y), La((w¥y)*1)} 2 La(1ea) = La(2), 
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F,(y) = min{ F4(y), Fa(1 *1)} = minf{ F4(y), Fa((a *y) *1)} > Fa(1* a) = 
Pale) 
(vii). Let z € A(x, y). Then x * (y * z) = 1. Hence 
min{T4(x),Ta(y)} = min{T4(x),Ta(y), Ta(1)} 
= smn 74a). F alg); fale (ye 2) 


min{T(y), Tay * z)} 
T(z). 


IN IA 


Also, we have 


min{Ia(z),14(y)} = min{Za(e), Za(y), La(1)} 


IV IV 
mE. 
Ss 


and 


min{ F(x), Fa(y)} = min{Fa(e), Fa(y), Fa 


IV IV 
E 
=) 
ras 
= 
Ss 
< 
S 
* 
oe 
Ys 


(viii). The proof is by induction on n. By (vii) it is true for n = 1,2. Assume 
that it satisfies for n = k, that is, 


k k k k 
[Jee =1=5 A Tala) < Tala), A Laas) > La(a) and (\ Fa(ai) > Fa(z) 
11 i=1 i=1 i=l 
for all ay,...,ax,4 © X. 

k+1 

Suppose that I] a;* v = 1, for all ay,..., a4, Qx41,0 € X. Then 
k+1 > k+1 k+1 

/|\ Talai) < Ta(ar* x), A\ La(ai) > Ta(ar* x), and (\ Fa(ai) > Fa(ar * 2). 
4=2 1=2 1=2 


Since A is a neutrosophic filter of X, we have 


/\ Ta(a;) = min{(/\ Ta(a;)), Ta(ai)} < min{T4(a, * x), T4(a1)} < Ta(z), 


63 


Florentin Smarandache (author and editor) Collected Papers, IX 


k+1 k+1 


/\ Lata) min{(/\ Ia(ai)), Za(ai1)} > min{L4(a, * x), [4(a1)} > La(a) 


and 
/\ F'4(a;) = min{( /\ F4(a;)), F4(ay)} > min{ F'4(a, * x), F4(a,)} > Fa(a). 


Theorem 3.1. [f { A;}icz is a family of neutrosophic filters in X, then () A; is too. 


tel 


Theorem 3.2. Let A € NF(X). Then the sets 
(i) Xr, = {x EX: T(x) = Ta}, 
(ii) X71, ={z € X : I4(z) = Ia(1)f, 
(iii) Xp, = {@ EX: Fa(z) = Fa(1)}, 
are filters of X. 


Proof. (i). Obviously, 1 € X;,,. Letx,x*y € X7,. Then 
T(x) = T4(x * y) = T4(1). Now, by (NF1) and (NF2), we have 


Pad) Sain hale) Pale ea Pale) acd). 


Hence T'4(y) = T'4(1). Therefore, y € X7,. 
The proofs of (ii) and (iii) are similar to (i). 


Definition 3.2. A neutrosophic set A of X is called an implicative neutrosophic 
filter of X if satisfies the following conditions: 


(INF1) T4(1) > T(x), 


(INF2) Ta(x * z) > min{T4(a * (y * z)), Ta(x * y)}, 
Ia(a * z) < min{I4(x * (y * z)), [a(x * y)} and 
Fa(a*z) < min{ F(a « (y * z)), Fa(a * y)}, forall x,y,z € X. 
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The set of implicative neutrosophic filter of X is denoted by I NF(X). If we 
replace x of the condition (INF2) by the element 1, then it can be easily observed 
that every implicative neutrosophic filter is a neutrosophic fi Iter. Ho wever, ev- 
ery neutrosophic filter is not an implicative neutrosophic filter as shown in the 
following example. 


Example 3.2. Let X = {1,a, b,c, d} be a BE-algebra with the following table: 


*/l abed 
l/l abed 
all 16 e¢ 6 
Boll: 706 hy be 
cll altli«a 
d}/1 1161 


Then X = (X;*,1) is a BE-algebra. Define a neutrosophic set A on X as 


follows: 
0.85 ife=la 
Ta(x) = { 0.12 otherwise 


and I4(x) = F'4(x) = 0.5, for all x € X. 
Then clearly A = (74, [4, F'4) is a neutrosophic filter of X, but itis not an 
implicative neutrosophic filter of X, since 


Ta(b*c) A min{T4(b x (d *c)), Ta(b* d)}. 


Theorem 3.3. Let X be a self distributive BE-algebra. Then every neutrosophic 
filter is an implicative neutrosophic filter. 


Proof. Let A € NF(X) and x € X. Obvious that T(x) < T,4(1), L4(x) > 
I,(1) and F'4(x) > F'4(1). By self distributivity and (NF2), we have 


min{T4(a*(y*z)), Ta(axy)} = min{T4((x*y) *(x*z)), Ta(aey)} < Ta(axz), 


min{I4(a*(y*z)), La(axy)} = min{l4((x*y) *(a*z)), La(axy)} > La(x*z) 


and 


min{ F'4(x*(y*z)), Fa(vey)} = min{ F4((a*y)*(a*z)), Fa(vey)} > Fa(axz). 


Therefore A € INF(X).0 
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Let t € [0,1]. For a neutrosophic filter A of X, t-level subset which denoted 
by U(A;t) is defined as follows: 


U(A;t) = {4 € A: t< Ta(x), Ia(x) <tand Fa(z) < t} 
and strong t-level subset which denoted by U(A;t), as 


U(A;t)s := {@ € A: t < Ta(x), Ia(x) < tand Fy(z) < t}. 


Theorem 3.4. Let A € NS(X). The following are equivalent: 
(i) Ae NF(%), 
(ii) (vt € [0,1]) U(A;t) 40 imply U(A;¢) is a filter of X. 


Proof. (i)= (ii). Let x,y € X be such that 2,7 * y € U(A;t), for any 
t € [0, 1]. Thent < Ty(a) andt < T4(x*y). Hence t < min{T,4(x), Ta(axy)} < 
Ta(y). Also, I4(x) < tand I4(a * y) <tandsot > min{J,4(2), la(x x y)} = 
T4(y). By a similar argument we have t > min{F'4(x), Fa(x *y)} > Fa(y). 
Therefore, y € U(A;t). 

(ii)=>(i). Let U(A;t) be a filter of X, for any t € [0, 1] with U(A;t) 4 Q. Put 
Ta(x) = Ia(x) = Fa(x) = t, for any x € X. Then x € U(A;t). Since U(A;t) 
is a filter of X, we have 1 € U(A;t) and so T4(x) = t < T,4(1). Now, for any 
ry € X,letTa(a*y) = Ia4(a xy) = Fa(x * y) = tony and 
Tale) =tale) = Fale) =t,: Putt = min{t,.,,t.}. Then 2,2 * ye U(A;4), 
so y € U(A;t). Hence t < Ty(y), t > La(y), t > Fa(y) and so 


min( Ts(exy), Tae)} = minh} At < Ta), 


min Petey) tae) min att ay), 


and 
min{ F'4(a# * y), Fa(x)} = min{tasy, te} =t > Fay). 


Therefore, A € NF(X). 


Theorem 3.5. Let A € NF(X). Then we have 


(Va, b € X) (Vt € [0, 1]) (a,b EC U(A;t) = A(a,b) C U(A;#)). 
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Proof. Assume that A € NF(X). Let a, b © X be such that a, b € U(A; t). 
Then t < T4(a) and t < T4(b). Let c € A(a, b). Hence a * (b * c) = 1. Now, by 
Proposition 3.1(v) and (BE3), we have 

¢<min{T4(a); Talo} < Tal(a@* (bc) *.¢)) =T41 *c) = Talc), 


é>min{ly(a); La(b)) > Tal (es (b#e) eo) = hls oe = Ly) 


and 


t > min{ F(a), Fa(b)} > Fa((a x (bx c) xc)) = Fa(1 *c) = Fa(c). 


Then c € U(A;t). Therefore, A(a, b) C U(A;t)). 


Corolary 3.1. Let A © NF(X). Then 


(vt € (0, 1]) (U(A;t) #0 > U(A;t)= [J Ala,d)). 


a,bEU (A;t) 


Proof. It is sufficient prove that U(A;t) C U A(a, b). For this, assume 
a,beU (A;t) 
that x € U(A;t). Since x * (1 * x) = 1, we have x € A(x,1). Hence 


U(A;t)CA(z,1)C LJ) A@DC L Alc,y). 
xEU(A;t) x,yeU (A;t) 


Theorem 3.6. Let X be a self distributive BE-algebra and A € NF(X). Then the 
following conditions are equivalent: 


(i) Ae INF(%X), 


(ii) Taly* (y* x)) < Ta(y * x), Taly * (y * x)) = Ta(y * x) and 
Fa(y * (y*x)) > Fa(y* 2), 


(iii) min{T4((z * (y * (y* x))), Ta(z)} < Taly * 2), 


min{La((z* (y * (y ¥2))),La(2)} > 1 
min{ F4((z * (y* (y *2))), Fa(z) 
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Proof. (i)=(ii). Let A © NF(X). By (INF1) and (BE1) we have 


Ta(y*(y*ax)) = min{T4(y * (y*2x)),Ta(1)} 
min{Ta(y * (y * x)),Ta(y * y)} 
Taly * 2), 


IA Il 


min{la(y * (y *x)), La(1)} 
min{I4(y * (y * x)), La(y * y)} 
Ta(y * z) 


Ta(y * (y * 2)) 


IV || 


and 


min{ F'4(y * (y * x)), Fa(1)} 
min{ F'4(y * (y * x)), Fa(y * y)} 
Fa(y*2). 


Fa(y * (y* x)) 


IV | 


(11)=>-(iii). Let A be a neutrosophic filter of X satisfying the condition (ii). By 
using (NF2) and (ii) we have 


min{7'4(z * (y * (y* x))), Ta(z)} Ta(y * (y * 2) 


Ta(y * 2), 


IN 1A 


min{I4(z * (y * (y * x))), La(z)} Ta(y * (y* x)) 


Ta(y * x) 


IV IV 


and 


min{ F'4(z * (y * (y * z))), Fa(z)} Fa(y * (y* )) 


Fuly* 2). 


IV IV 


(iii)=>(1). Since 
we have T’4(x * (y * z)) < Ta((x * y) * (x * (x * 2))), 


Liles (yee) > Laer) (ee (exe) ) and 
F(a * (y* z)) > Fa((x * y) * (x * (x * z))), by Proposition 3.1(i). Thus 


min{T4(x * (y * z)), Ta(x * y)} min 2 a((e ey) * (oe (ee 2) )), Tale ey} 


< 
<a ee): 
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min{I4(x * (y * z)), La(a * y)} 


and 


min{F'4(x * (y * z)), Fa(a * y)} 
y)} 


IV IV 


2 
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min{I4((x * y) * (x * (x * z))), Ia(w* yy) 
I(x * 2) 


min{ F'4((x * y) * (a * (@ * z))), Fala * 


Fale ®2 


Therefore, A € INF(X). Let f : X — Y be a homomorphism of BE-algebras 


and A € NS(X). 


Define tree maps T 4s: X — |0, 1] such that Ty;(2) = Ta(f(zx)), 
Tyr : X — [0,1] such that Iys(a) = L4(f(x)) and Fs : X — [0,1] such that 
Fas(x) = Fa(f(x)), for all c € X. Then Tys, [4 and Fy; are well-define and 


Al = (Las, Las, Far) c NS(X). 


Theorem 3.7. Let f : X — Y bean onto homomorphism of BE-algebras and 
A € NS(Q)). Then A € NF(Q)) (resp. A € INF(Q))) if and only if A) © NF(X) 


(resp. AT € INF(X)). 


Proof. Assume that A € NF()). For any x € X, we have 


Ts (%) = Ta(f(x)) < Ta(ly) = Ta(f(1x)) = Tas(1x), 


Tas(@) = La(f(a)) 2 Lay) = La(f(Lx)) = Lar (1x) 


and 


Figs (x) = Fa(f(x)) 2 Fa(ly) = Fa(f(lx)) = Fas (1x). 
Hence (NF1) is valid. Now, let x,y € X. By (NF1) we have 


min{T 4r(x * y), Tar(x)} 


Also, 


min{I47(x * y), Lar (x)} 


I IA ll 


I IV 
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By a similar argument we have min{ F'4;(x * y), F4s(x)} > Far(y). Therefore, 


Ale NF(X). 


Conversely, Assume that A‘ € NF(X). Let y € Y. Since f is onto, there exists 


x € X such that f(x) 


Taly) = Ta(f(2)) 
Ta(y) = LaF (@)) = 


= y. Then 


and 


Faly) = Fa(f(x)) = 


= Tas(") < Tas(1x) 
Tas(@) 2 Tas(1x) = 


Fas(x) = F'gs(1x) 


=Ta(f(1x)) =Ta(y), 
Ta(f(1x)) = Lay) 
= F'4(f(1x)) = Fa(ly), 


Now, let x, y € Y. Then there exists a, b € X such that f(a) =x and f(b) = 


Hence we have 


min{T4(x * y), T(x) } 


Also, we have 


min{I4(x * y), L4(x)} 


IA 


IV 


min{T'4(f(a) * f(b)), Ta(f(@))} 
min{T'4(f(a * b)), Ta(f(a))} 
min{T yr (a * b), Tyr (a)} 

Ts (0) 

Ta(f(0)) 

Ta(y). 


min{I4(f(a) « f(6)), La(f(a@)) 
min{l4(f(a * 6), La(f(@))} 
min{I4;(a * b), [yr (a)} 

Tas (b) 

Ta(f(6)) 

Ta(y). 


By a similar argument we have min{ F'4(x * y), F4(x)} > Fa(y). 


Therefore, A € NF(Q)).0 


4 Conclusion 


F. Smarandache as an extension of intuitionistic fuzzy logic introduced the 
concept of neutrosophic logic and then several researchers have studied of some 
In this paper, we applied the theory of neu- 
trosophic sets to BE-algebras and introduced the notions of (implicative) neutro- 
sophic filters and many related properties are investigated. 


neutrosophic algebraic structures. 
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Abstract 


In this paper, we introduce the homomorphism, the weak isomorphism, the co-weak 
isomorphism, and the isomorphism of the bipolar single valued neutrosophic hyper- 
graphs. The properties of order, size and degree of vertices are discussed. The 
equivalence relation of the isomorphism of the bipolar single valued neutrosophic 
hypergraphs and the weak isomorphism of bipolar single valued neutrosophic 
hypergraphs, together with their partial order relation, is also verified. 


Keywords 


homomorphism, weak-isomorphism, co-weak-isomorphism, isomorphism, bipolar 
single valued neutrosophic hypergraphs. 


1 Introduction 


The neutrosophic set - proposed by Smarandache [8] as a generalization of 
the fuzzy set [14], intuitionistic fuzzy set [12], interval valued fuzzy set [11] 
and interval-valued intuitionistic fuzzy set [13] theories - is a mathematical 
tool created to deal with incomplete, indeterminate and inconsistent 
information in the real world. The characteristics of the neutrosophic set are 
the truth-membership function (¢), the indeterminacy-membership function 
(i), and the falsity membership function (f), which take values within the real 
standard or non-standard unit interval ]-0, 1*[. 
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A subclass of the neutrosophic set, the single-valued neutrosophic set (SVNS), 
was intoduced by Wang et al. [9]. The same authors [10] also introduced a 
generalization of the single valued neutrosophic set, namely the interval 
valued neutrosophic set (IVNS), in which the three membership functions are 
independent, and their values belong to the unit interval [0, 1]. The IVNS is 
more precise and flexible than the single valued neutrosophic set. 


More works on single valued neutrosophic sets, interval valued neutrosophic 
sets and their applications can be found on http://fs.gallup.unm.edu/NSS/. 


In this paper, we extend the isomorphism of the bipolar single valued 
neutrosophic hypergraphs, and introduce some of their relevant properties. 


1 Preliminaries 


Definition 2.1 
A hypergraph is an ordered pair H = (X, E), where: 
(1) X= {xX1, Xz, ...,Xp,} 1s a finite set of vertices. 
(2) E= {E,, FE, ..., Em} is a family of subsets of X. 
(3) E; are non-void for j = 1, 2, 3, ..., m, and U(E;) = X, 


The set X is called 'set of vertices', and E is denominated as the 'set of edges' (or 
"hyper-edges'). 


Definition 2.2 


A fuzzy hypergraph H = (X, E) is a pair, where X is a finite set and E is a finite 
family of non-trivial fuzzy subsets of X, such that X =U; Supp(E;), j= 
dL 52a ae 


Remark 2.3 
The collection EF = {F4, Fz, E3, ...., Em} is a collection of edge set of H. 
Definition 2.4 


A fuzzy hypergraph with underlying set X is of the form H = (X, E, R), where 
E = {E,, £2, E3, ...,Em} is the collection of fuzzy subsets of X, that is Ej :X > 
[0,1], j = 1, 2, 3, ..., m, andR: E > [0,1] is the fuzzy relation of the fuzzy 
subsets E;, such that: 


R(X, Xa) 2 Xp) SS min(E;(%),.., EF; &p)), (1) 


for all { X1,X2,...,X,} subsets of X. 
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Definition 2.5 


Let X be a space of points (objects) with generic elements in X denoted by x. A 
single valued neutrosophic set A (SVNS 4A) is characterized by its truth member- 
ship function T,(x), its indeterminacy membership function [,(x), and its falsity 
membership function F,(x). For each point, x € X; T,(x), [,(x), F4(x) € [0, 1]. 


Definition 2.6 


A single valued neutrosophic hypergraph is an ordered pair H = (X, E), where: 
(1) X= {X1, Xz, ..., X,} is a finite set of vertices. 
(2) E={E,, Ep, .... Em} is a family of SVNSs of X. 
(3)E; # 0 = (0, 0, 0) for j= 1, 2, 3,..,m, and U; Supp(E;) = X. 
The set X is called set of vertices and F is the set of SVN-edges (or SVN-hyper- 
edges). 
Proposition 2.7 


The single valued neutrosophic hypergraph is the generalization of fuzzy 
hypergraphs and intuitionistic fuzzy hypergraphs. 

Note that a given SVNHGH = (X, E, R), with underlying set X, where F = {E,, E>, 
..» Em}, is the collection of the non-empty family of SVN subsets of X, and R is 
the SVN relation of the SVN subsets Ej, such that: 


Rr (1,2) Xr) S min([Te,(%)], .., Te) ]), (2) 
Rj (Xy, X2, 0 Xr) 2 max([le,(%7)], --» Le; rd), (3) 
Re (Xp X2, 0 »X-) 2 max([Fe,(%7)], [Fe 0), (4) 


for all {x , Xz, .-.,X,} subsets of X. 
Definition 2.8 


Let X be a space of points (objects) with generic elements in X denoted by x. 


A bipolar single valued neutrosophic set A (BSVNS A) is characterized by the 
positive truth membership function PT, (x), the positive indeterminacy 
membership function PI, (x), the positive falsity membership function PF, (x), 
the negative truth membership function NT, (x), the negative indeterminacy 
membership function NI,(x), and the negative falsity membership function 
NF, (Xx). 

For each point x €X; PT,(x), PI,(X),PFa(x) € [0, 1], and NT, (x), NI4(xX), NF4() 
€ [-1, O]. 
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Definition 2.9 


A bipolar single valued neutrosophic hypergraph is an ordered pair H = (X, E), 
where: 

(1) X= {X1, Xz, ..., X,} is a finite set of vertices. 

(2) E={E,, Ep, .... Em} is a family of BSVNSs of X. 

(3) E; # 0 = ([0, OJ, [0, 0}, [0, O}) for j = 1, 2, 3,....m, and 

U; Supp (E;)= X. 
The set X is called the 'set of vertices' and EF is called the 'set of BSVN-edges' 
(or 'IVN-hyper-edges'). Note that a given BSVNHGH = (X, E, R), with 


underlying set X, where E = { Ey, Ep, ..., Em} is the collection of non-empty 
family of BSVN subsets of X, and R is the BSVN relation of BSVN subsets £; 


such that: 
Rep (Xp, Xz5 = »X,) S min([PTg,(x1)], PTs, Cr), (5) 
Rp (Xp, Xp) Xp) 2 max([Plg, (xz), + [Ple,(%-)) (6) 
Rep Xp. Xp) 00 s%y) 2 max([PFe,(%,)], + [PFej(x-)]), (7) 
Ry Xp X21 Xp) Z max((NTe (x) INTs D, (8) 
Rys (Xt Xp) Xp) S min((Ng (x1), (Nie, er): (9) 
Rye Xp Xp) Xp) S min((NFe (x), [NFe,()), (10) 


for all {x1, Xp, ...,X,} subsets of X. 
Proposition 2.10 


The bipolar single valued neutrosophic hypergraph is the generalization of 
the fuzzy hypergraph, intuitionistic fuzzy hypergraph, bipolar fuzzy hyper- 
graph and intuitionistic fuzzy hypergraph. 


Example 2.11 


Consider the BSVNHG H = (Xx, E, R), with underlying set X = {a, b, c}, where E = 
{A, B}, and R defined in Tables below: 


H A B 
a (0.2, 0.3, 0.9, -0.2, -0.2, -0.3) (0.5, 0.2, 0.7, -0.4, -0.2, -0.3) 
b (0.5, 0.5, 0.5, -0.4, -0.3, -0.3) (0.1, 0.6, 0.4, -0.9, -0.3,-0.4) 
c (0.8, 0.8, 0.3, -0.9, -0.2, -0.3) (0.5, 0.9, 0.8, -0.1, -0.2, -0.3) 
R Rpr Rpy Ror Ryr Ry Ryr 
A 0.2 0.8 0.9 -0.1 -0.4 -0.5 
B 0.1 0.9 0.8 -0.1 -0.5 -0.6 
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By routine calculations, H = (X, E, R) is BSVNHG. 
3 Isomorphism of BSVNHGs 


Definition 3.1 


A homomorphism /f: H —K between two BSVNHGs H = (X, E, R) and K = (Y, F, S) 
is a mapping f: X — Y which satisfies the conditions: 


min[PT;,(x)] < min[PT;,(f(x))], (11) 
max[Plz ,(x)] > max[Plp,(f(x))], (12) 
max[PF,,(x)] = max[PFp,(f(x))], (13) 
max[NTp,(x)] = max[NT;,(f(x))I, (14) 
min[NIp(x)] < min[NIp(f(x))], (15) 
min[NFg,(x)] < min[NF;,(f(x))], (16) 
for all xe X. 
Rpr (X14, X29 Xr) S Spr f (%1)  f (%2)) fr), (17) 
Rp (4, Xa) + Xr) 2 Spf 1) f (X2)) fr), (18) 
Rpg (X14, X29 0%) 2 Spr (F(X), f(%2)) fr), (19) 
Ryr 1X2) Xr) 2 Swr FX) f(%2),  fr)), (20) 
Ryr%y,X2) 0 Xr) S Surf 1) fF H2), sf Or)), (21) 
Ryp (Xs Xap Xr) S Sur F 1) f%2), FD), (22) 


for all {x1,Xp,...,X,} subsets of X. 


Example 3.2 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = {a, b, c} and Y = {x, y, z}, where E = {A, B}, F = {C, D}, RandS, which are 
defined in Tables given below: 


H A B 
a (0.2, 0.3, 0.9,-0.2,-0.2,-0.3) (0.5, 0.2, 0.7,-0.4,-0.2,-0.3) 
b (0.5, 0.5, 0.5,-0.4,-0.3,-0.3) (0.1, 0.6, 0.4,-0.9,-0.3,-0.4) 
C (0.8, 0.8, 0.3,-0.9,-0.2,-0.3) (0.5, 0.9, 0.8,-0.1,-0.2,-0.3) 

K C D 

x (0.3, 0.2, 0.2,-0.9,-0.2,-0.3) (0.2, 0.1, 0.3,-0.6,-0.1,-0.2) 
y (0.2, 0.4, 0.2,-0.4,-0.2,-0.3) (0.3, 0.2, 0.1,-0.7,-0.2,-0.1) 
zZ (0.5, 0.8, 0.2,-0.2,-0.1,-0.3) (0.9, 0.7, 0.1,-0.2,-0.1,-0.3) 
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R Rpr Rpy Rpr_ | Ryr | Rui | Rue 
A 0.2 0.8 0.9 | -0.1 | -04 | -0.5 
B 0.1 0.9 0.8 -0.1 | -0.5 | -0.6 
S Spr Spi Spr | Snr | Sur | Swe 
C 0.2 0.8 0.3 | -0.1 | -0.2 | -0.3 
D 0.1 0.7 0.3 | -0.1 | -0.2 | -0.3 


and f: X > Y defined by: f(a)=x , f(b)=y and f(c) =z. 


jf: H> K isa homomorphism between H and K. 


Definition 3.3 
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Then, by routine calculations, 


A weak isomorphism f: H > K between two BSVNHGs H = (X, E, R) and K = 
(Y, F, S) is a bijective mapping f: X > Y which satisfies fis homomorphism, such 


that: 
min[PT;,(x)] < min[PT;,(f(x))]. 
max[Plz,(x)] = max[Plp,(f(x))], 
max[PF,,(x)] = max[PF,,(f(x))], 
max[NT,,(x)] = max[NT;,(f(x))], 
min[Nlg,(x)] < min[NIp,(f(x))], 
min[NFy,(x)] < min[NF;(f(x))], 

for all x€ X. 

Note 


(23) 
(24) 
(25) 
(26) 
(27) 
(28) 


The weak isomorphism between two BSVNHGs preserves the weights of vertices. 


Example 3.4 


Consider the two BSVNHGs H = (X E, R) and K = (Y, F, S) with underlying sets 
X = fa, b, c} and Y = {, y, z}, where E = {A, B}, F = {C, D}, R and S, which are 
defined by Tables given below, and f? X — Y defined by: f(a)=x, f(b)=y and f(c)=z. 


Then, by routine calculations, /* H > K is a weak isomorphism between H and K. 


A 


B 


(0.2, 0.3, 0.9,-0.2,-0.2,-0.3) 


(0.5, 0.2, 0.7,-0.4,-0.2,-0.3) 


(0.5, 0.5, 0.5,-0.4,-0.3,-0.3) 


(0.1, 0.6, 0.4,-0.9,-0.3,-0.4) 


oe |o}s2 | 


(0.8, 0.8, 0.3,-0.9,-0.2,-0.3) 


(0.5, 0.9, 0.8,-0.1,-0.2,-0.3) 
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K C D 
x (0.2, 0.3, 0.2,-0.9,-0.2,-0.3) (0.2, 0.1, 0.8,-0.6,-0.1,-0.4) 
y (0.2, 0.4, 0.2,-0.4,-0.3,-0.3) (0.1, 0.6, 0.5,-0.6,-0.2,-0.3) 
Z (0.5, 0.8, 0.9,-0.2,-0.2,-0.3) (0.9, 0.9, 0.1,-0.1,-0.3,-0.3) 

R Ror Rpy Ror Ryr Rui Rye 

A 0.2 0.8 0.9 -0.1 -0.4 -0.3 

B 0.1 0.9 0.9 -0.1 -0.3 -0.5 

S Spr Spi Spr SNT Swi SNE 

C 0.2 0.8 0.9 -0.1 -0.3 -0.2 

D 0.1 0.9 0.8 -0.1 -0.3 -0.4 


Definition 3.5 


A co-weak isomorphism /* H > K between two BSVNHGs H = (X, E, R) and K = 
(Y, F, S) is a bijective mapping f*; X > Y which satisfies fis homomorphism, such 


that: 


Rep (X41, X21 Xr) = Spr f (%1) fF (%2), Fr), 
Rp (yy Xr) = Sp Ff (41) f X2), FO), 
Rpg (X%,X2, Xr) = Spr(f (X41), f (2), fr), 
Ryr (X12) Xr) = Surf 1), f(%2),- fr), 
Ry Xq, X20 Xr) = Sur FOr) f 2), FOr), 
RygpXy Xa, Xr) = Sur (F121) f%2), FX), 


for all {x1, Xp, ...,X,} subsets of X. 


Note 


(29) 
(30) 
(31) 
(32) 
(33) 
(34) 


The co-weak isomorphism between two BSVNHGs preserves the weights of 


edges. 


Example 3.6 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = fa, b, c} and Y = {, y, z}, where E = {A, B}, F = {C, D}, R and S, which are 
defined in Tables given below, and f : X > Y defined by: f(a)=x , f(b)=y and 
f(c)=z. Then, by routine calculations, f; H > K is a co-weak isomorphism between 


Hand K. 
H A B 
a (0.2, 0.3, 0.9,-0.4,-0.2,-0.3) (0.5, 0.2, 0.7,-0.1,-0.2,-0.3) 
b (0.5, 0.5, 0.5,-0.4,-0.2,-0.3) (0.1, 0.6, 0.4,-0.4,-0.2,-0.3) 
Cc (0.8, 0.8, 0.3,-0.1,-0.2,-0.3) (0.5, 0.9, 0.8,-0.4,-0.2,-0.3) 
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K C D 
xX (0.3, 0.2, 0.2,-0.9,-0.2,-0.3) (0.2, 0.1, 0.3,-0.4,-0.2,-0.3) 
y (0.2, 0.4, 0.2,-0.4,-0.2,-0.3) (0.3, 0.2,0.1,-0.9,-0.2,-0.3) 
Z (0.5, 0.8, 0.2,-0.1,-0.2,-0.3) (0.9, 0.7, 0.1,-0.1,-0.2,-0.3) 
R Rpr Rpy Rpg Ryr Ryi Rye 
A 0.2 0.8 0.9 -0.1 -0.2 -0.3 
B 0.1 0.9 0.8 -0.1 -0.2 -0.3 
S Spr Spy Spr Sur Sy SNE 
C 0.2 0.8 0.9 -0.1 -0.2 -0.3 
D 0.1 0.9 0.8 -0.1 -0.2 -0.3 


Definition 3.7 


An isomorphism f: H > K between two BSVNHGs H = (X, E, R) and K = (Y, F, 
S) is a bijective mapping f: X > Y which satisfies the conditions: 


min[PT;(x)] = min[PTp,(f(x))], (35) 
max[Pl_(x)] = max[Plp,(f(x))], (36) 
max[PFz,(x)] = max[PF,,(f(x))], (37) 
max[NTp,(x)] = max[NTp,(f(x))], (38) 
min[NIp(x)] = min[N/p,(f())], (39) 
min[N Fp, (x)] = min[NFp,(f(x))], (40) 
for all xE X. 
Rep (Xy, Xa, + Xp) = Spr(f 1) f 2), Fr), (41) 
Roy (X%4,X 25-0 Xr) = Spy Fr) f (2), FX), (42) 
Rpg (1, Xa, +X) = Serf 1) f 2), fOr), (43) 
Ryr(%1,%2) Xr) = Sur Fr), f(%2), + FOr), (44) 
Ry (%1)X29 Xr) = Swi f 1) £2), + Fr), (45) 
Ryp(%y, X21 Xr) = Surf (1) f 2), Fr), (46) 


for all {x1,Xp,...,X,} subsets of X. 


Note 


The isomorphism between two BSVNHGs preserves the both weights of vertices 


and weights of edges. 
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Example 3.8 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = fa, b, c} and Y = {, y, z}, where E = {A, B}, F = {C, D}, R and S, which are 
defined by Tables given below: 


H A B 
a (0.2, 0.3, 0.7,-0.2,-0.2,-0.3) (0.5, 0.2, 0.7,-0.6,-0.6,-0.6) 
b (0.5, 0.5, 0.5,-0.4,-0.3,-0.3) (0.1, 0.6, 0.4,-0.1,-0.2,-0.7) 
C (0.8, 0.8, 0.3,-0.9,-0.2,-0.4) (0.5, 0.9, 0.8,-0.7,-0.2,-0.3) 

K C D 

x (0.2, 0.3, 0.2,-0.2,-0.2,-0.4) (0.2, 0.1, 0.8,-0.3,-0.2,-0.3) 

y (0.2, 0.4, 0.2,-0.6,-0.2,-0.3) (0.1, 0.6, 0.5,-0.1,-0.2,-0.7) 
zZ (0.5, 0.8, 0.7,-0.4,-0.3,-0.3) (0.9, 0.9, 0.1,-0.9,-0.6,-0.3) 
R Rpr Rp, Rpg Ryr Rui Rye 
Al 02 0.8 0.9 -0.1 -0.3 -0.4 
Bl 0.0 0.9 0.8 -0.1 07 -0.8 
Ss Spr Spy Spr Swr Sui SNF 
Cl 02 0.8 0.9 -0.1 -0.3 -0.4 
D/ 0.0 0.9 0.8 -0.1 -0.7 -0.8 


and f: X > Y defined by: f(a)=x , f(b)=y and f(c)=z. Then, by routine calculations, 
jf: H > Kis an isomorphism between H and K. 


Definition 3.9 


Let H = (X, E, R) be a BSVNHG, then the order of H is denoted and defined by as 
follows: 


O(H 

a rn (Pr, (x) ; > ie (Pre, (x)) y ieee (Pre, (x), 

ee (re, (x) Sahin (ie, (x) Sani (Fe, ())) (47) 
The size of H is denoted and defined by: 

SCH) = O. Rpr(Ej), » Rp: (Ej), ». Rpr(Ej), > Ryr(Ej), 

D Ry (Ej), Rv (Ej) ) (48) 
Theorem 3.10 


Let H = (X, E, R) and K = (Y, F, S) be two BSVNHGs such that H is isomorphic 
to K, then: 
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(1) OC) = O(K), 
(2) S(H) = S(K). 


Proof 
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Let f; H > K be an isomorphism between two BSVNHGs H and K with 
underlying sets X and Y respectively; then, by definition: 


min[PT; ,(x)] 


max[Pl,, (x)] 


= min[PT;,(f(x))]. 
= max[Plp, (f(x))I], 


max[PFg(x)] = max([PFr,(f(x))], 
max[NT; (x)] = max[NTp(f(x))], 


min[NI;, (x)] 


= min[(NI-,(f0))], 


min[N Fg ,(x)] = min[NFr,(f(x))], 


for all xE X. 


Rpr(%1, Xz, -, 


Rp; (X41, Xz, «5 


Rpg (X41, Xz, -, 


Ryp(Xy, Xo) 5 


Ryz(%4,X2, 5 


Xr) = Spr(f 1), f (%2), fr), 
Xr) = Spf (41), f(%2), + fr), 


x) 


Xr) = Sui f%1) f (2), fr), 


Ryp%q,%2, Xr) = Surf (%1), f(%2), fr), 


for all { x1, X2,...,X,} subsets of X. 


Consider: 


Opr(H) = Y min PT p, (x) = Y min PTp,(f (x) = Opr(K) 


Spr (f (1). f (%2), + fr), 
Xr) = Surf %1), f(%2),- Fr), 


(49) 
(50) 
(51) 
(52) 
(53) 
(54) 


(55) 
(56) 
(57) 
(58) 
(59) 
(60) 


(61) 


Owr(H) = Xi max NTy (x) = imax NTp,(f(x)) = Owr(K) (62) 


Similarly, Op;(H) = Op,;(K) and Ope(H) = Opr(K) , Oy; (H) = On; (K) and 
Ovr(H) = Ove (K), hence O(H) = O(K). 


Next: 


Spr(H) = > 


Rpr(%4,X2, ney X,) 


= V Spr f (1), f (2), fr) = Spr(K). 


Similarly, 


Syr(H) = > 


Ryz(%q, Xz, +) Xp) 


= Y Snr (1), f (4X2), fr) = Swr(K). 
and Sp;(H) = Sp;(K), Spr(H) = Spr(K), Sy;(H) = Sy (K), Syr(H) = Syr(K), 


hence S(H) = S(K). 
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Remark 3.11 
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The converse of the above theorem need not to be true in general. 


Example 3.12 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = {a, b, c, d} and Y = {w, x, y, z}, where E = {A, B}, F = {C, D}, R and S are 
defined in Tables given below: 


H 


A 


B 


(0.2, 0.5, 0.3, -0.1, -0.2, -0.3) 


(0.14, 0.5, 0.3, -0.1, -0.2, -0.3) 


(0.0,0.0,0.0, 0.0, 0.0, 0.0) 


(0.2, 0.5, 0.3, -0.4, -0.2, -0.3) 


(0.33, 0.5, 0.3, -0.4, -0.2, -0.3) 


(0.16, 0.5, 0.3, -0.1, -0.2, -0.3) 


orecemlomn~) 


(0.5, 0.5, 0.3, -0.1, -0.2, -0.3) 


(0.0,0.0,0.0, 0.0, 0.0, 0.0) 


C 


D 


(0.14, 0.5, 0.3, -0.1, -0.2, -0.3) 


(0.2, 0.5, 0.33, -0.4, -0.2, -0.3) 


(0.16, 0.5, 0.3, -0.1, -0.2, -0.3) 


(0.33,0.5, 0.33, -0.1, -0.2, -0.3) 


(0.25, 0.5, 0.3, -0.1,-0.2, -0.3) 


(0.2, 0.5, 0.33, -0.1, -0.2, -0.3) 


NM IK IS IA 


(0.5, 0.5, 0.3, -0.4, -0.2, -0.3) 


(0.0, 0.0, 0.0, 0.0, 0.0, 0.0) 


R Rer Rpy Rpr Ryr Rn Rye 
A 0.2 0.5 0.3 -0.1 -0.2 -0.3 
B 0.14 0.5 0.3 -0.1 -0.2 -0.3 
S Spr Spi SPF Sur Swi SNE 
C 0.14 0.5 0.3 -0.1 -0.2 -0.3 
D 0.2 0.5 0.3 -0.1 -0.2 -0.3 


where fis defined by: f(a)=w, f(b) =x, f(c)=y, f(d) =z. 
Here, O(H) = (1.0,2.0, 1.2,-0.7,-0.8,-1.2) = O(K) and S(H)=(0.34, 1.0, 0.9, -0.2, - 
0.4, -0.9)=S(K), but, by routine calculations, H is not an isomorphism to K. 


Corollary 3.13 


The weak isomorphism between any two BSVNHGs H and K preserves the orders. 


Remark 3.14 


The converse of the above corollary need not to be true in general. 


Example 3.15 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = {a, b, c, d} and Y = {w, x, y, z}, where E = {A, B}, F = {C, D}, R and S are 
defined in Tables given below, where f is defined by: /f(a)=w, f(b)=x, f(c)=y, 


I(d=z: 
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H A B 
a (0.2, 0.5, 0.3,-0.1,-0.2,-0.3) (0.14, 0.5, 0.3,-0.4,-0.2,-0.3) 
b (0.0,0.0,0.0,0.0,0.0,0.0) (0.2, 0.5, 0.3,-0.1,-0.2,-0.3) 
C (0.33, 0.5, 0.3,-0.4,-0.2,-0.3) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3) 
d (0.5, 0.5, 0.3,-0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0) 
K C D 
w (0.14, 0.5, 0.3,-0.1,-0.2,-0.3) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3) 
Xx (0.0, 0.0, 0.0,0.0,0.0,0.0) (0.16, 0.5, 0.3,-0.1,-0.2,-0.3) 
y (0.25, 0.5, 0.3,-0.1,-0.2,-0.3) (0.2, 0.5, 0.3,-0.4,-0.2,-0.3) 
Z (0.5, 0.5, 0.3,-0.1,-0.2,-0.3) (0.0, 0.0, 0.0,0.0,0.0,0.0) 


Here, O(H)= (1.0, 2.0, 1.2, -0.4, -0.8, -1.2) = O(K), but, by routine calculations, 1 
is not a weak isomorphism to K. 


Corollary 3.16 


The co-weak isomorphism between any two BSVNHGs H and K preserves sizes. 


Remark 3.17 


The converse of the above corollary need not to be true in general. 


Example 3.18 


Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = fa, b, c, d} and Y = {w, x, y, z}, where E = {A, B}, F = {C, D}.R and S are 
defined in Tables given below, 


H A B 
a (0.2, 0.5, 0.3,-0.1,-0.2,-0.3) (0.14, 0.5, 0.3, -0.1,-0.2,-0.3) 
b (0.0,0.0,0.0,0.0,0.0,0.0) (0.16, 0.5, 0.3, -0.1,-0.2,-0.3) 
C (0.3, 0.5, 0.3, -0.1,-0.2,-0.3) (0.2, 0.5, 0.3,-0.4,-0.2,-0.3) 
d (0.5, 0.5, 0.3, -0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0) 
K C D 
W (0.0, 0.0, 0.0, 0.0, 0.0, 0.0) (0.2, 0.5, 0.3, -0.1,-0.2,-0.3) 
x (0.14,0.5,0.3, -0.1,-0.2,-0.3) (0.25, 0.5, 0.3, -0.1,-0.2,-0.3) 
y (0.5, 0.5, 0.3, -0.1,-0.2,-0.3) (0.2, 0.5, 0.3,-0.4,-0.2,-0.3) 
zZ (0.3, 0.5, 0.3, -0.1,-0.2,-0.3) (0.0,0.0,0.0,0.0,0.0,0.0) 
R Rpr Rp, Rpg Ryr Rui Rue 
A 0.2 0.5 03-04. roo 203 
B 0.14 0.5 03° |. 20a" | 0. |=203 
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S Spr Spi SPF Swr Swi SNE 

C 0.14 0.5 0.3 -0.1 -0.2 -0.3 

D 0.2 0.5 0.3 -0.1 -0.2 -0.3 
where fis defined by: f(a)=w, f(b) =x, f()=y, f(d) =z. 
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Here S(H)= (0.34, 1.0, 0.6, -0.2, -0.4, -0.6) = S(K), but, by routine calculations, 1 


is not a co-weak isomorphism to K. 


Definition 3.19 


Let H = (X, E, R) be a BSVNHG, then the degree of vertex x;, which is denoted 


and defined by: 
deg(x;) = 
(degpr(x;), degp; (x;), degpr(x;), 
degnr (xj), degyi (xj), degnr (Xi) 


where: 
degpr (Xi) = L Rpr(%,X2,.., Xp), 
degp;(x;) = Y Rp (%1, 2) Xr), 
de gpr(X;) = LY Rpp(%y, X2, 1 Xr), 
degnr (Xi) = URyr 1X2) Xr); 
degn (Xi) = L Rui %1X2) + Xr); 
degnr(X%j) = L Rup, Xa, Xr); 

for x; # Xp. 


Theorem 3.20 


(65) 


(66) 
(67) 
(68) 
(69) 
(70) 
(71) 


If H and K be two isomorphic BSVNHGs, then the degree of their vertices are 


preserved. 


Proof 


Let f; H > K be an isomorphism between two BSVNHGs H and K with 


underlying sets X and Y respectively, then, by definition, we have: 


min[PT,,(x)] = min[PTp,(f(x))]. 
max([Pl,(x)] = max[Pl;,(f(x))], 
max([PF,;,(x)] = max[PFp(f (x))], 
max[NTp (x)] = max[NTp,(f(x))], 
min[NIg(x)] = min[NIp,(f(«))], 


min[NFg,(x)] = min[NFp,(f(x))], 
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(73) 
(74) 
(75) 
(76) 
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for all xE X. 


Rpr (1, X25, Xr) = Spr F(X), f(X2), fr), 
Rp (Xy,X 25 Xr) = Sp F(%1)  f 2), fr), 
Spr f (1). f (%2), es fr), 


Rpp(X4, X, « 


Ryz (1, X2, « 


Xr) 


Xr) 


Surf (%1) 5 f(%2), + fr), 


Ry Cy, XQ, Xp) = Surf (41) £2), fC), 
Ryp%q,%2, Xr) = Surf (%1), f(%2), fr), 


for all { x1, X2,...,X,} subsets of X. 


Consider: 


degpr (xi) = > Rpp(X4, X29) 6) Xp) 


and similarly: 


= > Sor FG). Fads of GD) 
= degpr(f(%)), 


degyr (xj) = degnrf (%;)), 


degp;(x;) = degp: (f (x;)), degpr (xi) = degpr(f (%)) 
degyi (xi) = degui f (%)), degnr (xi) = degnr (Ff (%)) 


Hence: 


deg (xi) = deg(f (xi). 


Remark 3.21 


The converse of the above theorem may not be true in general. 


Example 3.22 


(78) 
(79) 
(80) 
(81) 
(82) 
(83) 


(84) 
(85) 
(86) 


(87) 


(88) 
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Consider the two BSVNHGs H = (X, E, R) and K = (Y, F, S) with underlying sets 
X = fa, bj and Y = {x, y}, where E = {A, B}, F = {C, D}, R and S are defined by 


Tables given below: 


H A B 
a (0.5, 0.5, 0.3, -0.1, -0.2, -0.3) (0.3, 0.5, 0.3, -0.1, -0.2, -0.3) 
b (0.25, 0.5, 0.3, -0.1, -0.2, -0.3) | (0.2, 0.5, 0.3, -0.1, -0.2, -0.3) 

K C D 
x (0.3, 0.5, 0.3, -0.1, -0.2, -0.3) (0.5,0.5,0.3, -0.1, -0.2, -0.3) 
y (0.2, 0.5, 0.3, -0.1, -0.2, -0.3) (0.25, 0.5, 0.3, -0.1, -0.2, -0.3) 

S Spr Spi Spr Sur Swi SNE 
C 0.2 0.5 03° | 04 02> [203 
D 0.25 0.5 Cee ee ae 
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R Ror Rpy Rpg Ryr Ryi Rye 
A 0.25 0.5 0.3 -0.1 -0.2 -0.3 
B 0.2 0.5 0.3 -0.1 -0.2 -0.3 


where fis defined by: f(a)=x, f(b)=y, here deg(a) = (0.8, 1.0, 0.6, -0.2, -0.4, -0.6) 
= deg(x) and deg(b) = (0.45, 1.0, 0.6, -0.2, -0.4, -0.6) = deg(y). 


But H is not isomorphic to K, i.e. H is neither weak isomorphic, nor co-weak 
isomorphic to K. 


Theorem 3.23 


The isomorphism between BSVNHGs is an equivalence relation. 


Proof 


Let H = (X, E, R), K =(Y, F, S) and M = (Z, G, W) be BSVNHGs with underlying 
sets X, Y and Z, respectively: 


Reflexive 


Consider the map (identity map) f: X — X defined as follows: f(x) = x for all x € 
X, since the identity map is always bijective and satisfies the conditions: 


min[PT;,(x)] = min[PTp,(f(x))], (89) 
max[Plz,(x)] = max[Pl_,(f(x))], (90) 
max[PF,,(x)] = max[PF,,(f(x))], (91) 
max[NTp (x)] = max [yTe,(FC0)), (92) 
min[NIp(x)] = min[Nlg,(f(x))], (93) 
min[NF;,(x)] = min[NFe,(f(x))I, (94) 
for all xE X. 
Rp (1, Xa, 1%) = Rep F 1), f Xr), fr), (95) 
Rp (%q, X20 Xr) = Rep FOr) f 2), Fr), (96) 
Rpg (X1, Xa, +X) = Rep F(%1), f (42), fOr), (97) 
Ryr(X1,%2. Xr) = Ryr fF 1), £2), + Fr), (98) 
Ry Xp) X20 Xp) = Rui FX), f%2), fr), (99) 
Ryr(%1,X2-)Xr) = Rue (Ff (%1),f 2), + fr), (100) 


for all { x1, X2,...,X,} subsets of X. 


Hence fis an isomorphism of BSVNHG / to itself. 
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Symmetric 


Let f; X > Y be an isomorphism of H and K, then fis a bijective mapping defined 
as f(x) = y for all x €.X. 


Then, by definition: 
min[PT;,(x)] = min[PTp,(f(x))], (101) 
max[Pl_,(x)] = max[Plp,(f(x))], (102) 
max[PF,,(x)] = max[PFp,(f(x))], (103) 
max[NTg,(x)] = max[NTp,(f(x))], (104) 
min[NIp(x)] = min[NIp,(f())], (105) 
min[N Fp, (x)] = min[NFp,(f(x))], (106) 

for all xE X. 
Rep (Xy, Xa, Xp) = Serf 1) f 2), fOr), (107) 
Rpp (XX 25-0 Xr) = Spy Fr) f 2), FX), (108) 
Rpg (X1, Xa, +X) = Serf 1) f 2), fOr), (109) 
Ryr(X1,%2 Xr) = Sur Fr), f (4X2), FOr), (101) 
Ry (%q)X20 Xr) = Sui f 1) fF 2), + FOr), (111) 
Ryp(X%y,X2, Xr) = Surf (1) f (2), Fr), (112) 


for all {x1,X2,...,X,} subsets of X. 
Since fis bijective, then we have: 

f+) =~ forally EY. 
Thus, we get: 


min[PT,,(f~?(y))] = min[PT,,(y)]. (113) 

max[Ple,(f-'(y))]_ = max{Plp,(y)]. (114) 

max[PFp,(f-!(y))] = max[PF,,(y)], (115) 

max[NT,,(f-*(y))] = max[NTp,(y)], (116) 

min[NIe(f-4(y))] = min[NIe,(y)], (117) 

min[NFe,(f~'())] = min[NF,,(y)], (118) 
for all xE X. 


Rer(f-*01), f- +02), ep Oey) = Spr(V1sYare¥r), (119) 
Rei(f 101), f-*2), war OD) = Sp1 (V1 Var Vr), (120) 
Ror(f 101), f * 02), f Or) = Spr Yow), (12) 
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Ryr (fw) f*O2)) FOr) = Sur Yarn), (122) 
Rui (f-*01), f 102), aint Oey) = Sut (V1 Vor Ve) (123) 
Ryr(f-401), f- 702), aif MO) = SurQ1»Var»¥r), (124) 
for all {y1, V2, -.-,¥,-} Subsets of Y. 
Hence, we have a bijective map f~* : Y > X which is an isomorphism from K to 
A. 


Transitive 


Let f :X ~ Y andg:Y —Z be two isomorphism of BSVNHGs of H onto K and 
K onto M, respectively. Then g o f is bijective mapping from _X to Z, where g o f 
is defined as (g o f)(x) = g(f (x)) forallx EX. 


Since f is an isomorphism, then by definition f(x) = y for allx € X, which 
satisfies the conditions: 


min[PT;(x)] = min[PTp,(f(x))], (125) 
max[Pl_(x)] = max[Plp,(f(x))], (126) 
max[PFz,(x)] = max[PF,,(f(x))], (127) 
max[NTp,(x)] = max[NTp,(f(x))], (128) 
min[N/g,(x)]_ = min [NIp,(f))|, (129) 
min[NF;,(x)] = min[NFp,(f(x))], (130) 
for all xe X. 
Rpr (1X2, Xr) = Sprf 1) f (%2), fr), (131) 
Rp (%q,X25 Xr) = Spf) fX2))- fOr)), (132) 
Rpg (Xq, Xa, Xr) = Sprpf 1) f(X2), fr), (133) 
Ry y X 200 Xp) = Sur FOr) f%2)) os fr); (134) 
Ry (%, Xa) Xr) = Surf 1) f 2), FOr); (135) 
Ryr 1, X20) 1%) = Suef (%1)  f 2), + fr)), (136) 


for all {x1, Xz, ...,X,} subsets of X. 


Since g: Y > Z is an isomorphism, then by definition g(y) =z forally € 
Y satisfying the conditions: 


min[PT;,(y)] = min[PTg,(g())I. (137) 


max[Plp(y)] = max[Pl¢(g())I, (138) 
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max[PFr, (y)] = max[PFg, (g (y))]. 


max[NTr, (y)] = max NTs, (9)| 


min[NIp,(y)]_ = min[NIg,(90))]. 


min[NFr,(y)] = min [wFe,(9@)], 


for all xE X. 


Serna 
Spi Va Varo 
SprV 2 
Sur Varo 
Snir Yar 
Sur (Vir Yar os 


Yr) = Wer(9(1) +902), +19 Or) ): 
Yr) = We(901) ,9(V2), + Ir) 
Yr) = Werl(g(V1) 902). 1 9Or) ), 
Yr) = War (91) 902). 1 GOr) )s 
Vr) = Wy (91) 90/2). 1 Gr) ); 
Yr) = Wyre (91) 1902) 1 IOr) ), 


for all {y1, Y2,---, Yr} subsets of Y. 


Thus, from above equations we conclude that: 


min[PT,,(x)] = min[PT, (g(f(x)))]. 
max[Plz,(x)] = max[Pl¢,(g(f ()))], 
max[PFg,(x)] = max[PFc,(g(f@)))]. 
max[NTp,(x)] = max|NT¢,(9(F@)))} 
min[Nlz,(x)] = min[NIg,(gf@)))I, 


min[NFg,(x)] = min[NF, (g(f(x)))], 


for all xE X. 


Rpp(Xy, Xp) = Wer(g(f (x1)), iG f Xr), 


Rp (X41, Xp) = Wor (9(f (x1)), eat ee),)s 


Rpg (%q, Xp) = Wor (g(f (x1)), wool FO); 
Ryr(%4, Xp) = Wwr(g(f (x1)), ang hCG) Ds 


Ry (%q, 0 Xp) = Wnilg(f(%)), at Oe))s 


Ryp(%q, +) Xr) = Wwr(o(f 1), aed F Cee): 


for all {x1, Xz, ...,X,} subsets of X. 


Therefore g o f is an isomorphism between H and M. 
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(139) 
(140) 
(141) 


(142) 


(143) 
(144) 
(145) 
(146) 
(147) 
(148) 


(149) 
(150) 
(151) 
(152) 
(153) 


(154) 


(155) 
(156) 
(157) 
(158) 
(159) 
(160) 
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Hence, the isomorphism between BSVNHGs is an equivalence relation. 
Theorem 3.24 

The weak isomorphism between BSVNHGs satisfies the partial order relation. 
Proof 


Let H = (X, E, R), K =(Y, F, S) and M = (Z, G, W) be BSVNHGs with underlying 
sets X, Y and Z, respectively: 


Reflexive 


Consider the map (identity map) f: X — X defined as follows: f(x)=x for all x €.X, 
since the identity map is always bijective and satisfies the conditions: 


min[PT;,(x)] = min[PTz,(f(x))], (161) 
max([Plg,(x)] = max[Pl_,(f(x))], (162) 
max[PFg,(x)] = max[PF,,(f(x))], (163) 
max[NTp,(x)] = max[NT,(f(x))], (164) 
min[NJg,(x)] = min[Nlz,(f(x))I, (165) 
min[N Fg, (x)] = min[NFg,(f(x))], (166) 
for all xE X. 
Rpr(Xq) X20 001%) S Rec Fr) f (2), Fr) ), (167) 
Rpy(X%1,X 2, Xr) 2 Rp F%1) fF X2), fr) ), (168) 
Rpg (1X2, +X) 2 Rep fr), f (2), fr) ), (169) 
Ryr(X1,%2.5Xr) 2 Ryr (fr), £2), fOr) ), (170) 
Ry (X12) Xr) S Ry FO) £2), fr) ), (171) 
Ryp%y, X21 Xp) S Rue F(%1) > f%2), fr) ), (172) 


for all {x1,%X2,...,X,} subsets of X. 
Hence, fis a weak isomorphism of BSVNHG H to itself. 


Anti-symmetric 


Let f be a weak isomorphism between H onto K, and g be a weak isomorphic 
between K and H, that is f:X > Y is a bijective map defined by: f(x) = 
y for all x € X satisfying the conditions: 


min[PT;,(x)] = min[PTp,(f(x))], (173) 
max[Plg,(x)] = max[Plp,(f(x))], (174) 
max[PF,,(x)] = max[PFp,(f(x))], (175) 
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max[NTg,(x)] = max[NTp,(f(x))], (176) 
min[NJg,(x)] = min[NIp,(f(x))I, (177) 
min[N Fg, (x)] = min[NFp,(f(x))], (178) 
for all xE X. 
Ror (Xp) X21 Xr) = Spr f (1) f(%2), FOr) ); (179) 
Rp (%q, Xa, Xr) = Spf (41) f X2), Fr) ), (180) 
Rpg (X%1,X2, Xr) = Spr (X11), f(X2), + fOr) ), (181) 
Ryr (X12, Xr) = Surf 1), f(%2),- fr) ), (182) 
Ry X1,X2) Xr) = Sur F 1) f 2), Fr) ), (183) 
Ryp ty X20 0 Xp) = Swe Ff (%1) fF %2), fOr) ), (184) 


for all {x1, Xz, ...,X,} subsets of X. 


Since g is also bijective map g(y) = x forall y € Y satisfying the conditions: 


min[PT;,(y)] = min[PT;,(g())I. (185) 
max[Plp,(y)] = max[Plz,(g(y))], (186) 
max[PF;,(y)] = max[PF;,(g(y))]. (187) 
max[NTp,(y)] = max[NTg,(g(y))I. (188) 
min[NIp.(y)] = min[Nlz,(9())I, (189) 
min[NFp,(y)] = min[NFe,(g())I, (190) 
for all ye Y. 
Retr Yar Yr) S SprGO1) 92), 1 IO) ); (191) 
Re VW Yar Vr) 2 Spi FO1) £02), FOr) ); (192) 
Repu Ya Vr) 2 Spr fO1), 602), + fOr) ); (193) 
Ryr Yar) 2 Syr9O1) 1 IV2)) 1 IOr) ); (194) 
Ryi Qu Ya Vw) S Sui FO) £02). fOr) ), (195) 
RyrVv Yar) S Surf O1) £02). fOr) ), (196) 


for all {y1, V2, --,¥,} subsets of Y. 


The above inequalities hold for finite sets X and Y only whenever H and K have 
same number of edges and corresponding edge have same weights, hence H is 
identical to K. 


Transitive 


Let f:X > Y and g:Y — Z be two weak isomorphism of BSVNHGs of H onto K 
and K onto M, respectively. Then g o f is bijective mapping from X to Z, where 
g of is defined as (g 0 f)(x) = g(f(x)) forall x € X. 
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Since f is a weak isomorphism, then by definition f(x) = y for all x € X which 


satisfies the conditions: 
min[PT,,(x)] = min[PT;,(f(x))]. 


max[Plp,(x)] = max[Pl;,(f(x))], 


max[PFz,(x)] = max([PFr,(f(x))], 
max[NT; (x)] = max[NTp,(f(x))], 


min[N Jz ,(x)] = min[NIp,(f(x))], 
min[NFg,(x)] = min[NFp,(f(x))], 


for all xE X. 


Rpr(%1, Xz, «5 
Reap bi ey 
Rpg (X41, Xz, > 
Ryz(%1, Xz, +5 
Ry yy X50) 


Ryp (Xz, Xz, « 


Xr) S Spr f 1), f(%2), 5 FOr) ), 
Xr) 2 Spf (1) f 2), FX) ), 
Xr) = Spr(f(%1), f(%2), 5 fr) ), 
Xr) = Surf %1), f(%2),- fr) ), 
Xr) S Sui FO1) fF), FOr) ), 


Xr) S Surf 1), f(%2), sf (Xr) ), 


for all {x1,X2,...,X,} subsets of X. 


(197) 
(198) 
(199) 
(200) 
(201) 
(202) 


(203) 
(204) 
(205) 
(206) 
(207) 
(208) 


Since g : Y > Zis a weak isomorphism, then by definition g(y) = z forally € 
Y, satisfying the conditions: 


min[PT.,(y)] = min[PT.,(g())], 
max[Pl,(y)] = max[Pl¢(g())]. 


max[PFr,(y)] = max[PF, (g(y))], 
max[NTp ,(y)] = max[NTg,(9(y))I, 


min[NIp,(y)]_ = min[Nig,(90))]. 
min[NFp,(y)] = min[NF¢,(9))]- 


for all xE X. 


Spr Yar 
Sp1Vu Varo 
SprFV 2 
Sur Var Yarns 
Sut Varo 
Sur (Vir Yar 


Vr) S Wer (901), 902), + IOr) ); 


Vr) 2 We (901) 902) 1 IO) Ds 
Yr) 2 Wer(9(1) 92), IOP) ), 
Yr) 2 Wyr (901) 1902), 1 IO) )s 
Vr) S Wy (91) 902), + IO) D> 
Yr) S Wye (901) 1902), + IO) Ds 


for all {y1, V2, --., Yr} subsets of Y. 
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(209) 
(210) 
(211) 
(212) 
(213) 
(214) 


(215) 
(216) 
(217) 
(218) 
(219) 
(220) 
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Thus, from above equations, we conclude that: 


min[PTz,(x)] = min[PT,, (gf )))], (221) 
max[Pl,(x)] = max[Pl,,(g(f(x)))]. (222) 
max[PF;,(x)] = max[PF, (g(f(x)))]. (223) 
max[NTg,(x)] = max[NTg,(g(f(x)))], (224) 
min{Nlz(x)] = min[NIg,(g(f(x)))]. (225) 
min[NFg,(x)] = min[NFe,(g(f @)))I, (226) 
for all xE X. 
Rpp (x1, Xr) S Wer(9(f 1), 9(F @))), (227) 
Rp (4, 0 Xp) = Wo, (G(f (41), GF Or) )), (228) 
Rpg (Xp Xr) = Wee(g(f 1), GF Or) (229) 
Ryr (%y Xr) = Wwe (of 1), 9 FOr), (230) 
Ry Xr) S Wi (Gf 1)), GF Or) )), (231) 
Ryp (x1) Xr) S Wye (g(f 1), - 9 (Fd), (232) 


for all {x1,X2,...,X,} subsets of X. 
Therefore g o f is a weak isomorphism between H and M. 


Hence, the weak isomorphism between BSVNHGs is a partial order relation. 


4 Conclusion 


The bipolar single valued neutrosophic hypergraph can be applied in various 
areas of engineering and computer science. In this paper, the isomorphism 
between BSVNHGs is proved to be an equivalence relation and the weak 
isomorphism is proved to be a partial order relation. Similarly, it can be 
proved that co-weak isomorphism in BSVNHGs is a partial order relation. 
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Bipolar Single Valued Neutrosophic Hypergraphs. Neutrosophic Sets and Systems, 
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Abstract. In this paper, we define the regular and totally 
regular bipolar single valued neutrosophic hypergraphs, 
and discuss the order and size along with properties of 


regular and totally regular bipolar single valued neutro- 
sophic hypergraphs. We extend work on completeness of 
bipolar single valued neutrosophic hypergraphs. 


Keywords: bipolar single valued neutrosophic hypergraphs, regular bipolar single valued neutrosophic hypergraphs and totally regu- 


lar bipolar single valued neutrosophic hyper graphs. 


1 Introduction 


The notion of neutrosophic sets (NSs) was proposed by 
Smarandache [8] as a generalization of the fuzzy sets [14], 
intuitionistic fuzzy sets [12], interval valued fuzzy set [11] 
and interval-valued intuitionistic fuzzy sets [13] theories. 
The neutrosophic set is a powerful mathematical tool for 
dealing with incomplete, indeterminate and inconsistent in- 
formation in real world. The neutrosophic sets are charac- 
terized by a truth-membership function (f), an indetermina- 
cy-membership function (i) and a falsity membership func- 
tion (f) independently, which are within the real standard 
or nonstandard unit interval JO , 1"[. In order to conven- 
iently use NS in real life applications, Wang et al. [9] in- 
troduced the concept of the single-valued neutrosophic set 
(SVNS), a subclass of the neutrosophic sets. The same au- 
thors [10] introduced the concept of the interval valued 
neutrosophic set (IVNS), which is more precise and flexi- 
ble than the single valued neutrosophic set. The IVNS is a 
generalization of the single valued neutrosophic set, in 
which the three membership functions are independent and 
their value belong to the unit interval [0, 1]. More works 
on single valued neutrosophic sets, interval valued neutro- 
sophic sets and their applications can be found on 
http://fs.gallup.unm.edu/NSS/. 

Hypergraph is a graph in which an edge can connect more 
than two vertices, hypergraphs can be applied to analyse 
architecture structures and to represent system partitions, 
Mordesen J.N and P.S Nasir gave the definitions for fuzzy 
hypergraphs. Parvathy. R and M. G. Karunambigai’s paper 
introduced the concepts of Intuitionistic fuzzy hypergraphs 
and analyse its components, Nagoor Gani. A and Sajith 
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Begum. S defined degree, order and size in intuitionistic 
fuzzy graphs and extend the properties. Nagoor Gani. A 
and Latha. R introduced irregular fuzzy graphs and dis- 
cussed some of its properties. 


Regular intuitionistic fuzzy hypergraphs and totally regular 
intuitionistic fuzzy hypergraphs are introduced by Pra- 
deepa. I and Vimala. S in [0]. In this paper we extend regu- 
larity and totally regularity on bipolar single valued neu- 
trosophic hypergraphs. 


2 Preliminaries 


In this section we discuss the basic concept on neutro- 
sophic set and neutrosophic hyper graphs. 


Definition 2.1 Let _X be the space of points (objects) with 
generic elements in X denoted by x. A single valued neu- 
trosophic set A (SVNS 4A) is characterized by truth mem- 
bership function T(x), indeterminacy membership func- 
tion I(x) and a falsity membership function F(x). For 
each point x €X; T4(x), I(x), Fa(x) € [0, 1]. 


Definition 2.2 Let X be a space of points (objects) with 
generic elements in X denoted by x. A bipolar single 
valued neutrosophic set A (BSVNS 4A) is characterized by 
positive truth membership function PT,(x), positive 
indeterminacy membership function PI,(x) and a positive 
falsity membership function PF,(x) and negative truth 
membership function NT,(x), negative indeterminacy 
membership function NIJ,(x) and a negative falsity 
membership function NF ,(x). 
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For each point x € X; PT ,(x), Pl 4(x), PF 4(x) € [0, 1] and 
NT 4), NI,(), NF a(x) € [-1, 0]. 


Definition 2.3 Let 4 be a BSVNS on_X then support of 
A is denoted and defined by 


Supp(A) = {x : x €X, PT a(x) > 0, Pla(x) > 0, PF a(x) > 0, 
NT g(x) < 0, NI,(x) < 0, NF g(x) < 0}. 


Definition 2.4 A hyper graph is an ordered pair H = (X, 
E), where 


(1) X= {x}, %, ... 
(2) FE = f{E\, Ep, ...., Em} be a family of subsets of 


., Xn be a finite set of vertices. 


X. (3) E; for j= 1,2,3,...,.m and U,(Ej)= X. 


The set_X is called set of vertices and EF is the set of edges 
(or hyper edges). 


Definition 2.5 A bipolar single valued neutrosophic 
hypergraph is an ordered pair H = (X, E), where 


(1) X = {x1, X92, ..., Xm} be a finite set of vertices. 


(2) E = {E}, Eo, ... , Em} be a family of BSVNSs of X. 


(3) E;#O =(0, 0, 0) for j= 1,2,3,...,m and Uj Supp(E /)= X. 


The set X is called set of vertices and E is the set of 
BSVN-edges (or BSVN-hyper edges). 


Proposition 2.6 The bipolar single valued neutrosophic 
hyper graph is the generalization of fuzzy hyper graphs, 
intuitionistic fuzzy hyper graphs, bipolar fuzzy hyper 
graphs and single valued neutrosophic hypergraphs. 


3 Regular and totally regular BSVNHGs 


Definition 3.1 The open neighbourhood of a vertex x in 
bipolar single valued  neutrosophic hypergraphs 
(BSVNHGs) is the set of adjacent vertices of x, excluding 
that vertex and is denoted by N(x). 


Definition 3.2 The closed neighbourhood of a vertex x in 
bipolar single valued  neutrosophic hypergraphs 
(BSVNHGs) is the set of adjacent vertices of x, including 
that vertex and is denoted by N/x/. 


Example 3.3 Consider a bipolar single valued neutrosophic 
hypergraphs H = (X, E) where, X = {a, b, c, d, e} and E = 
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{P, O, R, S}, which is defined by 
P = {(a, 0.1, 0.2, 0.3, -0.4, -0.6 -0.8), (b, 0.4, 0.5, 0.6, -0.4, -0.6 -0.8)} 


Q={(c, 0.1, 0.2, 0.3, -0.4, -0.4 -0.9), (d, 0.4, .5, 0.6, -0.3, -0.5 -0.6), (e, 0.7, 
0.8, 0.9, -0.7, -0.9, -0.2)} 


R = {(b, 0.1, 0.2, 0.3, -0.2, -0.5, -0.8), (c, 0.4, 0.5, 0.6, -0.9, -0.7 -0.4)} 
S={(a, 0.1, 0.2, 0.3, -0.7, -0.6, -0.9), (d, 0.9, 0.7, 0.6, -0.4, -0.7, -0.9)} 


Then the open neighbourhood of a vertex a is the b and d, 
and closed neighbourhood of a vertex b is b, a and c. 


Definition 3.4 Let H = (X, E) be a BSVNHG, the open 
neighbourhood degree of a vertex x, which is denoted and 
defined by 


deg(x) = (degpr(x), degp, (x), degpp(x), degyr(x), de gyi (x), degyr(x)) 


where 


de gpr(x) = Yenc) PT p(x) 
de gp) (x) = Yenc Plg(x) 
degprlx) = Yxen(x) PF g(x) 
degyr(x) = Leen NT p(X) 
degwilx) = Uxencr) NI g(x) 


de gyr(x) = Dixents) NF; (x) 


Example 3.5 Consider a bipolar single valued neutrosoph- 
ic hypergraphs H = (X, E) where, X = {a, b, c, d, e} and E 
= {P, O, R, S}, which are defined by 


P = {(a, .1, .2, .3, -0.1, -0.2, -0.3), (b, .4, .5, .6, -0.1, -0.2, -0.3)} 


Q={(c,.1,.2,.3, -0.1, -0.2, -0.3), (d, .4, .5, .6, -0.1, -0.2, -0.3), (e, .7, .8, .9, 
-0.1, -0.2, -0.3)} 


R= {(b, .1, .2, .3, -0.1, -0.2, -0.3), (c, .4, .5, 6, -0.1, -0.2, -0.3)} 
S={(a,.1,.2, 3,-0.1, -0.2, -0.3), (d, .4, .5, .6, -0.1, -0.2, -0.3)} 
Then the open neighbourhood of a vertex a contain b and d 


and therefore open neighbourhood degree of a vertex a is 
(.8, 1, 1.2, -0.2, -0.4, -0.6). 


Definition 3.6 Let H = (X, E) be a BSVNHG, the 
closed neighbourhood degree of a vertex x is denoted 
and defined by 
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deg[x] = (degpr|x], degp;[x], degprlx], degyrIxl, degyi [x], degnr Ix) 


which are defined by 


degpr[x] = degpr(x) + PT g(x) 
degp)[x] = degp,(x) + Ple(x) 
degprlx] = degpp(x) + PF g(x) 
degyrlx] = degyr(x) + NT¢(x) 
degy,[x] = degn(x) + NIg(x) 
degyrlx] = degne(x) + NFp(x) 


Example 3.7 Consider a bipolar single valued neutrosophic 
hypergraphs H = (X, E) where, X = {a, b, c, d, e/ and E = 
{P, QO, R, S}, which is defined by 

P = {(a, 0.1, 0.2, 0.3, -0.1, -0.2, -0.3), (b, 0.4, 0.5, 0.6, -0.1, -0.2, -0.3)} 
Q={(c, 0.1, 0.2, 0.3, -0.1, -0.2, -0.3), (d, 0.4, 0.5, 0.6, -0.1, -0.2, -0.3), (e, 
0.7, 0.8, 0.9, -0.1, -0.2, -0.3)} 

R = {(b, 0.1, 0.2, 0.3, -0.1, -0.2, -0.3), (c, 0.4, 0.5, 0.6, -0.1, -0.2, -0.3)} 

S$ ={(a, 0.1, 0.2, 0.3, -0.1, -0.2, -0.3), (d, 0.4, 0.5, 0.6, -0.1, -0.2, -0.3)} 


The closed neighbourhood of a vertex a contain a, b and d, 
hence the closed neighbourhood degree of a vertex a is 
(0.9, .1.2, 1.5, -0.3, -0.6, -0.9). 


Definition 3.8 Let H = (X, E) be a BSVNHG, then 4 is 
said to be an n-regular BSVNHG if all the vertices have the 
same open neighbourhood degree n = (n;, nz, 13, N4 Ns, No) 


Definition 3.9 Let H = (X, E) be a BSVNHG, then H is said 
to be m-totally regular BSVNHG if all the vertices have the 
same closed neighbourhood degree m = (m;, m2, m3, m4 
Ms, M6). 


Proposition 3.10 A regular BSVNHG is the generalization 
of regular fuzzy hypergraphs, regular intuitionistic fuzzy 
hypergraphs, regular bipolar fuzzy hypergraphs and regu- 
lar single valued neutrosophic hypergraphs. 


Proposition 3.11 A totally regular BSVNHG is the 
generali-zation of totally regular fuzzy hypergraphs, totally 
regular intuitionistic fuzzy hypergraphs, totally regular 
bipolar fuzzy hypergraphs and totally regular single valued 
neu-trosophic hypergraphs. 


Example 3.12 Consider a bipolar single valued neutro- 
sophic hypergraphs H = (X, E) where, X = {a, b, c, d} and 
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E = {P, QO, R, S} which is defined by 
P = {(a, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (b, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 
Q={(b, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (¢, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 
R={(c, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (d, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 
S={(d, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (a, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 
Here the open neighbourhood degree of every vertex is 
(1.6, 0.4, 0.6, -0.2, -0.4, -0.6) hence H is regular BBVNHG 
and closed neighbourhood degree of every vertex is (2.4, 


0.6, 0.9, -0.3, -0.6, -0.9), Hence H is both regular and total- 
ly regular BSVNHG. 


Theorem 3.13 Let H = (XE) be a BSVNHG which is 
both regular and totally regular BSVNHG then £ is constant. 


Proof: Suppose H is an n-regular and m-totally regular 
BSVNHG. Then deg(x) =n = (ni, Nz, N3, Ng, Ns, Ng) and deg/x] 
=m =(mMy, M2, M3, M4, Ms, Me) VX E E;. Consider deg[x] = 
m. Hence by definition, deg(x) + E;(x) = m this implies 
E;(x) = m—n for all x € E;. Hence E is constant. 


Remark 3.14 The converse of above theorem need not to 
be true in general. 


Example 3.15 Consider a bipolar single valued neutro- 
sophic hypergraphs H = (X, E) where, X = {a, b, c, d} and 
E =P, QO, R, S}, which is defined by 


P= {(a, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (b, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 

Q= {(b, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (d, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 

R={(c, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (d, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 

S={(d, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3), (a, 0.8, 0.2, 0.3, -0.1, -0.2, -0.3)} 
Here F is constant but deg(a) = (1.6, 0.4, 0.6, -0.2, -0.4, - 
0.6) and deg(d) = (2.4, 0.6, 0.9, -0.3, -0.6, -0.9) i.e deg(a) 
and deg(d) are not equals hence H is not regular BSVNHG. 
Next deg/a] = (2.4, 0.6, 0.9, -0.3, -0.6, -0.9) and deg/d]= 
(3.2, 0.8, 1.2, -.4, -0.8, -1.2), hence deg[a] and deg[d] are 
not equals hence H is not totally regular BSVNHG, Thus 
that H is neither regular and nor totally regular BBVNHG. 


Theorem 3.16 Let H = (X, E) be a BSVNHG then E£ is con- 
stant on X if and only if following are equivalent, 


(1) His regular BSVNHG. 
(2) His totally regular BSVNHG. 


Proof: Suppose H = (X, E) be a BSVNHG and E is constant 
in H, that is Ey(x) =c =(c,c,c,c,c,c) VxeE. 
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Suppose H is n-regular BSVNHG, then deg(x) = n = (nm, Mm, 
Ns, Ny, Ns, Ne) Wx © E;, consider deg/x] = deg(x) +Ej(x) =n 
+cVx € E;, hence H is totally regular BSVNHG. 


Next suppose that H is m-totally regular BSVNHG, then 
deg[x] = m = (mi, M2, M3, M4, Ms, Me) for all x € E;, that is 
deg(x) + E;(x) =m Vx € E;, this implies that deg(x) =m-—c 


Vx € E;. Thus H is regular BSVNHG, thus (1) and (2) are 
equivalent. 


Conversely: Assume that (7) and (2) are equivalent. That is 
His regular BSVNHG if and only if 4 is totally regular 
BSVNHG. Suppose contrary E£ is not constant, that is E(x) 
and E(y) not equals for some x and y in X. Let H = (X, E) 
be n-regular BSVNHG, then deg(x) =n = (nj, no, Ny, Ng, Ns, 
ng) for all x € E;. Consider 


deg[x] = deg(x) + E;(x) =n + E;(x) 


degly] = deg(y) + Ei( (y)=n + E;(y) 


Since E;(x) and E;(y) are not equals for some x and y in X. 
Hence deg[x] and deg[y] are not equals, thus H is not to- 
tally regular BSVNHG, which contradict to our assumption. 


Next let H be totally regular BSVNHG, then deg/x] = 
deg[y], that is deg(x) + E(x) = deg(y) + E,(v) and deg(x) — 
deg(y) = E;(v) — E;(x), since RHS of last equation is non- 


zero, hence LHS of above equation is also nonzero, thus 
deg(x) and deg(y) are not equals, so H is not regular 
BSVNHG, which is again contradict to our assumption, 
thus our supposition was wrong, hence £ must be con- 
stant, this completes the proof. 


Definition 3.17 Let H = (X, E) be a regular BSVNHG, 
then the order of BSVNHG H is denoted and defined by 


O(H) = (p, @ © S, t, uj), where p=YyexPTz(x), q= 
Dix ex Ple,(x) 7 = Lx ex PFe,(*), 5 = Lx ex NTp,(x),t = Lx ex Nig, (x), 


u = YvexNFe(x). For every x € X and size of regular 
BSVNHG is denoted and defined by S(H) = Yiti(Sz,), 
where S(E;) = (a, b, c, d, e, f) which is defined by 


a— ie EE; PTs, (x) 


b= ig EE; Pile, (x) 
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C= Diy en, PFe, (x) 
d = Yiy ex, NTg, (x) 
e = Ye eg, Nie, &) 
f= Xx ex, NFe, %) 


Example 3.18 Consider a bipolar single valued neutro- 
sophic hypergraphs H = (X, E) where, X = {a, b, c, d} and 


E ={P, Q, R, S}, which is defined by 
P= {(a, 8, .2, .3, -.1, -.2, -.3), (b, 8, .2, .3, -.1, -.2, -. 
Q= {(b, .8, .2, 3, -.1, -.2, -.3), (6 8, .2, 3, ~1, -.2, -. 
R={(c, 8, .2, .3, -.1, -.2, -.3), (d, 8, .2, 3, ~1, -.2, 
S={(d, 8, .2, .3, -.1, -.2, -.3), (a, 8, .2, 3, -.1, -.2, -.3)} 
Here order and size of H are given (3.2, .8, 1.2, -.4, -.8, - 
1.2) and (6.4, 1.6, 2.4, -.8, -1.6, -2.4) respectively. 
Proposition 3.19 The size of an n-regular BSVNHG H = (H, 
E) is nk/2, where /X/=k. 
Proposition 3.20 If H = (X, E) be m-totally regular BSVNHG 
then 2S(H) + O(H) = mk, where /X/=k. 
Corollary 3.21 Let H = (X, E) be a n-regular and m-totally 
regular BSVNHG then O(H) = k(m - n), where |X|=k. 


Proposition 3.22 The dual of n-regular and m-totally regu- 
lar BSVNHG H = (Xx, £) is again an n-regular and m- 
totally regular BSVNHG. 


Definition 3.23 A bipolar single valued neutrosophic hy- 
pergraph (BSVNHG) is said to be complete BSVNHG if 
for every x in X, N(x) = fx: x in X-{x}}, that is N(x) 
contains all remaining vertices of X except x. 


Example 3.24 Consider a bipolar single valued neutro- 
sophic hypergraphs H = (X, E), where X = {a, b, c, d} and 
E = {P, Q, R}, which is defined by 


P = {(a, 0.4, 0.6, 0.3, -0.5, -0.2, -0.3), (c, 0.8, 0.2, 0.3, -0.1, -0.8, -0.3)} 


Q= {(a, 0.8, 0.8, 0.3, -0.1, -0.6, -0.3), (b, 0.8, 0.2, 0.1, -0.1, -0.2, -0.3), (d, 
0.8, 0.2, 0.1, -0.1, -0.9, -0.3)} 


R = {(c, 0.4, 0.9, 0.9, -0.1, -0.2, -0.3), (d, 0.7, 0.2, 0.1, -0.5, -0.9, -0.3), (b, 
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0.4, 0.2, 0.1, -0.8, -0.4, -0.2)}. Here N(a) = {b, c, d}., N(b) = fa, 
c, d}, N(c) = fa, b, d}, N(d) = {a, b, c} hence H is complete 
BSVNHG. 


Remark 3.25 In a complete BSVNHG H = (X, E), the 
cardi-nality of N(x) is same for every vertex. 


Theorem 3.26 Every complete BSVNHG H = (X, E) is 
both regular and totally regular if E is constant in H. 


Proof: Let H = (X, E) be complete BSVNHG, suppose E is 
constant in H, so that E;(x) = c = (cy Cz, Cz Cy Cy Co) 
Vx € E;, since BSVNHG is complete, then by definition for 
every vertex x in X, N(x) = {x: x in X-{x}}, the open neigh- 
bourhood degree of every vertex is same. That is deg(x) = 
n = (nm, Ng, N3, Ng, Ns, Ne) Vx € E;. Hence complete 
BSVNHG is regular BSVNHG. Also, deg[x] = deg(x) + E;(x) = 
n+cVx € E;. Hence H is totally regular B3VNHG. 


Remark 3.27 Every complete BSVNHG 
regular even if F is not constant. 


is totally 


Definition 3.28 A BSVNHG is said to be k-uniform if all 
the hyper edges have same cardinality. 


Example 3.29 Consider a bipolar single valued neutro- 
sophic hypergraphs H = (X, E), where X = {a, b, c, d} and 


E ={P, Q, R}, which is defined by 
P = {(a, 0.8, 0.4, 0.2,-0.4, -0.6, -0.2), (b, 0.7, 0.5, 0.3, -0.7, -0.1, -0.2)} 
Q= {(b, 0.9, 0.4, 0.8, -0.3, -0.2, -0.9), (c, 0.8, 0.4, 0.2, -0.4, -0.3, -0.7)} 


R={(c, 0.8, 0.6, 0.4, -0.3, -0.7, -0.2), (d, 0.8, 0.9, 0.5, -0.4, -0.8, -0.9)} 
4 Conclusion 


Theoretical concepts of graphs and hypergraphs are uti- 
lized by computer science applications. Single valued neu- 
trosophic hypergraphs are more flexible than fuzzy hyper- 
graphs and intuitionistic fuzzy hypergraphs. The concepts 
of single valued neutrosophic hypergraphs can be applied 
in various areas of engineering and computer science. In 
this paper, we defined the regular and totally regular bipo- 
lar single valued neutrosophic hyper graphs. We plan to 
extend our research work to irregular and totally irregular 
on bipolar single valued neutrosophic hyper graphs. 
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Abstract 


The theory of soluble groups and nilpotent groups is old and hence a generalized on. In this paper, we 
introduced neutrosophic soluble groups and neutrosophic nilpotent groups which have some kind of 
indeterminacy. These notions are generalized to the classic notions of soluble groups and nilpotent 
groups. We also derive some new type of series which derived some new notions of soluble groups and 
nilpotent groups. They are mixed neutrosophic soluble groups and mixed neutrosophic nilpotent groups as 
well as strong neutrosophic soluble groups and strong neutrosophic nilpotent groups. 


Key words: Soluble group, nilpotent group, neutrosophic group, neutrosophic soluble group, neutrosophic 
nilpotent group. 


1. Introduction 


Smarandache [15] in 1980 introduced neutrosophy which is a branch of philosophy that studies the origin and 
scope of neutralities and their interaction with ideational spectra. The concept of neutrosophic set and logic came 
into being due to neutrosophy, where each proposition is approximated to have the percentage of truth in a subset T, 
the percentage of indeterminacy in a subset I, and the percentage of falsity in a subset F. Neutrosophic sets are the 
generalization to all other traditional theories of logics. This mathematical framework is used to handle problems 
with uncertaint, imprecise, indeterminate, incomplete and inconsistent etc. Kandasamy and Smarandache apply the 
concept of indeterminacy factor in algebraic structures by inserting the indeterminate element I in the algebraic 
notions with respect to the opeartaion *. This phenomenon generates the corresponding neutrosophic algebraic 
notion. They called that indeterminacy element I, a neutrosophic element which is unknown in some sense. This 
approach a relatively large structure which contain the old classic alegebraic structure. In this way, they studied 
several neutrosophic algebraic structures in [9,10,11,12]. Some of them are neutrosophic fields, neutrosophic vector 
spaces, neutrosophic groups, neutrosophic bigroups, neutrosophic N-groups, neutrosophic semigroups, neutrosophic 
bisemigroups, neutrosophic N-semigroup, neutrosophic loops, neutrosophic biloops, neutrosophic N-loop, 
neutrosophic groupoids, and neutrosophic bigroupoids and so on. Mumtaz et al.[1] introduced neutrosophic left 
almost semigroup in short neutrosophic LA-semigroup and their generalization [2]. Further, Mumtaz et al. studied 
neutrosophic LA-semigroup rings and their generalization. 


Groups [5,7] are the most rich algebraic structures in the theory of algebra. They shared common features to all the 
algebraic structures. Soluble groups [13,14] are important notions in the theory of groups as they are studied on the 
basis of some kind of series structures of the subgroups of the group. A soluble group is constructed by using 
abelian 
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groups through the extension. A nilpotent group [13] is one whose which has finite length of central series. Thus a 
nilplotent group is also a soluble group. It is a special type of soluble group because every soluble group has a 
abelian series. A huge amount of literature on soluble groups and nilpotent groups can be found in [6,8,16,17,18]. 


In this paper, we introduced neutrosophic soluble groups and neutrosophic nilpotent groups and investigate some 
of their propertied. The organization of this paper is as follows: In section 1, we give a brief introduction of 
neutrosophic algebraic structures in terms of I and soluble groups and nilpotent groups. In the next section 2, some 
basic concept have been studied which we have used in the rest of the paper. In section 3, we introduced 
neutrosophic soluble groups and investigate some of their basic properties. In section 4, the notions of 
neutrosophic nilpotent groups are introduced and studied their basic properties. Conclusion is placed in section 5. 


2. Fundamental Concepts 


Definition 2.1: Let (G, *) be a group . Then the neutrosophic group is generated by G and / under « denoted 
by N (G) = {(G Lg. i? +} . The identity element is represented by e and {e} represents the trivial subgroup of G. 


I is called the indeterminate element with the property I 2 = [ | Foran integer n,2+J and ni are 


=) 
neutrosophic elements and 0.1 =0.J  ,theinverse of J is not defined and hence does not exist. 


Definition 2.2: Let N (G ) be a neutrosophic group and H be a neutrosophic subgroup of NV (G Ne Then H isa 
neutrosophic normal subgroup of V(G) if cH = Hz forall c € N(G). 


Definition 2.3: Let N(G) be a neutrosophic group. Then center of N(G) is denoted by C(.V(G)) and defined 
as C(N(G)) = {x € N(G) :ax = xa forall a € N(G)}. 


Definition 2.4: Let G be a group and H,,H,,...,H,, be the subgroups of G. Then 


{e}=H, <H, <H,<...<H,,<H,=G 


is called subgroup series of G. 


Definition 2.5: Let G be a group and e be the identity element. Then 
{e} =H, 4A, 4A, <...4dH, ,<H,=G 


is called subnormal series. That is ; 18 normal subgroup of HZ, forall 7. 


jt 
Definition 2.6: Let 

{e} =H, 4H, 4H, <...4 0, , 4H, =G 
be a subnormal series of G.If each H j is normal in G for all 7 , then this subnormal series is called normal 


series. 


Definition 2.7: A normal series 
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{e} =H, 4H, 4H, 4...4H,, 4H, =G 
my ee a ; 
is called an abelian series if the factor group =’ HH isan abelian group. 
J 


Definition 2.8: A group G is called a soluble group if G has an abelian series. 
Definition 2.9: Let G be a soluble group. Then length of the shortest abelian series of G is called derived length. 


Definition 2.10: Let G be a group. The series 


{e} =H, 4<H, dH, <...4dH,,4H,=G 


A, : 
is called central series if vy, CZ [%, forall 7. 
Jj J 


Definition 2.11: A group G is called a nilpotent group if G has a central series. 
3. Neutrosophic Soluble Groups 


Definition 3.1: Let N(G) = (G Ul ) be a neutrosophic group and let H,,H,,...,H,, be the neutrosophic 


subgroups of N(G). Then a neutrosophic subgroup series is a chain of neutrosophic subgroups such that 


tel= H, SH, <H,<...<H,, <H, =N(G). 


Example 3.2: Let N(G) = (Z, Ul ) be a neutrosophic group of integers. Then the following are the neutrosophic 


subgroups series of the group N(G). Here the identity element is 0 and {0} is the trivial subgroup of Z. 
{0}<4Z.<2Z<(2ZUI)< (ZVI), 


{0}<(4ZUI)< QZUI)< (Zu I), 


{0} <4Z<2Z<Z<(ZUI). 


Definition 3.3:Let {e}= H, < H, < H, <...< H,_, < H, = N(G) bea neutrosophic subgroup series of the 
neutrosophic group N(G). Then this series of subgroups is called a strong neutrosophic subgroup series if each 


A ; i8 a neutrosophic subgroup of N(G) for all 7. 
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Example 3.4: Let N(G) = (Z Ul ) be a neutrosophic group. Then the following neutrosophic subgroup series of 


N(G) is a strong neutrosophic subgroup series: 
{0}<(4ZUI)<(2ZUI)< (ZUI). 


Theorem 3.5: Every strong neutrosophic subgroup series is trivially a neutrosophic subgroup series but the converse 
is not true in general. 


Definition 3.6: If some H j 'S are neutrosophic subgroups and some H,'S are just subgroups of N(G). Then 


that neutrosophic subgroups series is called mixed neutrosophic subgroup series. 


Example 3.7: Let N(G) = (Z Ul ) be a neutrosophic group. Then the following neutrosophic subgroup series of 


N(G) is a mixed neutrosophic subgroup series: 


{0} <4Z<2Z<(2ZVUI)<(ZvulI). 


Theorem 3.8: Every mixed neutrosophic subgroup series is trivially a neutrosophic subgroup series but the converse 
is not true in general. 


Definition 3.9: If H ,'s infej= H) SH, SH, S...SH,, SH, = N(G) are only subgroups of the 


neutrosophic group N(G), then that series is termed as subgroup series of the neutrosophic group N(G). 


Example 3.10: Let N(G) = (Z, Ul ) be a neutrosophic group. Then the following neutrosophic subgroup series 


of N(G) is just a subgroup series: 


{0} <4Z<2Z<Z<(ZvUI). 
Theorem 3.11: A neutrosophic group N(G) has all three type of neutrosophic subgroups series. 
Theorem 3.12: Every subgroup series of the group G is also a subgroup series of the neutrosophic group N(G). 
Proof: Since G is always contained in N(G). This directly followed the proof. 


Definition 3.13:Let{e}= H, < H, SH, <...< H, , < H, = N(G) bea neutrosophic subgroup series of the 


neutrosophic group N(G). If 
felt= A, 4A 4 4... 4A A, SMG) rsecicicscnees (1) 


That is each H j is normal in H jal Then (1) is called a neutrosophic subnormal series of the neutrosophic group 


N(G). 
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Example 3.14: Let N(G) = (A, UL ) be a neutrosophic group, where A, is the alternating subgroup of the 


permutation group S,. Then the following is the neutrosophic subnormal series of the group N(G). 
{e} 16, <V, dV, UT) A(A, UT). 


Definition 3.15: A neutrosophic subnormal series is called strong neutrosophic subnormal series if all HT j "S are 


neutrosophic normal subgroups in (1) for all 7. 


Example 3.16: Let N(G) = (Z, Ul ' be a neutrosophic group of integers. Then the following is a strong 


neutrosophic subnormal series of N(G). 
{0} (4ZUT) a(2ZV01) a(ZUI). 


Theorem 3.17: Every strong neutrosophic subnormal series is trivially a neutrosophic subnormal series but the 
converse is not true in general. 


Definition 3.18: A neutrosophic subnormal series is called mixed neutrosophic subnormal series if some HT j "S are 


neutrosophic normal subgroups in (1) while some H , are just normal subgroups in (1) for some j andk. 


Example 3.19: Let N(G) = (Z Ul ) be a neutrosophic group of integers. Then the following is a mixed 


neutrosophic subnormal series of N(G). 
{0}<44Z 42Z a(2ZU 1) (ZVI). 


Theorem 3.20: Every mixed neutrosophic subnormal series is trivially a neutrosophic subnormal series but the 
converse is not true in general. 


Definition 3.21: A neutrosophic subnormal series is called subnormal series if all j "s are only normal subgroups 


in (1) forall 7. 


Theorem 3.22: Every subnormal series of the group G is also a subnormal series of the neutrosophic group 


N(G). 


Definition 3.23: If H/ , are all normal neutrosophic subgroups in N(G). Then the neutrosophic subnormal series 


(1) is called neutrosophic normal series. 


Theorem 3.24: Every neutrosophic normal series is a neutrosophic subnormal series but the converse is not true. 


For the converse, see the following Example. 


Example 3.25: Let N(G) = (A, UL ) be a neutrosophic group, where A, is the alternating subgroup of the 


permutation group S,,. Then the following are the neutrosophic subnormal series of the group N(G). 
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{e} 1G, AV, AV, UT) a(A, UT). 
This series is not neutrosophic normal series as CG. (cyclic group of order 2) is not normal in V, (Klein four group). 


Similarly we can define strong neutrosophic normal series, mixed neutrosophic normal series and normal series 


respectively on the same lines of the neutrosophic group N(G). 


Definition 3.26: The neutrosophic normal series 


{e}= H, 4H, 4A, 4...4 HH, , 4H, =N(G)........... (2) 
; oe A, 
is called neutrosophic abelian series if the factor group = / Hate all abelian for all 7. 

J 
Example 3.27: Let N(G) = (S gt ) be a neutrosophic group, where S, is the permutation group. Then the 
following is the neutrosophic abelian series of the group N(G). 
{e} 1A, 4 (A, UT) 4(S, UT). 

We explain it as following: 


Since (S; = Ya 'S 1) = ZL, and Ly is cyclic which is abelian. Thus (S; a Ya i 1) is an abelian 
3 3 


neutrosophic group. 


Also, 


A,UT A,UI 
( 3 VA = Z, and this is factor group is also cyclic and every cyclic group is abelian. Hence ( : VA is 
3 3 


also ablian group. Finally, 


A = ZL, which is again abelian group. Therefore the series is a neutrosophic abelian series of the group N(G). 


Thus on the same lines, we can define strong neutrosophic abelian series, mixed neutrosophic abelian series and 


abelian series of the neutrosophic group N(G). 


Definition 3.28: A neutrosophic group N(G) is called neutrosophic soluble group if N(G) has a neutrosophic 


abelian series. 


Example 3.29: Let N(G) = (S gL ) be a neutrosophic group, where §, is the permutation group. Then the 


following is the neutrosophic abelian series of the group N(G), 


{e}J A, 4 (A, UT) a(S, UT). 
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Then clearly N(G) is a neutrosophic soluble group. 
Theorem 3.30: Every abelian series of a group G is also an abelian series of the neutrosophic group N(G). 


Theorem 3.31: If a group G isa soluble group, then the neutrosophic group N(G) is also soluble neutrosophic 
group. 


Theorem 3.32: If the neutrosophic group N(G) is an abelian neutrosophic group, then N(G) is a neutrosophic 


soluble group. 


Theorem 3.33: If N(G) = C(N(G)), then N(G) is aneutrosophic soluble group. 


Proof: Suppose the N(G) = C(N(G)). Then it follows that N(G) is a neutrosophic abelian group. Hence by 
above Theorem 3.35, N(G) is a neutrosophic soluble group. 


Theorem 3.34: If the neutrosophic group N(G) is acyclic neutrosophic group, then N(G) is a neutrosophic 


soluble group. 


Definition 3.35: A neutrosophic group N(G) is called strong neutrosophic soluble group if N(G) has a strong 


neutrosophic abelian series. 


Theorem 3.36: Every strong neutrosophic soluble group N(G) is trivially a neutrosophic soluble group but the 


converse is not true. 


Definition 3.37: A neutrosophic group N(G) is called mixed neutrosophic soluble group if N(G) has a mixed 


neutrosophic abelian series. 


Theorem 3.38: Every mixed neutrosophic soluble group N(G) is trivially a neutrosophic soluble group but the 


converse is not true. 


Definition 3.39: A neutrosophic group N(G) is called soluble group if N(G) has an abelian series. 


Definition 3.40: Let N(G) be a neutrosophic soluble group. Then length of the shortest neutrosophic abelian 
series of N(G) is called derived length. 


Example 3.41: Let N(G) = (Z Ul ) be a neutrosophic soluble group. The following is a neutrosophic abelian 
series of the group N(G). 


{0}44Z 42Z a(2ZU 1) «(ZU I). 


Then N(G) has derived length 4. 


Remark 3.42: Neutrosophic group of derive length zero is trivial neutrosophic group. 


Proposition 3.43: Every neutrosophic subgroup of a neutrosophic soluble group is soluble. 
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Proposition 3.44: Quotient neutrosophic group of a neutrosophic soluble group is soluble. 
4. Neutrosophic Nilpotent Groups 


Definition 4.1: Let N(G) be a neutrosophic group. The series 


{e}=H, dH, 4H, <4... dH, , 4H, =N(G)..... (3) 


H. 
is called neutrosophic central series if Ue EC POR for all j. 
j j 


Definition 4.2: A neutrosophic group N(G) is called a neutrosophic nilpotent group if NM(G) has a neutrosophic 


central series. 


Theorem 4.3: Every neutrosophic central series is a neutrosophic abelian series. 


Theorem 4.4: If N(G) =C(N(G)), then N(G) is a neutrosophic nilpotent group. 


Theorem 4.5: Every neutrosophic nilpotent group N(G)_ is a neutrosophic soluble group. 


Theorem 4.6: All neutrosophic abelian groups are neutrosophic nilpotent groups. 
Theorem 4.7: All neutrosophic cyclic groups are neutrosophic nilpotent groups. 
Theorem 4.8: The direct product of two neutrosophic nilpotent groups is nilpotent. 


Definition 4.9: Let N (G ) be a neutrosophic group. Then the neutrosophic central series (3) is called strong 


neutrosophic central series if all H j 'S are neutrosophic normal subgroups for all 7. 


Theorem 4.10: Every strong neutrosophic central series is trivially a neutrosophic central series but the converse is 
not true in general. 


Theorem 4.11: Every strong neutrosophic central series is a strong neutrosophic abelian series. 


Definition 4.12: A neutrosophic group N ( G ) is called strong neutrosophic nilpotent group if NV ( G ) has a strong 


neutrosophic central series. 
Theorem 4.13: Every strong neutrosophic nilpotent group is trivially a neutrosophic nilpotent group. 


Theorem 4.14: Every strong neutrosophic nilpotent group is also a strong neutrosophic soluble group. 
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Definition 4.15: Let N(G) be a neutrosophic group. Then the neutrosophic central series (3) is called mixed 
neutrosophic central series if some H . 's are neutrosophic normal subgroups while some H i 's are just normal 
subgroups for 7,/. 


Theorem 4.16: Every mixed neutrosophic central series is trivially a neutrosophic central series but the converse is 
not true in general. 


Theorem 4.17: Every mixed neutrosophic central series is a mixed neutrosophic abelian series. 


Definition 4.18: A neutrosophic group N ( G ) is called mixed neutrosophic nilpotent group if NV (G ) has a mixed 


neutrosophic central series. 
Theorem 4.19: Every mixed neutrosophic nilpotent group is trivially a neutrosophic nilpotent group. 


Theorem 4.20: Every mixed neutrosophic nilpotent group is also a mixed neutrosophic soluble group. 


Definition 4.21: Let N(G) be a neutrosophic group. Then the neutrosophic central series (3) is called central 


series if all H 3 's are only normal subgroups for all 7 . 


Theorem 4.22: Every central series is an abelian series. 
Definition 4.23: A neutrosophic group N ( G ) is called nilpotent group if NV ( G ) has a central series. 
Theorem 4.24: Every nilpotent group is also a soluble group. 


Theorem 4.25: If G is nilpotent group, then NV (G ) is also a neutrosophic nilpotent group. 


5. Conclusion 


In this paper, we initiated the study of neutrosophic soluble groups and neutrosophic nilpotent groups which are 
the generalization of soluble groups and nilpotent groups. We also investigate their properties. Strong 
neutrosophic soluble and strong neutrosophic nilpotent groups are introduced which are completely new in their 
nature and properties. We also study the notions of mixed neutrosophic soluble groups and mixed neutrosophic 
nilpotent groups. These notions are studied on the basis of their serieses. In future, a lot of study can be carried out 
on neutrosophic nilpotent groups and neutrosophic soluble groups and their related properties. 


References 


1. M. Ah, M. Shabir, M. Naz and F. Smarandache, Neutrosophic Left Almost Semigroup, Neutrosophic Sets 
and Systems, 3 (2014), 18-28. 

2. M. Ali, F. Smarandache, M. Shabir, and M. Naz, Neutrosophic Bi-LA-semigroup, and Neutrosophic N- 
LA-semigroup, Neutrosophic Sets and Systems, 4 (2014), 19-24. 

3. M. Ali, F. Smarandache, M. Shabir and L. Vladareanu. Generalization of Neutrosophic Rings and 
Neutrosophic Fields. Neutrosophic Sets and Systems, 5, (2014), 9-14. 

4. M. Ali, F. Smarandache, and M. Shabir, New Research on Neutrosophic Algebraic Structures, Europa 

Nova. ASBL 3E clos du Paranasse Brussels, 1000, Belgium. 

Bechtell, and Homer, The theory of groups. Addison-Wesley, (1971). 

6. F.V. Haeseler, Automatic Sequences (De Gruyter Expositions in Mathematics, 36). (2002), Berlin: Walter 
de Gruyter. 


dl 


110 


Florentin Smarandache (author and editor) Collected Papers, IX 


7. Isaacs, I. Martin, Finite group theory, (2008). American Mathematical Society. 

8. J. Joseph, Rotman, An introduction to the theory of groups. Graduate texts in mathematics 148, (4 ed.), 

9. (1995). 

10. W. B. V. Kandasamy, and F. Smarandache, Basic Neutrosophic Algebraic Structures and their 
Applications to Fuzzy and Neutrosophic Models, Hexis, 149 pp., 2004. 

11. W. B. V. Kandasamy, and F. Smarandache, Neutrosophic Rings, Hexis, Phoenix, 2006. 

12. W. B. V. Kandasamy, and F. Smarandache, N-Algebraic Structures and S-N-Algebraic Structures, 209 pp., 
Hexis, Phoenix, 2006. 

13. W. B. V. Kandasamy, and F. Smarandache, Some Neutrosophic Algebraic Structures and Neutrosophic N- 
Algebraic Structures, 219 p., Hexis, 2006. 

14. A. I. Malcev, "Generalized nilpotent algebras and their associated groups", Mat. Sbornik N.S. 25 (67), 
(1949), 347-366. 

15. Palmer, W. Theodore, Banach algebras and the general theory of *-algebras. (1994), Cambridge, UK: 
Cambridge University Press. 

16. F. Smarandache, A Unifying Field in Logics. Neutrosophy, Neutrosophic Probability, Set and Logic. 
Rehoboth: American Research Press, (1999). 

17. U. Stammbach, Homology in group theory, Lecture Notes in Mathematics, Volume 359, Springer- 
Verlag, New York, 1973. 

18. Tabachnikova, Olga, Smith, and Geoff, Topics in Group Theory (Springer Undergraduate Mathematics 
Series). Berlin: Springer, (2000). 

19. Zassenhaus, and Hans, The theory of groups. (1999). New York: Dover Publications. 


111 


Florentin Smarandache (author and editor) Collected Papers, IX 


Operators on Single-Valued Neutrosophic Oversets, 
Neutrosophic Undersets, and Neutrosophic Offsets 


Florentin Smarandache 


Florentin Smarandache (2016). Operators on Single-Valued Neutrosophic Oversets, 
Neutrosophic Undersets, and Neutrosophic Offsets. Journal of Mathematics and Informatics 
5, 63-67 


Abstract. We have defined Neutrosophic Over-/Under-/Off-Set and Logic for the first 
time in 1995 and published in 2007. During 1995-2016 we presented them to various 
national and international conferences and seminars. These new notions are totally 
different from other sets/logics/probabilities. 

We extended the neutrosophic set respectively to Neutrosophic Overset {when 
some neutrosophic component is > 1}, to Neutrosophic Underset {when some 
neutrosophic component is < 0}, and to Neutrosophic Offset {when some neutrosophic 
components are off the interval [0, 1], i.e. some neutrosophic component > 1 and 
other neutrosophic component < 0}. 

This is no surprise since our real-world has numerous examples and applications of 
over-/under-/off-neutrosophic components. 


Keywords. neutrosophic overset, neutrosophic underset, neutrosophic _ offset, 
neutrosophic over logic, neutrosophic under logic, neutrosophic off logic, neutrosophic 
over probability, neutrosophic under probability, neutrosophic off probability, 
over membership (membership degree > 1), under membership (membership degree < 
0), off membership (membership degree off the interval [0, 1]). 


1. Introduction 

In the classical set and logic theories, in the fuzzy set and logic, and in intuitionistic fuzzy 
set and logic, the degree of membership and degree of non-membership have to belong to, 
or be included in, the interval [0, 1]. Similarly, in the classical probability and in imprecise 
probability the probability of an event has to belong to, or respectively be included in, the 
interval [0, 1]. 

Yet, we have observed and presented to many conferences and seminars around 
the globe {see [12]-[33]} and published {see [1]-[8]} that in our real world there are many 
cases when the degree of membership is greater than 1. The set, which has elements whose 
membership is over 1, we called it Overset. 
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Even worst, we observed elements whose membership with respect to a set is 
under 0, and we called it Underset. 

In general, a set that has elements whose membership is above | and elements 
whose membership is below 0, we called it Offset (i.e. there are elements whose 
memberships are off (over and under) the interval [0, 1]). 


2. Example of over membership and under membership 
In a given company a full-time employer works 40 hours per week. Let’s consider the 
last week period. 

Helen worked part-time, only 30 hours, and the other 10 hours she was absent 
without payment; hence, her membership degree was 30/40 = 0.75 < 1. 

John worked full-time, 40 hours, so he had the membership degree 40/40 = 1, with 
respect to this company. 

But George worked overtime 5 hours, so his membership degree was (40+5)/40 = 
45/40 = 1.125 > 1. Thus, we need to make distinction between employees who work 
overtime, and those who work full-time or part-time. That’s why we need to associate a 
degree of membership strictly greater than 1 to the overtime workers. 

Now, another employee, Jane, was absent without pay for the whole week, so her 
degree of membership was 0/40 = 0. 

Yet, Richard, who was also hired as a full-time, not only didn’t come to work last 
week at all (0 worked hours), but he produced, by accidentally starting a devastating fire, 
much damage to the company, which was estimated at a value half of his salary (i.e. as he 
would have gotten for working 20 hours that week). Therefore, his membership 
degree has to be less that Jane’s (since Jane produced no damage). Whence, Richard’s 
degree of membership, with respect to this company, was - 20/40 = - 0.50 < 0. 

Consequently, we need to make distinction between employees who produce 
damage, and those who produce profit, or produce neither damage no profit to the 
company. 

Therefore, the membership degrees > 1 and < 0 are real in our world, so we have to 
take them into consideration. 

Then, similarly, the Neutrosophic Logic/Measure/Probability/Statistics etc. were 
extended to respectively Neutrosophic Over-/Unde-r/Off-Logic, -Measure, -Probability, - 
Statistics etc. [Smarandache, 2007]. 


3. Definition of single-valued neutrosophic overset 

Let U be a universe of discourse and the neutrosophic set Ai CU. 

Let T(x), I(x), F(x) be the functions that describe the degrees of membership, 
indeterminate-membership, and nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A1: 


T(x), I(x), F(x) :U 9 [0,Q] 
where 0 < 1<Q, andQ is called overlimit. 


A Single-Valued Neutrosophic Overset A: is defined as: 
Ai = {(x, <T(x), 10x), F(x)>), x € U}, 


113 


Florentin Smarandache (author and editor) Collected Papers, IX 


such that there exists at least one element in A; that has at least one 
neutrosophic component that is > 1, and no element has neutrosophic components that 
are < 0. 


For example: A; = {(x1, <1.3, 0.5, 0.1>), (x2, <0.2, 1.1, 0.2>)}, since T(x1) = 1.3 > 1, 
I(x2) = 1.1 > 0, and no neutrosophic component is < 0. 


Also O2 = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and F(a) = 1.1 > 1. 


4. Definition of single-valued neutrosophic underset 

Let U be a universe of discourse and the neutrosophic set A2C U. 

Let T(x), I(x), F(x) be the functions that describe the degrees of membership, 
indeterminate-membership, and nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set Az: 

T(x), I(x), F(x): U 3 [¥, 1] 

where ¥ <0 <1, and'V is called underlimit. 

A Single-Valued NeutrosophicUndersetAzis defined as: 

Ao = {(x, <T(x), I(x), F(x)>), x € U}, 

such that there exists at least one element in A» that has at least one neutrosophic 
component that is < 0, and no element has neutrosophic components that are > 1. 

For example: Az = {(x:1, <-0.4, 0.5, 0.3>), (x2, <0.2, 0.5, -0.2>)}, since T(x1) = -0.4 < 0, 
F(x2) = -0.2 < 0, and no neutrosophic component is > 1. 


5. Definition of single-valued neutrosophic offset 

Let U be a universe of discourse and the neutrosophic set A3 CU. 

Let T(x), I(x), F(x) be the functions that describe the degrees of membership, 
indeterminate-membership, and nonmembership respectively, of a generic element x € U, 
with respect to the set A3: 

T(x), I(x), F(x): U DY, Q] 

where ¥ <0 <1<Q, and YY is called under limit, while © is called overlimit. 

A Single-Valued Neutrosophic Offset A3 is defined as: 

A3 = {(x, <T(x), I(x), F(x)>), x € U}, 

such that there exist some elements in A3 that have at least one neutrosophic component 
that is > 1, and at least another neutrosophic component that is < 0. 

For examples: A3 = {(x1, <1.2, 0.4, 0.1>), (x2, <0.2, 0.3, -0.7>)}, since T(x1) = 1.2 > 1 
and F(x2) = -0.7 < 0. 

Also, B3 = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and F(a) = 1.1 > 1. 


6. Neutrosophic overset / underset / offset operators 

Let U be a universe of discourse and A = {(x, <Ta(x), I(x), Fa(x)>), x € U} and 

and B = {(x, <Tp(x), In(x), Fa(x)>), x € U} be two single-valued neutrosophic oversets / 
undersets / offsets. 


Ta(x), I(x), Fa(x), Ta(x), In(x), Fa(x): U OY, Q] 


114 


Florentin Smarandache (author and editor) Collected Papers, IX 


where ¥ <0 <1<Q, and Y is called underlimit, while © is called overlimit. 

We take the inequality sign < instead of < on both extremes above, in order to comprise all 
three cases: overset {when 'Y¥ = 0, and 1 <Q}, underset {when VY < 0, and 1 =Q}, and 
offset {when ¥ <0, and 1 <Q }. 


Neutrosophic Overset / Underset / Offset Union. 
Then AUB = {(x, <max {Ta(x), Ta(x)}, min {Ia(x), Ip(x)},min{Fa(x), Fa(x)}>), xe U} 


Neutrosophic Overset / Underset / Offset Intersection. 
Then ANB = {(x, <min{Ta(x), Ta(x)}, max {Ia(x), In(x)},max {Fa(x), Fa(x)}>), xe U} 


Neutrosophic Overset / Underset / Offset Complement. 
The complement of the neutrosophic set A is 
((A) = {(x, <Fa(x), ¥+ O - Ia(x), Ta(x)>), x € U}. 


7. Conclusion 

The membership degrees over 1 (over membership), or below 0 (undermembership) are 
part of our real world, sotheydeserve more study in the future. The neutrosophic over set / 
under set / off set together with neutrosophic over logic / under logic / off logic and 
especially neutrosophic over probability / under probability / and off probability have many 
applications in technology, social science, economics and so on that the readers may be 
interested in exploring. 
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Interval-Valued Neutrosophic Oversets, Neutrosophic 
Undersets, and Neutrosophic Offsets 


Florentin Smarandache 


Florentin Smarandache (2016). Interval-Valued Neutrosophic Oversets, Neutrosophic Undersets, 
and Neutrosophic Offsets. International Journal of Science and Engineering Investigations 5, 54, 


Paper ID: 55416-01, 4 p. 


Abstract-We have proposed since 1995 the existence of 
degrees of membership of an element with respect to a 
neutrosophic set to also be partially or totally above 1 (over- 
membership), and partially or totally below O (under- 
membership) in order to better describe our world problems 
[published in 2007]. 


Keywords-interval neutrosophic overset, interval neutrosophic 
underset, interval neutrosophic offset, interval neutrosophic 
overlogic, interval neutrosophic underlogic, _ interval 
neutrosophic offlogic, interval neutrosophic overprobability, 
interval neutrosophic underprobability, interval neutrosophic 
offprobability, interval overmembership (interval membership 
degree partially or totally above 1), interval undermembership 
(interval membership degree partially or totally below 0), 
interval offmembership (interval membership degree off the 
interval [0, 1]). 


I. 


“Neutrosophic” means based on three components T (truth- 
membership), I (indeterminacy), and F (falsehood-non- 
membership). And “over” means above 1, “under” means 
below 0, while “offset” means behind/beside the set on both 
sides of the interval [0, 1], over and under, more and less, supra 
and below, out of, off the set. Similarly, for “offlogic”, 
“offmeasure”, “offprobability”, “offstatistics” etc.. 


INTRODUCTION 


It is like a pot with boiling liquid, on a gas stove, when the 
liquid swells up and leaks out of pot. The pot (the interval [0, 
1]) can no longer contain all liquid (i.e., all neutrosophic 
truth/indeterminate/falsehood values), and therefore some of 
them fall out of the pot (ie., one gets neutrosophic 
truth/indeterminate/falsehood values which are > 1), or the pot 
cracks on the bottom and the liquid pours down (i.e., one gets 
neutrosophic truth/indeterminate/falsehood values which are < 
0). 


Mathematically, they mean getting values off the interval 
[0, 1]. 


The American aphorism “think outside the box” has a 
perfect resonance to the neutrosophic offset, where the box is 
the interval [0, 1], yet values outside of this interval are 
permitted. 
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II. EXAMPLE OF MEMBERSHIP ABOVE | AND MEMBERSHIP 


BELOW 0 


Let’s consider a spy agency S = {Sj, So, ..., Siooo} of a 
country Atara against its enemy country Batara. Each agent S,, 
j © {1, 2, ..., 1000}, was required last week to accomplish 5 
missions, which represent the full-time 
contribution/membership. 


Last week agent S57 has successfully accomplished his 5 
missions, so his membership was T(S27) = 5/5 = 1 = 100% 
(full-time membership). 


Agent S3. has accomplished only 3 missions, so_ his 
membership is T(S3.) = 3/5 0.6 60% (part-time 
membership). 


Agent S4, was absent, without pay, due to his health 
problems; thus T(S4,) = 0/5 = 0 = 0% (null-membership). 


Agent As3 has successfully accomplished his 5 required 
missions, plus an extra mission of another agent that was 
absent due to sickness, therefore T(S53) = (5+1)/5 = 6/5 = 1.2 > 
1 (therefore, he has membership above 1, called over- 
membership). 


Yet, agent S75 is a double-agent, and he leaks highly 
confidential information about country Atara to the enemy 
country Batara, while simultaneously providing misleading 
information to the country Atara about the enemy country 
Batara. Therefore Az; is a negative agent with respect to his 
country Atara, since he produces damage to Atara, he was 
estimated to having intentionally done wrongly all his 5 
missions, in addition of compromising a mission of another 
agent of country Atara, thus his membership T(S75) = - (5+1)/5 
- 6/5 = -1.2 < 0 (therefore, he has a membership below 0, 
called under-membership). 


II. DEFINITION OF INTERVAL- VALUED NEUTROSOPHIC 


OVERSET 


Let U be a universe of discourse and the neutrosophic set 
A, C U. Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and non- 
membership respectively, of a generic element x € U, with 
respect to the neutrosophic set Aj: 


T(x), I(x), F(x) : U > P¢ [0, Q] ), 
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where 0 <1 <2, and is called over limit, 


TCX), ICX), FX) SO, Q2], and Pc[0, £2] ) is the set of all 
subsets of [0, Q2]. 


An Interval- Valued Neutrosophic Overset A, is defined as: 


A > {® <TQ), I), F(X)>), XE U}, 

such that there exists at least one element in A, that has at 
least one neutrosophic component that is partially or totally 
above 1, and no element has neutrosophic components that is 
partially or totally below 0. 


For example: Ay = {(%, <(1, 1.4], 0.1, 0.2>), (x, <0.2, 
[0.9, 1.1], 0.2>)}, since T(x,) = C1, 1.4] is totally above 1, I(x2) 
= [0.9, 1.1] is partially above 1, and no neutrosophic 
component is partially or totally below 0. 


IV. DEFINITION OF INTERVAL- VALUED NEUTROSOPHIC 
UNDERSET 
Let U be a universe of discourse and the neutrosophic set 
Ay C U. Let TCX), ICs), FCS) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, with 
respect to the neutrosophic set Ag: 


TX), I), FX): UDF], 
where ¥<0 <1, and YP is called underlimit, 


TX), IG), Fox) S[V,1], and Pc[¥,1]) is the set of all 
subsets of [V, 1]. 


An Interval-Valued Neutrosophic Underset A, is defined 
as: 


Ag = {&% <T@), 1), Fx), x € US, 


Such that there exists at least one element in A, that has at 
least one neutrosophic component that is partially or totally 
below 0, and no element has neutrosophic components that are 
partially or totally above 1. 


For example: Az = {(%, <(-0.5,-0.4), 0.6, 0.3>), (x2, <0.2, 
0.5, [-0.2, 0.2]>)}, since T(x) = (-0.5, -0.4) is totally below 0, 
F(x) = [-0.2, 0.2] 1s partially below 0, and no neutrosophic 
component is partially or totally above 1. 


V. DEFINITION OF INTERVAL- V ALUED NEUTROSOPHIC 
OFFSET 
Let U be a universe of discourse and the neutrosophic set 
As C U. Let T(x), ICs), Fx) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, with 
respect to the set Ag: 


TCX), I), FX): U > PCY, Q] ), 
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where YP <0 <1 < 2 , and Y is called underlimit, while 
(2 is called overlimit, 


TX), IG, Fe) S[Y, Q] , and P¢ [Y, Q] ) is the set of 
all subsets of [‘¥, QQ] . 


An Interval-Valued Neutrosophic Offset A; is defined as: 
Ag = {@% <T@), IG), Fx)>), x € US, 


such that there exist some elements in Aj that have at least 
one neutrosophic component that is partially or totally above 1, 
and at least another neutrosophic component that is partially or 
totally below 0. 

For examples: A3 = {(%, <[1.1, 1.2], 0.4, 0.1>), Go, <0.2, 
0.3, (-0.7, -0.3)>)}, since T(x,) = [1.1, 1.2] that is totally above 
1, and F(x) = (-0.7, -0.3) that is totally below 0. 

Also Bs = {(a, <0.3, [-0.1, 0.1], [1.05, 1.10]>)}, since I(a) = 
[- 0.1, 0.1] that is partially below 0, and F(a) = [1.05, 1.10] that 
is totally above 1. 


VI. INTERVAL-VALUED NEUTROSOPHIC OVERSET / 
UNDERSET / OFFSET OPERATORS 


Let U be a universe of discourse and A = {(x, <T 4(x), IaCx), 
Fa(x)>), x € U} and B = {(x <Tp(x), Ins), Fax), x € Uj be 
two interval-valued neutrosophic oversets / undersets / offsets. 


Tas), IG), Fas), Ta), Ins), Fa(x): U DPC [Y, Q2] ) 


where P( [‘¥,92] ) means the set of all subsets of 
[P82] , 


and T (x), In(x), Fax), Ta(x), In@o), Fa) € [YQ] . 


with P<0 <1 < Q, and P is called underlimit, while 
Q2 is called overlimit. 


We take the inequality sign < instead of < on both extremes 
above, in order to comprise all three cases: overset {when ‘Y = 
0, and 1 < (23, underset {when ‘ < 0, and 1 = Q2 }, and 
offset Swhen Y <0, and 1 < (2 }. 


A. Interval-Valued Neutrosophic Overset / Underset / Offset 
Union 


Then AUB = 
{(x, <[max{inf(T a(x), inf(Tp@x))}, max{sup(T (x), 
sup(Tp(x)}]. 
[min{inf(4(x)), infip(x))}, min{sup(I4(x)), 
sup(Ip(x)} J, 
[min{inf(F 4(x)), inf pCx))}, min{sup(F 4(x)), 
sup(Fp(x)} >, x € U}. 
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(1] 


[2] 


[3] 


[4] 


[5] 


B. Interval-Valued Neutrosophic Overset / Underset / Offset 
Intersection 


Then ANB = 
{(x, <[min{inf(T,(x)), inf(Tg(x))}, min{sup(Ta(x)), 
sup(Tp(x)}], 
[max {inf(Iq(x)), inf(Ig(x))}, max {sup(Ta(x)), 
sup(Ip(x)}], 
[max {inf(Fa(x)), inf(Fg(x))}, max{sup(Fa(x)), 
sup(F,(x)}]>, x € U}. 


C. Interval-Valued Neutrosophic Overset / Underset / Offset 


Complement 
The complement of the neutrosophic set A is 
C(A) = {@, <Fa(x), Q 
wy [ +  -qp{noo}, + — -inf{Iq0}], 
Ta(x)>), x € U}. 


VII. CONCLUSION 


After designing the neutrosophic operators for single- 
valued neutrosophic overset/underset/offset, we extended them 
to interval-valued neutrosophic _ overset/underset/offset 
operators. We also presented another example of membership 
above | and membership below 0. 


Of course, in many real world problems the neutrosophic 
union, neutrosophic intersection, and neutrosophic complement 
for interval-valued neutrosophic overset/underset/offset can be 
used. Future research will be focused on practical applications. 
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Subtraction and Division 
of Neutrosophic Numbers 


Florentin Smarandache 


Florentin Smarandache (2016). Subtraction and Division of Neutrosophic Numbers. 
Critical Review XI\ll, 103-110 


Abstract 


In this paper, we define the subtraction and the division of neutrosophic single- 
valued numbers. The restrictions for these operations are presented for 
neutrosophic single-valued numbers’ and_ neutrosophic _ single-valued 
overnumbers / undernumbers / offnumbers. Afterwards, several numeral 
examples are presented. 


Keywords 


neutrosophic calculus, neutrosophic numbers, neutrosophic summation, 
neutrosophic multiplication, neutrosophic scalar multiplication, neutrosophic 
power, neutrosophic subtraction, neutrosophic division. 


1 Introduction 

Let A = (¢,,i,,f,) and B = (t,iz, f2) be two single-valued neutrosophic 
numbers, where 14,4, f;, tz, iz, f2 € [0,1], and 0<t,,i,,f, <3 and 0< 
tz, 12, ho < 3. 


The following operational relations have been defined and mostly used in the 
neutrosophic scientific literature: 


ie | Neutrosophic Summation 

A@QB=(t, + tz — tte, tiz, fifa) (1) 
1.2 | Neutrosophic Multiplication 

AQB= (htzi +i2 -—bhinfi +h —-fifr) (2) 
1.3. Neutrosophic Scalar Multiplication 


A= (1 r, (1 = ti)"; in, fr ), (3) 
where X€ R, and >> 0. 
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1.4. Neutrosophic Power 


A® = (t7,1-(-i,)",1- A —-ft)”), (4) 


where XE R, and >> 0. 


2 Remarks 


Actually, the neutrosophic scalar multiplication is an extension of 
neutrosophic summation; in the last, one has \= 2. 


Similarly, the neutrosophic power is an extension of neutrosophic 
multiplication; in the last, one has \= 2. 


Neutrosophic summation of numbers is equivalent to neutrosophic union of 
sets, and neutrosophic multiplication of numbers is equivalent to neutrosophic 
intersection of sets. 


That's why, both the neutrosophic summation and _ neutrosophic 
multiplication (and implicitly their extensions neutrosophic scalar 
multiplication and neutrosophic power) can be defined in many ways, i.e. 
equivalently to their neutrosophic union operators and _ respectively 
neutrosophic intersection operators. 


In general: 

A@B= (t, V tz, i, Nia, ft A fo), (5) 
or 

A@B= (t, V tz, Via, fi V fo), (6) 
and analogously: 

AQB=(t, A tz, ty V la, ft V fo) (7) 
or 

AQB=(,Aty, i, Ataf, V fo), (8) 


where "V" is the fuzzy OR (fuzzy union) operator, defined, for a, 6 € [0,1], in 
three different ways, as: 


ay B=at+B-afB, (9) 
or 

a’ B = max{a, B}, (10) 
or 

a*B =min{x + y,1}, (11) 


etc. 
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While "A" is the fuzzy AND (fuzzy intersection) operator, defined, for a, B € 
[0, 1], in three different ways, as: 


ap =a, (12) 
or 

a> B = min{a, B}, (13) 
or 

aS PB = max{x + y — 1,0}, (14) 
etc. 


Into the definitions of A@® B and A & B it's better if one associates 7 with *, 
since i is opposed to a and - with oi and : with for the same reason. But other 
associations can also be considered. 


For examples: 


AQOB=(t, 4+ tz - tty, i, +i, — thin, fifa), (15) 
or 

A®B = (max{t, tz}, min{i;, iz}, min{f;, fo}), (16) 
or 

A® B = (max{t,, tz}, max{i;, iz}, min{f,, f2}), (17) 
or 


A @® B = (min{t, + tz2,1}, max{i, + i, — 1,0}, max{f, + fp - 
1, 03). (18) 


where we have associated : with i and : with a and : with i“ . 


Let's associate them in different ways: 


A@® B= (t, + tz — tytz, min{iz, iz}, min{f, fd), (19) 
where 7 was associated with ‘ and fe or: 
A@® B = (max{ty, tz}, iy, iz, max{f, + fo — 1,0}), (20) 


where ¢ was associated with ; and . and so on. 


Similar examples can be constructed for A & B. 


3 Neutrosophic Subtraction 
We define now, for the first time, the subtraction of neutrosophic number: 


AOQB = (thin fi) O (inf) = A4)=c  2n 


1-tz iz’ fe 
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for all t,, t,, fy, tz, iz, fo € [0,1], with the restrictions that: t, # 1, i, #0, and 


fo # 0. 
So, the neutrosophic subtraction only partially works, i.e. when t, # 1, i, # 0, 
and f, # 0. 
The restriction that 
ty-t2 1 fa 
(S52, 2,4) € (0, 1), [0, 1}, [0, 1)) (22) 


is set when the classical case when the neutrosophic number components 
t,i, f are in the interval [0, 1]. 

But, for the general case, when dealing with neutrosophic overset / underset 
/offset [1], or the neutrosophic number components are in the interval [, 0], 
where Y is called underlimit and Q. is called overlimit, with P < 0 <1 <Q, i.e. 
one has neutrosophic overnumbers / undernumbers / offnumbers, then the 
restriction (22) becomes: 


(2=2,5,4) € (0, 0), [¥, 0}, [, a). 


1-t ’ iz’ he 
3.1 Proof 


The formula for the subtraction was obtained from the attempt to be 
consistent with the neutrosophic addition. 


One considers the most used neutrosophic addition: 
(41, by, C1) B® (2, bz, C2) = (ay + az — ayQz, by bz, C1C2), (24) 


We consider the © neutrosophic operation the opposite of the ® neutro- 
sophic operation, as in the set of real numbers the classical subtraction — is 
the opposite of the classical addition +. 


Therefore, let's consider: 
(tin fi) © (tr iz, fo) = (%y, 2), (25) 
® (tz, iz, fo) ® (tz, ir, fo) 


where x,y,z € R. 
We neutrosophically add © (ty, iz, f.) on both sides of the equation. We get: 


(t,t, fi) = @%,y,2Z) ® (ta, ia, fo) = & + te — Xtz, yin, Zf2). (26) 


Or, 
ti—t 
t, =x +t, —xt,,whence x = ae? 
TED 
i, = yiz, whence y = 2 (27) 
12 
| fi = Zf2, whence z = a 
2 
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oe Checking the Subtraction 


With A = (¢1, i, f,), B = (ta, iz, fo), and C = (= : a 


1-tz ’i2’ fol’ 
where ¢4, U1, f,, tz, to, fo € [0,1], andt, # 1,i, # 0, and f, + 0, we have: 
AOB=C. (28) 
Then: 
= : ti-tz iy 4) =( tity 
B@C = (2,12, fo) ® (= ey ee a a 
ty-t2 . iy 4) = (arte htette ; je 
fee ee = tt; aaah = 
t,(1-t2) . ; 
(AS if) = (t,t, fi). (29) 
Z 
t t4-t2 
Bete te ara Sam f 
AQ C= (ti, fy) © (42,2,4) = (SEL. 24] = 
1-t2 in he Tea ae ee 
2 iz fe 
t,-tyto—-t +2 
a = titatis- 5 
=a the) = (a= aaa iz, fo) = 
Ite 
to(-t,+1) , 
es ae is, fa) = = (t, iz, fa). (30) 
4 Division of Neutrosophic Numbers 


We define for the first time the division of neutrosophic numbers: 


AOB = (ti, fi) O Ca te, fo) = (2, — rie Ani) = =D, (31) 


tz’ 1-in’’ 1-fe 
where ¢4, U1, fi, tz, i2, fo € [0,1], with the restriction that t, # 0, i, #1, and 
fo, #1. 
Similarly, the division of neutrosophic numbers only partially works, i.e. when 
t, #0,i, #1,andf, #1. 
In the same way, the restriction that 


(2, iy-in Bs ui) E ([0, 1], [0, 1], [0, 1]) (32) 


tz’ 1-i2’ 1-fp 
is set when the traditional case occurs, when the neutrosophic number 
components t, i, f are in the interval [0, 1]. 
But, for the case when dealing with neutrosophic overset / underset /offset 
[1], when the neutrosophic number components are in the interval [Y, Q], 
where is called underlimit and OQ. is called overlimit, with ¥ <0 <1<Q, i.e. 
one has neutrosophic overnumbers / undernumbers / offnumbers, then the 
restriction (31) becomes: 
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(2,22, 2) € ([y, 0}, [Y, 0), [Y, OD). (33) 


tz’ 1-i2 ’ 1-fh 
Al Proof 


In the same way, the formula for division © of neutrosophic numbers was 
obtained from the attempt to be consistent with the neutrosophic 
multiplication. 


We consider the © neutrosophic operation the opposite of the ®@ 
neutrosophic operation, as in the set of real numbers the classical division + 
is the opposite of the classical multiplication x. 


One considers the most used neutrosophic multiplication: 

(41, by, C1) ® (a2, bg, C2) 

= (@, a2, by + bz — by bo, Cy + Cz — C4C2), (34) 
Thus, let's consider: 

(thipfi) O Ca iz fe) = (yz), (35) 

@(t2, iz, fo) @(C2, iz, fo) 

where x,y,z € R. 
We neutrosophically multiply ® both sides by (ty, iz, f.). We get 

(thin fi) = &y, Z)@(C2, ta, fo) 

= (Xtz, y + iz — yiz,z + fo — Zfz). (36) 
Or, 

t; = xt, whence x = 2; : 


2 


i, =y +i, — yiz, whence y = ae : (37) 
fi-fe 


(fi =2 + fo — 2f2, whence z = . 
1-fp 


4.2 Checking the Division 


; = : = ; — (41 ick fiche 
With A = (t,,i4,,f,), B = (ta iz, fo), and D = Geen an ), 
where ¢4, iy, fy, tz, iz, fo € [0,1], and t, # 0,i, #1, and f, # 1, one has: 
AxB=D. (38) 


Then: 


B F ty ty-lz fi-fe t%1 , i,—ly F 
—=(ft),l x (2 —)=—(tf°:--—,bt+ —I5° 
D ( 2) 2, f2) ae 1-i, ) 1-f, 2 Eos 2 1-i, 2 


moe fith _¢ fh fa) 
1-i, ihe oF 1-fo ho 1-fo 
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(t in—if ti, -i2—iy in tif fh h “hihi fe) _ 
1) 7. 


1=19 i 12 
i,(1-ig) fxa-fo) : 
(4, ae Lt) = (ty, i fi) = A. (39) 
—l2 —fe 
Also: 
; _ty-i2g j= _fai-f2 
A__ (Cvtifi) (2 1 4-i2 2) = 
ty i4- 2 f4 fo\~ \ &1’,_ti-in’ | _fa-fo2 | 
2 (3 1-i2 "4 an) t2 1-i2 : 1-f2 
iy-isig-intig fi-fif2—fitfo ig(-i44+1) f2-fit1) 
—1-ig 1-f2 = 1-i2 1-f2 = 
(eee d-ig-intig ' 1-f2-fitfe }- (« 1-iy ? 1-fa )= 
1-i2 1-f2 1-i2 1-f2 
ig(4-t1) fp4-fa)\ _ . _ 
(t,, 2 if. © qn Bit’) = (tz, tz, fo) = B. (40) 
1 
5 Conclusion 


We have obtained the formula for the subtraction of neutrosophic numbers © 
going backwords from the formula of addition of neutrosophic numbers @. 


Similarly, we have defined the formula for division of neutrosophic numbers 
@ and we obtained it backwords from the neutrosophic multiplication ®. 


We also have taken into account the case when one deals with classical 


neutrosophic numbers (i.e. the neutrosophic components t, i, f belong to [0, 1]) 
as well as the general case when t, i, f belong to [Y, 2], where the underlimit 
WY < Oandthe overlimitQ = 1. 
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Abstract. In this paper we present the concept of neutro- 
sophic quadruple algebraic structures. Specially, we 


study neutrosophic quadruple rings and we present their 
elementary properties. 


Keywords: Neutrosophy, neutrosophic quadruple number, neutrosophic quadruple semigroup, neutrosophic quadruple group, neu- 
trosophic quadruple ring, neutrosophic quadruple ideal, neutrosophic quadruple homomorphism. 


1 Introduction 


The concept of neutrosophic quadruple numbers was 
introduced by Florentin Smarandache [3]. It was shown in 
[3] how arithmetic operations of addition, subtraction, mul- 
tiplication and scalar multiplication could be performed on 
the set of neutrosophic quadruple numbers. In this paper, 
we studied neutrosophic sets of quadruple numbers togeth- 
er with binary operations of addition and multiplication 
and the resulting algebraic structures with their elementary 
properties are presented. Specially, we studied neutrosoph- 
ic quadruple rings and we presented their basic properties. 


Definition 1.1 [3] 


A neutrosophic quadruple number is a number of the 
form (a, bT,cI,dF), where T,I, F have their usual neutro- 
sophic logic meanings and a,b,c,d € Ror C. The set NQ 
defined by 


NQ = {(a,bT,cl,dF ): a,b,c,d€ RorC} (1) 
is called a neutrosophic set of quadruple numbers. For a 
neutrosophic quadruple number (a, bT, cl, dF), represent- 
ing any entity which may be a number, an idea, an object, 


etc., ais called the known part and (bT,cI, dF) is called 
the unknown part. 


Definition 1.2 
Let 
a = (a4,a2T,a3I,a4F), 
b = (bi, b2T, b3I,b4F ) € NQ. 
We define the following: 
a+b= (2) 
(a1 + b1, (a2 + b2)T, (a3 + b3)I, (a4 + b4)F) 
a-b= (3) 


(a1 — b1, (a2 — b2)T, (a3 — 63), (a4 — b4)F). 
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Definition 1.3 
Let 
a = (a4, a2T,a3I,a4F )E€ NQ 


and let a be any scalar which may be real or complex, the 
scalar product a. a is defined by 


a.a = a.(a4,a2T,a3I,a4F ) 


(aay, aa2T, aa3I,aa4F) (4) 
If a=0, then we have 0.a = (0,0,0,0) and for 
any non-zero scalars m and n and b= 


(b,, bzT, b3I, b,F), we have: 
(m+n)a = ma +na, 
m(a+b)=ma+mb, 
mn(a) = m(na), 

a= (—a,,—a,T, —azl, 


a,4F). 


Definition 1.4 [3] [Absorbance Law] 


Let X be a set endowed with a total order x < y, 
named “x prevailed by y” or “x less strong than y” or “x 
less preferred than y”. x < y is considered as “x prevailed 
by or equal to y” or “x less strong than or equal to y” or “x 
less preferred than or equal to y”. 

For any elements x, y € X, with x < y, absorbance law 
is defined as 


xy = y:x = absorb(x, y) 
= max{x,y} = y (5) 
which means that the bigger element absorbs the smaller 


element (the big fish eats the small fish). It is clear from (5) 
that 


x+x =x? = absorb(x,x) = max{x,x}=x (6) 
and 


Xp Xp Xp, = MaAx{xX,, Xo," Xn}. (7) 
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Analogously, ifx > y, we say that “x prevails to y” or “x 
is stronger than y” or “x is preferred to y”. Also, if x2y, 
we say that “x prevails or is equal to y” or “x is stronger 
than or equal to y” or “x is preferred or equal to y”. 


Definition 1.5 


Consider the set {T, I, F}. Suppose in an optimistic way 
we consider the prevalence order T >I >F. Then we 
have: 


TI = IT = max{T,]}} =T, (8) 
TF = FT = max{T,F}=T, (9) 
IF = FI = max{I,F}=T, (10) 
LLSTo= 7. (11) 
==, (12) 
EFS Eh? =F, (13) 


Analogously, suppose in a pessimistic way we consider 
the prevalence order T < J < F. Then we have: 


TI = IT = max{T,} = I, (14) 

TF = FT = max{T,F} = F, (15) 

IF = FI = max{I,F} = F, (16) 

TT =T? =T, (17) 

=f =1, (18) 

FF = F* = F., (19) 
Definition 1.6 

Let 

a = (a4, a2T, a31,a,F), 

b = (by, boT, b3I,b,F) € NQ. 

Then (20) 


a.b = (a4, 42T, a31,a,F). (by, boT, bzl, ba F) 
= (a,b, (a,b2 + anh, 
+ aybz)T,(a,b3 + azb3 + azb, 
+ a3b. + azb3)I, (ayby, + Apby4,a3by 
+ a,b, + a,b, + ayb3 + a,b,)F). 


2 Main Results 


All neutrosophic quadruple numbers to be considered 
in this section will be real neutrosophic quadruple numbers 
ic a,b,c,d € R for any neutrosophic quadruple number 
(a, bT,cI,dF) € NQ. 


Theorem 2.1 
(NQ, +) is an abelian group. 
Proof. 


Suppose that 


a = (a4, 42T,a31,a,F), 
b = (b;, boT, bsl, 
C = (C4, C2T, C31,c,F € NQ 
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are arbitrary. 
It can easily be shown that 


at+tb=b+a-:at+(bt+c)= 
(a+b)+c-:a+(0,0,0,0) = (0,0,0,0) =a 


and 
a+(—a) =—a+a = (0,0,0,0). 


Thus, 0 = (0,0,0,0) is the additive identity element in 
(NQ,+) and for any a € NQ,—a is the additive inverse. 
Hence, (NQ, +) is an abelian group. 


Theorem 2.2 


(NQ,.) is a commutative monoid. 


Proof. 
Let 
a = (1, 42T,a3I,a,4F), 
b = (by, boT, b3l, 
C= (C4, C2T, C31, C4 F 
be arbitrary elements in NQ. It can easily be shown that 
ab = ba-a(bc) = (ab)c:a:(1,0,0,0) =a. 


Thus, e = (1,0, 0,0) is the multiplicative identity ele- 
ment in (NQ,.). Hence, (NQ,.) is a commutative monoid. 


Theorem 2.3 


(NQ,.) is not a group. 


Proof. 

Let 

x = (a, bT,clI,dF) 
be any arbitrary element in NQ. 

Since we cannot find any element y = (p,qT,rl,sF) € 
NQ such that xy = yx =e =(1,0,0,0), it follows 
that x — 1 does not exist in NQ for any givena,b,c,d€ R 
and consequently, (NQ,.) cannot be a group. 


Example 1. 
Let X = {(a,bT,cl,dF): a,b,c,d € Z,}. Then (X, +) 
is an abelian group. 


Example 2. 
Let 
(a,bT,cl,dF) (e,fT,gl,hF)]. 
(My2,-) = (Gi,jT,kLlF) (m,nT,pl,qF)\ 


a,b,c,d,e, f, g,h,i,j,k,1],m,n,p,q €R 


Then (M2x2,.) is a non-commutative monoid. 


Theorem 2.4 


(NQ,+,.) is a commutative ring. 
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Proof. 
It is clear that (NQ, +) is an abelian group and (NQ,.) 
is a semigroup. To complete the proof, suppose that 


a = (Q4,42T,a3I1,a,F), 
b = (by, boT, bl, 
C = (C4, C2T,C31,c,F € NQ 


are arbitrary. It can easily be shown that a(b +c) = ab + 
ac,(b + c)a=ba+ca and ab = ba. Hence, (NQ,+,.) 
is a commutative ring. 

From now on, the ring (VQ, +,.) will be called neutro- 
sophic quadruple ring and it will be denoted by NQR. The 
zero element of NQR will be denoted by (0, 0, 0, 0) and the 
unity of NQR will be denoted by (1, 0, 0, 0). 


Example 3. 

(1) Let X be as defined in EXAMPLE 1. Then (X,+,.) 
is a commutative neutrosophic quadruple ring called a neu- 
trosophic quadruple ring of integers modulo n. 

It should be noted that NQR(Z,) has 4” elements and 
for NQR(Zz)we have 

NQR(Z2) = 

= {(0,0,0,0), (1,0,0,0), (0, T, 0,0), (0,0, J, 0), (0,0,0, F), 

(0,7, 1, F), (0,0, 1, F), (0,7, 1,0), (0,7, 0, F), (1,T, 0,0), 

(1,0, /, 0), (1,0,0, F), (1,7, 0, F), (1,0, 1, F), 1,7, J, 0), 

(1,T, I, F)}. 

(ii) Let Mz. be as defined in EXAMPLE 2. Then 
(M2x2,-) iS a non-commutative neutrosophic quadruple 
ring. 


Definition 2.5 
Let NQR be a neutrosophic quadruple ring. 


(i) An element a € NQR is called idempotent if a” = a. 


(ii) An element a € NQR is called nilpotent if there 
exists n € Z* such that a” = 0. 


Example 4. 

(i) In NQR(Z,), (1,T, 1, F) and (1,T, J, 0) are idempo- 
tent elements. 

(ii) In NQR(Z,), (2,2T, 21, 2F) is a nilpotent element. 


Definition 2.6 


Let NQR be a neutrosophic quadruple ring. 

NQR is called a neutrosophic quadruple integral do- 
main if for x,y€NQR, xy=0 implies that x =0 
ory =0. 


Example 5. 
NQR(Z) the neutrosophic quadruple ring of integers is 
a neutrosophic quadruple integral domain. 


Definition 2.7 


Let NQR be a neutrosophic quadruple ring. 
An element x € NQR is called a zero divisor if there 
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exists a nonzero element y € NQR such that xy = 0. For 
example in NQR(Z2z), (0,0,/,F) and (0,7,/,0) are zero 
divisors even though Z, has no zero divisors. 

This is one of the distinct features that characterize 
neutrosophic quadruple rings. 


Definition 2.8 


Let NQR be a neutrosophic quadruple ring and let NQS 
be a nonempty subset of NQR. Then NQS is called a neu- 
trosophic quadruple subring of NQR if (NQS,+,.) is itself 
a neutrosophic quadruple ring. For example, NQR(nZ) is a 
neutrosophic quadruple subring of NQR(Z) for n= 
1,2,3,. 


Theorem 2.9 


Let NQS be a nonempty subset of a neutrosophic quad- 
tuple ring NQR. Then NQS is a neutrosophic quadruple 
subring if and only if for all x,y € NQS, the following 
conditions hold: 


(Gi) x-—yENQS 
and 


(ii) xy € NQS. 


Proof. 
Same as the classical case and so omitted. 
Definition 2.10 


Let NQR be a neutrosophic quadruple ring. 
Then the set 


Z(NQR) = {x E NQR:xy = yx Vy € NQR} 
is called the centre of NQR. 
Theorem 2.11 


Let NQR be a neutrosophic quadruple ring. 
Then Z(NQR) is a neutrosophic quadruple subring of 
NQR. 


Proof. 
Same as the classical case and so omitted. 


Theorem 2.12 


Let NQR be a neutrosophic quadruple ring and let 
NQS; be families of neutrosophic quadruple subrings of 


NQR. Then 
() nNQS; 
fel 


is a neutrosophic quadruple subring of NQR. 


Definition 2.13 


Let NQR be a neutrosophic quadruple ring. 
If there exists a positive integer n such that nx = 0 for 
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each x € NQR, then the smallest such positive integer is 
called the characteristic of NQR. If no such positive integer 
exists, then NQR is said to have characteristic zero. For 
example, NQR(Z) has characteristic zero and NQR(Z,) 
has characteristic n. 


Definition 2.14 


Let NQJ be a nonempty subset of a neutrosophic quad- 
tuple ring NQR. NQJ is called a neutrosophic quadruple 
ideal of NQR if for all x,y € NQJ, r € NQR, the following 
conditions hold: 


(i) x —y € NQJ. 
(11) xr € NQJ and rx € NQJ. 


Example 6. 

(1) NQR(3Z) is a neutrosophic quadruple ideal of 
NQR(Z). 

(ii) Let 

NOS 

{(0,0,0,0), (2,0,0,0), (0,27, 27, 2F),(2,2T, 21, 2F)} 


be a subset of NQR(Z,). Then NQJ is a neutrosophic 
quadruple ideal. 


Theorem 2.15 


Let NQJ and NQS be neutrosophic quadruple ideals of 
NQR and let 
{NQU}ja1 


be a family of neutrosophic quadruple ideals of NQR. 
Then: 


(i) NQJ + NQJ = NQJ. 
(ii) x + NQJ = NQJ for all x € NQJ. 
(iii) 


() nNQS; 
j=1 
is a neutrosophic quadruple ideal of NQR. 


(iv) NQJ + NQS is a neutrosophic quadruple ideal of 
NQR. 


Definition 2.16 


Let NQJ be a neutrosophic quadruple ideal of NQR. 
The set 


NQR/NQJ = {x + NQJ: x € NQR} 


is called a neutrosophic quadruple quotient ring. 

If x + NQJ and y + NQJ are two arbitrary elements of 
NQR/NQJ and if ® and © are two binary operations on 
NQR/NQJ defined by: 


(x + NQ) BY +4NQJ) = (x + y) + NQ, 
(x + NQNOY + NQ) = (xy) + NQ, 
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it can be shown that @ and © are well defined and that 
(NQR/NQJ, ®, ©) is a neutrosophic quadruple ring. 


Example 7. 
Consider the neutrosophic quadruple ring NQR(Z) and 
its neutrosophic quadruple ideal NQR(2Z). Then 
NQR(Z) 
NQR(2Z) | 
{NQR(2Z), (1,0,0,0) + NQR(2Z), (0,T, 0,0) 
+ NQR(2Z), (0,0,/,0) + NQR(2Z), (0,0,0, F) 
+ NQR(2Z), (0,T,1,F) + NQR(2Z), (0,0, I, F) 
+ NQR(2Z), (0,T, 1,0) + NQR(2Z), (0,T,0, F) 
+ NQR(2Z), (1,T, 0,0) + NQR(2Z), (1,0, 1,0) 
+ NQR(2Z), (1,0,0, F) + NQR(2Z), (1,T,0,F) 
+ NQR(2Z), (1,0,/,F) + NQR(2Z), (1,T,1,0) + 
NQR(2Z),(1,T,1,F) + NQR(2Z)}. 


which is clearly a neutrosophic quadruple ring. 


Definition 2.17 

Let NQR and NQS be two neutrosophic quadruple 
rings and let@: NQR — NQS be a mapping defined for 
allx,y € NQR as follows: 


(i) p(x + y) = g(x) + 90). 

(li) p(y) = PX)—Y). 

(iii) p(T) = T,@() = Iand@(F) = F. 
(iv) p(1,0,0,0) = (1,0,0,0). 


Then @ is called a neutrosophic quadruple homomor- 
phism. Neutrosophic quadruple monomorphism, endomor- 
phism, isomorphism, and other morphisms can be defined 
in the usual way. 


Definition 2.18 


Let g@: NQR —> NQS be a neutrosophic quadruple 
ring homomorphism. 

(1) The image of g denoted by Im is defined by the 
set Img = {y € NQS: y = p(x) , for some x € 
NQR}. 

(11) The kernel of g denoted by Kerg@ is defined by the 
set Kero = {x € NQR: (x) = (0,0,0,0)}. 


Theorem 2.19 


Let g@: NQR > NQS be a neutrosophic quadruple 
ring homomorphism. Then: 

(1) Img is a neutrosophic quadruple subring of NQS. 

(11) Ker@ is not a neutrosophic quadruple ideal of NQR. 


Proof. 

(1) Clear. 

(ii) Since T,/, F cannot have image (0,0,0,0) under ¢, 
it follows that the elements (0,7, 0,0), (0,0, 7,0), (0,0,0, F’) 
cannot be in the Kerg. Hence, Ker cannot be a neutro- 
sophic quadruple ideal of NQR. 
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Example 8. 
Consider the projection map 
y : NQR(Zp) X NQR(Z2) > NQR(Z2) 
defined by g(x,y) = x forallx,y € NQR(Z,). 
It is clear that g is a neutrosophic quadruple homo- 
morphism and its kernel is given as 
Kerg = 
{{((0,0,0,0), (0,0,0,0)), ((0,0,0,0), (1,0,0,0)), 
(0,0,0,0), (0, T, 0,0) ), ((0,0,0,0), (0,0, J, 0)), 
(0,0,0,0), (0,0,0, F) ), ((0,0,0,0), (0, 7,1, F)), 
(0,0,0,0), (0,0, I, F)), ((0,0,0,0), (0, T, 1,0) ), 
(0,0,0,0), (0, T, 0, F)), ((0,0,0,0), (1, T, 0,0)), 
(0,0,0,0), (1,0, I, 0)), ((0,0,0,0), (1,0,0, F)), 
(0,0,0,0), (1, T, 0, F)), ((0,0,0,0), (1,0, 1, F)), 
((0,0,0,0), (1, T, 1, 0)), (€0,0,0,0), (1, T, 1, F))}. 


Theorem 2.20 

Let g: NQR(Z) — NQR(Z)/NQR(nZ) be a mapping de- 
fined by @(x) = x + NQR(nZ) for all x € NQR(Z) and n = 
1, 2, 3, ..... Then 9 is not a neutrosophic quadruple ring 
homomorphism. 
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Neutrosophic quadruple algebraic hyperstructures 


A.A.A. Agboola, B. Davvaz, Florentin Smarandache 


A.A.A. Agboola, B. Davvaz, Florentin Smarandache (2017). Neutrosophic quadruple 
algebraic hyperstructures. Annals of Fuzzy Mathematics and Informatics 14(1), 29-42 


ABSTRACT. The objective of this paper is to develop neutro- 
sophic quadruple algebraic hyperstructures. Specifically, we develop neu- 
trosophic quadruple semihypergroups, neutrosophic quadruple canonical 
hypergroups and neutrosophic quadruple hyperrings and we present ele- 
mentary properties which characterize them. 


Keywords: Neutrosophy, Neutrosophic quadruple number, Neutrosophic 
quadruple semihypergroup, Neutrosophic quadruple canonical hypergroup, 
Neutrosophic quadruple hyperrring. 


1. INTRODUCTION 


The concept of neutrosophic quadruple numbers was introduced by Florentin 
Smarandache [18]. It was shown in [18] how arithmetic operations of addition, sub- 
traction, multiplication and scalar multiplication could be performed on the set of 
neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion 
of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were 
studied and their basic properties were presented. In the present paper, two hyper- 
operations + and x are defined on the neutrosophic set NQ of quadruple num- 
bers to develop new algebraic hyperstructures which we call neutrosophic quadru- 
ple algebraic hyperstructures. Specifically, it is shown that (NQ, x) is a neutro- 
sophic quadruple semihypergroup, (NQ,+) is a neutrosophic quadruple canonical 
hypergroup and (NQ,+, x) is a neutrosophic quadruple hyperrring and their basic 
properties are presented. 


Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the 
form (a, bT, cI,dF’) where T, I, F have their usual neutrosophic logic meanings and 
a,b,c,d € R or C. The set NQ defined by 


(1.1) NQ = {(a,bT, cI, dF) : a,b,c,d € R or C} 
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple 
number (a, bT,cI,dF) representing any entity which may be a number, an idea, an 
object, etc, a is called the known part and (bT, cI, dF) is called the unknown part. 


Definition 1.2. Let a = (a1, a2T, asl, a4F’),b = (b1, beT, b3I, b4F’) E NQ. We 
define the following: 


(1.2) atb = (a, + br, (az + b2)T, (a3 + b3)L, (a4 + ba) F), 
(1.3) a-b = (a1 — 01, (a2 — b2)T, (a3 — bs)I, (a4 — b4)F). 


Definition 1.3. Let a = (a1, a2T,a3I,a4F) € NQ and let a be any scalar which 
may be real or complex, the scalar product a.a is defined by 


(1.4) a.a = a.(a1, 42T, a3l, a4F’) = (aay, aa2T, aasl, aa4F). 


If a = 0, then we have 0.a = (0,0,0,0) and for any non-zero scalars m and n and 
b= (b1, boT, b3I, b4F), we have: 


(m+n)a = ma+tna, 
m(a+b) = ma+mb, 
mn(a) = m(na), 
-—a = (-a1,—a2T,—a3I,—asF). 


Definition 1.4 ({18]). [Absorbance Law] Let X be a set endowed with a total order 
x < y, named ” x prevailed by y” or ”a less stronger than y” or ”az less preferred 
than y”. x < y is considered as ”x prevailed by or equal to y” or ”x less stronger 
than or equal to y” or ”x less preferred than or equal to y”. 

For any elements x,y € X, with x < y, absorbance law is defined as 


(1.5) x.y = y.x£ = absorb(z, y) = max{z,y} =y 
which means that the bigger element absorbs the smaller element (the big fish eats 
the small fish). It is clear from (1.5) that 
(1.6) g.2 = 2” =absorb(2,r2) = max{z,2}—2 and 
(1-7) 1.0 Xn = Max{11,%2,--+ Ln}. 
Analogously, if > y, we say that ”x prevails to y” or ”x is stronger than y” or 


”x is preferred to y”. Also, if x > y, we say that ”x prevails or is equal to y” or "x 
is stronger than or equal to y” or ”x is preferred or equal to y”. 


Definition 1.5. Consider the set {T,7,F'}. Suppose in an optimistic way we con- 
sider the prevalence order T > J > F. Then we have: 


(1.8) TI = IT =max{T,I} =T, 
(1.9) TF = Fr =max{T,F}—T, 
(1.10) if = FI =maxti, F}=T, 
(1.11) ee eT 

(1.12) ce me Feed, 

(Li PP = Ff =F 
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Analogously, suppose in a pessimistic way we consider the prevalence order T’ < 
I< F. Then we have: 


(1.14) TT = Jf =nael Ti) =, 

(1.15) TF = FT =max{T,F} =F, 
(1.16) IF = FI=max{I,F}=F, 
(L177) PS eT 

(1.18) Le 7, 

(1.19) fF = =F 


Except otherwise stated, we will consider only the prevalence order T < I< F 
in this paper. 


Definition 1.6. Let a = (a1, a2T, a3I, a4F), b = (1, boT, b3I, bs F) € NQ. Then 


a.b => (a1, a2T, a3l, aaF’).(b,, beT, b3I, ba F’) 
=> (aby, (azb2 + ab, + agb2)T, (a1b3 + agbs + a3b4 + agbo + a3b3)I, 
(1.20) (ayb4 + agb4,a3b4 + aby + a4b2 + a4b3 + aab4)F). 


Theorem 1.7 ({1]). (NQ,+) is an abelian group. 
Theorem 1.8 ([1]). (NQ,.) is @ commutative monoid. 
Theorem 1.9 ((1]). (NQ,.) is not a group. 

Theorem 1.10 ({1]). (NQ,+,.) is a commutative ring. 


Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a 
nonempty subset of NQR. Then NQS is called a neutrosophic quadruple subring of 
NQR, if (NQS, +, .) is itself a neutrosophic quadruple ring. For example, NQR(nZ) 
is a neutrosophic quadruple subring of NQR(Z) for n = 1, 2,3,--- 


Definition 1.12. Let NQJ be a nonempty subset of a neutrosophic quadruple 
ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all x,y € 
NQJ,r © NQR, the following conditions hold: 

(i) c-—yeENQJ, 

(ii) ar € NQJ and ra € NQJ. 


Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings 
and let 6: NQR— NQS be a mapping defined for all x,y € NQR as follows: 


(i) d(a+y) = O(a) + oly), 

(ii) o(zy) = ~ )o(y), 

(iii) d(7) =T, 6) =I and 6(F) = F, 

(iv) @(1,0,0 ae (1,0, 0,0). 

Then ¢ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple 
monomorphism, endomorphism, isomorphism, and other morphisms can be defined 
in the usual way. 


Definition 1.14. Let 6: NOR > NQS be a neutrosophic quadruple ring homo- 
morphism. 
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(i) The image of ¢ denoted by Im¢ is defined by the set 
Imd = {y € NQS : y = ¢(2), for some « € NQR}. 
(ii) The kernel of ¢ denoted by Ker¢ is defined by the set 
Kerd = {x € NQR: (x) = (0,0,0,0)}. 

Theorem 1.15 ({1]). Let 6: NQR > NQS be a neutrosophic quadruple ring 
homomorphism. Then: 

(1) Imé¢ is a neutrosophic quadruple subring of NQS, 

(2) Kerd is not a neutrosophic quadruple ideal of NQR. 


Theorem 1.16 ((1]). Let ¢: NOR(Z) > NQR(Z)/NQR(nZ) be a mapping defined 
by d(z) = 2#+ NQR(nZ) for all x € NQR(Z) and n = 1,2,3,.... Then ¢@ is not a 


neutrosophic quadruple ring homomorphism. 


Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H. 
The couple (H,+) is called a canonical hypergroup if the following conditions hold: 
i)c+y=y+¢a, forallz,ye H, 
ii) e+ (y+z) =(a@+y) +2, for all z,y,z € H, 
iii) there exists a neutral element 0 € H such that x +0 = {x} = 0+ 42, for all 
x édH, 
iv) for every « € H, there exists a unique element —a2 € H such that 0 € 
x+(-2)N(-—2)+2, 
v)z€a+y implies y € —a +z anda2€z-—y, for all z,y,z € H. 

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical 
hypergroup under the same hyperaddition as that of H that is, for every a,b € A, 
a—0bé€A,. If in addition a+ A-—aC A for all a € H, A is said to be normal. 


Definition 1.18. A hyperring is a tripple (R,+,.) satisfying the following axioms: 
(i) (R, +) is a canonical hypergroup, 
(ii) (R,.) is a semihypergroup such that x.0 = 0.2 = 0 for all x € R, that is, 0 is 
a bilaterally absorbing element, 
(iii) for all z,y,z € R, 


x(ytz)=xyt+au.zand (1+y).2=u.2+y.z. 
That is, the hyperoperation . is distributive over the hyperoperation +. 


Definition 1.19. Let (R,+,.) be a hyperring and let A be a nonempty subset of 
R. A is said to be a subhyperring of R if (A,+,.) is itself a hyperring. 


Definition 1.20. Let A be a subhyperring of a hyperring R. Then 
(i) A is called a left hyperideal of R if r.a C A for allr € R,a€ A, 


(ii) A is called a right hyperideal of R if a.r C A for allr € R,a€ A, 
(iii) A is called a hyperideal of R if A is both left and right hyperideal of R. 


Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal 
in R, ifr+A—r CA, forallre R. 


For full details about hypergroups, canonical hypergroups, hyperrings, neutro- 
sophic canonical hypergroups and neutrosophic hyperrings, the reader should see 
[3, 14] 
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2. DEVELOPMENT OF NEUTROSOPHIC QUADRUPLE CANONICAL HYPERGROUPS 
AND NEUTROSOPHIC QUADRUPLE HYPERRINGS 


In this section, we develop two neutrosophic hyperquadruple algebraic hyper- 
structures namely neutrosophic quadruple canonical hypergroup and neutrosophic 
quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be 
real neutrosophic quadruple numbers i.e a, b,c,d € R for any neutrosophic quadru- 
ple number (a, bT,cI,dF) € NQ. 


Definition 2.1. Let + and . be hyperoperations on R that is x+y C R,z.y C R for 
alla, y € R. Let + and x be hyperoperations on NQ. For x = (#1, #2T, 231, 24F),y = 
(M1, yoT, ysl, ysF’) € NQ with Lis Yi € R,i = 1, 2, 3, 4, define: 


sty = {(a,bT,cl,dF):a€2,+y1,b€ 224+ ye, 
(2.1) ce 23+ y3,d € 4+ yah, 
xxy = {(a,bT,cl,dF):a€ 21.y1,b € (x1.y2) U (2.41) U (r2-y2), € € (21-Y3) 
U(a2-y3) U (13-Y1) U (23.Y2) U (x3.Y3), d € (@1-y4) U (a2.y4) 
(2.2) U(x3-ya) U (@4-y1) U (4-Y2) U (@4-y3) U (@4-Y4)f- 


Theorem 2.2. (NQ,+) is a canonical hypergroup. 
Proof. Let = (a7 xT, x3, t4F), n= (yi, yal, yal, y4F), a= (21, 2oT, 23f, 24F) € 
NQ be arbitrary with x;,y;, 2; € R,i = 1, 2,3, 4. 

(i) To show that x+y = y+z, let 


tty = {a = (a1, a2T, agl,a4F) : a, € 21+ y1, a2 € 22 + yo, a3 € 3 + Ys, 
. aq € £4 + ya}, 
yte = {b= (b1, boT, b3l, b4F) : by © yy + 21, b2 © Yo + 2, b3 € yg + b3, 
ba € ya + x4}. 


Since a;,b; € R,i = 1,2,3,4, it follows that ety = yta. 
(ii) To show that that a+(y+z) = (aty)+z, let 
ytz = {w = (wi, wT, w3l, waF) : wy € yt + 21, W2 € yo + 20, 
ws © y3 + 23, Wa © ys + Za}. Now, 


zt(ytz) = «tw 
= {p=(p1,p2T, p3l,paF) : py € £1 + Wi, po € Lo + We, pz € £3 + Ws, 
pa € 4 + wat} 
= {p= (p1,p2T, psl,paF) : pr € 1 + (yr + 21), p2 € 2 + (y2 + 22), 
p3 © £3 + (y3 + 23), pa © Za t+ (ys + 2a)f- 
Also, let ety = {u = (u1,U2T,u3l,usF) : uy € 21+ yi, U2 € 22+ y2,U3 € £3 
y3, Ua € x4 + ys} so that 
= {¢=(H,@T, 43!,a4F) 2% € uit 21,42 € U2 + 22,93 € U3 + 23, 
ga © U4 + zat 
= {q=(%,@T, a31,a4F):% € (41 +1) + 21,42 € (42 + yo) + 22, 
qa € (a3 + y3) + 23,44 € (4 + ya) + Za}. 
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Since uj, Pi, Gi, Wi, Li, Yi, 2% € R,i = 1,2, 3,4, it follows that x+(yt+z) = (aty)+<. 
(iii) To show that 0 = (0,0,0,0) € NQ is a neutral element, consider 
z+(0,0,0,0) = {a= (a1,a2T,a3I,a4F) : ay € 21 +0, a2 € 2+ 0,a3 € t3 +0, 
ag € 4+ 0} 
= {a= (a1, 42T,a3I,a4F) : a, € {21}, a2 € {xo}, a3 € {zr}, 
aa € {xa}} 
= {r}. 
Similarly, it can be shown that (0,0,0,0)+a = {x}. Hence 0 = (0,0,0,0) € NQ isa 
neutral element. 


(iv) To show that that for every  € NQ, there exists a unique element —x € NQ 
such that 0 € a+(—2x) mM (—ax)+2, consider 


at+(—2)N(-2)te = {a= (a1, a2T,a3I,a4F) : a, € £1 — 11,02 € £2 — 2X2, 
a3 € %3 — %3,a4 € eq — 14} {b = (1, baT, bs, ba F) : 
by € —%1 + 21, de £2 + X29, bg r3 + ©3,b4 v4 + x4} 
= {(0,0,0,0)}. 


This shows that for every x € NQ, there exists a unique element —x € NQ such 
that 0 € 2+(—xr)N (=2x)+z2. 

(v) Since for all x,y,z € NQ with 2;,y1,2; € R,i = 1,2,3,4, it follows that 
z € aty implies y € -x+z and x € z+(-y). Hence, (NQ,+) is a canonical 
hypergroup. 


Lemma 2.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. Then 
(1) =(-x) =a for allx € NQ, 
(2) 0 = (0,0,0,0) ts the unique element such that for every x © NQ, there is an 
element —x € NQ such that 0 € x+(—2), 
(3) —0=0, 
(4) -(aty) = —-2-y for all z,y € NQ. 


Example 2.4. Let NQ = {0,x,y} be a neutrosophic quadruple set and let + be a 
hyperoperation on NQ defined in the table below. 


+ | 0 x y 
0/0 x y | 
€ ae ROeye |) ae | 
y ly y {0, y} | 


Then (NQ, +) is a neutrosophic quadruple canonical hypergroup. 
Theorem 2.5. (NQ, x) is a semihypergroup. 


Proof. Let x = (41, voT, 231, 04F),y = (y1, yoT, ysl, ya), 2 = (21, 2eT, 231, z4F) € 
NQ be arbitrary with x;, y;, z;€ R, i = 1, 2, 3, 4. 
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rxy = {@= (41,427, a3l,a4F) : ay € 21y1, 42 © T1Yy2 U Tay U L2Y2, 3 € 21Yy3 
Uxey3 Ur3y1 U r3ye U ©3y3, da © X1y4 U Taya 
Uasy4 U vay U tayo U ways U xrays} 
c NQ. 
(ii) To show that «x(yxz) = (a@xy)xXz, let 


yxz = {w= (wi, wT, w3l, waF) : wy € 121, We € Yiz2 U yoz1 U y222, 
ws © yiz3 U yo23 U y321 U y3z2 U y323, Wa © Y124) U Y224 
(2.3) Uysza U ya2i U ya2a U yaz U yazat} 
so that 
gx(yxz) = 2£2xw 


= {p=(p1,peT, psl, paF) : pi € 11wW1, po € Li We U Gow U Lowe, 
pz © £1W3 U Lqw3 U r3wW1 U r3W2 U r3y3, pa © 11W4 U FoW4 


(2.4) Ur3w4 U t4wy, U @4We Ur4w3 U rqws4}. 
Also, let 
exy = f{u=(u1,u2T,usl,usF) : ur € e1y1, U2 € T1Y2 U Loy U Tayo, uz E X1Y3 
Urey3 Urgyi U gy U t3y3, U4 © 11 Ya U Toya 
(2.5) Uasgya U vay U Layo U ways U vaya} 
so that 
(exy)xXz = uxz 


= {¢= (0,427,931, q4F) 2 a © U121, do © U1 29 U U1 U Up29, 
g3 © U123 U U223 U ugz U UgZ2 U U3Z3, da © U124 U U2 24 
(2.6) Uugz4 U uazy U U4z9 U U4z3 U Usza}. 
Substituting w; of (2.3) in (2.4) and also substituting u; of (2.5) in (2.6), where 
i = 1,2,3,4 and since pj, q, ui, Wi, Zi, % € R, it follows that rx(yxz) = (x@xy)xz. 
Consequently, (NVQ, x) is a semihypergroup which we call neutrosophic quadruple 
semihypergroup. 


Remark 2.6. (NQ, x) is not a hypergroup. 


Definition 2.7. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
For any subset NH of NQ, we define 
-NH ={-2:2€ NH}. 

A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical 
hypergroup, if the following conditions hold: 

(i) 0 = (0,0,0,0) € NH, 

(ii) e-y C NO for all x,y € NH. 
A neutrosophic quadruple subcanonical hypergroup NH of a netrosophic quadruple 
canonical hypergroup NQ is said to be normal, if 2 +NH—2« C NH forall x € NQ. 
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Definition 2.8. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
For z; € NQ with i = 1,2,3...,n EN, the heart of N@ denoted by NQ,, is defined 
by 


i=1 
In Example 2.4, NQ, = NQ. 
Definition 2.9. Let (NQ,,+) and (NQz, ze be two neutrosophic quadruple canon- 


ical hypergroups. A mapping ¢: NQ; > NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 


) 
: o(T) =T, 
) 


(iii) (2) = I, 
(iv) O(F) = F, 
(v) o(0) =0. 


If in addition @¢ is a bijection, then @ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQz. 


Definition 2.10. Let ¢ : NQ; — NQz be a neutrosophic quadruple strong ho- 
momorphism of neutrosophic quadruple canonical hypergroups. Then the set {x € 
NQ1 : $(x) = 0} is called the kernel of ¢ and it is denoted by Kerd. Also, the set 
{¢(x) : x € NQ;} is called the image of ¢ and it is denoted by Im@. 


Theorem 2.11. (NQ,+, x) is a hyperring. 


Proof. That (NQ,+) is a canonical hypergroup follows from Theorem 2.2. Also, 
that (NQ, x) is a semihypergroup follows from Theorem 2.4. 
Next, let « = (a1, %2T,a3I,24F) € NQ be arbitrary with 2;,y;,2; € R,i = 


1,2,3,4. Then 
exO = {u= (uy, U2T, u3l,usF) : uy € 21.0, ug € 21.0U 22.0 U 22.0, ug € 11.0 
Ux2.0U #3.0U ©3.0U v3.0, ug € %1.0 U 2.0 U 3.0 U &4.0 U x4.0 
Ua4.0U v4.0} 
= {u = (uw, ueT, uzl,usF) : ur € {0}, u2 € {0}, ug € {O}, us € {OF} 
= {0}. 


Similarly, it can be shown that Oxx = {0}. Since x is arbitrary, it follows that 
xx0 = 0x2 = {0}, for all e € NQ. Hence, 0 = (0,0,0,0) is a bilaterally absorbing 
element. 

To complete the proof, we have to show that xx(y+z) = (a@xy)+(xxz), for all 
LAY, Z7E NQ. To this end, let x = (x1, 227, x3l, raF’),y = (yi, oT, y3l, yaF’), z = 
(21, 2aT, 231, 2aF') € NQ be arbitrary with x;, yi, 2; € R,i = 1,2,3,4. Let 


ytz = {w= (wi, wel, w3l,waF) : wi € yr + 21, We € Yo + 22, W3 € y3 + 23, 
(2.7) wa € ya + 24} 
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so that 
zx(ytz) = «@Xw 
= {p= (pi, peT, pst, paF) : pi € 1W1, po € L1w2 U rqw U twa, 
ps3 © £1W3 Urqw3 Ur3w, Ur3w2g Ursy3, pa € 11 W4U Lowy, 
(2.8) Ur3w4 U r4w, U @4W2 Ut4w3 U £44}. 


Substituting w;,7 = 1,2,3,4 of (2.7) in (2.8), we obtain the following: 


(2.9) pi €ai(yi +21), 

(2.10) po € ti (ye + 22) Ute(y1 + 21) U ra(y2 + 22), 

(2.11) ps3 € a1(y3 + 23) U vo(y3 + 23) Uag(yi + 21) U 23 (yo + 22) U v3 (y3 + 23), 
pa © £1 (ya + 24) U ta(ya + 24) U23(ys + 24) U ta(yr + 21) U ta(y2 + 22), 

(2.12) Usaa(y3 + 23) U v4(ya + 24). 


Also, let 
axy = {u= (uy, u2T,ugl,usF) : uy € r1yi, U2 € Ly Urey, U royo, 
ug © @1y3 U ®2y3 Ur3y1 U X3y2 U X3y3, Ua © ©1Y4 U Loy 
(2.13) Uasy4 U vayi U tayo U ways U rays} 
gxz = {v=(v1,v2T,v31, uaF) : vy € 2121, 02 € £122 U £221 UZe22, 
v3 © ©1123 U %223 U 1321 U 4322 U 1323, V4 € 1124 U 224 
(2.14) Uagz4U @421 U @422 U 423 U 424} 
so that 
(axy)t(2xz) = utv 
= {¢=(H,92T, 31, q4F): qm € ui + 1,92 € U2 t+ v2, 
(2.15) ga € ug + v3, qa € Us + U4}. 


Substituting u; of (2.13) and v; of (2.14) in (2.15), we obtain the following: 
(2.16) ga Curt Catiy +21% C21(y1 + 21), 
g2 © U2 + v2 © (@1y2 U way1 U r2y2) 
+(1129 U #221 U 22(z2) 
(2.17) Co ay(yo + 22) U v2(y, + 21) U 22(yo + 22), 
q3 € ug + v3 C (@1y3 U ray3 U ©341) U r3y2 U @3y3) 
+(2123 U 223 U 1321) U 0329 U 2323) 
(2.18)  C a1(y3 + 23) U vo(ys + 23) Ux3(y1 + 21) U t3(y2 + 22) Uta (ys + 23). 
da € Ua + U4 © (21 ys U Loy U T3y4) U rays U ayo) U rays U raya) 
+(a124 U wo24 U @324) U t421 U 0422) U 0423 U £424) 
C ai(ya + 24) U to(ya + 24) U ta (ya + 24) Ura(yn + 21) U ra(y2 + 22) 
(2.19)  Uxa(y3 + 23) U va(ys + 24). 
Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18) 
and (2.19), we obtain p; = q;, i = 1, 2, 3, 4. Hence, x x (y+z) = (x xy) +(a# Xz), for all 
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x,y,z € NQ. Thus, (NQ, +, x) is a hyperring which we call neutrosophic quadruple 
hyperring. 


Theorem 2.12. (NQ,+,0) is a Krasner hyperring where o is an ordinary multi- 
plicative binary operation on NQ. 
Definition 2.13. Let (NQ, +, x) be a neutrosophic quadruple hyperring. A nonempty 
subset NJ of NQ is called a neutrosophic quadruple subhyperring of NQ, if (NJ, +, x) 
is itself a neutrosophic quadruple hyperring. 
NJ is called a neutrosophic quadruple hyperideal if the following conditions hold: 
(i) (NJ, +) is a neutrosophic quadruple subcanonical hypergroup. 
(ii) For alla € NJ andr € NQ, xxr,rxa CO NJ. 


A neutrosophic quadruple hyperideal NJ of NQ is said to be normal in NQ, if 
r+NJ—a C NJ, for all x € NQ. 


Definition 2.14. Let (NQ,,4, x) and (NQz, +’, X’) be two neutrosophic quadru- 
ple hyperrings. A mapping ¢: NQ; — NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 

(xty) = o(a)4'6(y), for all 2, y € NQu, 

axy) = ¢(x)x'd(y), for all x,y € NQ, 


(vi) 6(0) =0. 
If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQo». 


Definition 2.15. Let 6: NQ; — NQz2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple hyperrings. Then the set {x € NQ, : (x) = 0} 
is called the kernel of ¢ and it is denoted by Kerd. Also, the set {¢(x) : « € NQ,} 
is called the image of ¢ and it is denoted by Im@. 


Example 2.16. Let (NQ,+, x) be a neutrosophic quadruple hyperring and let 
NX be the set of all strong endomorphisms of NQ. If 6 and © are hyperoperations 
defined for all ¢,~% € NX and for all x € NQ as 


6 = {u(z):v(2) € d(z)+¥(2)}, 
oO = {u(x): v(x) € O(ax)xV¥(a)}, 
then (NX, ®,©) is a neutrosophic quadruple hyperring. 
3. CHARACTERIZATION OF NEUTROSOPHIC QUADRUPLE CANONICAL 
HYPERGROUPS AND NEUTROSOPHIC HYPERRINGS 


In this section, we present elementary properties which characterize neutrosophic 
quadruple canonical hypergroups and neutrosophic quadruple hyperrings. 


Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ,+). Then 
(1) NGO NH is a neutrosophic quadruple subcanonical hypergroup of NQ, 
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(2) NG x NH is a neutrosophic quadruple subcanonical hypergroup of NQ. 


Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a 
neutrosophic quadruple canonical hypergroup (NQ,+). Then 

(1) NHiNH = NH, 

(2) c+NH =NH, for allxe NH. 


Theorem 3.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
NQw, the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup 


of NQ. 


Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ, +). 


(1) If NGC NE and NG is normal, then NG is normal. 
(2) If NG is normal, then NG+NH is normal. 


Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy- 
pergroups of a neutrosophic quadruple canonical hypergroup (NQ,+). The set 
NG+NH is defined by 


(3.1) NGiNH =({aty:2¢€NG,y € NE}. 
It is obvious that NG+NH is a neutrosophic quadruple subcanonical hypergroup 
of (NQ, +). 
If  € NH, the set +N is defined by 
(3.2) t+NH ={a+y:y€ NH}. 


If ~ and y are any two elements of NH and 7 is a relation on NH defined by 
aty if x € y+ NH, it can be shown that 7 is an equivalence relation on NH and the 
equivalence class of any element x € NH determined by 7 is denoted by [2]. 


Lemma 3.6. For any x © NH, we have 
(1) [2] =24.NH, 


(2) [-2] = —[2]. 
Proof. (1) 
[xe] = {ye NH: ary} 
= {ye NH:yeaxtNH} 
= «tNH. 


(2) Obvious. 


Definition 3.7. Let NQ/NH be the collection of all equivalence classes of « € NH 
determined by 7. For [2], [y] € NQ/NH, we define the set [x]@[y] as 


(3.3) [x]4[y] = {[z] : 2 € ety}. 


Theorem 3.8. (NQ/NH,$) is a neutrosophic quadruple canonical hypergroup. 


Proof. Same as the classical case and so omitted. 
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Theorem 3.9. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup and 
let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then, 
for any x,y © NH, the following are equivalent: 

(1) ce y+NH, 

(2) ya C NH, 

(3) (yin) NH ¢ 


Proof. Same as the classical case and so omitted. 


Theorem 3.10. Let 6: NQ; > NQ»2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) Kerd is not a neutrosophic quadruple subcanonical hypergroup of NQ:, 

(2) Imé@ is a neutrosophic quadruple subcanonical hypergroup of NQo2. 


Proof. (1) Since it is not possible to have ¢((0, T, 0,0)) = o((0,0,0,0)), d((0, 0, Z, 0)) 

((0,0,0,0)) and 4((0, 0,0, F’)) = 4((0,0,0,0)), it follows that (0, 7,0, 0), (0, 0, I, 0) 

and (0,0,0, F’) cannot be in the kernel of ¢. Consequently, Kerd cannot be a neu- 

trosophic quadruple subcanonical hypergroup of NQ,. 
(2) Obvious. 


Remark 3.11. If ¢: NQ, — NQgz is a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple canonical hypergroups, then Kerd@ is a subcanon- 
ical hypergroup of NQ,. 


Theorem 3.12. Let 6: NQ; > NQz2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) NQi/Keré is not a neutrosophic quadruple canonical hypergroup, 

(2) NQi/Keréd is a canonical hypergroup. 


Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of 
the neutrosophic quadruple canonical hypergroup (NQ,+). Then the mapping ¢ : 
NQ > NQ/NH defined by ¢(x) = x+NH is not a neutrosophic quadruple strong 
homomorphism. 


Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic 
quadruple canonical hypergroups. 


Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic 
quadruple hyperring (NQ,+, x). Then 

(1) -NJ=NJ, 

(2) ciNJ=NJ, for allae NJ, 

(3) exNJ=NJ, for alla e NJ. 


Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 

(1) NJN NK is a neutrosophic quadruple hyperideal of NQ, 

(2) NJ x NK is a neutrosophic quadruple hyperideal of NQ, 

(3) NJ+NK is a neutrosophic quadruple hyperideal of NQ. 
Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 
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(1) (ct NJ)FH(ytNJ) = (aty)tN J, for all z,y € NJ, 
(2) (ct NJ)X(ytNJ) = (axy)4QNJ, for all z,y € NJ, 
(3) ctNJ =ytNJ, for ally CatNJ. 


Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x) such that NJ is normal in NQ. Then 
(1) NJO NK is normal in NJ, 
(2) NJ+NK is normal in NQ, 
(3) NJ is normal in NJ+NK. 


Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple 
hyperring (NQ,+, x). For all x € NQ, the set NQ/NJ is defined as 


(3.4) NQ/NJ = {xt+NJ: 2 € NQ}. 

For [2], [y] € NQ/NJ, we define the hyperoperations 6 and ® on NQ/NJ as follows: 
(3.5) [x]6[y] = {[e]: 2 € ety}, 

(3.6) [x]@[y] = {[2] : z € exy}. 


It can easily be shown that (NQ/NH, ©, ®) is a neutrosophic quadruple hyperring. 


Theorem 3.19. Let 6: NQ — NR be a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple 
hyperideal of NQ. Then 
(1) Kerd is not a neutrosophic quadruple hyperideal of NQ, 
2) Imé is a neutrosophic quadruple hyperideal of NR, 
3) NQ/Keré is not a neutrosophic quadruple hyperring, 
4) NQ/Im¢@ is a neutrosophic quadruple hyperring, 
5) The mapping i»: NQ > NQ/NJ defined by w(x) =a+N J, for all x € NQ 


is not a neutrosophic quadruple strong homomorphism. 


Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in 
neutrosophic quadruple hyperrings. 


4. CONCLUSION 


We have developed neutrosophic quadruple algebraic hyperstrutures in this pa- 
per. In particular, we have developed new neutrosophic algebraic hyperstructures 
namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical 
hypergroups and neutrosophic quadruple hyperrings. We have presented elementary 
properties which characterize the new neutrosophic algebraic hyperstructures. 


Acknowledgements. The authors thank all the anonymous reviewers for useful 
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Young Bae Jun, Florentin Smarandache, Hashem Bordbar (2017). Neutrosophic N-Structures Applied 
to BCK/BCl-Algebras. Information 8, 128; DOI: 10.3390/info8040128 


Abstract: | Neutrosophic \/-structures with applications in BCK/BCI-algebras is discussed. 
The notions of a neutrosophic N-subalgebra and a (closed) neutrosophic A-ideal in a 
BCK/BCI-algebra are introduced, and several related properties are investigated. Characterizations 
of a neutrosophic \’-subalgebra and a neutrosophic /V-ideal are considered, and relations between a 
neutrosophic \V-subalgebra and a neutrosophic \V-ideal are stated. Conditions for a neutrosophic 
N-ideal to be a closed neutrosophic \V-ideal are provided. 


Keywords: neutrosophic \-structure; neutrosophic \-subalgebra; (closed) neutrosophic N-ideal 


1. Introduction 


BCK-algebras entered into mathematics in 1966 through the work of Imai and Iséki [1], and 
they have been applied to many branches of mathematics, such as group theory, functional analysis, 
probability theory and topology. Such algebras generalize Boolean rings as well as Boolean D-posets 
(MV-algebras). Additionally, Iséki introduced the notion of a BCI-algebra, which is a generalization of 
a BCK-algebra (see [2]). 

A (crisp) set A in a universe X can be defined in the form of its characteristic function p 4: 
X — {0,1} yielding the value 1 for elements belonging to the set A and the value 0 for elements 
excluded from the set A. So far, most of the generalizations of the crisp set have been conducted 
on the unit interval [0,1], and they are consistent with the asymmetry observation. In other words, 
the generalization of the crisp set to fuzzy sets relied on spreading positive information that fit the crisp 
point {1} into the interval [0,1]. Because no negative meaning of information is suggested, we now 
feel a need to deal with negative information. To do so, we also feel a need to supply a mathematical 
tool. To attain such an object, Jun et al. [3] introduced a new function, called a negative-valued 
function, and constructed \/-structures. Zadeh [4] introduced the degree of membership /truth (t) 
in 1965 and defined the fuzzy s et. Asa generalization of fuzzy sets, Atanassov [5] introduced the 
degree of nonmembership /falsehood (f) in 1986 and defined the intuitionistic fuzzy set. Smarandache 
introduced the degree of indeterminacy /neutrality (i) as an independent component in 1995 (published 
in 1998) and defined the neutrosophic set on three components: 


(t, i, f) = (truth, indeterminacy, falsehood) 
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For more details, refer to the following site: 
http://fs.gallup.unm.edu/FlorentinSmarandache.htm 


In this paper, we discuss a neutrosophic V-structure with an application to BCK / BCI-algebras. 
We introduce the notions of a neutrosophic V-subalgebra and a (closed) neutrosophic V-ideal in a 
BCK/BClI-algebra, and investigate related properties. We consider characterizations of a neutrosophic 
N-subalgebra and a neutrosophic V-ideal. We discuss relations between a neutrosophic N-subalgebra 
and a neutrosophic \-ideal. We provide conditions for a neutrosophic V-ideal to be a closed 
neutrosophic N-ideal. 


2. Preliminaries 


We let K(T) be the class of all algebras with type tT = (2,0). A BCI-algebra refers to a system 
X := (X,*,0) € K(t) in which the following axioms hold: 


() (xy) * (x *z)) * Z¥y) = 8, 
(I) (x*(x*y)) *y =8, 

(il) x*x =8@, 

(IV) xxy=y*x=0 x=y. 


for all x,y,z € X. Ifa BCLalgebra X satisfies 0 « x = @ for all x € X, then we say that X is a BCK-algebra. 
We can define a partial ordering = by 


(Vx,y Ee X)(xxy > xxy=8) 
In a BCK/BCI-algebra X, the following hold: 


(Vx € X) (x* 0 =x) (1) 
(Wx, y,z © X) ((x¥y) *z = (x¥z) ¥y) (2) 


A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all 
xyes. 
A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies the following: 


(1) OE], 
(2) (VxyEe X)(xxyeELyel >xel). 


We refer the reader to the books [6,7] for further information regarding BCK/BClI-algebras. 
For any family {a; | i € A} of real numbers, we define 


Via; |i AP = max{4; | EA} if Ais finite 
sup{a;|i¢ A} otherwise 


min{a;|i¢ A} if A is finite 
i Ahk := 
Me een) inf{a;|i¢ A} otherwise 


We denote by F(X, |—1,0]) the collection of functions from a set X to [—1,0]. We say that an 
element of F(X,{—1,0]) is a negative-valued function from X to [—1,0] (briefly, N-function on X). 
An N-structure refers to an ordered pair (X, f) of X and an N-function f on X (see [3]). In what 
follows, we let X denote the nonempty universe of discourse unless otherwise specified. 

A neutrosophic N'-structure over X (see [8]) is defined to be the structure: 


i x _ x 
XN: (Ty/In/Fn) {esensarey [xe x} (3) 
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where Ty, Ij and Fy are V-functions on X, which are called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, respectively, 
on X. 

We note that every neutrosophic V-structure Xj over X satisfies the condition: 


(Vx € X) (—3 < Ty (x) + In(x) + Fu(x) < 0) 


3. Application in BCK/BCI-Algebras 
In this section, we take a BCK/BCI-algebra X as the universe of discourse unless 


otherwise specified. 


Definition 1. A neutrosophic N-structure Xj over X is called a neutrosophic N-subalgebra of X if the 
following condition is valid: 


Tn(x*y) < V{Tn(x), Tn(y)} 
(vx,ye X)] In(x*y) > A{In(x), In(y)} (4) 
Fy(x*y) < V{Fn(x), Fu(y)} 


Example 1. Consider a BCK-algebra X = {6,a,b,c} with the following Cayley table. 


a Fra BD * 
a Fra D/D 
ao 2 032 TD/8 
aoa oo DOC 
anra Dia 


The neutrosophic N-structure 


> 0 a b c 
N (—0.7,—0.2,—0.6)” (—0.5,—0.3,—0.4)’” (—0.5,—0.3,—0.4)” (—0.3,—0.8,—0.5) 


over X is a neutrosophic N -subalgebra of X. 


Let Xy be a neutrosophic N-structure over X and let «, 6, y € [—1,0] be such that —3 < a+ B+ 
¥y < 0. Consider the following sets: 


Ty := {x € X | Ty(x) < a} 
re := {x € X | In(x) > B} 
Fe := {x € X | Ey(x) < 7} 


The set 
Xn (a, B,) = {x € X | Ty(x) < a, Ly (x) > B,Fn(x) <7} 
is called the (a, B, y)-level set of Xj. Note that 
Xn(@, 6,7) = THIN OF 
Theorem 1. Let Xj be a neutrosophic N-structure over X and let «,B,y € [—1,0] be such that —3 < 


a+pBt+y7 <0. If Xn is a neutrosophic N-subalgebra of X, then the nonempty («, B, y)-level set of Xx is a 
subalgebra of X. 
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Proof. Let a, 8B, y € [—1,0] be such that —-3 <a+B+~7< Oand Xy(a,B,7) #@. If x,y € Xn(a, 8,7), 
then Ty (x) < «, Iy(x) > B, Ey(x) < ¥, Tn(y) < 4, In(y) => Band Fy(y) < ¥. It follows from 
Equation (4) that 


Tn(x *y) < V{Tn(x),Tn(y)} < a 
Ty(x*y) = A{In(x), In(y)} = B 
Fy(x*y) < V{En(x " NYE SY 
ete 


Hence, x * y € Xn(a, and therefore Xn(a, 6, y) is a subalgebra of X. 


Theorem 2. Let Xn be a neutrosophic N-structure over X and assume that Tt, I i: and Fy), are subalgebras of 
X for all x, B,y € [—1,0] with -3 <a+B++¥ <0. Then Xj is a neutrosophic N-subalgebra of X. 


Proof. Assume that there exist a,b € X such that Ty(a*b) > V{Tn(a), Ty(b)}. Then Ty (a*b) > ty > 
V{Tn (a), Tn (b)} for some ty € [—1,0). Hence a,b € Te but a*b ¢ T\*, which is a contradiction. Thus 


Tn(x*¥) S V{Tw(x), Try) 
for all x,y € X. If In(a*b) < A{In(a), In(b)} for some a,b € X, then 


Iy(a*b) < tg < \{In(@), In(b)} 


where tg := 4 {Iy(a*b)+A{Iy(q),Iy(b)}}. Thus a,b € If andaxb € Ih, which is a 
contradiction. Therefore 


In(x*y) = AtIn(x), In(y)} 
for all x,y € X. Now, suppose that there exist a,b € X and t, € [—1,0) such that 


Fy(a*b) > ty > \V {Fr (a), En(b)} 
Then a,b € FY anda*xb¢€éF an which is a contradiction. Hence 


Fy(x*y) < \V{Fw(x),Fu(y)} 


for all x,y € X. Therefore Xn is a neutrosophic \V-subalgebra of X. 


Because [—1,0] is a completely distributive lattice with respect to the usual ordering, we have the 
following theorem. 


Theorem 3. If {Xy, | i € N} is a family of neutrosophic N-subalgebras of X, then ({Xw, | i € N}, C) forms 
a complete distributive lattice. 


Proposition 1. If a neutrosophic N-structure Xj over X is a neutrosophic N-subalgebra of X, then Ty (0) < 
Tn (x), In(@) > In(x) and Fy(@) < Fry(x) for all x € X. 


Proof. Straightforward. 


Theorem 4. Let Xn be a neutrosophic N-subalgebra of X. If there exists a sequence {ay} in X such that 
lim Tn(4n) = -1, lim Ty (an) = Oand lim Fy (an) = —1, then Ty (0) = —1, In(0) = Oand Fy (0) = —1. 
n foe) n foe) n fore) 


Proof. By Proposition 1, we have Ty(@) < Ty(x), In(@) = Iy(x) and Fy(@) < Fy(x) for all x € 
X. Hence Tn (0) < Tn (an), Ty (an) Ss In (0 ) and Fy 6) < F(a 


< n) for every positive integer n. It 
follows that 
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-l1< Tn (@) < lim Tn (an) =-1 
n—oo 

0 > In(0) > Tim In (4n) =0 

-l1< Fu (0) < Tim Fy (4n) ==] 


Hence Ty (@) = —1, In(@) = 0 and Fy(@) = —1. 


Proposition 2. If every neutrosophic N-subalgebra Xj of X satisfies: 


Tn (x *y) < Ty(y), In(x *y) = In(y), F(x *y) < Fry) (5) 


forall x,y € X, then Xj is constant. 


Proof. Using Equations (1) and (5), we have Ty (x) = Ty(x * 0) < Tn (0), In(x) = In (x * 0) > In (0) 
and Fy (x) = Fy(x *@) < Fx(@) for all x € X. It follows from Proposition 1 that Ty(x) = Ty(@), 
Iy(x) = Iy(@) and Fy(x) = Fy (@) for all x € X. Therefore Xj is constant. 


Definition 2. A neutrosophic N-structure Xx over X is called a neutrosophic N-ideal of X if the following 
assertion is valid: 


ae < Ty (x) < V{Tn(x *y), Tn(y)} 
(vx,ye X) | In(@) = In(x) = AtIn(x* y), In(y)} (6) 
Fy(@) < F(x) < V{FEn(x *y), Fu(y)} 


Example 2. The neutrosophic N-structure Xj over X in Example 1 is a neutrosophic N-ideal of X. 


Example 3. Consider a BCI-algebra X := Y x Z where (Y,*,@) is a BCI-algebra and (Z, —,0) is the adjoint 
BCI-algebra of the additive group (Z, +,0) of integers (see [6]). Let Xx be a neutrosophic N-structure over X 
given by 


Xn = {aia lee ¥ x (NU {0} }U f gy |x ex (NU{O})} 
where x,y € [—1,0) and B € (—1,0]. Then Xj is a neutrosophic N-ideal of X. 


Proposition 3. Every neutrosophic N-ideal Xj of X satisfies the following assertions: 


(x,y € X)(x xy => Ty(x) < Tn(y), In(x) = In(y), Fx(x) < Fru(y)) (7) 


Proof. Let x,y € X be such that x x y. Then x * y = 6, and so 
T(x) < V{Tw(x*y), Tw(y)} = V{Tn(®), Tn (y)} = Try) 


T(x) => A{In(x * 9), In(y)} = AtIn (0), In(y)} = In(y) 
Fy (x) < V{Fu(x *y), Fy) } = V{En (8), Fx (y) } = Fry) 


This completes the proof. 


Proposition 4. Let Xj be a neutrosophic N-ideal of X. Then 


(1) Tw(x*y) S$ Tr((x¥y) *y) > Tr ((x #2) * (y*2Z)) < Tr(a ¥y) *2) 
(2) In(x*y) 2 In((x*y) *Y¥) > In((x #2) * (y*2)) = In((x *y) *2) 
(3) Fu(x*y) S Fru((x*y) *y) > Fr((x *2) * (y*2z)) S Fru((x*y) *2) 


forall x,y,z € X. 


ad 
=F 
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Proof. Note that 
((x * (y*z)) *z)*z x (xy) *z (8) 


for all x,y,z € X. Assume that Ty (x *y) < Ty((x*y) *y), In(x*y) > In((x *y) xy) and Fy(x*y) < 
Fy ((x * y) * y) for all x,y € X. It follows from Equation (2) and Proposition 3 that 


and 


for all x,y € X. 
Conversely, suppose 


Tn ((x * Zz) * (y*Zz)) < Ty((x * y) *Z) 
In ((x *Z) * (y*z)) 2 In((x *y) #2) (9) 
Fu((x *z) * (y*Z)) < En((x *y) *z) 


for all x,y,z € X. If we substitute z for y in Equation (9), then 


Ty (x *Z) = Ty((x *z) * 0) = Ty ((x *Z) * (Z*Z)) < Ty ((x * Zz) *Z) 
In(x * Zz) = In((x * Zz) * 0) = In((x *Z) * (z*Z)) 


= 
Fru(x*z) = Fy((x *z) * 0) = Fy((x *z) *(z*z)) < 


for all x,z € X by using (III) and Equation (1). 


Theorem 5. Let Xn be a neutrosophic N-structure over X and let a,B,y € [—1,0] be such that 
—3 <a+fB+y7 < 0. If Xn is a neutrosophic N-ideal of X, then the nonempty (a, B,y)-level set of 
Xn is an ideal of X. 


Proof. Assume that Xyn(a,B,y) # © for «,B,y € [-1,0] with -3 < a+f+y7 < 0. Clearly, 0 € 
Xn (a, B,y). Let x,y € X be such that x * y © Xn(a, B,y) andy € Xn(a,B,y). Then Ty(x*y) < a, 
In(x*y) > B, F(x *y) < 7, Tn(y) < &, In(y) > Band Fy(y) < ¥. It follows from Equation (6) that 


Ty(x) < V{Tn(x*y),Tn(y)} < « 
In(x) > {n(x *y), In(y)} = B 
Fy (x) < \V{Fu(x*y),Fu(y)} <7 


so that x € Xn(a, B, y). Therefore Xn (a, B, 7) is an ideal of X. 


Z 
= 
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Theorem 6. Let Xj be a neutrosophic N-structure over X and assume that TX, If and Fy, are ideals of X for 
all x, B, y € [—1,0] with -3 <a+B++ <0. Then Xy is a neutrosophic N -ideal of X. 


Proof. If there exist a,b,c € X such that Ty(@) > Tn(a), In(@) < In(b) and Fy(@) > Fn(c), 


respectively, then Ty(9) > a: > Tn(a), In(@) < bj; < In(b) and Fy(@) > ce > Fr(c) for some 


at,c¢ € [-1,0) and b; € (—1,0]. Then 0 ¢ Ty, 6 ¢ i and 0 ¢ Fi. This is a contradiction. 


Hence, Ty (8) < Ty (x), In(@) => In(x) and Fy (0) < Fy(x) for all x € X. Assume that there exist 
at, bt, ;,b;,a¢,b¢ € X such that Ty (ar) > V{Tn (at * br), Tw (bt) }, In (ai) < A{ In (ai * bi), In (bj) } and 
Fx (ar) > V{ En (a¢ * bf), Fn (bp) }. Then there exist s+,s¢ € [—1,0) and s; € (—1,0] such that 


Tn (at) > s> V {Tn (at * bt), Tn (bt) } 
In (ai) < si < (\ {In (4; * bi), In(ti)} 
Fy (ap) > s¢ > \V {Fn (ap * by), Fr (bp) } 


It follows that a; * by € Ty, bt € Ty, a «0; © Tht, b; € IX, ape by € FY and by € Fi. However, 
a, € Txt, a; ¢ IX, and ar ¢ Fe, This is a contradiction, and so 


T(x) < \V{Tn(x*y),Tn(y)} 
In(x) > {n(x *y), In(y)} 
Fy (x) < \V {Fn (x * y), Fr (y)} 


for all x,y € X. Therefore Xy is a neutrosophic N-ideal of X. 


Proposition 5. For any neutrosophic N-ideal Xj of X, we have 


Ty (x) < V{Tn(y), Tn (z)} 
(Vx,y,z2E€X)] xeyxX%z => 4 In(x) > A{In(y), In(z)} (10) 
Fy (x) < V{En(y), Fn(z)} 


Proof. Let x,y,z € X be such that x * y < z. Then (x * y) *z = 6, and so 


Tn (x *y) )< Vi{Tn(( ((x*y) *z), Tn(z )} = Vi{Tn (0), Tn (z)} = Tn(z) 
In(x*y) > AfIn((x *y) 2), In(z)} = A {In (0), In(z)} = In(z) 
Fy (x *y) < \V{FEn((x *y) *2), F(z)} = {Fr (8), Fr (z)} = Fr(z) 


It follows that 
T(x) < \V{Tn(x*y),Tw(y)} < V{Tn(y), Tw(z)} 
In (x) ) > Alln(x *y), In(y )} > Alin) ), In(z)$ 
Fy (x) )< V {Fn ( (x*y), Fu(y )} & V {Fn(y) (y), Fn (z)$ 
This completes the proof. 


Theorem 7. In a BCK-algebra, every neutrosophic N-ideal is a neutrosophic N-subalgebra. 


Proof. Let Xx be a neutrosophic N-ideal of a BCK-algebra X. For any x,y € X, we have 
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Ty(x¥y) < \V{Tw((x *y) * x), Tw(x)} = \V {Tn ((x * x) *y), T(x) } 
= \V/{Tw(0*y), Tw(x)} = {Tw (0), Tw (x) } 
< V{Tn(x), Tu(y)} 


In(x*y) > A {n(x *y) * x), In(x)} = {In ((x * x) *y), In(x)} 
= AtIn (0 *y), In(x)} = Afi (9), Lv (x)} 
> [{In(y), In(x)} 


and 
Fy(x*y) < \V{Fw((x *y) *x), Fu (x)} = es (x «x) *y), Fr(x)} 
= \V/{Fn(0 *y), Fu (x)} = \V {Fn (8), F(x) } 
< V{Fu(x),Fu(y)} 


Hence Xn is a neutrosophic \V-subalgebra of a BCK-algebra X. 


The converse of Theorem 7 may not be true in general, as seen in the following example. 


Example 4. Consider a BCK-algebra X = {0,1,2,3,4} with the following Cayley table. 


mPwWNFeF DB! ¥ 
PwoNeFY DD 
Ror DS De 
Pwo DD DN 
opvrao aw 
SBaooo DF 


Let Xj be a neutrosophic N-structure over X, which is given as follows: 


Xn = 6 1 
N (—0.8,0,-1)’ (—0.8,—0.2,—0.9)’ 


2 3 4 
(-02,-0.6,—05)’ (—07,-04,-07)’ (—-04,—0.8,—0.3) 


Then Xj is a neutrosophic N-subalgebra of X, but it is not a neutrosophic N-ideal of X as 
Ty(2) = —0.2 > —0.7 = V{Tn(2 *3),Tn(3)}, In(4) = —0.8 < —0.4 = A{In(4 * 3), In(3)}, or 
Fy (4) = —0.3 > —0.7 = V{Fu(4*3), Fn(3)}. 


Theorem 7 is not valid in a BCI-algebra; that is, if X is a BCI-algebra, then there is a neutrosophic 
N-ideal that is not a neutrosophic \V-subalgebra, as seen in the following example. 


Example 5. Consider the neutrosophic N-ideal Xj of X in Example 3. If we take x := (0,0) and y := (6,1) 
in Y x (NU {0}), then x * y = (0,0) x (0,1) = (6,—1) € Y x (NU {0}). Hence 


Tn (x * y) =(S#=\/{Ty@) x) aes 
In@ey) =—<0= Atin@) in} on 
Pee y) =0> y= Vln) Fly) 


Therefore Xn is not a neutrosophic N -subalgebra of X. 
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For any elements w;, Wj, w ee X, we consider sets: 
Xn = {x EX | Tn (x) < Tn (wz) } 
XN = {x € X | In(x) > In(wi)} 
XV i= {x EX| E(x) < Fy (w,)} 


Clearly, w; € peels w; € x and wy € x ; 
Theorem 8. Let w, w; and wr be any elements of X. If Xn is a neutrosophic N-ideal of X, then Xx', bee 
and X,;' are ideals of X. 
Proof. Clearly, 6 € Xy!,0 € Xi and 6 € eee . Let x,y € X be such that x * y © XN'N XIN x7 and 
y € Xt X#i A XA. Then 
Ty(x*y) S Tn(wr), Tn(y) S Tr(wr) 


I(x *y) = In(@i), In(y) = In (wi) 
Fy(x*y) < Fu(we), Fry) < Fru(w) 


It follows from Equation (6) that 


Ty (x) < VW{Tn(x*y),Tn(y)} < Tw(wt) 
In(x) > Af{In (x * y), In(y)} = In (wi) 
Fy (x) < \V{Fu(x *y), Fu(y)} < Frwy) 


Hence x € XX'N XVI N Poe ,and therefore XX, Ae and x are ideals of X. 
Theorem 9. Let w, Wj, W fe X and let Xx be a neutrosophic N-structure over X. Then 
) If Xxt, Xxi and es are ideals of X, then the following assertion is valid: 


Ty(x) 2 V{Tn(y #2), Tn(Z)} => Ty(x) 2 Tn’y) 
n(x) S AtIn(y 2), In(z)} = In(x) < In(y) (11) 


(Vx,y,zEX)] I 
Fy(x) = V{Fn(y *Z),Fn(z)} = Fu(x) = En(y) 


If Xy satisfies Equation (11) and 
(Vx € X) (Ty (@) < Tn (x), In (0) = In(x), Fn (@) < Fr(x)) (12) 
then XX', Xyji and pots are ideals of X for all w, € Im(Ty), w; € Im(Iy) and wy € Im(Fy). 


Proof. (1) Assume that Xy!', Xx and ees are ideals of X for wy, w;, we € X. Let x,y,z € X be such 
that Ty(x) = V{Tn(y * 2), Ty(z z)}, In(x) < Af{In(y * 2), In(2)} and Fr(x) = V{En(y * 2), Fv (Z)}- 
Then y*z € XN' A XIN Xe and z € XViN Xin Xv, where w; = w; = wy = x. It follows 
from (12) that y € X@!n X¥i a XV for w, = w; = wy = x. Hence Ty(y) < Ty(wt) = Tn(x), 
In(y) = In(w;) = Iy(x ane Ey(y) < Fy(ws) = Fr (x). 
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(2) Let w, € Im(Ty), w; € Im(In) and w, € Im(Fy) and suppose that Xj satisfies Equations (11) 
and (12). Clearly, 0 € XX! 0 Xn a x by Equation (12). Let x,y € X be such that x « y € XX'N XX 
Xx’ and y € XN'N Xx N Xy/. Then 


Tn (x *y) < Tw(wr), Tn(y) < Tn(2) 
In(x*y) = In(@i), In(y) = In(a%) 
Fy (x *y) < Fu(we), En(y) S Fr (ws) 


which implies that V{Tn(x * y),Tn(y)} < Tn(wr), A{In(x *y),In(y)} > In(wj), and V{En(x * 
y),Fu(y)} < Fu(ws). It follows from Equation (11) that Ty(w+) > T(x), In(wi) < In(x) and 


Fy (wy) > Fy(x). Thus, x € XX'N XN Xy) and therefore X@", X{! and X¥/ are ideals of X. 


Definition 3. A neutrosophic N-ideal Xj of X is said to be closed if it is a neutrosophic N-subalgebra of X. 


Example 6. Consider a BCI-algebra X = {0,1,a,b,c} with the following Cayley table. 


a Far DBD! ¥ 
a Faroe 
a Fa DB Des 
SFTa va gla 
awa eee 
DBA Fa Qa 


Let Xj be a neutrosophic N-structure over X which is given as follows: 


Ke = é 1 a 
N (—0.9,—0.3,—0.8)’ (—0.7,—0.4,—0.7)’ (—0.6,—0.8,—0.3) ” 


b a 
(—0.2,—0.6,—0.3)” (—0.2,—0.8, or} 


Then Xj is a closed neutrosophic N-ideal of X. 


Theorem 10. Let X be a BCI-algebra, For any «4, &2,71,Y2 € [—1,0) and By, Bz € (—1,0] with a, < a, 
1 < Y2 and Bi > Bo, let Xn := ae be a neutrosophic N’-structure over X given as follows: 


a, ifx eX, 


Ty : X > |-1,0|, xH : 
¥ | ae & otherwise 


Bi ifxe Xy 
Iy: X —1 
Nee Nl) ae B2 otherwise 


y «ifx € Xt 


Fy : X > |-1,0], x : 
" bt Y2 otherwise 


where X, = {x € X|@~= x}. Then Xn isa closed neutrosophic N-ideal of X. 


Proof. Because 6 € X,, we have Ty (0) = a1 < Ty (x), In(0) = Bi = In(x) and Fy(@) = 11 < Fr(x) 
for allx € X. Let x,y € X. If x € X4, then 


Ty (x) = a1 < \V{Tn(x*y), Tn(y)} 


In(x) = Bi = A\f{In(x*y), In(y)} 
Fy(x) = < VV {F(x *y), Fu(y)} 
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Suppose that x ¢ X,. Ifx*xy € X, theny ¢ X,,andif y € X; thenx*y ¢ X4. Ineither case, 
we have 
Ty (x) = a2 = \/ {Tw (x * y), Tw (y)} 
In (x) = B2 = A{In(x*y), Iny)} 
Fu(x) = 12 = V{Fu(x +), Fr(y)} 


For any x,y € X, if any one of x and y does not belong to X+, then 


Tn(x*Yy) <a = V {Tn (x) y)} 
In(x*y) > Bo = {In (x) Mo) 
Fy(x*y) <2 = VE (x) y)} 


If x,y € X,, then x xy € X,_. Hence 


Ty(x*y) = a1 = \/{Tn(x) y)} 
In(x*y) = Bi = Af (2) ®) 
Fu(x*y) = Vie y)} 


Therefore Xj is a closed neutrosophic N-ideal of X. 


Proposition 6. Every closed neutrosophic N-ideal Xx of a BCI-algebra X satisfies the following condition: 


(Vx € X) (Tn (0 *x) < Ty (x), In(O* x) > In(x), Fy (0 * x) < Fry(x)) (13) 


Proof. Straightforward. 


We provide conditions for a neutrosophic \-ideal to be closed. 


Theorem 11. Let X be a BCI-algebra. If Xn is a neutrosophic N-ideal of X that satisfies the condition of 
Equation (13), then Xj is a neutrosophic N-subalgebra and hence is a closed neutrosophic N -ideal of X. 


Proof. Note that (x * y) * x < 6 *y for all x,y € X. Using Equations (10) and (13), we have 


Ty(x*y) < \V{Tw(x), Tw (0 *y)} < V{Tw(x), Tu(y)} 
In(x¥y) > A{In(x),In(0*y)} > A {In (x), In(y)} 
Fy(x*y) < \V{Fn(x), Fu (0 *y)} < VV {Fn (x), Fu (y)} 


Hence Xj is aneutrosophic \-subalgebra and is therefore a closed neutrosophic V-ideal of X. 
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Abstract: The notion of a neutrosophic commutative \-ideal in BCK-algebras is introduced, 
and several properties are investigated. Relations between a neutrosophic V-ideal and a neutrosophic 
commutative \V-ideal are discussed. Characterizations of a neutrosophic commutative /V-ideal 
are considered. 


Keywords: neutrosophic N-structure; neutrosophic N-ideal; neutrosophic commutative N-ideal 


1. Introduction 


As a generalization of fuzzy sets, Atanassov [1] introduced the degree of nonmembership/ 
falsehood (f) in 1986 and defined the intuitionistic fuzzy set. 

Smarandache proposed the term “neutrosophic” because “neutrosophic” etymologically comes 
from “neutrosophy” [French neutre < Latin neuter, neutral, and Greek sophia, skill/wisdom] which 
means knowledge of neutral thought, and this third/neutral represents the main distinction 
between “fuzzy” /“intuitionistic fuzzy” logic/set and “neutrosophic” logic/set, i.e., the included middle 
component (Lupasco-Nicolescu’s logic in philosophy), i.e., the neutral /indeterminate/unknown 
part (besides the “truth”/“membership” and “falsehood” /“non-membership” components that 
both appear in fuzzy logic/set). Smarandache introduced the degree of indeterminacy /neutrality 
(i) as an independent component in 1995 (published in 1998) and defined the neutrosophic set on 
three components 


(t, i, f) = (truth, indeterminacy, falsehood). 


For more details, refer to the site http: / /fs.gallup.unm.edu/FlorentinSmarandache.htm. 

Jun et al. [2] introduced a new function which is called negative-valued function, and 
constructed \/-structures. Khan et al. [3] introduced the notion of neutrosophic V-structure 
and applied it to a semigroup. Jun et al. [4] applied the notion of neutrosophic \-structure to 
BCK/BCI-algebras. They introduced the notions of a neutrosophic \/-subalgebra and a (closed) 
neutrosophic V-ideal ina BCK/BCI-algebra, and investigated related properties. They also considered 
characterizations of a neutrosophic \V-subalgebra and a neutrosophic /V-ideal, and discussed relations 
between a neutrosophic \V-subalgebra and a neutrosophic \’-ideal. They provided conditions for 
a neutrosophic \V-ideal to be a closed neutrosophic \V-ideal. BCK-algebras entered into mathematics in 
1966 through the work of Imai and Iséki [5], and have been applied to many branches of mathematics, 
such as group theory, functional analysis, probability theory and topology. Such algebras generalize 
Boolean rings as well as Boolean D-posets (= MV-algebras). Also, Iséki introduced the notion of 
a BCI-algebra which is a generalization of a BCK-algebra (see [6]). 
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In this paper, we introduce the notion of a neutrosophic commutative \V-ideal in BCK-algebras, 
and investigate several properties. We consider relations between a neutrosophic \V-ideal and 
a neutrosophic commutative V-ideal. We discuss characterizations of a neutrosophic commutative 


N-ideal. 


2. Preliminaries 


By a BCI-algebra, we mean a system X := (X,*,0) € K(T) in which the following axioms hold: 


()  ((x *y) * (x *z)) * (Zz ¥y) =0, 
(I) (xa (x¥y)) ey =0, 
dp x*x*x=0, 

GY). #229] yexau |S s=7 


for all x,y,z € X. Ifa BCI-algebra X satisfies 0 * x = 0 for all x € X, then we say that X is a BCK-algebra. 
We can define a partial ordering =< by 


VayeX\@xny > x*y=0). 
In a BCK/BCI-algebra X, the following hold: 


(Vx € X) (x*0=x), (1) 
(x,y,z € X) ((eay)ez= (x42) 4), Q) 


A BCk-algebra X is said to be commutative if it satisfies the following equality: 
(Vx,y © X) (x* (x*y) = y* (y*x))- (3) 
A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies 


der, (4) 
(Vx,ye X)(xxyelyel > xeEl). (5) 


A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (4) and 
(Vx,y,z € X)((x*xy)*zELzel > xx*(y*(y*x)) ED). (6) 
Lemma 1. An ideal I is commutative if and only if the following assertion is valid. 
(Vx,y © X) (xey el => xx (y*(y*x)) € I). (7) 


We refer the reader to the books [7,8] for further information regarding BCK/BCI-algebras. 
For any family {a; | i € A} of real numbers, we define 
\{a;|i€ A} = max {dj |i EA} if Ais finite, 
sup{a;|i¢ A} otherwise. 
; min{a;|i¢ A} if A is finite, 
; Ab:= 
Paseo) inf{a;|i€ A} — otherwise. 
Denote by F(X, [—1,0]) the collection of functions from a set X to [—1, 0]. We say that an element of 
F(X, [—1,0]) is a negative-valued function from X to [—1,0] (briefly, W’-function on X). By an N-structure, 


we mean an ordered pair (X, f) of X and an N-function f on X (see [2]). A neutrosophic N-structure 
over a nonempty universe of discourse X (see [3]) is defined to be the structure 
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gees x = x 
= tay Ey) fecoesarrey |x€ x} 8) 


where Ty, Iy and Fy are \’-functions on X which are called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, respectively, 
on X. 

Note that every neutrosophic V-structure Xj over X satisfies the condition: 


(vx € X)(—3 < Ty(x) + In(x) + Ex(x) <0). 


3. Neutrosophic Commutative \V-Ideals 


In what follows, let X denote a BCK-algebra unless otherwise specified. 


Definition 1 ([4]). A neutrosophic N-structure Xj over X is called a neutrosophic N-ideal of X if the 
following assertion is valid. 


Ty (0) < Tn(x) < V{Tn(x * y), Tn(y)} 
(Vx,y © X)] In(0) > In(x) > A{In(x *y), In(y)} (9) 
Fy (0) < F(x) < V{En(x *y), Fry) } 


Definition 2. A neutrosophic N’-structure Xx over X is called a neutrosophic commutative N-ideal of X if 
the following assertions are valid. 


(Vx € X) (Ty (0) < T(x), In (0) = In(x), Fu(0) S Fruy(x)), (10) 
Ty(x* (y* (y*x))) S ViTn((x *y) #2), Tn(Z)} 

(Vx,y,z © X) | In(x* (y* (y*x))) 2 AtIn((x*y) #2), In} - (11) 
Fry (x * (y* (y*x))) < Vi Fw ((x *y) * 2), Frv(2)} 


Example 1. Consider a BCK-algebra X = {0,1,2,3,4} with the Cayley table which is given in Table 1. 


aR 


Table 1. Cayley table for the binary operation 


* 


BwoN Fr © 

BPwWNrF OC] SO 
PwWON OC] > 
ewWOoOrFOC!N 
rOoONrF OC] Ww 
COWNF OO] 


The neutrosophic N'-structure 


Go 0 1 2 3 4 
N (—0.8,-02,-0.9)’ (—0.3,-0.9,-05)’ (—0.7,-0.7,-04)’ (—0.3,-0.6,-0.7)’ (-05,—03,—0.1) 


over X is a neutrosophic commutative N -ideal of X. 
Theorem 1. Every neutrosophic commutative N-ideal is a neutrosophic N -ideal. 


Proof. Let Xx be a neutrosophic commutative N-ideal of X. For every x,z € X, we have 
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Tn (x) = Ty (x * (O0* (0*x))) < V{Tn((x +0) *z),Ty(z)} = V{Tn(x *Z),Tn(z)}, 
lyiz) = in (es (C# (0e2))) > {ln ((x eO) a2) Eyl = fin (x * Z), In(z)}, 
u(x) = Eu(e 2s 0s (042))) =< VV {En (x +0) *z),Fy(z)} = VV {En (x * Z), Fy(z)} 


by putting y = 0 in (11) and using (1). Therefore, Xy is a neutrosophic commutative \-ideal of X. 


The converse of Theorem 1 is not true in general as seen in the following example. 
Example 2. Consider a BCK-algebra X = {0,1,2,3,4} with the Cayley table which is given in Table 2. 


Table 2. Cayley table for the binary operation “+” 


* 


BwoNr OO 

BPwWNrF OC] OS 
PON OO] - 
EewWOoOrRO!N 
wWwooond|w 
ooo°co| 


The neutrosophic N’-structure 


Nw 


0 1 2 3 4 
{; 0.8,-0.1,-0.7)’ (-0.7,-0.6,-0.6)’ (—0.6,-0.2,—04)’ (—0.3,-08,-04)’ (—03,-08, on} 


over X is a neutrosophic N-ideal of X. But it is not a neutrosophic commutative N-ideal of X since Fyy(2 * (3 * 
(3 *2)) = Fy(2) = —0.4 € —0.7 = V{En((2 * 3) « 0), Fy (0)}- 


We consider characterizations of a neutrosophic commutative \V-ideal. 


Theorem 2. Let Xn be a neutrosophic N-ideal of X. Then, Xj is a neutrosophic commutative N-ideal of X if 
and only if the following assertion is valid. 


Ty (x * (y* (y*x))) S Tu(x *y), 
(Vx,y © X) | In(x* (y* (y*x))) > In(x*y), : (12) 
Fr (x * (y* (y*x))) S Fu(x*y) 
Proof. Assume that Xn is a neutrosophic commutative \-ideal of X. The assertion (12) is by taking 


z = Oin (11) and using (1) and (10). 
Conversely, suppose that a neutrosophic N-ideal Xj of X satisfies the condition (12). Then, 


Tu(x*y) < V{Tn((x * y) *Z), Tw (Z)} 
(Vx,y eX) |] In(xxy) > A{In((x * y) *z), In(z)} ‘ (13) 
Fy(x*y) < V{En((x * y) * 2), Fn(z)} 


It follows that the condition (11) is induced by (12) and (13). Therefore, Xx is a neutrosophic 
commutative \V-ideal of X. 


Lemma 2 ([4]). For any neutrosophic N’-ideal Xj of X, we have 


Ty (x) < V{Tw(y), Tn(z)} 
(Vayz2eR)| ey ane =>< Ine) > Alin(y) Iniz)} : (14) 
Fy (x) < V{En(y), En(z)} 
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Theorem 3. In a commutative BCK-algebra, every neutrosophic N-ideal is a neutrosophic commutative 
N-ideal. 


Proof. Let Xx be a neutrosophic N-ideal of a commutative BCK-algebra X. For any x,y,z € X, 
we have 


((x * (y * (y*x))) * (XY) #2) #2 
= ((x* (y * (y* x))) #2) * (2 *Y) *2) 

x (x (y* (y*x))) * (2 ¥y) 

= (x* (x¥y)) * ¥* y*x)) = 0, 


that is, (x * (y * (y * x))) * ((x *y) *zZ) ~ z. It follows from Lemma 2 that 


Ty (x * (y* (y*x))) < V{Tu((x*y) *2), Tw(z)}, 
In (x * (y* (y*x))) = A{In((x*y) *2), In(2)}, 
Fy (x* (y* (y*x))) < \V{Fw((x*y) *2), Fu(2)}- 


Therefore, Xy is a neutrosophic commutative N-ideal of X. 


Let Xy be a neutrosophic N-structure over X and let «, B, y € [—1,0] be such that —3 < a+ B+ 
7 < 0. Consider the following sets. 


Tea {ee X | Te) aah 
If = {x € X | In(x) > B}, 
Fy = {x € X | Fy(x) < 7}. 


The set 
Xn (a, B,7) = {x © X | Ty(x) < a I(x) > By Fw(x) <7} 
is called the (a, B, y)-level set of Xn. It is clear that 
Xn (a, B,) = TH OIG FY. 


Theorem 4. If Xy is a neutrosophic N-ideal of X, then TX, if and Fx, are commutative ideals of X for all 
a, B, y € [-1,0] with -3 <a+B++¥ < 0 whenever they are nonempty. 


We call Ty, I is and ae level commutative ideals of Xn. 


Proof. Assume that TX, We and F;, are nonempty for all a, B,y € [—1,0] with -3 <a+B+y7<0. 
Then, x € Ty, y € Nb and z € Fy for some x,y,z € X. Thus, Ty (0) < Ty(x) < 4, In(0) = In(y) = B, 
and Fy(0) < F(z) < 7, that is, 0 € TAN ite Fi. Let (x*y)*z € T% and z € T%. Then, 
Tn((x* y) *z) <a and Ty(z) < a, which imply that 


Ty (x * (y * (y*x))) < V{Tn((x *y) #2), Tn(z)} So, 


that is, x * (y* (y*x)) € Ty. If (a*b)*ce id andc € i then Iy((a*b) *c) > Band In(c) > B. 
Thus 


In (a (b* (b*c))) > A\{In((a*b) *c), In(c)} = B, 


161 


Florentin Smarandache (author and editor) Collected Papers, IX 


and so a*(b*(bx*c)) € i. Finally, suppose that (u xv) *w € Fi and w € Fi. Then, 
Fy((ux*v) *w) < yand Fy(w) < y. Thus, 


Fy(u* (v* (v*w))) < V {Fn ((u *v) *w),Fn(w)} <7, 


that is, u * (v * (v* w)) € Fi). Therefore, TS, He and F;, are commutative ideals of X. 


Corollary 1. Let Xn be a neutrosophic N-structure over X and let «,B,y € [—1,0] be such that 
—3<a+6++7<0. If Xn is a neutrosophic commutative N-ideal of X, then the nonempty («, B, y)-level 
set of Xy is a commutative ideal of X. 


Proof. Straightforward. 


Lemma 3 ([4]). Let Xn be a neutrosophic N-structure over X and assume that Ty, I oo and Fy, are ideals of X 
for all x, B, y € [-1,0] with -3 <a+B++ <0. Then Xn is a neutrosophic N-ideal of X. 


Theorem 5. Let Xj be a neutrosophic N’-structure over X and assume that T%,, I if and ES are commutative 
ideals of X for all x, B,y € [—1,0] with -3 <a+fB++¥7 <0. Then, Xn is a neutrosophic commutative 
N-ideal of X. 


Proof. If Tx, I c and E are commutative ideals of X, then they are ideals of X. Hence, Xn is a 

neutrosophic \’-ideal of X by Lemma 3. Let x,y € X and a,B,y € [—1,0] with -3 <a+B+7<0 

such that Ty(x *y) = a, In(x*y) = Band Fy(x*y) = 7. Then, x*y € TAN ie nN Fy. Since 

THA If N Fy, is a commutative ideal of X, it follows from Lemma 1 that x * (y * (y* x)) € TEM te gree 
Hence 


Ty (x * (y * (y*x))) S& = Tyy(x* y), 
In (x * (y* (y*x))) 2 B= In(x*y), 
Fx (x * (y * (y*x))) S 7 = F(x). 


Therefore, Xy is a neutrosophic commutative N-ideal of X by Theorem 2. 


Theorem 6. Let f : X — X be an injective mapping. Given a neutrosophic N-structure Xx over X, 
the following are equivalent. 


(1) Xn is a neutrosophic commutative N -ideal of X, satisfying the following condition. 
(Vx eX) | In(f(x)) =In(x) | (15) 


(2) Ty, 1 fo and FX, are commutative ideals of Xx, satisfying the following condition. 
FTX) = TR FCN) = IN FEN) = Fi (16) 


Proof. Let Xj be a neutrosophic commutative \V-ideal of X, satisfying the condition (15). Then, Ty, 
If and Fy, are commutative ideals of Xj by Theorem 4. Let « € Im(Ty), B € Im(In), 7 € Im(Fy) and 
xe Te OIE NES. Then Ty (f(x)) = Tn (x) < a, In(f(x)) = In(x) > B and Fy(f(x)) = Fn(x) < 7. 
Thus, f(x) € T¢, If, 0 F2,, which shows that f(T%,) CT, f(Ik) C If and f (Fy) C Fi. Let y € X 
be such that f(y) = x. Then, Ty(y) = Tn(f(y)) = Tn(x) < & In(y) = Inf) = In(x) = B 
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and Fy(y) = Fy(f(y)) = F(x) < 7, which imply that y € TEN If, OF. Thus, x = f(y) € 
f(T) 1 (IR) 0 F (ER), and so TS C f (TR), 18 C F(R) and Fy, C f (Fy). Therefore (16) is valid. 
Conversely, assume that Ty, I i and Ee are commutative ideals of Xj, satisfying the condition (16). 


Then, Xn is a neutrosophic commutative N-ideal of X by Theorem 5. Let x,y,z € X be such that 
Tn(x) = 4, In(y) = Band Fy(z) = x. Note that 


Ty(x) =a => x € Th and x ¢ TH for alla > k, 


In(y) =B <> ye If andy ¢ If forall B < B, 


Fy(z) = 7 —>z € Fy andz ¢ Fy) for all y > 7. 


It follows from (16) that f(x) € Tt, f(y) € ie and f(z) € Fy). Hence, Ty(f(x)) < a, In(f(y)) > B 


and Fy (f(z)) < 7. Let & = Ty(f(x)), B = In(f(y)) and 7 = Fn(f(z)). Ifa > &, then f(x) € TS = 
f (T&), and thus x € T*, since f is one to one. This is a contradiction. Hence, Ty(f(x)) = « = Ty(x). 


If B < B, then f(y) € ite =f (1 4 which implies from the injectivity of f that y € I f a contradiction. 
Hence, Iy(f(x)) = B = In(x). If y > ¥, then f(z) € Fe =f (Fi). Since f is one to one, we have 
ZE Fi, which is a contradiction. Thus, Fy (f(x)) = 7 = Fy (x). This completes the proof. 


For any elements w, Wj, w fe X, we consider sets: 
Xn = {x € X | Tu(x) < Tu(ws)}, 
Xn = {x € X | In(x) > In(wi)}, 
xy! = {x € X | Fu(x) < Fu (wy)}. 
Obviously, w; € XX', w; € Xyi and wy € Ry: 
Lemma 4 ([4]). Let w;, w; and wy be any elements of X. If Xx is a neutrosophic N-ideal of X, then Xx, 
XNi and x are ideals of X. 


Theorem 7. Let w, w; and wy be any elements of X. If Xn is a neutrosophic commutative N-ideal of X, 


then XX', Xx and pee are commutative ideals of X. 


Proof. If Xj is a neutrosophic commutative N-ideal of X, then it is a neutrosophic N-ideal of X and 
so XX!, Xx! and x are ideals of X by Lemma 4. Let x * y € XX N XKIN x for any x,y € X. Then, 
Tn (x *y) < Tn(we), In(x *y) = Tn (aj) and Fy(x *y) < Fy(we). It follows from Theorem 2 that 


Tn (x * (y * (y*x))) < Tu(x *y) < Tn(or), 
In (x * (y * (y*x))) 2 In(x*y) 2 In(wi), 
Fx (x * (y * (y*x))) < Fux *y) < Frr(wy). 


Hence, x * (y * (y*x)) € XXIN XMM Xy and therefore X¢!, X@i and Xx! are commutative 
ideals of X by Lemma 1. 


Theorem 8. Any commutative ideal of X can be realized as level commutative ideals of some neutrosophic 
commutative N-ideal of X. 


Proof. Let A be a commutative ideal of X and let Xj be a neutrosophic /V-structure over X in which 
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a if xEeA, 


Ty: X —1,0], xb : 
y at |, x 0 otherwise, 


Bp ifxeEA, 
Iy i: X —1,0], 
le —1 otherwise, 


y if xEA, 


Fy : X —1,0], : 
ey =] mo 0 otherwise 


where «,y € [—1,0) and 6 € (—1,0]. Division into the following cases will verify that Xn is 
a neutrosophic commutative \-ideal of X. 
If (x*y) *z € Aandz € A, then x * (y * (y* x) € A. Thus, 


Ty((x*y) *Z) = Tn(Z) = Tnx (y* (Y**))) = 
In ((x *y) *2) = In(Z) = In (x * (y* (y*x))) = B, 
Fy ((x *y) #2) = Fru(Z) = E(x * (y* (¥*x))) = 1% 
and so (11) is clearly verified. 
If (x xy) *z€Aandz ¢ A, then Ty ((x * y) *z) = Tn(z) = 0, In((x xy) *Z) = In(z) = —Land 
Fu((x * y) *Z) = F(z) = 0. Hence 
Ty (x * (y* (y*x))) S$ V{Tn((x*y) *2), Tw(2)}, 
In(x* (y* (y*x))) = AfIn((x*y) #2), In(z)}, 
Ex(x* (y* (y*x))) < \V{En((x*y) *2), Fu(z)}- 


If (x*y) #2 € Aandz ¢ A, then Ty((x*y) *z) =a, Tw(z) = 0, Iiv((x*y) #2) = B, In(2) = 1, 
Fu((x*y) *z) = yand Fy(z) = 0. Therefore, 


Ty (x (y* (y*x))) < V{Tn((x*y) *2), Tw(2)}, 
In(x* (y* (y*x))) = AfIn((x*y) *2), In(2)}, 
Ex (x * (y* (y*x))) < {En ((x*y) *2), F(z}. 


Similarly, if (x « y) *z ¢ A andz € A, then (11) is verified. Therefore, X jis a neutrosophic 
commutative \-ideal of X. Obviously, Tt, = A, I ‘ = Aand F,, = A. This completes the proof. 


4. Conclusions 


In order to deal with the negative meaning of information, Jun et al. [2] have introduced a 
new function which is called negative-valued function, and constructed N-structures. The concept 
of neutrosophic set (NS) has been developed by Smarandache in [9,10] as a more general platform 
which extends the concepts of the classic set and fuzzy set, intuitionistic fuzzy set and interval valued 
intuitionistic fuzzy set. In this article, we have introduced the notion of a neutrosophic commutative 
N-ideal in BCK-algebras, and investigated several properties. We have considered relations between 
a neutrosophic \-ideal and a neutrosophic commutative \V-ideal. We have discussed characterizations 
of a neutrosophic commutative \V-ideal. 
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Compact Open Topology and Evaluation Map 
via Neutrosophic Sets 


R. Dhavaseelan, S. Jafari, F. Smarandache 


R. Dhavaseelan, Saeid Jafari, Florentin Smarandache (2017). Compact Open Topology 
and Evaluation Map via Neutrosophic Sets. Neutrosophic Sets and Systems 16, 35-38 


Abstract: The concept of neutrosophic locally compact and neutrosophic compact open topology are introduced and 


some interesting propositions are discussed. 


Keywords: neutrosophic locally Compact Hausdorff space; neutrosophic product topology; neutrosophic compact open 
topology; neutrosophic homeomorphism; neutrosophic evaluation map; Exponential map. 


1 Introduction and Preliminaries 


In 1965, Zadeh [19] introduced the useful notion of a fuzzy set 
and Chang [6] three years later offered the notion of fuzzy topo- 
logical space. Since then, several authors have generalized nu- 
merous concepts of general topology to the fuzzy setting. The 
concept of intuitionistic fuzzy set was introduced and studied 
by Atanassov [1] and subsequently some important research pa- 
pers published by him and his colleagues [2,3,4]. The concept 
of fuzzy compact open topology was introduced by S.Dang and 
A . Behera[9]. The concepts of intuitionistic evaluation maps by 
R.Dhavaseelan et al[9]. After the introduction of the concepts 
of neutrosophy and neutrosophic set by F. Smarandache [[11], 
[12]], the concepts of neutrosophic crisp set and neutrosophic 
crisp topological spaces were introduced by A. A. Salama and S. 
A. Alblowi[10]. 

In this paper the notion of neutrosophic compact open topol- 
ogy is introduced. Some interesting properties are discussed. 
Moreover, neutrosophic local compactness and neutrosophic 
product topology are developed. We have also utilized the no- 
tion of fuzzy locally compactness due to Wong[17], Christoph 
[8] and fuzzy product topology due to Wong [18]. 

Throughout this paper neutrosophic topological spaces 
(X,T),(Y, S) and (Z, R) will be replaced by X,Y and Z respec- 
tively. 


Definition 1.1. Let T,IF be real standard or non standard subsets 
of ]0~,17[, with supr = tsup, infr = ting 

SUPI = tsups inf = linf 

SUPF = Seip’ inf _ finf 

n — sup = tsup + sup + feup 

n—inf = ting +ting +fing . T.LF are neutrosophic components. 


Definition 1.2. Let X be a nonempty fixed set. A neutro- 
sophic set [briefly NS] A is an object having the form A = 


{(@; Ma(®), 04 (2), Ya(@)) + © © X}, where p4(x),0,(2) 
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and +y,(a) which represent the degree of membership function 
(namely jz, (2)), the degree of indeterminacy (namely o , (x)) 
and the degree of nonmembership (namely 7+, (a)) respectively 
of each element x € X to the set A. 


Remark 1.1. (1) A neutrosophic set A = 
{(x, uw, (@),0, (x), y, (2)) x € X} can be identi- 
fied to an ordered triple (w,,0,,7Y,) in JO~,1*[ on 
Xx. 


(2) For the sake of simplicity, we shall use the symbol 
A = (4,;0,4,7,4) for the neutrosophic set A = 


{(@, Ma (2), 04(@), Ya (@)) : @ € X}. 
We introduce the neutrosophic sets 0,, and 1,, in X as follows: 


Definition 1.3. 0, = {(x,0,0,1) 
{(z,1,1,0) : a € X}. 


: a € X}and1l, = 


Definition 1.4. [8] A neutrosophic topology (NT) on a nonempty 
set X consists of a family 7 of neutrosophic sets in X which 
satisfies the following: 


(i) Oy, 1y 
(li) GyN G2 € T for any Gy, G2 € T, 


eT, 


(iii) UG; € T for arbitrary family {G; | i ¢ A} CT. 


In this case the ordered pair (X, 7) or simply X is called a neu- 
trosophic topological space (NTS) and each neutrosophic set in 
T is called a neutrosophic open set (NOS). The complement A 
of a NOS A in_X is called a neutrosophic closed set (NCS) in X. 


Definition 1.5. [8] Let A be a neutrosophic subset of a neutro- 
sophic topological space X. The neutrosophic interior and neu- 
trosophic closure of A are denoted and defined by 

Nint(A) = U{G | G is a neutrosophic open set in X and 
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GC A}; 
Ncl(A) = (\{G | G is a neutrosophic closed set in X and 
GD A}. 


2 Neutrosophic Locally Compact and 
Neutrosophic Compact Open Topology 


Definition 2 .1. Let X bea nonempty setandx € X a fixed 
element in X. If r,t € Ip = (0,1) ands € J; = [0,1) are 
fixed real numbers such that0 <r+t+s <3, then r,4..= (2, 
r, t, s) is called a neutrosophic point (in short NP) in X, where r 
denotes the degree of membership of z,.;,, denotes the degree 
of indeterminacy and s denotes the degree of nonmembership of 
Lrt,s and x € X the support of x;4,5. 

The neutrosophic point x,.4,, is contained in the neutrosophic 
A(a,4,5 € A) if and only if r < pa(x),t < o4(x),s > ya(a). 


Definition 2.2. A neutrosophic set A = (x,~,,0,,7,) ina 
neutrosophic topological space (X,T’) is said to be a neutro- 
sophic neighbourhood of a neotrosophic point z,4,5,2 € X, if 
there exists a neutrosophic open set B = (2%, f,,05,7Y,) with 
Lr,t,s Sc B c A, 


Definition 2.3. Let X and Y be neutrosophic topological 
spaces.A mapping f : X — Y is said to be a neutrosophic 
homeomorphism if f is bijective, neutrosophic continuous and 
neutrosophic open. 


Definition 2.4. An neutrosophic topological space (X,T) is 
called a neutrosophic Hausdorff space or T2-space if for any 
pair of distinct neutrosophic points(i.e., neutrosophic points with 
distinct supports) Xr,t,5 ANd Yu,v,w there exist neutrosophic open 
sets U and V such that 2,45 © U,Yu,w € VandU AV =0n 


Definition 2.5. An neutrosophic topological space (X ,T) is said 
to be neutrosophic locally compact if and only if for every neu- 
trosophic point Xy,t,3 in X, there exists a neutrosophic open set 
U € T such that x,4,, € U and U is neutrosophic compact,i.e., 
each neutrosophic open cover of U has a finite subcover. 


Definition 2.6. Let A = (2,pa(x),oa(x),ya(x)) and 
B= (y, u(y), oB(y), YB(y)) be neutrosophic sets of X and Y 
respectively.The product of two neutrosophic sets A and B ina 
neutrosophic topological space X is defined as 
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Definition 2.8. A mapping f : X — Y is neutrosophic continu- 
ous iff for each neutrosophic point x,,4,, in X and each neutro- 
sophic neighbourhood B of f (ar,t,5) in Y there is a neutrosophic 
neighbourhood A of x,4,, in X such that f(A) C B. 


Definition 2.9. A mapping f : X — Y is said to be neutrosophic 
homeomorphism if f is bijective ,neutrosophic continuous and 
neutrosophic open. 


Definition 2.10. A neutrosophic topological space X is called 
a neutrosophic Hausdorff space or Tz space if for any distinct 
neutrosophic points Xy4,5 ANd Yu,v,w,there exists neutrosophic 
open sets Gy and Go, such that trt.5 € G1,Yuv,w € Ge and 
Gi NG: =0n 


Definition 2.11. A neutrosophic topological space X is said to 
be a neutrosophic locally compact iff for any neutrosophic point 
Lrt,s in X, there exists a neutrosophic open set U € T such that 
Lrt,3 © U and U is neutrosophic compact that is, each neutro- 
sophic open cover of U has a finite subcover. 


Proposition 2.1. In a neutrosophic Hausdorff topological space 
X, the following conditions are equivalent. 


(a) X is a neutrosophic locally compact 


(b) for each neutrosophic point x,4,, in X, there exists a neu- 
trosophic open set G in X such that x,4,, € Gand Ncl(G) 
is neutrosophic compact 


Proof. (a) = (b) By hypothesis for each neutrosophic point 
Lr,t,3 in X, there exists a neutrosophic open set G' which is neu- 
trosophic compact.Since X is neutrosophic Hausdorff (neutro- 
sophic compact subspace of neutrosophic Hausdorff space is neu- 
trosophic closed), G is neutrosophic closed, thus G = Ncl(G). 
Hence 2,4, € G and Ncl(G) is neutrosophic compact. 
(b) = (a) Proof is simple. 


Proposition 2.2. Let X be a neutrosophic Hausdorff topological 
space.Then X is neutrosophic locally compact at a neutrosophic 
point x,.;,; in X iff for every neutrosophic open set G' containing 
Xpt,s there exists a neutrosophic open set V such that 7,45 € V, 
Ncl(V) is neutrosophic compact and Ncl(V) C G. 


Proof. Suppose that X is neutrosophic locally compact at a 
neutrosophic point z,4,;. By Definition 2.11, there exists 
a neutrosophic open set G such that z,;,, € G and G is 
neutrosophic compact. Since X is a neutrosophic Hausdorff 
space,(neutrosophic compact subspace of neutrosophic Haus- 
dorff space is neutrosophic closed), G is neutrosophic closed. 


(Ax B)(x,y) = ((x,y), min(wa(x), uB(y)), min(oa(x),oB(y))Thus G = Ncl(G). Consider a neutrosophic point x,,4,5 € G. 


max(ya(x),ye(y))) forall (x,y) EX x Y. 


Definition 2.7. Let f; : X; — Y, and fz : X2 — Yo. The 
product f, x fo : X1 x Xo — Yi x Yo is defined by: (fi x 
fz) (1, %2) = (fi(a1), fo(v2)) V(a1, 22) € X1 x Xo. 


Lemma 2.1. Let f; : X; — Y; (¢ = 1,2) be functions and 
U, V are neutrosophic sets of Y1, Y2, respectively, then (fi x 
fo (Ux V)=fr'U) x fg (V)VUxVENXx Ye 


Since X is neutrosophic Hausdorff space, by Definition 2.10, 
there exist neutrosophic open sets C’ and D such that z,.4,, € C, 
Yuow € DandCOD = Ov. Let V = CNG. Hence 
V C G implies Ncdl(V) C Nel(G) = G. Since Ncl(V) is 
neutrosophic closed and G is neutrosophic compact, (every neu- 
trosophic closed subset of a neutrosophic compact space is neu- 
trosophic compact) it follows that Ncl(V) is neutrosophic com- 
pact. Thus x45 € Ncl(V) C G and Ncl(G) is neutrosophic 
compact. 
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The converse follows from Proposition 2.1(b). 


Definition 2.12. Let X and Y be two neutrosophic topological 
spaces.The function T : X x Y + Y x X defined by T(x, y) = 
(y, x) for each (x,y) € X x Y is called a switching map. 


Proposition 2.3. The switching map IT: X x Y > Yx X 
defined as above is neutrosophic continuous. 


We now introduce the concept of a neutrosophic compact open 
topology in the set of all neutrosophic continuous functions from 
a neutrosophic topological space X to a neutrosophic topological 
space Y. 


Definition 2.13. Let X and Y be two neutrosophic topological 
spaces and let Y* = {f : X + Y such that f is neutrosophic 
continuous}. We give this class Y* a topology called the neutro- 
sophic compact open topology as follows: Let KK = {K € I* : 
K is neutrosophic compact on X} and V = {V € IX : V 
is neutrosophic open in Y}.For any K € K and V € Y,let 
Sey ={fe you Las: Seen gs 

The collection of all such {Sy : K €K,V € V} is aneutro- 
sophic subbase to generate a neutrosophic topology on the class 
Y~*. The class Y* with this topology is called a neutrosophic 
compact open topological space. 


3 Neutrosophic Evaluation Map and Ex- 
ponential Map 


We now consider the neutrosophic product topological space 
Y~* x X and define a neutrosophic continuous map from Y* x _X 
into Y. 


Definition 3.1. The mapping e : Y* x X — Y defined by 
e(f,Lrt,s) = f(Xrt,5) for each neutrosophic point ty4,5 € X 
and f € Y~ is called the neutrosophic evaluation map. 


Definition 3.2. Let X,Y,Z be neutrosophic topological spaces 
and f : Z x X — Y be any function. Then the induced map 
f: X — Y? is defined by (f (2r2,5))(Ze,u,v) = F(Zt,u,v, £r,t,s) 
for neutrosophic point x4. © X and Zu, © Z 

Conversely, given a function f : X — Y%, a corresponding 
function f can also be defined by the same rule. 


Proposition 3.1. Let X be a neutrosophic locally compact Haus- 
dorff space. Then the neutrosophic evaluation map e : Y* x 
X — Y is neutrosophic continuous. 


Proof. Consider (f,2y,s) € Y* x X,where f € Y* and 
Lrt,s © X.Let V be a neutrosophic open set containing 
f(trts) = e(f,%rt,s) in Y. Since X is neutrosophic lo- 
cally compact and f is neutrosophic continuous, by Proposi- 
tion 2.2, there exists a neutrosophic open set U in X such that 
Lrt,s € Ncl(U) is neutrosophic compact and f(Ncl(U)) CV. 

Consider the neutrosophic open set Sy...) x U in YX, 
Clearly (f, t,t.) € S x U Let (9g, 2t,u) € DiccenceeeU 


Nel(U),V 
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be arbitrary. Thus g(Ncl(U)) C V. Since x», € U,we have 
9(@tu) € V and e(g, tu) = g(t,u) € V-Thus e(Sy cu). 
U) C V Hence e is neutrosophic continuous. 


Proposition 3.2. Let X and Y be two neutrosophic topological 
spaces with Y being neutrosophic compact. Let 2,4, be any 
neutrosophic point in X and N be a neutrosophic open set in the 
neutrosophic product space X x Y containing {x,4,,} x Y. Then 
there exists some neutrosophic neighbourhood W of 2,.4,. in X 
such that {v4.5} x YOCWxYCN. 


Proposition 3.3. Let Z be a neutrosophic locally compact 
Hausdorff space and X,Y be arbitrary neutrosophic topological 
spaces. Then a map f:Zx X > Y is neutrosophic c continuous 
iff f: X —» Y% is neutrosophic continuous,where fi is defined 


by the rule (Ff Gres) Ghee) = fea Dirt): 


Proposition 3.4. Let _X and Z be a neutrosophic locally compact 
Hausdorff spaces. Then for any neutrosophic topological space 
Y,the function E : Y ~~ -+ (Y7)”* defined by E(f) = f(that 
is E(f)(2r,t,s)(Zt,u,0) = f(2tu0» Pr,t,8) = (F(@r,t,5)(Zt,u,v))) 


for all f : Z x X — Y is a neutrosophic homeomorphism. 
Proof. (a) Clearly E is onto. 


(b) For F to be injective, let E(f) = E(g) for f,g: 7x X > 
Y. Thus f = g, where fand g are the induced map of f and 
g, respectively. Now for any neutrosophic point x,,¢,. in X 
and any neutrosophic point zu. in Z, f(Ztu,0;Trt.s) = 


(F(2p.t,8)(Zt,u,v)) = (G(@r,t,8) (Zt,u,v)) = 9(Zt,u,05 Lr,t,8)- 
Thus f = g. 


(c 


wm 


For proving the neutrosophic continuity of F, consider any 
neutrosophic subbasis neighbourhood V of fin (v4 , ie 
V is of the form S,, ,, where KC is a neutrosophic compact 
subset of X and W is neutrosophic open in Y%. Without 
loss of generality, we may assume that W = S,, ,,, where 
L is a neutrosophic compact subset of Z and U is a neu- 
trosophic open set in Y. Then f(B) CS, = W and this 
implies that flK )(L) C U. Thus for any neutrosophic point 
Xr,t,s in K and for every neutrosophic point 2 .,,,, in L, we 
have (f(ne,s))(2tuv) € U, that is f(zeuortrts) € U 
and therefore f(L x K) C U. Now since L is a neutro- 
sophic compact in Z and fx is a neutrosophic compact in 
X, Lx K is also a neutrosophic compact in Z x X[7] and 
since U is a neutrosophic open set in Y, we conclude that 
foe Beg S Y~**. We assert that PLUS pti) es Dips 
Let g © Sy be arbitrary. Thus g(L x Kk) C U, 
ie 9(Zt,u,v,2r,t,s) = (9(r2t,s))(Z,u,v) € U for all neu- 
trosophic points 2.4. € L C Z and for every neutro- 
sophic point z,4,, € L C X. So (G(trt,5))(L) C U 
for every neutrosophic point 7,4, € K C X , that is 
(G(#r,t,s)) € S,4 = W for every neutrosophic points 
Lr € K C X, that is 9(t,2,5) € S,, = W for ev- 
ery neutrosophic point z,4,, € AK CG U. Hence we have 
g(K) C W, that is G¢ = E(g) © Sy forany 9g © Shyu: 
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Thus E(S 60) C Sxw- This proves that EF is a neutro- 
sophic continuous. 


(d 


wm 


For proving the neutrosophic continuity of E~',we con- 
sider the following neutrosophic evaluation maps: e€1 

(Y2)* x X — Y defined by e1(f,ar2,5) = f(art,s) 
where f € (Y2)* and x,.4,; is any neutrosophic point in _X 
and eg : Y% x Z + Y defined by e9(g, 24,u,0) = 9(Zt,u,v)s 
where g € Y% and 2,,,,y is aneutrosophic point in Z. Let 

denote the composition of the following neutrosophic con- 
tinuous functions w : (Z x X) x (Y2)* a (Y2)* x (Z x 
Ky RR RT e(Y a) SK Ss 
(Y7) x Z + Y, where i, iz denote the neutrosophic iden- 
tity maps on (Y7 < and Z, respectively and Tt denote 
the switching maps. Thus : (Z x X) x (Y7)* 3 
Y, that is € V (BX X) (V7) We consider the map 
BE  Y(2xX)xW7)" _y (y(Z*X))(¥7)" (as defined in the 
statement of the Proposition 3.4 in fact it is E). So E(w) : 
(v4 Ve — Y(4x%X)_ Now for any neutrosophic points 
Ztuw € Z,trt¢ € X and f € ylZxX) again we have 


that (EW) o E)(f)(Zt,u,0; r,t,8) = f (Zt,u,v, Cr t,s)shence 
E(w) o B=identity. Similarly for any g € (Y7 Me and neu- 
trosophic points 7,45 € X,Zt,u,. € Z, so we have that 
(EB 0 E())(G)(@r.t,85 Zt,uv) = (G(&r,t,s))(2t,u,v)shence 
E o E(w)=identity. Thus E is a neutrosophic homeomor- 
phism. 


Definition 3.3. The map E in Proposition 3.4 is called the expo- 
nential map. 


As easy consequence of Proposition 3.4 is as follows. 


Proposition 3.5. Let X,Y, Z be neutrosophic locally compact 
Hausdorff spaces. Then the map N : Y* x ZY —» Z* defined 
by N(f,g) = 90 f is neutrosophic continuous. 


Proof. Consider the following compositions: X x Y* x ZY Ea 
Y* x ZY x X PO ZY x VX xX SS ZY K(V* x X) 2 
ZY xyY Z, where T,t denote the switching maps, 7x,2 
denote the neutrosophic identity functions on X and Z”, re- 
spectively and ez denotes the neutrosophic evaluation maps. Let 
yp = e2 0 (i X €2) 0 (ft xX ix) oT. By proposition 3.4, we have 
an exponential map E : Z**¥**2" _y (ZX)¥**2" | Since 
yp € ZXXY*xZ" By) © (ZX)¥**2", Let N = Ely 
that is, N : Y* x ZY — ZX is neutrosophic continuous. For 
f ¢ Y*,g € Z* and for any neutrosophic point rte © X,it 
easy to see that N(f, 9)(@r,t,s) = 9(f(@r.t,s)). 
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R. Dhavaseelan, M. Parimala, S. Jafari, F. Smarandache 


R. Dhavaseelan, M. Parimala, S. Jafari, Florentin Smarandache (2017). On Neutrosophic Semi-Supra Open 
Set and Neutrosophic Semi-Supra Continuous Functions. Neutrosophic Sets and Systems 16, 39-43 


Abstract: In this paper, we introduce and investigate a new class 
of sets and functions between topological space called neutrosophic 


Keywords: Supra topological spaces; neutrosophic supra-topological spaces; 


1 Introduction and Preliminaries 


Intuitionistic fuzzy set is defined by Atanassov [2] as a general- 
ization of the concept of fuzzy set given by Zadesh [14]. Using 
the notation of intuitionistic fuzzy sets, Coker [3] introduced the 
notion of an intuitionistic fuzzy topological space. The supra 
topological spaces and studied s-continuous functions and s*- 
continuous functions were introduced by A. S. Mashhour [6] in 
1993. In 1987, M. E. Abd El-Monsef et al. [1] introduced the 
fuzzy supra topological spaces and studied fuzzy supra contin- 
uous functions and obtained some properties and characteriza- 
tions. In 1996, Keun Min [13] introduced fuzzy s-continuous, 
fuzzy s-open and fuzzy s-closed maps and established a num- 
ber of characterizations. In 2008, R. Devi et al. [4] introduced 
the concept of supra a-open set, and in 1983, A. S. Mashhour 
et al. introduced the notion of supra-semi open set, supra semi- 
continuous functions and studied some of the basic properties for 
this class of functions. In 1999, Necla Turan [11] introduced the 
concept of intuitionistic fuzzy supra topological space. The con- 
cept of intuitionistic fuzzy semi-supra open set was introduced 
by Parimala and Indirani [7]. After the introduction of the con- 
cepts of neutrosophy and a neutrosophic se by F. Smarandache 
[[9], [10]], A. A. Salama and S. A. Alblowi[8] introduced the 
concepts of neutrosophic crisp set and neutrosophic topological 
spaces. 

The purpose of this paper is to introduce and investigate a new 
class of sets and functions between topological space called neu- 
trosophic semi-supra open set and neutrosophic semi-supra open 
continuous functions, respectively. 


Definition 1.1. Let 7’, J, F be real standard or non standard sub- 
sets of ]O~, 1+ [, with supr = toup, infr = ting 

SUpI = sup, inf = linf 

SUPF = Fetus infp = fing 


semi-supra open set and neutrosophic semi-supra open continuous 
functions respectively. 


neutrosophic semi-supra open set. 


n— sup = tsup a0 tsup + feup 
n—inf = ting tting + fing .T, I, F are neutrosophic compo- 
nents. 


Definition 1.2. Let X be a nonempty fixed set. A neutro- 
sophic set [briefly NS] A is an object having the form A = 
{(x,p4(),04(2),Ya(a)) 1 @ € X}, where p.,(x),0, (x) 
and +, (2) represent the degree of membership function (namely 
jt, (x)), the degree of indeterminacy (namely @ , (x)) and the de- 
gree of nonmembership (namely 7, (2)) respectively of each el- 
ement x € X to the set A. 


Remark 1.1. (1) A neutrosophic set A 
{(x, 14 (@),0,4(2),¥,4(«)) x € X} can be identi- 
fied to an ordered triple (w,,0,,Y,) in JO~,1*[ on 
x. 


(2) For the sake of simplicity, we shall use the symbol 
A (4>74>Y4) for the neutrosophic set A 


{(@; Ha (®), 04 (2), 4 ()) 2 @ © XF. 


Definition 1.3. Let X be a nonempty set and the neutrosophic 
sets A and B in the form 

A {(@; Ma (@); 04 (@)s V4 ()) x 
{ (©; Mp (@); 7p (2), 1p (@)) : @ © X}. Then 


(a) AC Biff q(x) < pig(2), o4(2) $09 (0) and 7, (2) 
y,() for alla € X; 


I 


e xX}, B 


IV 


(b) A= Biff A C Band BC A: 


(c) A= {(2, ¥4(z), 04 (2), (2) 
of A] 


: « € X}; [Complement 


(dd) ANB = {(x, 4 (2) A My (x),o,(2) A o5(x),Y4(z) Vv 
Yo (x)) sv © X}; 


170 


Florentin Smarandache (author and editor) 


(e) AUB = {(x, 4 (2) Vv My (x),o,4(2) Vv Oo, (x), 74 (z) A 
Yo (x)) : 0 © X}; 


@) [JA = {(x, 4 (2), 04 (2), 1 — wy (x)) 2 & © X}; 
(g) ()A = {(z, dees Gy) i Cy lee (ay) :HE Xs 


Definition 1.4. Let {A; : i € J} be an arbitrary family of neu- 
trosophic sets in X. Then 


(8) VAL = {le Atty, (2), Nag, (0), Va, (@)) 1 € XY; 
(b) U A; = {(z, Via, (x), VO 4, (x), Ma; (x)) ‘GE X}. 


Since our main purpose is to construct the tools for developing 
neutrosophic topological spaces, we must introduce the neutro- 
sophic sets 0,, and 1, in X as follows: 


Definition 1.5. 0,, = {(x,0,0,1) 
{(z,1,1,0):a€ X}. 


: « € X}and 1, = 


Definition 1.6. [5] A neutrosophic topology (NT) on a nonempty 
set X is a family T' of neutrosophic sets in X satisfying the fol- 
lowing axioms: 


G) 0,,1, € 7, 
(ii) Gy N G2 € T for any Gi, G2 € T, 
(iii) UG; € T for arbitrary family {G; | i € A} C T. 


In this case the ordered pair (X, 7) or simply X is called a neu- 
trosophic topological space (NTS) and each neutrosophic set in 
T is called a neutrosophic open set (NOS). The complement A 
of a NOS A in X is called a neutrosophic closed set (NCS) in X. 


Definition 1.7. [5] Let A be a neutrosophic set in a neutrosophic 
topological space X. Then 

Nint(A) = U{G | G is a neutrosophic open set in X and 
G C A} is called the neutrosophic interior of A; 

Ncl(A) = (\{G | G is a neutrosophic closed set in X and 
G D A} is called the neutrosophic closure of A. 


Definition 1.8. Let X be a nonempty set. If r,t, s be real stan- 
dard or non standard subsets of }0~,1*[, then the neutrosophic 
set Zt, 18 called a neutrosophic point(in short NP )in X given 
by 


if © = Lp 


(r, t, 8), 
®rt,9(%p) ~ ifa Ax 
Pp 


(0, 0, ys 


for x, € X is called the support of x,.;,,, where r denotes the de- 
gree of membership value ,f denotes the degree of indeterminacy 
and s is the degree of non-membership value of x; ¢,5. 


Now we shall define the image and preimage of neutrosophic 
sets. Let X and Y be two nonempty sets and f : X — Y bea 
function. 


Definition 1.9. [5] 
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(a) If B = {(y,He(¥), 2 (¥), Ye(y)) : y © Y} is a neutro- 
sophic set in Y, then the preimage of B under f, denoted by 


f—1(B), is the neutrosophic set in X defined by 
f-*(B) = {fe F* (He) (@), F(a M(t), F(a (a) 
ce Xt. 


If A = {(x,,(@),0,(@),y,(@)) : & © X} is a neutro- 
sophic set in X, then the image of A under f, denoted by 
f(A), is the neutrosophic set in Y defined by 


F(A) = (flea), Fea)(y), AL — FA = ra) (y)) | 
y € Y}. where 


(b) 


_— J 8UPre f-1(y) Ma (x), if f-*(y) #9, 
FH )(y) = i‘ : otherwise, 

_ J SUP ze f-1( on hs if f~"(y) # O, 
Hoa)(y) = ie : otherwise, 


inf re f-1(y) Ya (2), if f-'(y) # 0, 
I; otherwise, 


(1— fl-,.))%) = 

For the sake of simplicity, let us use the symbol f_(7,,) for 
1 fa — Ya) 

Corollary 1.1. [5] Let A , A;(i € J) be neutrosophic sets in 


X, B, B;(i € K) be neutrosophic sets in Y and f: X > Ya 
function. Then 


(a) Ai © Ap => f(A1) € f(A2), 

(b) By C By > f-(B) C f-*(Ba), 

(c) AC f-1(f(A)) { If f is injective,then A = f~1(f(A)) }, 
(d) f(f-*(B)) © B {If fis surjective,then f(f~'(B)) = B }, 
(e) f-*\(UB;) =U F-*(85), 

) f-*( By) = f-* (By), 

(g) f(UAi) =U f(Ai), 


(h) f(Q Ai) C F(A) { If f is injective,then f(1) Ai) = 
M f(Aa) 


@) f-*(y) =1y, 

G) f-*Oy) = On, 

(k) f(1y) = 1y. if fis surjective 
Q) flO.) = On, 


(m) f(A) C f(A), if f is surjective, 


(n) f-'(B) = f-1(B). 
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2 Main Results 


Definition 2.1. A neutrosophic set A in a neutrosophic topolog- 
ical space (X, T) is called 


1) a neutrosophic semiopen set (NSOS) if A Cc 
Necl(Nint(A)). 

2) a neutrosophic a open set (NaOS) if A  C 
Nint(Nel(Nint(A))). 


3) aneutrosophic preopen set (NPOS) if A C Nint(Ncl(A)). 


4) a neutrosophic regular open set (NROS) if A = 
Nint(Nel(A)). 


5) aneutrosophic semipre open or 6 open set (NGOS) if A C 
Nel(Nint(Ncl(A))). 


A neutrosophic set A is called a neutrosophic semiclosed set, 
neutrosophic a closed set, neutrosophic preclosed set, neutro- 
sophic regular closed set and neutrosophic ( closed set, respec- 
tively (NSCS, NaCS, NPCS, NRCS and NSCS, resp), if the 
complement of A is a neutrosophic semiopen set, neutrosophic 
q@-open set, neutrosophic preopen set, neutrosophic regular open 
set, and neutrosophic (-open set, respectively. 


Definition 2.2. Let (X,T) ba a neutrosophic topological space. 
A neutrosophic set A is called a neutrosophic semi-supra open set 
(briefly NSSOS) if A C s-Nel(s-Nint(A)). The complement of 
a neutrosophic semi-supra open set is called a neutrosophic semi- 
supra closed set. 


Proposition 2.1. Every neutrosophic supra open set is neutro- 
sophic semi-supra open set. 


Proof. Let A be a neutrosophic supra open set in (X, 7). Since 
A C s-Ncl(A), we get A C s-Nel(s-Nint(A)). Then 
s-Nint(A) C s-Nel(s-Nint(A)). Hence A C_ s-Nel(s- 
Nint(A)). 


The converse of Proposition 2.1., need not be true as shown 
in Example 2.1. 


Example 2.1. Let X = {a,b}. Define the neutrosophic sets A, 
Band Cin X as follows: 
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Proof. Let A be a neutrosophic a-supra open in (X,7'), then 
A C s-Nint(s-Nel(s-Nint(A))). It is obvious that s-Nint(s- 
Ncl(s-Nint(A))) C s-Nel(s-Nint(A)). Hence A C s-Nel(s- 
Nint(A)). 

The converse of Proposition 2.2., need not be true as shown 
in Example 2.2. 


Example 2.2. Let X = {a,b}. Define the neutrosophic sets A, 
Band C in X as follows: 


3 a b a b a b as 
A iz (®, (9°5+ 9.8)> (93> 0.8): (os 0.5)» B 7 


(x, (oa oa) (or 9.3)» 06° 0.5 


and C= (0)(a5: 93) (G03 ws); Ger a5). Then the families 
T = {0,,1,,A4,B,A U B} is neutrosophic topology on 
X .Thus, (X,7') is a neutrosophic topological space. Then C 
is called neutrosophic semi-supra open but not neutrosophic 


a-supra open set. 


Proposition 2.3. Every neutrosophic regular supra open set is 
neutrosophic semi-supra open set 


Proof. Let A be a neutrosophic regular supra open set in (X, T). 
Then A C (s-Ncl(A)). Hence A C s-Ncl(s-Nint(A)). 

The converse of Proposition 2.3., need not be true as shown 
in Example 2.3. 


Example 2.3. Let X = {a,b}. Define the neutrosophic sets A, 
Band Cin X as follows: 


A = (, (g'55 o-3)s (a) 0-3) (ais) 0.3)» B = 
(2, (97 a3): (or 0.3) 0.67 Te 

and C = (x, (5; a5); Gacr Ps); Car 35)). Then the families 
T = {0,,1,,A,B,A U B} is neutrosophic topology on X. 
Thus, (X,7) is a neutrosophic topological space. Then C’ is 
neutrosophic semi-supra open but not neutrosophic regular-supra 


open set. 


Definition 2.3. The neutrosophic semi-supra closure of a set A is 
denoted by semi-s-Ncl(A) = U{ G :G is aneutrosophic semi- 
supra open set in X and G C A} and the neutrosophic semi- 
supra interior of a set A is denoted by semi-s-Nint(A) = (\{G 
:G is a neutrosophic semi-supra closed set in X and G D A}. 


Remark 2.1. It is clear that semi-s-Nint(A) is a neutrosophic 
semi-supra open set and semi-s-Ncl(A) is a neutrosophic semi- 
supra closed set. 


Proposition 2.4. i) semi — s — Nint(A) = semi s-Ncl (A) 


a b a b a b 
A = (#, (95> 0.4): (qa oa): (os) 0.6)? B = 


(x, (a> wae (ae a3) (a3) 04)) 


and C' = (2, (a3, wa): (aae oa): Gen oa)). Then the families 
T = {0,,1,,A,B,A U B} is neutrosophic topology on X. 
Thus, (X,7) is a neutrosophic topological space. Then C is 
called neutrosophic semi-supra open but not neutrosophic supra 
open set. 


Proposition 2.2. Every neutrosophic a-supra open is neutro- 
sophic semi-supra open 
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ii) semi — s — Ncl(A) = semi s-int (A) 


iii) if A C B then semi-s-Ncl(A) C semi-s-Ncl(B) and 
semi-s-Nint(A) C semi-s-Nint(B) 


Proof. It is obvious. 


Proposition 2.5. (i) The intersection of a neutrosophic supra 
open set and a neutrosophic semi-supra open set is a neutro- 
sophic semi- supra open set. 
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(ii) The intersection of a neutrosophic semi-supra open set and 
aneutrosophic pre-supra open set is a neutrosophic pre-supra 
open set. 


Proof. It is obvious. 


Definition 2.4. Let (X, T’) and (Y, S) be two neutrosophic semi- 
supra open sets and R be a associated supra topology with T. A 
map f : (X,T) — (Y,S) is called neutrosophic semi- supra 
continuous map if the inverse image of each neutrosophic open 
set in Y is a neutrosophic semi- supra open in X. 


Proposition 2.6. Every neutrosophic supra continuous map is 
neutrosophic semi-supra continuous map. 


Proof. Let f : (X,T) — (Y,S) be a neutrosophic supra contin- 
uous map and A is a neutrosophic open set in Y. Then f~+(A) 
is a neutrosophic open set in _X. Since FR is associated with T. 
Then T C R. Therefore f~!(A) is a neutrosophic supra open 
set in X which is a neutrosophic supra open set in X. Hence f is 
aneutrosophic semi-supra continuous map. 


Remark 2.2. Every neutrosophic semi-supra continuous map 
need not be neutrosophic supra continuous map. 


Proposition 2.7. Let (X,T) and (Y,S) be two neutrosophic 
topological spaces and Ff be a associated neutrosophic supra 
topology with T. Let f be a map from X into Y. Then the 
following are equivalent. 


i) fis a neutrosophic semi-supra continuous map. 


ii) The inverse image of a neutrosophic closed sets in Y is a 
neutrosophic semi closed set in X. 


iii) Semi-s-Ncl(f~'(A)) C f~+(Ncl(A)) for every neutro- 
sophic set A in Y. 


iv) f(semi-s-Ncl(A)) C Nel(f(A)) for every neutrosophic 
set A in X. 


v) f-l(Nint(B)) © semi-s-Nint(f—'(B)) for every neu- 
trosophic set Bin Y. 


Proof. (i) = (it) : Let A be a neutrosophic closed set in Y. 
Then A is neutrosophic open in Y, Thus f~!(A) = f~!(A) is 
neutrosophic semi-open in X. It follows that f~+(A) is a neutro- 
sophic semi-s closed set of X. 

(it) = (itt) : Let A be any subset of X. Since Ncl(A) is neutro- 
sophic closed in Y then it follows that f~'(Ncl(A)) is neutro- 
sophic semi-s closed in X. Therefore, f~!(Ncl(A)) = semi-s- 
Nel(f~!(Nel(A)) D semi-s-Nel(f~1(A)) 

(iti) = (iv) : Let A be any subset of X. By (iii) we ob- 
tain f-!(Nel(f((A))) D semi-s-Nel(f—!(f(A))) D semi-s- 
Ncl(A) and hence f(semi-s-Ncl(A)) C Nel(f(A)). 

(iv) = (v) : Let f(semi-s-Ncl(A)) C f(Ncl(A) for 
every neutrosophic set A in X. Then semi-s-Ncl(A)) C 
f-\(Nel(f(A)). semi—s—Nel(A) D_ f-!(Nel(f(A))) 
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and semi-s-Nint(A) D> f~'(Nint(f(A))). Then semi-s- 
Nint(f—!(B)) D> f-*(Nint(B)). Therefore f~!(Nint(B)) C 
s-Nint(f~1(B)) for every Bin Y. 

(v) = (t) : Let A be a neutrosophic open set in Y. 
Therefore f~'(Nint(A)) C semi-s-Nint(f—'(A)), hence 
f-1(A) © semi-s-Nint(f—1(A)). But we know that semi- 
s-Nint(f-1(A)) C f-t(A), then f-1(A) = semi-s- 
Nint(f~'(A)). Therefore f~1(A) is a neutrosophic semi-s- 
open set. 


Proposition 2.8. If a map f : (X,7) > (Y, 5S) is a neutrosophic 
semi-s-continuous and g : (Y, 5S’) > (Z, R) is neutrosophic con- 
tinuous, Then g o f is neutrosophic semi-s-continuous. 


Proof. Obvious. 


Proposition 2.9. Let a map f : (X,T) — (Y,5S) be a neu- 
trosophic semi-supra continuous map, then one of the following 
holds 


i) f~'(semi-s-Nint(A)) C Nint(f~1+(A)) for every neutro- 
sophic set Ain Y. 


ii) Nel(f~'(A)) C f7+(semi-s-Ncl(A)) for every neutro- 
sophic set Ain Y. 


iii) f(Ncl(B)) C semi-s-Ncl(f(B)) for every neutrosophic 
set Bin X. 


Proof. Let A be any neutrosophic open set of Y, then condition 
(i) is satisfied, then f—'(semi-s-Nint(A)) C Nint(f~+(A)). 
We get, f~'(A) C Nint(f—1(A)). Therefore f~1(A) is a neu- 
trosophic supra open set. Every neutrosophic supra open set is 
a neutrosophic semi supra open set. Hence f is a neutrosophic 
semi-s-continuous function. If condition (ii) is satisfied, then we 
can easily prove that f is a neutrosophic semi -s continuous func- 
tion if condition (iii) is satisfied, and A is any neutrosophic open 
set of Y, then f~'(A) isasetin X and f(Nel(f~'(A)) C semi- 
s-Ncel(f(f~1(A))). This implies f(Nel(f~1(A))) C semi-s- 
Ncl(A). This is nothing but condition (ii). Hence f is a neutro- 
sophic semi-s-continuous function. 
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Neutrosophic Regular Filters and Fuzzy Regular Filters 
in Pseudo-BCl Algebras 


Xiaohong Zhang, Yingcang Ma, Florentin Smarandache 


Xiaohong Zhang, Yingcang Ma, Florentin Smarandache (2017). Neutrosophic Regular Filters 
and Fuzzy Regular Filters in Pseudo-BCI Algebras. Neutrosophic Sets and Systems 17, 10-15 


Abstract. Neutrosophic set is a new mathematical tool 
for handling problems involving imprecise, indetermi- 
nacy and inconsistent data. Pseudo-BCI algebra is a 
kind of non-classical logic algebra in close connection 
with various non-commutative fuzzy logics. Recently, 
we applied neutrosophic set theory to pseudo-BCI al- 
gebras. In this paper, we study neutrosophic filters 
in pseudo-BCI algebras. The concepts of neutrosophic 
regular filter, neutrosophic closed filter and fuzzy regular 


filter in pseudo-BCI algebras are introduced, and 
some basic properties are discussed. Moreover, the 
relationships among neutrosophic regular filter, fuzzy 
filters and anti-grouped neutrosophic filters are prese- 
nted, and the results are proved: a neutrosophic filter 
(fuzzy filter) is a neutrosophic regular filter (fuzzy 
regular filter), if and only if it is both a neutrosophic 
closed filter (fuzzy closed filter) and an anti-grouped 
neutrosophic filter (fuzzy anti-grouped filter). 


Keywords: Neutrosophic set, Pseudo-BCI algebra, Neutrosophic Filter, Neutrosophic Regular Filter, Fuzzy Regular Filter. 


1 Introduction 


In 1998, Florentin Smarandache introduced the concept 
of a neutrosophic set from a philosophical point of view 
(see [16, 17, 18]). The neutrosophic set is a powerful gen- 
eral formal framework that generalizes the concept of 
fuzzy set and intuitionistic fuzzy set. In this paper we work 
with special neutrosophic sets, they are called single val- 
ued neutrosophic set (see [21]). The neutrosophic set the- 
ory is applied to many scientific fields (see [18, 19, 20]), 
and also applied to algebraic structures (see [1, 2, 15, 19]), 
it is similar to the applications of fuzzy set (soft set, rough 
set) theory in algebraic structures (see [11, 14, and 23]). 

In 2008, W. A. Dudek and Y. B. Jun [3] introduced the 
notion of pseudo-BCI algebra as a generalization of BCI 
algebra, it is also as a generalization of pseudo-BCK alge- 
bra (which is close connection with various non- 
commutative fuzzy logic formal systems, see [4, 24, 26, 27, 
28, and 32]). For non-classical logic algebra systems, the 
theory of filters (ideals) plays an important role (see [9, 12, 
13, 25, and 30]). In [7], the notion of pseudo-BCI filter 
(ideal) of pseudo-BCI algebras is introduced. In 2009, 
some special pseudo-BCI filters (ideals) are discussed in 
[10]. Since then, some articles related filters of pseudo- 
BCI algebras are published (see [29, 31, 33, and 34]). 

Recently, we applied neutrosophic set theory to pseudo 
-BCI algebras in [35]. This paper we further study on the 
applications of neutrosophic sets to pseudo-BCI algebras. 
We introduce the new concepts of neutrosophic regular fil- 


ter, neutrosophic closed filter and fuzzy regular filter in 
pseudo-BCI algebras, and investigate their basic properties 
and present relationships among neutrosophic regular fil- 
ters, anti-grouped neutrosophic filter and fuzzy filters. 

Note that, the notion of pseudo-BCI algebra in this pa- 
per is a dual of the original definition in [3], so the notion 
of filter is a dual of (pseudo-BCI) ideal in [7, 10]. 


2 Some basic concepts and properties 
2.1 On neutrosophic sets 


Definition 2.1!'” '* '*! Let _X be a space of points (ob- 
jects), with a generic element in X denoted by x. A neutro- 
sophic set A in X is characterized by a truth-membership 
function 7 (x), an indeterminacy-membership function (x), 
and a falsity-membership function F(x). The functions 
T(x), L4(x), and F4(x) are real standard or non-standard 
subsets of ] 0, 1"[. That is, 7,(x): X> ]0, 1°], Lx): X> J 0, 
1"[, and F(x): X J0, 1°[. Thus, there is no restriction on 
the sum of T(x), L4(x), and F'4(x), so 0 < supT4(x) + su- 
pl(x) + supF'4(x) < 3°. 


Definition 2.2'°'! Let X be a space of points (objects) 
with generic elements in X denoted by x. A simple valued 
neutrosophic set A in X is characterized by truth- 
membership function 7,(x), indeterminacy-membership 
function /,(x), and falsity-membership function F'y(x). Then, 
a simple valued neutrosophic set A can be denoted by 


A={(x , Tax), La), Fax) ) | xEX}, 
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where 7,(x), L(x), F4(x)e[0, 1] for each point x in X. 
Therefore, the sum of 7,(x), L(x), and F(x) satisfies the 
condition 0 < T(x) + L(x) + Fy(x) <3. 


Definition 2.3”'! The complement of a simple valued 
neutrosophic set A is denoted by A° and is defined as 


(vxeX) 
T(x) = F(x), L,.(*) = 1-1, (2), F(x) = T(x). 
Then 
A={x , Fa(x), 1-Lix), Tax) | xX}. 


Definition 2.4”'! A simple valued neutrosophic set A is 
contained in the other simple valued neutrosophic set B, de- 
note ACB, if and only if Tyx)S Tax), Lax) < Ie(x), Fu)= 
F(x) for any x in X. 

Definition 2.5'°'! Two simple valued neutrosophic sets 
A and B are equal, written as A = B, if and only if ACB and 
BCA. 


For convenience, “simple valued neutrosophic set” is 
abbreviated to “neutrosophic set” later. 

Definition 2.6"! The union of two neutrosophic sets A 
and B is a neutrosophic set C, written as C=AUB, whose 
truth-membership, indeterminacy-membership and falsity- 
membership functions are related to those of A and B by 


TAx)=max(T (x), Ta(x)), [c(x)=max(L4(x), a(x), 
Fe)=min(Fu), Fa(x)), Vrex, 
Definition 2.7'! The intersection of two neutrosophic 
sets A and B is a neutrosophic set C, written as C=ANMB, 


whose truth-membership, indeterminacy-membership and 
falsity-membership functions are related to those of A and B 
by 


Tx)= min(T (x), Ta(x)), L(x)=min(L4(x), Ia(x)), 
FAx)=max(F'4(x), F'p(x)), Vxex, 


Definition 2.8'°! Let A be a neutrosophic set in X and 
a, B, ve[0, 1] with 0<at+f+y<3 and (a, £ 7)-level set of A 
denoted by A‘. is defined as: 


AB M=f vEX| T(x)20, L(X)=B, Fas. 


2.2 On pseudo-BCI algebras 


Definition 2.9"! A pseudo-BCI algebra is a structure (X; 
<, >, ~, 1), where “<” is a binary relation on _X, “—” and 
“+ are binary operations on_X and “1” is an element of X, 
verifying the axioms: for all x, y, zeX, 

(1) yoz<(zx)~ (VX), YozE(Z~PX) (Vx) 

(2) xSQ>y)~y, SQV); 

(3) x&; 

(4) xSy, VX > x= y; 

(5) xxv SxS yal oxy e=l. 
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If (% < >, ~, 1) is a pseudo-BCI algebra satisfying 
xy =x~»y for all x, yeX, then (X; >, 1) is a BCI-algebra. 


Proposition 2.1” '"! Let (X; <, >, ~», 1) be a pseudo- 
BCI algebra, then X satisfy the following properties (Vx, y, 
zeXx);: 

(1) Ilxx > x=1; 

(2) xSy D> YOZSX9Z, PezSx~Z; 

(3) xSy, ySz > xSz; 

(4) x(yz)=y > (~2); 

(5) xSpyz © ysx~vz; 

(6) x>y<(Z9x) (Zz y), XVS(Z~Px) (ZV); 

(7) xSy > 29x82 y, 2xSzZ~y; 

(8) lx=x, l~>x=x; 

(9) (QAx)~x)Px=VPX, (VX) PX) PX=VXG 

(10) x>y<(vox)~r 1, x~ry S(yrrx) 1; 

(11) @>y)9 1=Q91)~"0~™1), 

my) l= DOD; 

(12) x3 1=x~~ 1. 


Definition 2.10! A nonempty subset F of pseudo-BCI 
algebra X is called a pseudo-BCI filter (briefly, filter) of X 
if it satisfies: 

(Fl) leF; 

(F2) xeEF, x>yeF > yeF; 

(F3) xeEF, x~>yeF => yeF. 


Definition 2.11! A pseudo-BCI algebra X is said to be 
anti-grouped pseudo-BCI algebra if it satisfies the follow- 
ing identity: 

(Gl) Vx, y, ZEX, (xy) (092)= yz, 

(G2) Vx, y, ZEX, Ky) (x)= prez. 


Proposition 2.2”?! A pseudo-BCI algebra X is an anti- 
grouped pseudo-BCI algebra if and only if it satisfies: 


VxeXx, (x1) 15x or (x~» 1) 1S. 


Definition 2.12"! A filter F of a pseudo-BCI algebra _Y 
is called an anti-grouped filter of X if it satisfies 


(GF) VxEX, Xl) leF or ww 1) le Fx F. 


Definition 2.13"! A filter F of a pseudo-BCI algebra _Y 
is called a closed filter of X if it satisfies 
(CF) VxeX, x 1eF. 


Definition 2.14"! A filter F of pseudo-BCI algebra_X is 
said to be regular if it satisfies: 

(RF1) Vx, yeX, yeF and x>yeF > xeF. 

(RF2) Vx, vex, yeF and x~yeF > xeF. 


Proposition 2.3"! Let_X be a pseudo-BCI algebra, F a 
filter of X. Then F is regular if and only if F is anti-grouped 
and closed. 
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Definition 2.15°"**! A fuzzy set A in pseudo-BCI alge- 
bra X is called fuzzy filter of X if it satisfies: 

(FF1) VxeX, was); 

(FF2) Vx, yeX, min {u4(x), MAY) } Soa); 

(FF3) Vx, yeX, min {u4(x), Maley) } Sua). 


Definition 2.16"" A fuzzy set A: X >[0, 1] is called a 
fuzzy closed filter of pseudo-BCI algebra X if it is a fuzzy 
filter of X such that: 

(FCF) p(x 1) = Wy), VreX, 


Definition 2.17°" A fuzzy set .A in pseudo-BCI algebra 
X is called fuzzy anti-grouped filter of X if it satisfies: 

(1) Vxex, ma)Sua(1); 

(2) Vx, y, zeX, min {w4()), Ha(X>Y) 9 @z))} u®); 

(3) Vx, y,zeX, min{wa(y), L(y) (XZ) } SiuZ). 


Proposition 2.4%"! Let A be a fuzzy filter of pseudo- 
BCI algebra X. Then A is a fuzzy anti-grouped filter of X if 
and only if it satisfies: 


VxEX, WaQ)2HA((X> 1) 1), Ha) 2ea(a~ I~ 1). 


Definition 2.18"*! A neutrosophic set A in pseudo-BCI 
algebra X is called a neutrosophic filter in X if it satisfies: 
Vx, VEX, 

(NSF1) Tu@)S74(01), L@)s) and FuQx)=F4(1); 

(NSF2) min{74(x), Tua@—y)}STu(v), min {L4(x), La—y)} 
<L,(v) and max {Fy(x), Fu(xy) $2 Fu); 

(NSF3) min {Z(x), Tay} STa(y), min{ Lax), Lier) } 
<I,(y) and max {F(x), Fury)}2 FQ). 


Proposition 2.5°°! Let A be a neutrosophic filter in 
pseudo-BCI algebra_X, then Vx, vex, 
(NSF4) xsy > TA(x)<T Ay), LX) and F4x)2F 40). 


Definition 2.19"*! A neutrosophic set A in pseudo-BCI 
algebra X is called anti-grouped neutrosophic filter in X if it 
satisfies: Vx, y, z€X, 

(1) T4x)<T (1), Lx)st4(1) and F4x)=F (1); 

(2) min{740), Tu((x>y) > z))} < Taz), min {LiQ), 
L((x>y)9(xz))} < L(z) and max{Fyx), Fu((x>y) 
P>2))} 2 Ful); 

(3) mint Tay), Tay) mz) } S Ta(Z), mina), 
I((x~ry)(x~z))} S Lz) and max{ F(x), Fa((x~y) 


~o(x~oz))} 2 Fu). 


Proposition 2.6°°! Let A be a neutrosophic set in pseu- 
do-BCI algebra X. Then A is a neutrosophic filter in X if 
and only if A satisfies: 

(1) Ty is a fuzzy filter of X; 

(ii) Z4 is a fuzzy filter of X; 

(ii) 1-Fy is a fuzzy filter of X, where (1-F4)(x) = 
1-F (x), VxeXx. 


Proposition 2.7°°! Let A be a neutrosophic set in pseu- 
do-BCI algebra X. Then A is an anti-grouped neutrosophic 
filter in X if and only if A satisfies: 

(1) T, is a fuzzy anti-grouped filter of X; 
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(ii) Z4 1s a fuzzy anti-grouped filter of X; 
(iii) 1-Fy is a fuzzy anti-grouped filter of X, where 
(1-F')(x)=1-F.4(x), VxeXx. 


3 Neutrosophic regular filters and neutrosophic 
closed filters 


Definition 3.1 A neutrosophic set A in pseudo-BCI al- 
gebra X is called a neutrosophic regular filter in X if it is a 
neutrosophic filter in X such that: Vx, vex, 


(NSRF1) min{T,(y),  Tax>y)}<Ti(x), min {1,(y), 
L(x—y)}<L4x) and max{F4(y), Fu@—y)}2F 4); 
(NSRF2)  min{T,(y),  Tixsy)}<Ti(x), min {1,(y), 


Lj(x~>y)}<L,(x) and max {F'i(y), Fu(x~y)}>F (x). 


Definition 3.2 A neutrosophic set A in pseudo-BCI al- 
gebra X is called a neutrosophic closed filter in X if it is a 
neutrosophic filter in_X such that: Vrex, 

(NSCF) Ty 1)2Tyx), LA 12), Fux 1)SF4(x). 


Proposition 3.1 Let A be a neutrosophic regular filter in 
pseudo-BCI algebra XY. Then A is closed. 


Proof: Suppose x<X. By Definition 2.9 (2) and Proposi- 

tion 2.1 (12) we have 
x<Qolwl=@>1)> 1. 
From this and Proposition 2.5 we get 
TaX)ST (x 1) 1), La)s L(x 1)> 1), 
FAx)2F (x1) 1). 

Moreover, by Definition 2.18 (NSF1) and Definition 3.1 
(NSRF1) 

TA(x 1) 1 =min{74(1), T(x 1) 1)} S$ Tu 1), 
Lal) 1)=min{1,1), (a 1) 1} sL.a 1), 
F(x 1) 1)= max {F4(1), Fux 1) 1) }} SFr 1). 

Thus, 


Ta)ST A(x 1) 1) ST (x 1), 
LO)SL((x>1)> Dsl 1), 
Fu2T (a1) 1)2Tua 1). 
By Definition 3.2 we know that A is closed. 


By Proposition 2.4 and Proposition 2.7 we can get the 
following proposition. 


Proposition 3.2 Let A be a neutrosophic filter of pseu- 
do-BCI algebra X. Then A is an anti-grouped neutrosophic 
filter of X if and only if it satisfies: VxeX, 


Tix)>T (x1) 1), TAD2T (Oe 11); 
L(x)2L4((x> 1) 1), Ly)2La(x~ 1)~> 1); 
FAXSF((x>1)9 1), FuQ)sF((x 1) 1). 


Proposition 3.3 Let A be a neutrosophic regular filter in 
pseudo-BCI algebra X. Then A is anti-grouped. 


Proof: Suppose x<X. By Definition 2.9 and Proposition 
2.1 we have 
x>(X 1) D= x(x 1) D=1. 
From this we get 
TYXx(@> D> D)RL), L(A D> 1)=L), 
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Py (x 1) 1) =F). 
Thus, applying Definition 3.1 (NSRF1) we get 
T4x)2min{ T(x 1)> 1), Tu (x 1) 9 1)} 
=min{7((x>1)> 1), Ta) }=Ta(@ 1) 1), 
Lx)2min (L(x 1) 1), La (x 1) 9 1) } 
=min {L(x 1) 1), 1) }=L(a@ 1) 1), 
Fax)smax {F(x 1) 1), Fula (x 1) 1) } 
=max {F(x 1) 1), Fu] )}=Fu((x 1) 1). 
Similarly, we can prove that 
Ty)2T (x Do 1),0)2L((x~ D> 1), 


PyQxysF((Qx~ I~ 1). 


By Proposition 3.2 we know that A is anti-grouped. 


Proposition 3.2 Assume that A is both an anti-grouped 
neutrosophic filter and a neutrosophic closed filter in pseu- 
do-BCI algebra X. Then A satisfies: VxeX, 


Ta)=Ta(x 1), Lu@)=Lya 1), Fu)=Fua 1). 


Proof: For any x<X, by Definition 3.2 we have 
T(x 1l)2T(x), L(x ZL), Fue SF 4). 
Moreover, VxeX, by Definition 2.19 and Definition 3.2, 
TA(x)2min {T(x 1) (xx), Ti(1)} 
=min{7,((x>1)> 1), T,(1)} 
=T,((x 1) 1=T (x 1), 
L4x)2min {14(~> 1)>(xx)), 1.) } 
=min{1,((x>1)>1), L,1)} 
=L((x> lo D2ha- 1), 
F4(x)smax {F'4((x> 1) (x-x)), Fu.) } 
=max {F',((x>1)> 1), F4(1)} 
=F’ (x1) 1)S F(x 1). 


That is, 
TA(x)2T (x1), Lx2l(x->1), F4(x)sF' (x1). 
Therefore, 
VxeEXx, T(x)=T yx 1), LL (x 1), FuQ)=F (x 1). 


Theorem 3.1 Let 4 be a neutrosophic filter in pseudo- 
BCI algebra X. Then the following conditions are equiva- 
lent: 

(1) A is both an anti-grouped neutrosophic filter and a 
neutrosophic closed filter in_X; 

(ii) A satisfies: VxeX, 


Ta)=Tax 1), L1@)=La 1), Fu)=Fua 1). 
(iii) A is a neutrosophic regular filter in X. 


Proof: (1) > (i1) See Proposition 3.2. 
(iii) > (i) See Proposition 3.1 and Proposition 3.3. 
(ii) => (iii) Suppose that A satisfies: VxeX, 
Tax)=T4x> 1), L1@)=Lx 1), FulQ)=Fule 1). 
For any x, ye X, using Proposition 2.1 (6) we have 
yo lsy)o 1). 
From this, applying Propostion 2.5, 
Ti 1)ST u(x) 901), 
LO 1SL(@>9) 01), 
Fay )2Fhaxy)>(x> 1). 
From these, by Definition 2.18 we get 
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min{7(y 1), T(x y)} 
<min{T(a~>y)9 (x 1), Tax y) $= Tux 1), 
min{liy—1), Liaw y)} 
< min{L(x>y)9 (x 1), Ly) }=Lx 1), 
max {F4(y 1), Fyu(xy)} 
>max{F4((x>y)> (x 1)), Fux y)} =F. (x 1). 
Moreover, by condition (ii), 
Ty 1)=T40), T(x 1)=T (x); 
Ly )=L0), Lx D=LQ); 
Fig l=F40), Fux D=F 4). 


Therefore, 
min{T4(y), T4(xy)}<T (x), 
min{L(y), L(x y) $< L(x), 
max {F4(y), Fy(x—y)}2F4(x). 


Similarly, we can get 
min{ T4(y), Tey) } ST iQ), 
min{L(y), Li(x~>y) }< L(x), 
max {F4(y), Fury) }2F 4). 


By Definition 3.1 we know that A is a neutrosophic regular 
filter in_X. 


4 Fuzzy regular filters and neutrosophic filters 


Definition 4.1 A fuzzy filter A in pseudo-BCI algebra X 
is called to be regular if it satisfies: 

(FRF1) Vx, yeX, min {p4(V), Hay) } Stu); 

(FRF2) Vx, yeX, min {HA(y), ary) } Sa). 


Lemma 4.1" *?! Let_X be a pseudo-BCI algebra. Then a 
fuzzy set wu: X->[0, 1] is a fuzzy filter of X if and only if the 
level set 4,={ xeEX | u(x)=¢} 1s filter of X for all telm(w). 


Theorem 4.1 Let X be a pseudo-BCI algebra. Then a 
fuzzy set zz X—>[0, 1] is a fuzzy regular filter of X if and 
only if the level set 4, ={ xeX | u(x)=¢} is regular filter of X 
for all telm(y0). 


Proof: Assume that w is fuzzy regular filter of X. By 

Lemma 4.1, for any te/m(z2), we have 

M={xeEX | ux)=t} is filter of X. 
If yey, and x yey, then 

My)2t,  xy)2t. 

From this and Definition 4.1 (FRF1) we get 

Ma(x)2min {4(V), Lary) }2 t. 
This means that x€ 4. Similarly, we can prove that 

yeu, and x ye l= XE Ly. 

By Definition 2.14 we know that yy, is regular filter of X 


Conversely, assume that the level set 4, ={ xeX | “(x)=t} 
is regular filter of X for all te/m(z). By Lemma 4.1 we 
know that 4: X->[0, 1] is a fuzzy filter of X. Let x, yeX, de- 
note fo=min {i44(y), Lax y)}, then foe/m(z2) and 

My)2to, M X>y)2to. 
This means that ye 4, and xye f, . Since 1, is regular 


filter of X, by Definition 2.14 we have xe HL, » that is 
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Ax)2 to=min {uL4(V), Lax) $- 
It follows that Definition 4.1 (FRF1) holds. Similarly, we 


can prove that Vx, veX, min {u4(y), wax~>y) $< 4(x). There- 
fore, zz X—[0, 1] is a fuzzy regular filter of X. 


Similar to Theorem 4.1 we can get the following propo- 
sition (the proofs are omitted). 


Proposition 4.1 Let_X be a pseudo-BCI algebra. Then a 
fuzzy set wu: X->[0, 1] is a fuzzy closed filter of XY if and on- 
ly if the level set 4, ={ xeEX | 4(x)22} is closed filter of X for 
all telm(y). 


By Theorem 6 in [31] we have 


Theorem 4.2 Let « be a fuzzy filter of pseudo-BCI al- 
gebra X. Then the following conditions are equivalent: 

(i) wis fuzzy closed anti-grouped filter of X; 

(ii) VxeX, p(x 1)=4Q). 

(iii) “ is a fuzzy regular filter of X. 


Theorem 4.3 Let 4 be a neutrosophic set in pseudo-BCI 
algebra X. Then A is a neutrosophic closed filter in_X if and 
only if A satisfies: 

(1) T, is a fuzzy closed filter of X; 

(ii) Z4 is a fuzzy closed filter of X; 

(ii) 1—F'y is a fuzzy closed filter of X, where (1—F'4)(x) 
=l1-F (x), VxeXx., 


Proof: Assume that A is a neutrosophic closed filter in 
X. By Definition 3.2 we have (VxeX) 

Tax 1)2T A(x), La 12h, (x), F(x 1) SF). 
Thus, 

(1-Fy)(x 1)=1-F 4a 1)21-F 4) =(1-F'4)( x). 
Therefore, using Definition 2.16, we get that 7,, 2, and 
1-F, are fuzzy closed filters of X. 

Conversely, assume that 7,, J, and 1—Fy, are fuzzy 
closed filters of X. Then, by Definition 2.16, 
Ta )2T (x), LA )2L), 
(1-Fy)(x 1)2C1-F'4)(X). 


Thus, 

F4x1)=1-d-Fa> Ds 1-(1-F.)@)=F 4). 
Hence, applying Definition 3.2 we get that A is a neutro- 
sophic closed filter A in X. 


By Theorem 4.2, Theorem 4.3, Theorem 3.1 and Propo- 
sition 2.7 we can get the following results. 


Theorem 4.4 Let 4 be a neutrosophic set in pseudo-BCI 
algebra X. Then A is a neutrosophic regular filter in X if and 
only if A satisfies: 

(1) T, is a fuzzy regular filter of X; 

(ii) Z4 1s a fuzzy regular filter of X; 

(iii) 1-Fy is a fuzzy regular filter of X, where (1—F4)(x) 
=1-F,(x), Vxex. 


Theorem 4.5 Let X be a pseudo-BCI algebra, A be a 
neutrosophic set in X such that T(x)2a, L4(x)2f and 
FAx)sy, VxeX, where aelm(Ty), PoelmUy) and we 
Im(F 4). Then A is a neutrosophic closed filter in_X if and on- 
ly if (a, B, p-level set A‘*%” is closed filter of X for all 
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aelm(T,), Belm(Z,) and yelm(F'4). 


Proof: Assume that A is neutrosophic closed filter in X. 
By Theorem 4.3 and Proposition 4.1, for any aelm(T,), 
Belm(Ly) and yelm(F4), we have 


(Ta)a={xEX | Tax)2 0}, Ua)p=txeX | Lu(x)2h} and 
(1-F'4)i-y={xeX | 1-F)@)2 1-v}={xeX | Fu(x)s } are 
closed filters of X. 


Thus (Te NU) g Ad-F4)1-, is a closed filters of X. More- 
over, by Definition 2.8, it is easy to verify that (a, & 7)- 
level set 4'*4 2=(T,)q NU) MU-F4)1-y. Therefore, 4'**” 
is closed filter of X for all @elm(T,), Pelm(4) and ye 
Im(F4). 

Conversely, assume that A‘“4” is closed filter of X for 


all aelm(T,), BelmU,y) and yelm(Fy,). Since Ty(x)=aQ%, 
Lx)2fo and F(x)S%, VxeX, then 


(Tia XeX | T)2a}=(Ta OX 
= (Tyas) p, OIF a) 1, =A; 


(La) p= {x EX | Ly(x)2Bp=XN (Lp NX 
= (Ts) g, Va) pO Fa) _,, = AP” ; 


(1-F4) 1-y={xeX | 1-F.)@21- 7} 
=XNXN {xeX | Fu(x)<y} 
= (71) a" (14) a {xeX | FuQxsyy = 4(%0-For) 
Thus, 


(Ta)a={xEX | Ta(x)20}, La) p=txeX | Lx)2h} and 
(1-Fy)i-y =(reX | I-FyQ)21- 7 }={xeX | Fu@)sy} are 
closed filters of X. 


From this, applying Proposition 4.1, we know that Ty, I, 
and 1—F are fuzzy closed filters of X. By Theorem 4.3 we 
get that A is neutrosophic closed filter in X. 


Similarly, we can get 


Lemma 4.2 Let X be a pseudo-BCI algebra, A be a 
neutrosophic set in X such that T,(x)2a, L(x)2fp and 
FAx)s%, VxeX, where aelm(T,), fyoeimUy) and we 
Im(F,). Then A is a (anti-grouped) neutrosophic filter in_X if 
and only if (@, £, )-level set A‘~*” is (anti-grouped) filter 
of X for all welm(Ty), Belm(Z,) and yvelm(Fy). 


Combining Theorem 4.5, Lemma 4.2 and Theorem 3.1 
we can get the following theorem. 


Theorem 4.6 Let X be a pseudo-BCI algebra, 4 be a 
neutrosophic set in X such that T,(x)2a, L4(x)2f and 
FAx)s%, VxeX, where aelm(T,), fyoeimUy) and we 
Im(F4). Then A is a neutrosophic regular filter in X if and 
only if (a, £, ~)-level set 4” is regular filter of X for all 
aelm(T,4), Belm(U,) and yelm(F'4). 
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Conclusion 


The neutrosophic set theory is applied to many scien- 
tific fields, and also applied to algebraic structures. 
This paper applied neutrosophic set theory to pseudo- 
BCI algebras, and some new notions of neutrosophic 
regular filter, neutrosophic closed filter and fuzzy 
regular filter in pseudo-BCI algebras are introduced. 
In addition to studying the basic properties of these new 
concepts, this paper also considered the relationships 
between them, and obtained some necessary and 
sufficient conditions. 
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Neutrosophic Duplet Semi-Group and Cancellable 
Neutrosophic Triplet Groups 
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Xiaohong Zhang, Florentin Smarandache, Xingliang Liang (2017). Neutrosophic Duplet Semi- 
Group and Cancellable Neutrosophic Triplet Groups. Symmetry 9, 275; DOI: 10.3390/sym9110275 


Abstract: The notions of the neutrosophic triplet and neutrosophic duplet were introduced by 
Florentin Smarandache. From the existing research results, the neutrosophic triplets and neutrosophic 
duplets are completely different from the classical algebra structures. In this paper, we further study 
neutrosophic duplet sets, neutrosophic duplet semi-groups, and cancellable neutrosophic triplet groups. 
First, some new properties of neutrosophic duplet semi-groups are funded, and the following important 
result is proven: there is no finite neutrosophic duplet semi-group. Second, the new concepts of weak 
neutrosophic duplet, weak neutrosophic duplet set, and weak neutrosophic duplet semi-group are 
introduced, some examples are given by using the mathematical software MATLAB (MathWorks, Inc., 
Natick, MA, USA), and the characterizations of cancellable weak neutrosophic duplet semi-groups 
are established. Third, the cancellable neutrosophic triplet groups are investigated, and the following 
important result is proven: the concept of cancellable neutrosophic triplet group and group coincide. 
Finally, the neutrosophic triplets and weak neutrosophic duplets in BCI-algebras are discussed. 


Keywords: neutrosophic duplet; neutrosophic triplet; weak neutrosophic duplet; semi-group; 
BCl-algebra 


1. Introduction 


Florentin Smarandache introduced the concept of a neutrosophic set from a philosophical 
point of view (see [1-3]). The neutrosophic set theory is applied to many scientific fields and also 
applied to algebraic structures (see [4—10]). Recently, Florentin Smarandache and Mumtaz Ali 
in [11], for the first time, introduced the notions of a neutrosophic triplet and neutrosophic triplet 
group. The neutrosophic triplet is agroup of three elements that satisfy certain properties with 
some binary operation; it is completely different from the classical group in the structural properties. 
In 2017, Florentin Smarandache wrote the monograph [12] that is present the latest developments in 
neutrodophic theories, including the neutrosophic triplet, neutrosophic triplet group, neutrosophic 
duplet, and neutrosophic duplet set. 

In this paper, we focus on the neutrosophic duplet, neutrosophic duplet set, and neutrosophic 
duplet semi-group. We discuss some new properties of the neutrosophic duplet semi-group and 
investigate the idempotent element in the neutrosophic duplet semi-group. Moreover, we introduce 
some new concepts to generalize the notion of neutrosophic duplet sets and discuss weak 
neutrosophic duplets in BCI-algebras (for BCI-algebra and related generalized logical algebra systems, 
please see [13-26]). 
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2. Basic Concepts 


2.1. Neutrosophic Triplet and Neutrosophic Duplet 


Definition 1. ([11,12]) Let N be a set together with a binary operation *. Then, N is called a neutrosophic 
triplet set if for any a € N, there exist a neutralof “a” called neut(a),different from the classical algebraic unitary 
element, and an opposite of “a” called anti(a), with neut(a) and anti(a) belonging to N, such that: 


a* neut(a) = neut(a) * a =a; 
a* anti(a) = anti(a) * a = neut(a). 


The elements a, neut(a), and anti(a) are collectively called as a neutrosophic triplet, and we denote 
it by (a, neut(a), anti(a)). By neut(a), we mean neutral of a and, apparently, a is just the first coordinate of 
a neutrosophic triplet and nota neutrosophic triplet. For the same element “a” in N, there may be more 
neutrals to it neut(a) and more opposites of it anti(a). 


Definition 2. ({11,12]) The element b in (N, *) is the second component, denoted as neut(-), of a neutrosophic 
triplet, if there exists other elements a and c in N such thata*b=b*a=aanda*c=c*a=b. The formed 
neutrosophic triplet is (a, b, c). 


Definition 3. ({11,12]) The element c in (N, *) is the third component, denoted as anti(-), of a neutrosophic 
triplet, if there exists other elements a and bin N such thata*b=b*a=aanda*c=c*a=b. The formed 
neutrosophic triplet is (a, b, c). 


Definition 4. ([11,12]) Let (N, *) be a neutrosophic triplet set. Then, N is called a neutrosophic triplet group, 
if the following conditions are satisfied: 


(1) If (N, *) is well-defined, i.e., for any a,b € N, onehasa*b EN. 
(2) If (N, *) is associative, i.e., (a* b)*c=a*(b*c) foralla,b,c EN. 


The neutrosophic triplet group, in general, is not a group in the classical algebraic way. 


Definition 5. ([11,12]) Let (N, *) be a neutrosophic triplet group. Then, N is called a commutative neutrosophic 
triplet group if for alla, b € N, we havea* b=b* a. 


Definition 6. ([12]) Let U be a universe of discourse, and a set A C U, endowed with a well-defined law *.We say 
that (a, neut(a)), where a, neut(a) € A, is a neutrosophic duplet in A if: 


(1) neut(a) is different from the unit element of A with respect to the law * (if any); 
(2) a*neut(a) = neut(a) *a =a; 
(3) there is no anti(a) € A such that a * anti(a) = anti(a) * a = neut(a). 


Remark 1. In the above definition, we have A € U. When A = U, “neutrosophic duplet in A” is simplified as 
“neutrosophic duplet”, without causing confusion. 


Definition 7. ({12]) A neutrosophic duplet set, (D, *), is a set D, endowed with a well-defined binary law *, 
such that Va € D, 4 a neutrosophic duplet(a, neut(a)) such that neut(a) € D. If associative law holds in 
neutrosophic duplet set (D, *), then call it neutrosophic duplet semi-group. 


Remark 2. The above definition is different from the original definition of a neutrosophic duplet set in [12]. 
In fact, the meaning of Theorem IX.2.1 in [12] is not consistent with the original definition of a neutrosophic 
duplet set. The original definition is modified to ensure that Theorem IX.2.1 in [12] is still correct. 


Remark 3. In order to include richer structure, the original concept of a neutrosophic triplet is generalized 
to neutrosophic extended triplet by Florentin Smarandache. For a neutrosophic extended triplet that is a 
neutrosophic triplet, the neutral of x (called “extended neutral”) is allowed to also be equal to the classical 
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algebraic unitary element (if any). Therefore, the restriction “different from the classical algebraic unitary 
element, if any” is released. As a consequence, the “extended opposite” of x is also allowed to be equal to the 
classical inverse element from a classical group. Thus, a neutrosophic extended triplet is an object of the form 
(x, neut(x), anti(x)), for x € N, where neut(x) € N is the extended neutral of x, which can be equal or different 
from the classical algebraic unitary element, if any, such that: x * neut(x) = neut(x) * x = x, and anti(x) € N is 
the extended opposite of x, such that: x * anti(x) = anti(x) * x = neut(x). In this paper, “neutrosophic triplet” 
means “neutrosophic extended triplet”, and “neutrosophic duplet” means “neutrosophic extended duplet”. 


2.2. BCI-Algebras 


Definition 8. ([15,22]) A BCI-algebra is an algebra (X; —, 1) of type (2,0) in which the following axioms 
are satisfied: 


Gi) (x>y(y> 2) (x > Zz) =1, 
(ji) x7>x=1, 
(iii) 17 x=x, 


(iv) ifx—>y=yox=l1,thenx=y. 
In any BCI-algebra (X; —, 1) one can define a relation < by putting x < yif and only ifx — y=1, 
then < is a partial order on X. 


Definition 9. ([16,20]) Let (X; —, 1) be a BCI-algebra. The set {x |x < 1} is called the p-radical (or BCK-part) 
of X. A BCI-algebra X is called p-semisimple if its p-radical is equal to {1}. 


Definition 10. ([16,20]) A BCI-algebra (X; —, 1) is called associative if 


(x > y) 9 z=x-> [y > 2), Vxy,z € X. 


Proposition 1. ({16]) Let (X; +, 1) be a BCI-algebra. Then the following are equivalent: 


(i)  X is associative; 
(jij) x71=x,Vx EX; 
jiii) x > y=yoxw, Vxy EX. 


Proposition 2. ([16,24]) Let (X; +, —, 1) be anAbel group. Define (X; <, —, 1), where 


x—y=—-x+y,x < yifand only if-x+y=1, Vxy € X. 


Then, (X; <, +, 1) isa BCI-algebra. 


3. New Properties of Neutrosophic Duplet Semi-Group 


For a neutrosophic duplet set (D, *), if a € D, then neut(a) may not be unique. Thus, the symbolic 
neut(a) sometimes means one and sometimes more than one, which is ambiguous. To this end, this paper 
introduces the following notations to distinguish: 


neut(a): denote any certain one of neutral of a; 


{neut(a)}: denote the set of all neutral of a. 


Remark 4. In order not to cause confusion, we always assume that: for the same a, when multiple neut(a) are 
present in the same expression, they are always are consistent. Of course, if they are neutral of different elements, 
they refer to different objects (for example, in general, neut(a) is different from neut(b)). 


183 


Florentin Smarandache (author and editor) Collected Papers, IX 


Proposition 3. Let (D, *) be a neutrosophic duplet semi-group with respect to * and a € D. Then, for any 
x,y € {neut(a)}, x * y € {neut(a)}. That is, 


{neut(a)} * {neut(a)} C {neut(a)}. 
Proof. For any a € D, by Definition 7, we have 
a* neut(a) =a, neut(a) *a=a. 


Assume x, y € {neut(a)}, then 


* + “7 * + 
a*x=x*a=a,a*y=y*a=a. 


From this, using associative law, we can get 
a*(xty)=(x*y)*a=a. 


It follows that x*y is a neutral of a. That is, x * y € {neut(a)}. This means that 
{neut(a)} * {neut(a)}C {neut(a)}. 


Remark 5. If neut(a) is unique, then 
neut(a) * neut(a) = neut(a). 


But, if neut(a) is not unique, for example, assume {neut(a)} = {s, t} € D, then neut(a) denote any one 
of s, t. Thus neut(a) * neut(a)represents one of s *s, and t * t; and {neut(a)} * {neut(a)} = {s * s,s *t,t*s,t *t}. 
Proposition 3 means thats *s,s*t,t*s,t*t € {neut(a)} = {s, t}, that is, 


s*s=s,ors*s=t;s*t=s,ors*t=t. 

t*s=s,ort*s=t;t*t=s,ort*t=t. 

In this case, the equation neut(a) * neut(a) = neut(a) may not hold. 
Proposition 4. Let (D, *) be a neutrosophic duplet semi-group with respect to * and let a, b,c € D. Then 


(1) neut(a)* b=neut(a)*c>a*b=a*c. 
(2) b* neut(a)=c* neut(a) > b*a=c*a. 


Proof. (1) Assume neut(a) * b = neut(a) * c. Then 
a* (neut(a) * b) = a* (neut(a) * c). 
By associative law, we have 
(a *neut(a)) * b = (a *neut(a)) * c. 


Thus, a* b =a* c. That is, (1) holds. 
Similarly, we can prove that (2) holds. 


Theorem 1. Let (D, *) be a commutative neutrosophic duplet semi-group with respect to * and a, b € D. Then 


neut(a) * neut(b) € {neut(a* b)}. 
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Proof. For any a,b € D, we have 
a* neut(a) * neut(b) * b = (a * neut(a)) * (neut(b) * b) =a* b. 
From this and applying the commutativity and associativity of operation * we get 


(neut(a) * neut(b)) * (a * b) = (a * b) * (neut(a) * neut(b)) = a* b. 


This means thatneut(a) * neut(b) € {neut(a * b)}. 


Theorem 2. Let (D, *) be a neutrosophic duplet set with respect to *. Then there is no idempotent element in D, 
that is, 


Va € D,a*a#a. 


Proof. Assume that there is a € D such that a *a =a. Thena € {neut(a)}, and a € {anti(a)}, This is a 
contraction with Definition 6 (3). 


Since the classical algebraic unitary element is idempotent, we have 


Corollary 1. Let (D, *) be a neutrosophic duplet set with respect to *. Then there is no classical unitary element 
in D, that is, there is noe € D such that Va € D,a*e=e*a=a. 


Theorem 3. Let (D, *) be a neutrosophic duplet semi-group with respect to *. Then D is infinite. That is, there 
is no finite neutrosophic duplet semi-group. 


Proof. Assume that D is a finite neutrosophic duplet semi-group with respect to *. Then, for any a € D, 


2 


= 48 n 
aa*a=a‘,a*a*a=a,...,a",... €D. 


Since D is finite, so there exists natural number m, k such that 


Case 1: if k = m, then a” = a2", that is, a” =a" * a™,a"™ is an idempotent element in D, this is a 
contraction with Theorem 2. 
Case 2: if k > m, then from a™ = a" ** we can get 


k Mm gk 


ak=a m+k x gk _ 2k k x ik 


=a a =a "a. 


This means that a‘ is an idempotent element in D, this is a contraction with Theorem 2. 
Case 3: if k <m, then from a” = a'"** we can get 


qt = git tk = git * gk = qittk « gk = qamtek, 
qt = qitt+2k = qi * ack = qittk * ack = amtsk, 
qt = qittink 


Since m and k are natural numbers, then mk > m. Therefore, from a” = a’, applying Case 1 or 
Case 2, we know that there exists an idempotent element in D, this is a contraction with Theorem 2. 


Theorem 4. Let (D, *) be a neutrosophic duplet semi-group with respect to “and a € D. Then 


neut(neut(a)) € {neut(a)}. 
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Proof. For any a € D, by the definition of neut(-), we have 
neut(a) * neut(neu(a)) = neut(a); 


neut(neut(a)) * neut(a) = neut(a). 


Then 
a * (neut(a) * neut(neut(a))) = a * neut(a); 


(neut(neut(a)) * neut(a)) * a = neut(a) * a. 


wrong, because the asso 
(b* a)*c=a*c=c,butb*(a*c)=b*c=b. 


4. Weak Neutrosophic Duplet Set (and Semi-Group) 


From Theorems 3 and 5, we can see that the structure of the neutrosophic duplet semi-group 
is very scarce. What are the reasons for that? The key reason is that under the original definition of 
neutrosophic duplet, the idempotent element is not allowed (since it has a corresponding opposite 
element). In fact, for any idempotent element a, we have a € {neut(a)} and a € {anti(a)}, that is, (a, a, a) 
is a neutrosophic triplet. Therefore, in order for us to study it more widely, we slightly relaxed the 
condition that allowed such (a, a, a) to exist in a neutrosophic duplet set and introduced a new concept 
as follows. 


Definition 11. A weak neutrosophic duplet set, (D, *), is a set D, endowed with a well-defined binary law 


*, such that Ya € D,ifa  {neut(a)}, then Sa neutrosophic duplet (a, neut(a)) such that neut(a) € D. If the 
associative law holds in weak neutrosophic duplet set (D, *), then call it a weak neutrosophic duplet semi-group. 


The situation is quite different from that of the neutrosophic duplet semi-group, as there are many 
finite weak neutrosophic duplet semi-groups. See the following examples. 


Example 1. Let D = {1, 2, 3}. The operation * on D is defined as Table 1. Then, (D, *) is a commutative 
neutrosophic duplet semi-group. 


Table 1. Weak neutrosophic duplet semi-group (1). 


£12.38 
LA 2 
222 z 
ao 2 Z 


In fact, we can verify that (D, *) is a neutrosophic duplet semi-group by MATLAB programming, 
as shown in Figure 1. 
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File Edit Text Go Cell Tools Debug Desktop Window Help 
DEGe | sOre|S6B-|Medh |b - AH BWM ID B| stack) Base 
"BOR| -j10 [+ | = l1a | x | 08 | 
function s=nsdg3(A) 
s=" abc’; 
T1=A; 
t=1; 
for i=1:3 
for j=1:3 
for k=1:3 
if T1(i,T1(j,k)) “=T1 (11 (4, 3), k) 
t=0; 
break File Edit Debug Desktop Window Help 


end >> T=[1 23; 22 2;3 2 2) 
end 


4 Command Window 


end T= 


end | 


for m=1:3 
if T1(m,1)~=m && T1(m,2)~=m && T1(m,3)~=m 
t=0; 
break 
one >> nsdg3(T) 
end 
for n=1:3 
if T1(1,n)~=n && T1(2,n)~=n && T1(3,n)~=n 
t=0; 
break 
end fe >> 
4 


ans = 


It is a neutrosophic duplet set 


end 


for p=1:3 


if T1(p,p)==p 
break 
end 
for g=1:3 
if T1(p,q)==p && T1(q,p)==p 
np=q; 
if (T1(p, 1)==np && T1(1,p)==np) || (11 (p, 2)==np && T1(2,p)==np) || (T1(p, 3)==np && T1(3, p)==np) 
t=0; 
break 
end 
end 
end 
end 
if t=1 
s="It is a neutrosophic duplet set’ ; 
else 
s="It is not a neutrosophic duplet set’; 
end 


Figure 1. Verity weak neutrosophic duplet semi-group by MATLAB. 


Example 2. Let D = {1, 2, 3}. The operation * on D is defined as Table 2. Then, (D, *) is a non-commutative 
neutrosophic duplet semi-group. 


Table 2. Weak neutrosophic duplet semi-group (2). 


= 


N 

Wore] - 
WNrR|N 
Wwr)] w 
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In this example, “1”, “2”, and “3” are idempotent elements in D, and {neut(1)} = {1, 2},neut(2) = 2, 
{neut(3)} = {2, 3}. 


Example 3. Let D = {1, 2, 3, 4}. The operation * on D is defined as Table 3. Then, (D, *) is a commutative 
neutrosophic duplet semi-group. 


Table 3. Weak neutrosophic duplet semi-group (3). 


* 123 4 
13144 
2 1, 2) 34 
3 43 4 4 
4 4444 


In this example, “2” and “4” are idempotent elements in D, and neut(2) = 2,{neut(4)} = {1, 2, 3, 4}. 
neut(1) = 2, {anti(1)} = ©; neut(3) = 2, {anti(3)} = ©. 


Example 4. Let D = {1, 2, 3, 4}. The operation * on D is defined as Table 4. Then, (D, *) is a non-commutative 
neutrosophic duplet semi-group. 


Table 4. Weak neutrosophic duplet semi-group (4). 


* 


mewWN PR 

PNNN] = 
NNNNI]N 
WwWwwy] w 
BPwWONH |] > 


In this example, “2”, “3”, and “4” are idempotent elements in D, and neut(1) = 4,{anti(1)} = @. 

Now, we explain all of the neutrosophic duplet semi-groups with three elements. In total, we can 
obtain 50 neutrosophic duplet semi-groups with three elements, some of which may be isomorphic. 
They are funded by MATLAB programming, as shown in Figure 2. 


Definition 12. A weak neutrosophic duplet semi-group (D, *) is called to be cancellable, if it satisfies 
Va,b,cE€ D,a*b=a*cs>be=c 
Va,b,cE D, b*a=c*asbe=c. 


The weak neutrosophic duplet semi-groups in Examples 1-4 are not cancellable. We give a 
cancellable example as follows. 
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5 function [ndg, ns]=nsdg3find() 

2- | ndg=zeros(3) ;T1=zeros(3) ;ns=0;t=1; 

+= for kl=1:3 

4- for k2=1:3 

5- for k3=1:3 

BH for k4=1:3 

7- fox k5=1:3 

8- for k6=1:3 

a- fox k7=1:3 

10 - for k8=1:3 

u- for k9=1:3 

w- T1Q, D=k1;T10, 2 
13 - T1(2, 1)=k4 11 (2, 
1103, 1)=k7;71.(3, 2 


for j=1:3 
is for k=1:3 


18 - if T1(4, 11 (5, k)) “S11 (11 (4, 5) 4k) 


19 - t=0; 
20 - break 
21 - end 
a= end 

z- end 

24 - end 

3 for m=1:3 


26 = if T1(m,1)"=m && T1(m, 2)~5m && TI (n, 3) "=m 


= t=0; 
2 break 
29 — end 

30 - end 

St for n=1:3 


32 - if T1(1,n) “=n && T1(2,n) “Sn && T1(3,n)"=n 


3 = t=0; 

34 break 

= end 

38 - end 

SS for p=1:3 

B- if T1(,p)==p 
39 - break 

0 - end 

a - for q=1:3 


e2- if T1(p,q)==p && T1(q,p)==p 


me np=q; 


“a if (T1(p,1)==np && T1(1,p)==np) || (T1(p, 2)==np && 11(2,p)==np) 


ee #20; 
46 - break 


50 - end 

s1- if t==1 
ae ns=nstl; 
53 - ndg=T1 
54- end 

55 - tel; 


=k2;11 (1, 3)=k3; 
=k5 ; 11 (2, 3)=k6; 
=k8;T1 (3, 3)=k9; 


pepe feteyay 


i 


ii 


nsda3find 


Ln 


60 


Figure 2. Find weak neutrosophic duplet semi-group by MATLAB 


In this example, for any element a in D, and neut(a) = 0. 


Theorem 6. Let (D, *) be a cancellable weak neutrosophic duplet semi-group with respect to *. Then 


(1) Va € D, neut(a) is unique. 

(2) ‘ae D, neut(a) * neut(a) = neut(a). 
(3) Va €D, neut(a) * neut(a) = neut(a * a). 
(4) Va,b © D, neut(a) = neut(b). 


Proof. (1) For any a € D, we have 
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Case 1: if a € {neut(a)}, then a * a =a. Thus 
a*a=a=a* neut(a). 


By Definition 12, we have a = neut(a). This means that {neut(a)} = {a}, that is, neut(a) is unique. 
Case 2: ifa {neut(a)}, assume x, y € {neut(a)}, then 


a*x=a=a"*y. 
By Definition 12, we havex = y. This means that | {neut(a)}| = 1, that is, neut(a) is unique. 
(2) If a € {neut(a)}, then a * a =a, by (1) we get a = neut(a), so neut(a) * neut(a) = neut(a). 
Ifa  {neut(a)}, by the same way with Proposition 3, we can prove that 


{neut(a)} * {neut(a)} C {neut(a)}. 


Using (1) we have neut(a) * neut(a) = neut(a). 
(3) For any a € D, since (by associative law) 


(neut(a) * neut(a)) * (a* a) =a* a; 


(a * a) * (neut(a) * neut(a)) =a* a. 


This means that neut(a) * neut(a) € {neut(a * a)}, but by (1) | {neut(a)}| = 1, thus 

neut(a) * neut(a) = neut(a * a). 
(4) For any a, b € D, since (by associative law) 

a* neut(a) * neut(b) *b =a * b. 
From this, applying Definition 12, 

neut(a) * neut(b) * b = b. 
neut(a) * neut(b) * b = b = neut(b) * b. 
Applying Definition 12 again, 
neut(a) * neut(b) = neut(b). 


Similarly, we can get 
neut(a) * neut(b) = neut(a). 


Hence, neut(a) = neut(b). 


Theorem 7. Let (D,) be a cancellable weak neutrosophic duplet semi-group with respect to *. If D is a finite set, 
then D is a single point set, that is, |D| = 1. 


Proof. By Theorem 6, we know that {neut(a) | a € D} is a single point set. Denote neut(a) = e (Va € D). 
Assume that D is a finite set, if |D| 4 1, then there exists x € D such that x # e. Denote |D| =n, 
D = {a1, 42,... , ay}. In the table of operation *, consider the line in which the x is located: 


x*a4,X* Ay, ...,X* An 
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Since D is cancellable, then x * a1, x * a2,... , x * dnare different from each other. Thus, 4a; such 
that x * a; =e. It follows that (x, neut(x) = e) is not a neutrosophic duplet. Applying Definition 11, 
x € {neut(x)} = {e}. That is, x # e. This is a contraction with the hypothesis x 4 e. Hence |D| =1. 

Applying Theorems 2 and 6, we can get the following theorem. 


Theorem 8. Let (D, *) be a neutrosophic duplet semi-group with respect to *. Then D is not cancellable. That is, 
there is no cancellable neutrosophic duplet semi-group. 


5. On Cancellable Neutrosophic Tripet Groups 

Definition 13. A neutrosophic triplet group (D, *) is called to be cancellable, if it satisfies 
Va,b,cE€ D,a*b=a*cabe=c 
Va,b,c€D,b*a=c*a>be=c. 


Example 7. Let D = {1, 2, 3, 4}. The operation * on D is defined as Table 5. Then, (D, *) is a cancellable 
neutrosophic triplet group. 


Table 5. Cancellable neutrosophic triplet group. 


* 1234 
11234 
2 21 4 3 
3.341 2 
4 4321 


In this example, neut(1) = neut(2) = neut(3) = neut(4) = 1, and anti(1) = 1, anti(2) = 2, anti(3) = 3, 
anti(4) = 4. 


Theorem 9. Let (D, *) be a cancellable neutrosophic triplet group with respect to *. Then 


(1) Va € D, neut(a) is unique. 

(2) Va € D, anti(a) is unique. 

(3) a,b € D, neut(a) = neut(b). 

(4) (D,*) is a group, the unit is neut(a), Va € D. 


Proof. (1) For any a € D, assume x, y € {neut(a)}, then 
A*x=a=a"y. 


By Definition 13, we have x = y. This means that | {neut(a)}| = 1, that is, neut(a) is unique. 
(2) For any a € D, using (1), neut(a) is unique. Assume x, y € {anti(a)}, then 


a*x=neut(a) =a* y. 


By Definition 13, we have x = y. This means that | {anti(a)}| = 1, that is, anti(a) is unique. 
(3) For any a, b € D, since (by associative law) 


neut(a) * b = neut(a) * neut(b) * b. 
From this, applying Definition 13, 


neut(a) = neut(a) * neut(b). 
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On the other hand, since (by associative law) 
a* neut(b) =a * (neut(a) * neut(b)). 
From this, applying Definition 13 again, 
neut(b) = neut(a) * neut(b). 


Thus, neut(a) = neut(b). 
(4) It follows from (1)~(3). 


Since any group is a cancellable neutrosophic triplet group, by Theorem 9 (3), we have 
Theorem 10. The concepts of neutrosophic triplet group and group coincide. 


The following example shows that there exists a non-cancellable neutrosophic triplet group, 
in which (Va € D) neut(a) is unique and anti(a) is unique. 


Example 8. Let D = {1, 2, 3, 4}. The operation * on D is defined as Table 6. Then, (D, *) is a non-cancellable 
neutrosophic triplet group, but (Va € D) neut(a) is unique and anti(a) is unique. 


Table 6. Non-cancellable neutrosophic triplet group. 


+ 


BPP] 
NNNNI]N 


BewNPR 
WwWww] w 
a a a aS 


In this example, neut(1) = anti(1) = 1, neut(2) = anti(2) = 2, neut(3) = anti(3) = 3, neut(4) = anti(4) = 4. 
Definition 14. A neutrosophic triplet group (D, *) is called to be weak cancellable, if it satisfies 
Va,b,c€D,(a*b=a*candb*a=c*a)>b=c. 


Obviously, acancellable neutrosophic triplet group is weak cancellable, but a weak cancellable 
neutrosophic triplet group may not be cancellable. In fact, the (D, *) in Example 8 is weak cancellable, 
but is not cancellable. 


Theorem 11. Let (D, *) be a weak cancellable neutrosophic triplet group with respect to *. Then 


(1) Va € D, neut(a) is unique. 
(2) Va e€ D, anti(a)is unique. 


Proof. (1) For any a € D, assume x, y € {neut(a)}, then 
a*x=a=a"*y. 
x*a=a=y"*a. 


By Definition 14, we have x = y. This means that | {neut(a)}| = 1, that is, neut(a) is unique. 
(2) For any a € D, using (1), neut(a) is unique. Assume x, y € {anti(a)}, then 


a*x=neut(a) =a* y. 


x*a=neut(a) = y *a. 


By Definition 14, we have x = y. This means that | {anti(a)}| = 1, that is, anti(a) is unique. 
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The following example shows that there exists a neutrosophic triplet group in which (Va € D) 
neut(a) is unique and anti(a) is unique, but it is not weak cancellable. 


Example 9. Let D = {1, 2, 3}. The operation * on D is defined as Table 7. Then, (D, *) is a neutrosophic triplet 
group, and (Wa € D) neut(a) is unique and anti(a) is unique. However, it is not weak cancellable, since 


2* 132" 2,1 7252"), 142. 


Table 7. Not weak cancellable neutrosophic triplet group. 


* 
1 

2 
3 


ON] eR 
WONNIN 
Now] w 


In this example, we have 
neut(1) = anti(1) = 1, neut(2) = anti(2) = 2, neut(3) = anti(3) = 2. 


The following example shows that there exists a commutative neutrosophic triplet group which 
da € D) anti(a) is not unique. 


— 


Example 10. Consider (Z6, *), where * is classical multiplication. Then, (Z6, *) is a commutative neutrosophic 
triplet group, the binary operation * is defined in Table 8. For eacha € Z6, we have neut(a) in Z6. That is, 


neut([0]) = [0], newt([1]) = [1], neut([2]) = [4], 
neut([3]) = [3], neut([4]) = [4], neut([5]) = [1], 
tanti([O})} = {[0], (11, [2], [3], [4], 5], 
tanti([1})} = {11}, 
tanti([2])} = {[2], [5], 


[0] [0] [0] [0] [0] [0] [0] 
O] ©) fl 2 BB) A OB 
2] [0o] [2] [4] [0] 2) ff) 
[3] [0] [] [0) f)] ) BB) 
4] [0] [4]! 2) f) 4 Ef) 
5] 0 6 - BB) 2 


6. Neutrosophic Triplets and Weak Neutrosophic Duplets in BCI-Algebras 
Now, we discuss BCI-algebra (X; —, 1). 
Theorem 12. Let (X; —, 1) be a BCI-algebra. Then 


(1) Wx € X, if {neut (x)} A Oand y € {neut (x)}, thenx +> 1=x,y>1=1. 
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(2) Vx € X, if {neut (x)} A © and {anti (x)} A ©, then z + 1 =x for any z € {anti (x)}. 


Proof. (1) Assume y € {neut(x)}, then 
xX y=yOx=x. 


Using the properties of BCI-algebras, we have 


x 1l=xo-(oy=yowoy=yox=x. 


yo l=yroxoxexoyoxuexo x= 1. 


(2) Assume z € {anti(x)}, then 
Z—>xX=xX— Z=neut(x). 
Using (1) and the properties of BCI-algebras, we have 


1=neut(x) 91=(z> x) 9 1=(279)O (eo D)=aGZ OH )RO*x. 


1 =neut(x) 9 1=(x 3 2z) 9 1=(x 9 1) 9 (29 1) = x (Zz 1). 


Hence, z > 1=x. 


Example 11. Let D = {a, b, c, 1}. The operation — on D is defined as Table 9. Then, (D, —>) is a BCI-algebra 
(it is a dual form of I4.2-2 in [16]), and (c, 1, c) is a neutrosophic triplet in (D, —>). 


Table 9. Neutrosophic triplet in BCI-algebra. 


> a be 1 
a 1 cee 1 
b e 1. 1 Cc 
Cc boa il Cc 
1 abc 1 


Theorem 13. Let (X; —, 1) be a BCI-algebra. Then (X, —+) is a neutrosophic triplet group if and only if 
(X; —, 1) is an associative BCI-algebra. 


Proof. Suppose that (X; —>) is a neutrosophic triplet group. Then Vx € X, {neut(x)} A ©. By Theorem 12, 
x + 1=x. Using Proposition 1, (X; —, 1) is an associative BCI-algebra. 

Conversely, suppose that (X; —, 1) is an associative BCI-algebra. Then (X; —, 1) is a group. 
Hence, (X; —*) is a neutrosophic triplet group. 


Example 12. Let D = {a, b, c, 1}. The operation — on D is defined as Table 10. Then, (D; >, 1) is a BCI-algebra 
(it is a dual form of I4.1-1 in [16]), and (D, —>) is a neutrosophic triplet group. 


Table 10. Neutrosophic triplet group and BCI-algebra. 


> a be 1 
a l <@ € 1 
b c 1 1 Cc 
Cc boa il Cc 
1 ab ec 1 


Theorem 14. Let (X; —, 1) be a BCI-algebra. Then (X, —) is not a neutrosophic duplet semi-group. 
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7. Conclusions 


This paper is focused on the neutrosophic duplet semi-group. We proved some new properties of 
the neutrosophic duplet semi-group, and proved that there is no finite neutrosophic duplet semi-group. 
We introduced the new concept of weak neutrosophic duplet semi-groups and gave some examples 
by MATLAB. Moreover, we investigated cancellable neutrosophic triplet groups and proved that 
the concept of cancellable neutrosophic triplet group and group coincide. Finally, we discussed 
neutrosophic triplets and weak neutrosophic duplets in BCI-algebras. 
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Further results on (c, <€)-neutrosophic subalgebras 
and ideals in BC kK /BCI-algebras 


G. Muhiuddin, Hashem Bordbar, Florentin Smarandache, Young Bae Jun 


G. Muhiuddin, Hashem Bordbar, Florentin Smarandache, Young Bae Jun (2018). Further 
results on (€, €,)-neutrosophic subalgebras and ideals in BCK/BCl-algebras. Neutrosophic 


Sets and Systems 20, 36-43. 


Abstract: Characterizations of an (€, €)-neutrosophic ideal are 
considered. Any ideal ina BC K/BCI-algebra will be realized as 
level neutrosophic ideals of some (€, €)-neutrosophic ideal. The re- 
lation between (€, €)-neutrosophic ideal and (€, €)-neutrosophic 
subalgebra in a BC'K-algebra is discussed. Conditions for an (€, 


Keywords: (€, €)-neutrosophic subalgebra, (€, €)-neutrosophic ideal. 


1 Introduction 


Neutrosophic set (NS) developed by Smarandache [8, 9, 10] in- 
troduced neutrosophic set (NS) as a more general platform which 
extends the concepts of the classic set and fuzzy set, intuitionis- 
tic fuzzy set and interval valued intuitionistic fuzzy set. Neutro- 
sophic set theory is applied to various part which is refered to the 
site 


http://fs.gallup.unm.edu/neutrosophy.htm. 


Jun et al. studied neutrosophic subalgebras/ideals in 
BCK/BCtT-algebras based on neutrosophic points (see [1], [5] 
and [7]). 

In this paper, we characterize an (€, €)-neutrosophic ideal in a 
BCK/BCI-algebra. We show that any ideal ina BCK/BCI- 
algebra can be realized as level neutrosophic ideals of some 
(€, €)-neutrosophic ideal. We investigate the relation between 
(€, €)-neutrosophic ideal and (€, €)-neutrosophic subalgebra 
in a BC K-algebra. We provide conditions for an (€, €)- 
neutrosophic subalgebra to be a (€, €)-neutrosophic ideal. Using 
a collection of ideals ina BCK/BCI-algebra, we establish an 
(€, €)-neutrosophic ideal. We discuss equivalence relations on 
the family of all (€, €)-neutrosophic ideals, and investigate re- 
lated properties. 


2 Preliminaries 


A BCK/BClI-algebra is an important class of logical algebras 
introduced by K. Iséki (see [2] and [3]) and was extensively in- 


€)-neutrosophic subalgebra to be a (€, €)-neutrosophic ideal are 
provided. Using a collection of ideals ina BCK/BCI-algebra, an 
(€, €)-neutrosophic ideal is established. Equivalence relations on 
the family of all (€, €)-neutrosophic ideals are introduced, and re- 
lated properties are investigated. 


vestigated by several researchers. 
By a BCI-algebra, we mean a set X with a special element 0 
and a binary operation x that satisfies the following conditions: 


() (Wa,y,2z © X) (((a*y) * (w* z)) *(z*y) = 0), 
(I) (Va,y € X) ((a* (a *y)) *y = 0), 
(ID (Va € X) (ax x =0), 
(IV) (Vz,yEX)(axy=0,y*xx=0 > r=y). 
Ifa BCI-algebra X satisfies the following identity: 
(V) (Va € X) (0x2 =0), 


then X is called a BC K-algebra. Any BCK/BCI-algebra X 
satisfies the following conditions: 


(V2 € X)(x*0=2), (2.1) 
cry D> UZ yY*zZ 
nes (2.2) 
(Va,y,2€ X)((wxy)* z= (xz) xy), (2.3) 
(Va,y,2 © X)((v xz) * (y* z) <axxy) (2.4) 


where x < y if and only if x * y = 0. A nonempty subset S$ of a 
BCK/BClT-algebra X is called a subalgebra of X ifuxyES 
for all x,y € S. A subset I of a BCK/BCI-algebra X is called 
an ideal of X if it satisfies: 


OeET, 
(V~ae X) (Vy eT (axyel > cel). 


(2.5) 
(2.6) 
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We refer the reader to the books [4, 6] for further information 
regarding BC kK /BCI-algebras. 


For any family {a; | 7 € A} of real numbers, we define 


VV fai |i € A} := sup{a; | i € A} 


and 
/\fai |i € A} = inf {a; | i € A}. 


If A = {1,2}, we will also use a1 V ag and ay A az instead of 
Via; | ¢ A} and A{a; | i € A}, respectively. 


Let X be a non-empty set. A neutrosophic set (NS) in X (see 
[9]) is a structure of the form: 


Ay := {(x; Ar(x), Ar(x), Ar(x)) | © X} 


where Ar : X — [0,1] is a truth membership function, 
A; : X — [0,1] is an indeterminate membership function, and 
Ap: X — [0,1] is a false membership function. For the sake of 
simplicity, we shall use the symbol A~ = (Ar, A;, Ar) for the 
neutrosophic set 


Ax := {(x; Ar(x), Ar(x), Ar(x)) |v © X}. 


Given a neutrosophic set AW = (Ar, Ay, Ar) ina set X, 
a, 3 € (0, 1] and y € [0, 1), we consider the following sets: 


Te (An; a) = {x € X | Ap(x) > a}, 
Te(Ax; 8) = {2 € X | Ar(z) = B}, 
Fe(Aw;7) = {@ € X | Ar(x) < 7}. 


We say Te(Ax~; a), Ie (Ax; GB) and Fe(A~; ) are neutrosophic 
€-subsets. 


A neutrosophic set AL = (Ar, Ar, Ar) ina BCK/BCI- 
algebra X is called an (€, €)-neutrosophic subalgebra of X (see 
[5]) if the following assertions are valid. 


ee Te Axio,), y€ Te(An; dy) 
=> cxye Te(Arjaz A ay), 

ge le( Axi fy), y © (Ans By) 
> LEYS Te (Ax; Bo A By), 

gE Fe(Ax; Yn), y € Fe(An; Wy) 
=> ory © Fe(An; 2 V Vy) 


(Vx,y € X) (2.7) 


for all az, Ay, Bx, By € (0,1] and yz, Yy € [0, 1). 
A neutrosophic set AL = (Az, A;7, Apr) ina BCK/BCI- 


algebra X is called an (€, €)-neutrosophic ideal of X (see [7]) 
if the following assertions are valid. 


ve Te(Avj;az) > 0€ Te(Axr; az) 
2 TAA Gs) => 0 € Ie(An; Br) 
me Fe(Ani ys) => 0€ Fe(An; ¥z) 


(Vx € X) (2.8) 
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and 
xxy € Te(Arjaz), y € Te(An; ay) 
=> ©€Te(Ar;az A ay) 
Cages = Ie(Ani Bz), YE Ie (An h;) 


=> £€ Te(AN; Be A By) 
aey € Fe(Anjye), y © Fe(Aniy) 
=> £€ Fe(An; 2 V Wy) 
(2.9) 


for all ag, Ay, Bx, By € (0, 1] and yx, € [0, 1). 


(€, €)-neutrosophic subalgebras and 
ideals 


We first provide characterizations of an (€, €)-neutrosophic 
ideal. 


Theorem 3.1. Given a neutrosophic set AX = (Ar, Az, Ar) in 
a BCK/BCI-algebra X, the following assertions are equiva- 
lent. 


(1) Ax = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal of X. 
(2) Aw = (Ar, Ar, Ap) satisfies the following assertions. 


Ar(0) 2 Ar(z), 


(Va € X)| A;(0) > Ar(x), (3.1) 
Ar(0) < Ar(z) 
and 
Ar(x) > Ar(x*y) A Ar(y) 
(Va,yEX)| A(x) > Ar(x*y) A Ar(y) (3.2) 
Ar(x) < Ar(x *y) V Ar(y) 


Proof. Assume that AL = (Ar,A;z,Ar) is an (€, €)- 
neutrosophic ideal of X. Suppose there exist a,b,c € X be 
such that A7(0) < Ar(a), A7(0) < Aj;(b) and Ap(0) > 
Ap(c). Then a € Te(A,;Ar(a)), b € Ie(Ax; Ar(b)) and 
c € Fe(Ax; Ar(c)). But 


0 ¢ Te (Ax; Ar(a)) N Le(An; Ar(b)) 9 Fe(An; Ar(C)). 


This is a contradiction, and thus Ar(0) > Ar(x), Ar(0) > 
Ay(x) and Ap(0) < Ap(x) for all e € X. Suppose that 
Ar(x) < Ar(a * y) A Ar(y), Ar(a) < Ar(a * b) A Az(d) 
and Ar(c) > Ar(cx*d) V Ap(d) for some x, y, a,b, c,d € X. 
Taking a := Ar(axy)AAr(y), 8 = Ar(axb) A Az(b) and y := 
Ap(cxd)V Ap(d) imply that rxy € Te(Ax; a), y € Te(An; @), 
axb € Ice(Ax; 8), b € Te(An; 8), ex d € Fe(Ax;7y) and 
d € Fe(Ax;y). But x € Te(Ax;a), a € Ie(An;B) and 
c ¢ Fe(Ax;7). This is impossible, and so (3.2) is valid. 
Conversely, suppose AY = (Ar, Az, Ap) satisfies two con- 
ditions (3.1) and (3.2). For any x,y,z € X, leta,@ € (0,1] 
and 7 € [0,1) be such that 7 € Te(Ax;a), y € Te(Ax; 8) and 
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z € Fe(Ax;7). It follows from (3.1) that Ar(0) > Ar(a) > a, 
A;(0) > Ar(y) > Gand Ar(0) < Apr(z) < ¥ and so that 
0€ Te(Axn;a)NIe (An; B)NFe(An; 7). Let a,b, c,d, x,y € X 
be such that a * b € Te(Axr;aq), b © Te(Axr;ap), cx d € 
Ie(A~; Be), de Te(A~; Ba), T*YE Fe( Axi Ye); and ye 
Fe(An; Yy) for aa, ab, Be, Ba € (0,1) and yx, 7% € (0,1). Us- 
ing (3.2), we have 


Ar(a ) > Ar(a * b) mx Ar(b) > 3 A Ap 
Ajx(c) > Ar(c*d) A Ar(d \> Be N Ba 
Ar(x) < Ar(x*y) V Ary ) Se Vy 


Hence a € Te(Axn;Qa A ay), ¢ € Te(An; 8. A Ba) and x € 
Fe(Axn; Ya V Yy). Therefore AL = (Ar, Ar, Ar) is an (€, €)- 
neutrosophic ideal of X. 


Theorem 3.2. Let AW = (Ar, Ar, Ar) be a neutrosophic set 
ina BCK/BClI-algebra X. Then the following assertions are 
equivalent. 


(1) Ay = (Ar, Ar, Ap) is an (€, €)-neutrosophic ideal of X. 


(2) The nonempty neutrosophic €-subsets Te(Ax;a), 
Te(Ax;8) and Fe(Ax;y) are ideals of X for all 
a, 3 € (0,1] and y € [0,1). 


Proof. Let Aw = (Ar, Ar, Ar) bean (€, €)-neutrosophic ideal 
of X and assume that Te(Av; a), Te(Ax; 3) and Fe( AX; 7) are 
nonempty for a, € (0,1] and y € [0,1). Then there exist 
x,y,z € X such that x € Te(Axn;a), y € Te(An; 3) and z € 
Fe(A,;7). It follows from (2.8) that 


06 Te(Anja) le(An3 8) 1 Pel Aasy). 
Let x,y,a,b,u,v © X be such that 2 * y € Te(Ax;a), 


y € Te(Av;a), a*b € Te(An; 9), 6 € Te(Ar; 8), u* 0 € 
Fe(Ax; 7) and v € Fe(Ax; 7). Then 


Ar(x) > Ar(axy)AAr(y) > aha=a 
Aj;(a) > Ar(a* b) A Ar(b) > BAG=B 
Ap(u) < Ar(uxv)V Ap(v) <y¥VyV=7 


by (3.2), and sow € Te(Axn;a), a € ITe(Ax;) and 
u € Fe(Ax;7). Hence the nonempty neutrosophic €-subsets 
Te(Ax;@), Ie(An; 3) and Fe(Aw;y) are ideals of X for all 
a, 3 € (0,1] and y € [0,1). 

Conversely, let AJ = (Ar, Ar, Ar) be a neutrosophic 
set in X for which Te(Ax;a), Ie(Ax;) and Fe(An;7) 
are nonempty and are ideals of X for all a,@ € (0,1) and 
y € [0,1). Assume that A7(0) < Ar(x), Ar(0) < Ar(y) 
and Ar(0) > Apr(z) for some z,y,z € X. Then x € 
Te(An; Ar(2))s y € Te(An; Ar(y)) and z € Fe(An; Ap(2)), 
that is, Te(Ax;@), Ie(Ax; 8) and Fe(Ax;) are nonempty. 
But 0 ¢ Te(Aw; Ar(2)) 1 Te(Aw Ar(y)) 9 Fe(An; Ar(2)), 
which is a contradiction since T-(Av; Ar(x)), Te(Ax; Ar(y)) 
and Fe(A.; Ar(z)) are ideals of X. Hence Ar(0) > Ar(x), 
A;(0) > A;(a) and Ar(0) < Ap(ax) for all x € X. Suppose 
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that 


Ar(z) — Ar(a * y) \ Ar(y), 
Ar(a) < Ay(ax* b) A Az(b), 
Arp(u) > Ar(uxv) V Ap(v) 


for some xz, y, a,b, u,v € X. Taking a := A(x * y) A Ar(y), 
B:= Ay(axb) A Az(b) and y := Ap(uxv) V Ap(v) imply that 
a, PB € (0,1), 7 € (0,1), xy € Te(Av;a), y € Te(An;a), 
a*b € Ic(A.; 8), 6 € Ie(Ax; 8), ue v © Fe(Ax;7) and 
v € Fe(Axy;y). Buta ¢ Te(Ar;a), a € Te(AX; GB) and u ¢ 
Fe(A.; 7). This is a contradiction since Te (Ax; a), Ie(An; 8) 
and Fe(A.;7) are ideals of X. Thus 


A(x) > Ar(a*y) A Ar(y), 
Ar(2) > Ar(a *y) A Ar(y), 
Ap(x) < Ar(x *y) V Ar(y) 


for all x,y € X. Therefore AJ = (Ar, Ar, Ar) is an (€, 
€)-neutrosophic ideal of X by Theorem 3.1. 


Proposition 3.3. Every (€, €)-neutrosophic ideal AJ = 
(Ar, Ar, Ar) of a BCK/BClI-algebra X satisfies the follow- 
Ar(x) = Ar(y) 


ing assertions. 
Ar(x) 2 a yds 
<A 


(Va,y € X) (s<v>{ 
Ap(2) F(y) 
r(x) = Ar(y) A Ar(z) 


A 
(Va,y,z€ X) [vss A;(x) > Ar(y) A Ar(z) 
Ap(2) < Ap(y) V Ar(z) 
(3.4) 


(3.3) 


Proof. Let x,y € X be such that x < y. Then x * y = 0, and so 


Ar(x) > Ar(z*y) A Ar(y) = bs ) A Ar(y) = Ar(y), 
Aj(x) = Ar(a* y) A Ar(y) = Ar(0) A Ar(y) = Ar(y), 
Ap(a) < Ar(x*y) V Ar(y) = Ar(0) V Ar(y) = Ar(y) 


by Theorem 3.1. Hence (3.3) is valid. Let x,y,z € X be such 
that x * y < z. Then (a * y) * z = 0, and thus 


Ar(x) 2 Ar(z* y) A Ar(y) 
2 (Ar((a * y) * 2) A Ar(z)) A Ar(y) 
2 (Ar(0) A Ar(z)) A Ar(y) 
2 Ar(z) A Ar(y), 


~~ 
~ 

ere, 
cas 


IV IV IV IV 


ae 
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and 


Ap(@) S Ap(@* y) V Ar(y) 
Ap ((@ *y) * 2) V Ar(z)) V Ar(y) 
Ap (0) V Ar(z)) V Ar(y) 


r(2) V Ar(y) 


3) 


— 


IN IA IA IA 


> 


by Theorem 3.1. 


Theorem 3.4. Any ideal of a BCK/BCI-algebra X can be re- 
alized as level neutrosophic ideals of some (€, €)-neutrosophic 
ideal of X. 


Proof. Let I be an ideal of a BCK/BCI-algebra X and let 
A. = (Ar, Ar, Ar) be a neutrosophic set in X given as fol- 
lows: 


a ifzel, 


Ar: X — [0,1], tre { 0 otherwise, 


. 8B ifvel, 
Ay :X (0, A vr { 0 otherwise, 


ifxe Tl, 
Apo? ll ae { 1 otherwise 
where (a, 3, 7) is a fixed ordered triple in (0, 1] x (0, 1] x [0,1). 
Then Te(Ar;a@) = I, Te(Ax; 8) = I and Fe(An;y) = I. 
Obviously, Ar(0) > Ar(x), Ar(0) > Ar(x) and Ap(0) < 
Ap(a) foralla € X.Letz,y € X.Ifaxy € Tandy € I, then 
x € I. Hence 


A(x *y) = Ar(y) = Ar(z) =a, 


Aj(x*y) = Ar(y) = Ar(z) = B, 
Ap(z*y) = Ar(y) = Ar(x) =7, 


and so 


Ay(x * y) = Ar(y) = 90, 
Ar(a*y) = Ar(y) =1. 


Thus 


A(x) > Ar(a* y) A Ar(y), 
Ay(x) > Ay(a* y) A Ar(y), 
Ap(x) < Ap(x *y) V Ar(y) 
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Ifxxy € Tandy ¢ J, then 


Ar(a * y) = wand Ar(y) = 0, 
A;(x * y) = Band A;(y) = 0, 
Ap(a*y) = yand Ar(y) = 1, 


It follows that 


Similarly, if x * y ¢ I and y € I, then 
Ar(x) = Ar(x*y) A Ar(y), 
Ay(x) > Ar(x *y) A Ar(y), 
Ap(x) < Ar(a*y) V Ar(y). 


Therefore AL = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal 
of X by Theorem 3.1. This completes the proof. 


Lemma 3.5 ([5]). A neutrosophic set AL = (Ar, Az, Apr) ina 
BCK/BClT-algebra X is an (€, €)-neutrosophic subalgebra of 
X if and only if it satisfies: 


Ar(x*y) = Ar(x) A Ar(y) 
Ar(a * y) > Ar(x) A Ar(y) 
Ap(x*y) < Ar(zx) V Ap(y) 


(Va,y © X) (3.5) 


Theorem 3.6. In a BC K-algebra, every (€, €)-neutrosophic 
ideal is an (€, €)-neutrosophic subalgebra. 


Proof. Let AJ = (Ar, Ar, Ar) bean (€, €)-neutrosophic ideal 
of a BC K-algebra X. Since xxy < x forall x,y € X, it follows 
from Proposition 3.3 and (3.2) that 


Ar(a*y) > Ar(z) > Ar(z*y) A Ary) = Ar(z) A Ar(y), 
Ay(x *y) = Ar(x) > Ay(x xy) A Ar(y) = Ar(x) A Ar(y), 
Ap(a*y) < Ar(x) < Ar(z*y) V Ar(y) < Ar(z) V Ar(y). 


Therefore A. = (Ar, Ar, Ar) is an (€, €)-neutrosophic subal- 
gebra of X by Lemma 3.5. 


The following example shows that the converse of Theorem 
3.6 is not true in general. 


Example 3.7. Consider a set X = {0,1,2,3} with the binary 
operation * which is given in Table 1. 

Then (X; *, 0) isa BC K-algebra (see [6]). Let AL = (Ar, Ar, 
Aj) be a neutrosophic set in X defined by Table 2 

It is routine to verify that AL = (Ar, Ar, Ap) is an (€, €)- 
neutrosophic subalgebra of X. We know that Je(A.~; 3) is an 
ideal of X for all 6 € (0,1). If a € (0.3, 0.7], then Te(A.; a) = 
{0,1,3} is not an ideal of X. Also, if y € [0.2,0.8), then 
Fe(An;y) = {0,1,3} is not an ideal of X. Therefore AL = 
(Ar, Ar, Ar) is not an (€, €)-neutrosophic ideal of X by The- 
orem 3.2. 
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66? 


Table 1: Cayley table for the binary operation “x 


* 0 1 2 3 
0 0 0 0 0 
1 1 0 0 1 
2 2 1 0 2 
3 3 3 3 0 
Table 2: Tabular representation of AL = (Ar, Ay, Ar) 
0 0.7 0.9 0.2 
1 0.7 0.6 0.2 
2 0.3 0.6 0.8 
3 0.7 0.4 0.2 


We give a condition for an (€, €)-neutrosophic subalgebra to 
be an (€, €)-neutrosophic ideal. 


Theorem 3.8. Let A. = (Ar, Ar, Ar) be a neutrosophic set 
ina BCK-algebra X. If AX = (Ar, Ar, Ar) is an (€, €)- 
neutrosophic subalgebra of X that satisfies the condition (3.4), 
then it is an (€, €)-neutrosophic ideal of X. 


Proof. Taking x = y in (3.5) and using (III) induce the condition 
(3.1). Since x * (a*y) < y forall x, y €_X, it follows from (3.4) 
that 


Ar(x) > Ar(x*y) A Ar(y), 
A;(x) > Ar(a* y) A Ary), 
Ap(x) < Ap(x*y) V Ar(y) 


for all z,y € X. Therefore AL = (Ar, Ar, Apr) is an (€, 
€)-neutrosophic ideal of X by Theorem 3.1. 


Theorem 3.9. Let {D;, | k € AT UA! UA" be a collection of 
ideals of a BCK/BCI-algebra X, where AT, A! and AF are 
nonempty subsets of {0, 1], such that 
X = {Da |a€AT}U {Dp | BE M}U{D, | 7 EA}, 
(3.6) 
(Vig EATUATUAT) (GG > 7 & DC D;). (3.7) 


Let AJ = (Ar, Ar, Ar) be a neutrosophic set in X defined as 
follows: 


Ar: X = [0,1], 4 V{ae AT | a € Do}, 
A,;: X > [0,1], c V{B eA! | x € Dg}, (3.8) 
Ap: X > [0,1], 7 A{ye AY | xe Dy}. 


Then AX = (Ar, Ar, Ap) is an (€, €)-neutrosophic ideal of X. 


Proof. Let a, 3 € (0, 1] and € [0, 1) be such that Te(Av; a) # 
0, Te(Ax; 8) 4 0 and Fe(Ax;y) 4 0. We consider the follow- 
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ing two cases: 


a=\/{ie AT |i<afandad¢ \/{ie AT |i <a}. 
First case implies that 


re Te(Ax;a) 2 € D; foralli<a (3.9) 
2x En{D; |i <a}. : 
Hence Te(Av; a) = N{D, | i < a}, which is an ideal of X. For 
the second case, we claim that Te(A.;a) = U{D; | i > a}. 
If « € U{D; | i > a}, then x € D; for some i > a. Thus 
Ar(x) >i > a,andso az € Te(Ax;a). If x ¢ U{D; | i > a}, 
then x ¢ D, for alli > a. Sincea 4 V{i € AT | i < a}, 
there exists ¢ > 0 such that (a — ¢,a~) NA? = 0. Hence x ¢ Dj; 
for all 1 > a@ — , which means that if x € D; theni < a—e. 
Thus Ap(a%) < a—e€ < a,andsoa ¢ Te(A,;a). Therefore 
Te (Ax; a) = U{D; | i > a} which is an ideal of X since {D; } 
forms a chain. Similarly, we can verify that [- (AW; 3) is an ideal 
of X. Finally, we consider the following two cases: 


y= AG EAP ly <shandy 4 Afi eA" ly <3}. 


For the first case, we have 


xv € Fe(Ax; 7) & « € D; for all j > 7 (3.10) 
ax EN{D;|j >}, 
and thus Fe(Aw;y) = N{D; | 7 > y} which is an ideal of X. 
The second case implies that Fe(Aw; 7) = U{D; | j < y}. In 
fact, if ¢ € U{D,; | j < y}, then x € D, for some j < +. Thus 
Ap(z) <j < 7, thatis, c € Fe(A.;y). Hence U{D; | 7 < 
y} © Fe(An;7). Now if « ¢ U{D; | 7 < y}, then x ¢ D, for 
all j < y. Since y 4 A{j € A¥ | y < jh}, there exists ¢ > 0 
such that (y, y+e)NA” is empty. Hence x ¢ D; forall j < y+e, 
and so if x € D,, then j > y+e. Thus Ap(x) > y+e > 7, and 
hence « ¢ Fe(Ax; 7). Thus Fe(Ax;y) C U{D; | 7 < x}, and 
therefore Fe(Ax;y) = U{D; | 7 < y} which is an ideal of X. 
Consequently, AW = (Ar, Ar, Ap) is an (€, €)-neutrosophic 
ideal of X by Theorem 3.2. 


A mapping f : X — Y of BCK/BClI-algebras is called 
a homomorphism if f(a * y) = f(x) * f(y) for all x,y € X. 
Note that if f : X — Y is a homomorphism of BCK/BCI- 
algebras, then f(0) = 0. Given a homomorphism f : X — Y 
of BC K/BC1-algebras and a neutrosophic set AL = (Ar, Az, 
Ap) in Y, we define a neutrosophic set Af, = (Ad, Af, Af) in 
X, which is called the induced neutrosophic set, as follows: 


Ah: X = [0,1], 4 Ar(f(z)), 
A}: X — [0,1], 2+ Ar(f(2)), 
AL: X = [0,1], 2 Ap(f(2)). 


Theorem 3.10. Let f : X — Y be a homomorphism of 
BCK/BClT-algebras. If AX = (Ar, Ar, Ar) is an (€, 
€)-neutrosophic ideal of Y, then the induced neutrosophic set 
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Af = (A; At, Af) in X is an (€, €)-neutrosophic ideal of X. 


Proof. For any x € X, we have 


Af.(x) = Ar(f(x)) < Ar(0) = Ar(f(0)) = A4(0), 
Al (x) = Ar(f(x)) < Ar(0) = Ar(f(O 


)= 
AL (x) = Ar(f(z)) > Ar(0) = Ar(f(0)) = A£(0). 


and 


Therefore Af, = (Af, At, AZ) is an (€, €)-neutrosophic ideal 
of X by Theorem 3.1. 


Theorem 3.11. Let f : X — Y be an onto homomorphism of 
BCK/BCI-algebras and let AV = (Ar, Ar, Ar) be a neutro- 
sophic set in Y. If the induced neutrosophic set AL, = (Ag, Af, 
Af) in X is an (€, €)-neutrosophic ideal of X, then Ax = (Ar, 
Ar, Ap) is an (€, €)-neutrosophic ideal of Y. 


Proof. Assume that the induced neutrosophic set Af, = (AL, 
Af, Af) in X is an (€, €)-neutrosophic ideal of X. For any 
x € Y, there exists a € X such that f(a) = x since f is onto. 
Using (3.1), we have 


Let x,y € Y. Then f(a) = x and f(b) = y for some a,b € X. 
It follows from (3.2) that 
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and 


Therefore AL = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal 
of Y by Theorem 3.1. 


Let N(c,<)(X) be the collection of all (€, €)-neutrosophic 
ideals of X and let a, 3 € (0,1] and y € [0,1). Define binary 
relations RF, RE and Rj, on N(¢,<)(X) as follows: 


ArRpBr @ Te(Ax;a) = Te( Br; a) 
ARE Br # Ie(An; 8) = Te(Bx; 8) 
ApRPBp @ Fe(Ax;7) = Fe(Bx;7) 


(3.11) 


for all As = (Ar, Ar, Ar) and BL = (Br, Br, Br) in 
Ne,e(X). 

Clearly RF, RE and Rj, are equivalence relations on 
Ne,e(X). For any AL = (Ap, Ay, Ar) € Ne,e)(X), 
let [AJ] (resp., [A.]7; and [A.]~) denote the equivalence 
class of AY = (Ar, Az, Ar) in Ne,c)(X) under RF (resp., 
Ri and R}). Denote by Nic,c)(X)/R%, Ne,e)(X)/RF and 
Ne,e)(X)/R> the collection of all equivalence classes under 
Re, RE and (ae respectively, that is, 


Ne,e)(X)/RF = {[An]r | Ax = (Ar, Ar, Ar) € Ne,e)(X), 
Me,e(X)/RE = {[Ac]r | Av = (Ar, Ar, Ar) € Nee) (X), 
Ne,e)(X)/Rp = {[An]e | Ax = (Ar, Ar, Ar) € Ne,e)(X). 


Now let Z(X) denote the family of all ideals of X. Define 


> maps fa, gg and h, from N(¢.<)(X) to Z(X) U {0} by 


fa(An) = Te(Anja), ga(Ax) = Te(Ans (3) and 

hy(A~) = Fe(Ans7), 
respectively, for all AL = (Ar, Ay, Ar) in Ne,c)(X). Then 
fos gg and h., are clearly well-defined. 


Theorem 3.12. For any a, € (0,1] and y € [0,1), the maps 
fos gg and h, are surjective from N(¢,c)(X) to T(X) U {0}. 


Proof. Let 0~ := (Or, 07, 1) be a neutrosophic set in X where 
Or, Or and 1p are fuzzy sets in X defined by Or(x) = 0, 
Or(z) = O and 1p(a) = 1 for all e € X. Obviously, 
OT. := (Or, 07, lr) is an (€, €)-neutrosophic ideal of X. 
Also, Ja(0u) = Te(O.%e) = 0, 9g(0~) = fe(0.76) = 0 
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and h,(0~) = Fe(O.;7) = @. For any ideal I of X, let 
A, = (Ar, Ar, Ar) be the (€, €)-neutrosophic ideal of X 
in the proof of Theorem 3.4. Then fo(Av) = Te(Ax; a) = I, 
gg(A~) = Ie(An; 8) = TP and h,(A~) = Fe(Anjy) = 2. 
Therefore f.., gg and h., are surjective. 


Theorem 3.13. The quotient Ne,e)(X)/RF, 
Nee) (X)/RF and Nie,e)(X)/Rp are equivalent to 
Z(X) U {0} for any a, 8 € (0,1) andy € [0,1). 


sets 


Proof. Let A. = (Ar, Ar, Ar) € Nie,e)(X). For any a, 3 € 
(0, 1] and y € [0, 1), define 


fa: Nee (X)/RE — T(X) U {9} 
95: Nec,e)(X)/Rr > T(X) v {0}, 
hy: Ne,e)(X)/Rp > T(X) U {0}, 


me 
Assume that fa(Ar) = fo(Br), ge(Ax) = ge(Bx) and 
hy(An) = hy(Br) for BL = (Br, By, Br) € Nee, e)(X ). 
Then Te(Aw;a) = Te (Br; a), Te(An; 8) = Te (Bx; A) and 
Fe(Av;7) = Fe(Bx;y) which imply that ArRP Br, ArR? Br 
and ArRLBr. Hence [Avr = [Bu], [An]r = [Bw]r 
and [A.|~ = [B.]r. Therefore f2, g3 and h* are injec- 
tive. Consider the (€, €)-neutrosophic ideal 0. := (Or, Or, 
lr) of X which is given in the proof of Theorem 3.12. Then 
fi(O~]r) = fa(O~) = Te (0~; 2) = 0, 93 ([0~]1) = ga(0~) = 
Te(0~;8) = 0, and hy (OJ) = hy (Or) = Feri 7) = 

For any ideal I of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 
fAv|r) = fo(Ar) = Te(Arsa) = J, 93([An]r) = 
ga(A~) = Ie(Ar; 8) = 1, and he([Avp) = hy(An) = 
Fe(Ax;7) = I. Hence f>, 9% and h* are surjective, and the 
proof is over. 


(Avir fa(An), 
[An]r+ gp(An), 
[Av]p > hy(An). 


For any a, 3 € [0,1], we define another relations Ry and Rg 
on N(¢,<)(X) as follows: 


(Ar, Br) € Ra & Te(An; a) Fe(Ax; a) 

= Te(Br;a)N Fe (Br; a), 
(AL, Br) € Re = Te(Ax; 8) Fe(An; 8) 

= Ic(Bu; 8) N Fe (Bw; 2) 


for all Aw = (Ar, Ay, Ar) and BL = (Br, By, Br) in 
N(e,e)(X). Then the relations R., and Rg are also equivalence 
relations on Nc ,<)(X). 


(3.12) 


Theorem 3.14. Given a, 3 € (0,1), we define two maps 


Ya ? Ne,e)(X) > T(X) VU {OB}, 
Aut fa(Ar) A he(An), (3.13) 
yp? Ne,e)(X) > TX) U {9}, 
Ax > gp(Aw) 0 ha(Aw) 
for each AJ = (Ar, Ar, Ar) € N(e,e)(X). Then Yq and yg 


are surjective. 
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Proof. Consider the (€, €)-neutrosophic ideal 0. := (Or, Or, 
1) of X which is given in the proof of Theorem 3.12. Then 


~alO~) = fa(Or) NO ha(Or) = Te (Or; a) Fe(Or; a) = 0, 
ya(0~) = ga(Or) N he(Ow) = Te (Or; 2) N Fe(On; B) = 0. 


For any ideal I of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 


PalAn~) = ThA) al ha(Anw) 
= Te(Ar;a)N Fe(Ax;a) =I 


and 


pp(A~) = ge(Ar) M1 ha(A,) 
Te (An; B) N Fe(An; B) = I. 


Therefore q and yg are surjective. 


Theorem 3.15. For any a,@G € (0,1), the quotient sets 
Ne,e)(X)/Ya and Nie,e)(X)/ye are equivalent to T(X) U 
{O}. 


Proof. Given a, 3 € (0,1), define two maps ~% and y% as fol- 
lows: 


ge Nee (X)/Pa 7 T(X) U 
23 : Ne,e)(X)/¥e EX) 


If oi ([Axle.) = 9h ([Bxlr.) and 9% ([A.]r,) = 
v5 ([Br]rs) for all [Ar]r.,[Brlr. € Ne,e)(X)/Ya and 
[Av]re> [Brlr,g € Ne,e)(X)/¥~; then 

fa(Ar) N ha(Ar) = fo(Br) M ha( Br) 
and 


gp(A~) M1 he(Ax~) = ga(Br) O ha(Bw), 


that is, 
Te (Av; @) 9 Fe(Av; a) = Te(Br; a) 9 Fe (Bu; a) 


and 


Te (Aw; 8) 0 Fe(A~; 8) = Te (Bx; 8) 0 Fe (Bx; 6). 
Hence (Ax, Bu) € Ra and (Ax, Bu) € Rg. It follows that 
[Av]r. = [Bxlr, and [Ax]r, = [Br]r,. Thus yp and y% 
are injective. Consider the (€, €)-neutrosophic ideal 0. := (Or, 
07, 1~) of X which is given in the proof of Theorem 3.12. Then 


Ya (Or}ra) = PalO~) = fa(Or) A Re(O~) 
Te(0r;a) 9 Fe(0r;0a) = 0 
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and 


£3 ([0~]r,) 
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= ye(0~) = ga(O~) N he(O~) 


= Te(0v; 8) N Fe (On; 8) = 0. 


For any ideal J of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 


Ga ([A~]ra) = PalA~) = fa(A~) 1 Ra(An) 
= Te(Arja)N Fe(Av;a) =1 


and 


5 ([Av]re) 


= pe(Anr) = ge(Ar) Nhe(AQn) 


= Ig(Aw; 8) Fe(An; 8) = I. 


Therefore yj, and vy; are surjective. This completes the proof. 
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Algebraic Structure of Neutrosophic Duplets 
in Neutrosophic Rings (ZU /), (Q UJ) and (RU /) 


W.B. Vasantha Kandasamy, Ilanthenral Kandasamy, Florentin Smarandache 


W.B. Vasantha Kandasamy, Ilanthenral Kandasamy, Florentin Smarandache (2018). Algebraic Structure 
of Neutrosophic Duplets in Neutrosophic Rings <Z U I>, <Q U I> and <R U I>. Neutrosophic Sets and 
Systems 23, 85-95 


Abstract: The concept of neutrosophy and indeterminacy J was introduced by Smarandache, to deal with neutralies. 
Since then the notions of neutrosophic rings, neutrosophic semigroups and other algebraic structures have been de- 
veloped. Neutrosophic duplets and their properties were introduced by Florentin and other researchers have pursued this 
study.In this paper authors determine the neutrosophic duplets in neutrosophic rings of characteristic zero. The 
neutrosophic duplets of (ZU I), (Q U I) and (R U I); the neutrosophic ring of integers, neutrosophic ring of rationals 
and neutrosophic ring of reals respectively have been analysed. It is proved the collection of neutrosophic duplets 
happens to be infinite in number in these neutrosophic rings. Further the collection enjoys a nice algebraic structure like 
a neutrosophic subring, in case of the duplets collection {a—alI|a € Z} for which 1—J acts as the neutral. For the other 
type of neutrosophic duplet pairs {a — al, 1 — dI} where a € R* and d € R, this collection under component wise 
multiplication forms a neutrosophic semigroup. Several other interesting algebraic properties enjoyed by them are 
obtained in this paper. 


Keywords: Neutrosophic ring; neutrosophic duplet; neutrosophic duplet pairs; neutrosophic semigroup; neu- 
trosophic subring 


1 Introduction 


The concept of indeterminacy in the real world data was introduced by Florentin Smarandache [1, 2] as Neu- 
trosophy. Existing neutralities and indeterminacies are dealt by the neutrosophic theory and are applied to real 
world and engineering problems [3, 4, 5]. Neutrosophic algebraic structures were introduced and studied by 
[6]. Since then several researchers have been pursuing their research in this direction [7, 8, 9, 10, 11, 12]. 
Neutrosophic rings [9] and other neutrosophic algebraic structures are elaborately studied in [6, 7, 8, 10]. 
Related theories of neutrosophic triplet, neutrosophic duplet, and duplet set was studied by Smarandache 
[13]. Neutrosophic duplets and triplets have interested many and they have studied [14, 15, 16, 17, 18, 19, 
20, 21, 22, 23, 24]. Neutrosophic duplet semigroup [18], the neutrosophic triplet group [12], classical group 
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of neutrosophic triplet groups[22] and neutrosophic duplets of {Z,,  } and { Zp, x } [23] have been recently 
studied. 

Here we mainly introduce the concept of neutrosophic duplets in case of of neutrosophic rings of character- 
istic zero and study only the algebraic properties enjoyed by neutrosophic duplets, neutrals and neutrosophic 
duplet pairs. 

In this paper we investigate the neutrosophic duplets of the neutrosophic rings (Z U I), (Q UI) and (RU 
I). We prove the duplets for a fixed neutral happens to be an infinite collection and enjoys a nice algebraic 
structure. In fact the collection of neutrals for fixed duplet happens to be infinite in number and they too enjoy 
a nice algebraic structure. 

This paper is organised into five sections , section one is introductory in nature. Important results in this 
paper are given in section two of this paper. Neutrosophic duplets of the neutrosophic ring (Z U J), and 
its properties are analysed in section three of this paper. In the forth section neutrosophic duplets of the rings 
(QUI) and (RUT); are defined and developed and several theorems are proved. In the final section discussions, 
conclusions and future research that can be carried out is described. 


2 Results 


The basic definition of neutrosophic duplet is recalled from [12]. We just give the notations and describe the 
neutrosophic rings and neutrosophic semigroups [9]. 

Notation: (Z UI) = {a+ bl|a,b € Z,I? = I} is the collection of neutrosophic integers which is a 
neutrosophic ring of integers. (QUI) = {a + bl|a,b € Q, I? = I} is the collection of neutrosophic rationals 
and (RU I) = {a+ bl|a,b € R, I? = I} is the collection of neutrosophic reals which are neutrosophic ring 
of rationals and reals respectively. 

Let S be any ring which is commutative and has a unit element 1. Then (SU J) = {a + bla, be S, P=I, 
+, x } be the neutrosophic ring. For more refer [9]. 

Consider U to be the universe of discourse, and D a set in U, which has a well-defined law #. 


Definition 2.1. Consider (a, neut(a)), where a, and neut(a) belong to D. It is said to be a neutrosophic duplet 
if it satisfies the following conditions: 


1. neut(a) is not same as the unitary element of D in relation with the law # (if any); 
2. a# neut(a) = neut(a) # a =a; 

3. anti(a) ¢ D for which a # anti(a) = anti(a) # a = neut(a). 

The results proved in this paper are 


1. All elements of the form a — al and al — a with 1 — J as the neutral forms a neutrosophic duplet, 
a € Zt \ {Oo}. 


2. Infact B= {a—al/a€ Z \ {0}} U {0}, forms a neutrosophic subring of S. 


3. Let S = {(QUI), +, x} be the neutrosophic ring. For every nJ withn € Q\{0} we have a+bl € (QUI) 
witha + b= 1;a,b € Q \ {O}. such that {nJ, a + bI} is a neutrosophic duplet. 


4. The idempotent x = 1 — J acts as the neutral for infinite collection of elements a — al where a € Q. 
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5. For every a — al € S wherea € Q, 1 — dI acts as neutrals for d € Q. 


6. The ordered pair of neutrosophic duplets B = {(nI,m — (m-—1)I);n € R,m € RU {0}} forms a 
neutrosophic semigroup of S = (RU J) under component wise product. 


7. The ordered pair of neutrosophic duplets D = {(a — al,1—dI);a € R*;d © R} forms a neutrosophic 
semigroup under product taken component wise. 


3 Neutrosophic duplets of (7 U /) and its properties 


In this section we find the neutrosophic duplets in (ZU). Infact we prove there are infinite number of neutrals 
for any relevant element in (Z U J). Several interesting results are proved. 
First we illustrate some of the neutrosophic duplets in (Z U J). 


Example 3.1. Let S = (Z UI) = {a+ bl|a,b € I, I? = I} be the neutrosophic ring. Consider any element 
x =9I € (ZU); we see the element 16—157 € (ZU) is such that 9J x 16-157 = 1447-1357 = 97 =z. 
Thus 16 — 15/ acts as the neutral of 9/ and {9/, 16 — 15/} is a neutrosophic duplet. 

Cconsider 15J = y € (ZU); 157 x 16 — 15] = 157 = y. Thus {15/, 16 — 15/} is again a neutrosophic 
duplet. Let -9J = s € (ZU I); —9I x 16 — 157 = —1447 + 1352 = —9I = s, so {-91,16 — 15I} isa 
neutrosophic duplet. Thus {+9/, 16 — 15/} happens to be neutrosophic duplets. 

Further nJ € (ZU /) is such that nJ x 16 — 157 = 16nI — 15nI = nl. Similarly —nI x 16 — 157 = 
—l6nI + l5nI = —nl. So {nI,16 — 15/} is a neutrosophic duplet for all n € Z \ {0}. Another natural 
question which comes to one mind is will 167 — 15 act as a neutral for nJ; n € Z \ {0}, the answer is yes for 
nl x (161 — 15) = 16nJ — 15nI = nl. Hence the claim. 


We call OJ = 0 as the trivial neutrosophic duplet as (0, x) is a neutrosophic duplet for all 2 € (Z UI). 
In view of this example we prove the following theorem. 


Theorem 3.2. Let S = (Z UI) = {a + bl|a,b € Z,I* = I} be a neutrosophic ring. Every tnI € S;n € 
Z \ {0} has infinite number of neutrals of the form 


e mil —(m-1)=2 
em—(m—-1)l=y 
e (m—1)—mlI=—-2 
e (m—1)l-—mIl=-y 
where m € Z* \ {1,0}. 
Proof. Consider nI € (Z UI) we see 
nlx x£=nl|mI —(m—1)| =nnI-nmI+niI =nl. 


Thus {nJ,mJI — (m — 1)} form an infinite collection of neutrosophic duplets for a fixed n and varying m € 
Z* \ {0, 1}. Proof for other parts (ii), (iii) and (iv) follows by a similar argument. 
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Thus in view of the above theorem we can say for any nI;n € Z \ {0}, n is fixed; we have an infinite 
collection of neutrals paving way for an infinite collection of neutrosophic duplets contributed by elements 
x,y, —x and —y given in the theorem. On the other hand for any fixed x or y or —x or —y given in the theorem 
we have an infinite collection of elements of the form nJ;n € Z \ {0} such that {n,x,or y or —x or —y} isa 
neutrosophic duplet. 

Now our problem is to find does these neutrals collection {x, y, —x, —y} in theorem satisfy any nice alge- 
braic structure in (Z U I). 

We first illustrate this using some examples before we propose and prove any theorem. 


Example 3.3. Let S = (Z Ul) = {a+ bl a,b € Z, I? = I} be the ring. {.S, x} is a commutative semigroup 
under product []. Consider the element x = 5] —4 € (Z UT). 5I — 4 acts as neutral for all elements 
nl € (ZUI),n € Z\ {0}. Consider x x x = 51 —4x 5] —4 = 25] — 20] — 201 + 16 = —151 +16 = 2. 
Now —15/ + 16 x nI = —15nI + 16nI = nl. Thus if {nJ, x} a neutrosophic duplet so is {nJ, x}. Consider 


xg? = 2" x x = (—151 +16) x (5F — 4) 


= —75I + 80/ + 60] — 64 = 65] — 64 = 2° 
nl x 2? = 65nI — 64nI = nI 
So {nI,65I — 64} = {nI, x?} is a neutrosophic duplet for all n € Z \ {0} Consider 


e=exx=651-64x 51-4 


= 325] — 3207 — 2607 + 256 = —2557 + 256 = «* 


Clearly 
nl x gt = nl x (—2557 + 25) = —255nI + 256nI = nl. 


So {nI, x*} is a neutrosophic duplet. In fact one can prove for any nI € (ZUI);n € Z \ {0} then x = 
m — (m —1)J is the neutral of nJ then {nI, x}, {nI, 27}, {nI,x?},...,{nl,2"},...,{nl, x}; t € Z* \ {0} 
are all neutrosophic duplets for nJ. Thus for any fixed nJ there is an infinite collection of neutrals. We see 
if x is a neutral then the cyclic semigroup generated by x denoted by (x) = {x,2?,x°,...} happens to be a 
collection of neutrals for nJ € S. 


Now we proceed onto give examples of other forms of neutrosophic duplets using (Z U J). 


Example 3.4. Let S = {(Z UI) = {a+ blla,b € Z,I° = I},+, x} be a neutrosophic ring. We see 
x =1—J€S such that 


(Sh Sta eee oT rere) 


a ae ae 2 
Thus x is an idempotent of S. We see y = 5 — 5/ such that 


yxx=(5-—5/)x (5-51) =5-5I-57 +51 =5-5l=y 
Thus {5 — 5/,1—J} is aneutrosophic duplets and 1 — J is the neutral of 5 — 5/. 


ya 5-51 X56 —5F = 25 = 257 — 257 + 251 = 25 — 251 
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We see {y”, 1 — I} is again a neutrosophic duplet. 
y=y xy =5—51 X(25— 251) = 125 = 1257 = 1257 + 1257 


S151 95a 


Once again {7?, 1—J} is a neutrosophic duplet. In fact we can say for the idempotent 1—J the cyclic semigroup 
B={y,y’,y°,...} is such that for every element in B, 1 — I serves as the neutral. 


In view of all these we prove the following theorem. 
Theorem 3.5. Let S = {(Z UI), +, x} be the neutrosophic ring. 
1. 1 — I is an idempotent of S. 


2. All elements of the form a — al and al — a with 1 — I as the neutral forms a neutrosophic duplet, 
a € Z* \ {Oo}. 


3. Infact B= {a—al/a€ Z \ {0}} U {0}, forms a neutrosophic subring of S. 


Proof. 1. Let x = 1—TJ € S to show z is an idempotent of S, we must show x x « = x. We see 
1-Ix1-J=1-2%+lasl? =I, we get 1 —I x 1—I =1-—TJ; hence the claim. 


2. Leta—al € S;a € Z.1—Tis the neutral of a— al asaa—al x1—I=a-—al—al+al=a-al. 
Thus {a — al, 1 — I} is a neutrosophic duplet. On similar lines aJ — a will also yield a neutrosophic 
duplet with 1 — J. Hence the result (ii). 


3. Given B = {a— alla € Z}. To prove B is a group under +. Let x = a—al andy = b—bI € B; 
r+y=a-—al+b—-bI = (a+b)—-(a+bd)lasa+be Z;a+b-—(a+t+b)I € B. So B is closed 
under the operation +. When a = 0 we get0 — OJ =€ Banda—al+0=a-—al. Oacts as the additive 
identity of B. For every a — al € B we have 


—(a—al) = (-—a) —-(-a)I =-a+aleEB 


is such that a — al + (—a) + al = 0 so every a — al has an additive inverse. Now we show {B, x} isa 
semigroup under product x. 


(a — al) x (b— bI) = ab — abl — bal + abI = ab— abl € B. 


Thus 6 is a semigroup under product. Clearly 1 — J € B. Now we test the distributive law. let 
x=a-—al,y=b—blandz=c-—clI eB. 


(a — al) x [b— bf +c-—cl] =a-—al x [(b+c) — (b+ c)1 


=a(b+c)—al(b+c) —(b+c)al+a(b+c)I =a(b+c)—al(b+c) EB 


Thus {B,+, x} is a neutrosophic subring of S. Finally we prove (Z U /) has neutrosophic duplets of 
the form {a — al,1+dI};d € Z \ {0}. 
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Theorem 3.6. Let S = {(Z UT) = {a +blla,b € Z,I? = I},+, x} be a neutrosophic ring a+bI € 8 
contributes to a neutrosophic duplet if and only if a = —b. 


Proof. Leta + bI € S(a 4 0,b 4 0) be an element which contributes a neutrosophic duplet with c+ dI € S. 
If {a + bI,c + dI} is a neutrosophic duplet then (a + bJ) x (c+dI) =a+ DI, this implies 


ac + (bd + ad + bc) =a+5l. 


This implies ac = a and bd + ad + bc = b. ac = a implies a(c — 1) = 0 since a 4 0 we have c = 1. Now in 
bd + ad + bc = b substitute c = 1; it becomes bd + ad + b = b which implies bd + ad = 0 that is (b+ a)d = 0; 
d # 0 for if d = 0 then c+ dI = 1 acts as a neutral, for all a + bJ € S which is a trivial neutrosophic duplet. 
Thus d ¥ 0, which forces a + 6b = 0 ora = —b. hence a+ bI = a — al. Now we have to find d. We have 
(a—al)(1+dI) =a-—al+adlI —adI =a-al. 

This is true for any d € Z \ {0}. Proof of the converse is direct. 


Next we proceed on to study neutrosophic duplets of (Q U J) and (RU I) 


4 Neutrosophic Duplets of (Q U J) and (RU I) 


In this section we study the neutrosophic duplets of the neutrosophic rings (QUI) = {a+bl|a,b € Q, I? = I}; 
where Q the field of rationals and (RU J) = {a+ bl|a,b,€ R,I? = I}; where R is the field of reals. We 
obtain several interesting results in this direction. It is important to note (Z UT) C (QUT) C (RUT). Hence 
all neutrosophic duplets of (Z U J) will continue to be neutrosophic duplets of (Q U J) and (R UJ). Our 
analysis pertains to the existence of other neutrosophic duplets as Z is only a ring where as Q and R are fields. 
We enumerate many interesting properties related to them. 


Example 4.1. Let S = {(QUI) = {a+ bl|a,b € Q, I° = I},+, x} be the neutrosophic ring of rationals. 
Consider for any nJ €S we have the neutral 


such that 


=f{f-- 16 
eS 8. 
9 as 9 
We make the following observation 
-7,16_, 
9 9° 


In fact all elements of the form a + b/ in (QU) witha +b = 1; a,b € Q \ {0} can act as neutrals for nJ. 


Suppose 
8l 1 
=—+-E(QUI 
Bg eT) 


209 


Florentin Smarandache (author and editor) Collected Papers, IX 


then for nl = y we see 


2 Tx BE aa ei 20h I 
£ = —+-—)=—+4—e=nl. 
ae 9° 9 9 ' 9 


Take x = —9I + 10 we see 
axy=—-9l4+0xnl=-9In+10nl =nl 
and so on. 


However we have proved in section 3 of this paper for any nJ € (Z U J) the collection of all elements 
a+bl €(ZUT) witha+b=1;a,b € Z \ {0} will act as neutrals of nJ. 
In view of all these we put forth the following theorem. 


Theorem 4.2. Let S = {(Q UI),+, x} be the neutrosophic ring. For every nI with n € Q \ {0} we have 
a+bl € (QUI) witha+b=1;a,b € Q \ {0}. such that {nI, a + bI} is neutrosophic duplet. 


Proof. GivennI € (QUI);n € Q \ {0}, we have to show a + b/ is a neutral where a+ b = 1, a,b, € Q \ {0}. 
consider 
nl x (a+ 6J) =anI + bnI = (a+ b)nl =nl 


as a+b = 1. Hence for any fixed nJ € (QU) we have an infinite collection of neutrals. Further the number of 
such neutrosophic duplets are infinite in number for varying n and varying a,b € Q \ {0} with a+b = 1. Thus 
the number of neutrosophic duplets in case of neutrosophic ring (Q U J) contains all the neutrosophic duplets 
of (Z UI) and the number of neutrosophic duplets in (Q U /) is a bigger infinite than that of the neutrosophic 
duplets in (Z U /). Further all a + bJ where a,b € Q \ Z with a + b = 1 happens to contribute to neutrosophic 
duplets which are not in (7 U J). 


Now we proceed on to give other types of neutrosopohic duplets in (Q U J) using 1 — J the idempotent 
which acts as neutral. Consider 


5 «OL 
SS SO. 
let y = 1 — I, we find 
aye 5 of Sf 52 5 Of 
LYS x1l-J= = is 
3.08 3.3 3 3 3. 0OC<8 


In view of this we propose the following theorem. 

Theorem 4.3. Let S = {(Q UI) = {a+ dl|a,b € Q, I? =I}, 4+, x} be the neutrosophic ring of rationals. 
1. The idempotent x = 1 — I acts as the neutral for infinite collection of elements a — aI where a € Q. 
2. For everya—al € S where a € Q,1—dI acts as neutrals for d € Q. 

Proof. Consider any a— al = x € (QU 1);a € Q we see for y = 1 — J the idempotent in (Q U /). 


xxy=a-—-alx1l—l=a-al-—al+al=a-al =z. 
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Thus 1 — J acts as the neutral for a — aI; in fact {a — al, 1;} is a neutrosophic duplet; for all a € Q. Now 
consider s = p— pI where p € Qandr=1-—dle€ (QUI);deEQ. 


Sxr=p-—pl x1—dl=p-—pl—pdl+pdl =p-—pl=s 


Thus {p — pI, 1 — dI} are neutrosophic duplets for all p € Q and d € Q. The collection of neutrosophic 
duplets which are in (Q U J) \ {(Z U )} is in fact is of infinite cardinality. 


Next we search of other types of neutrosophic duplets in {(Q U /)}. Suppose a + bf € (QU J) and let 
c+ dlI be the possible neutral for it, we arrive the conditions on a, b,c and d 


(a+ bf) x (c+ dl) =a+bl 


ac+bec+adI+bdl =a+bI 


ac = a which is possible if and only if c = 1. Hence 
b+ad-+ bd =b 


ad + bd = 0 

d(a +b) =0 
as d # 0; 

a=-—b. 

Thus a + bJ = a — al are only possible elements in (Q U J) which can contribute to neutrosophic duplets and 
the neutrals associated with them is of the form 1+dJ and d € Q \ {0}. Thus we can say even in case of R the 
field of reals and for the associated neutrosophic ring (RU J). All results are true in case (QU I) and (Z UI); 
expect (R UJ) \ (QU I) has infinite duplets and (R U /) has infinitely many more neutrosophic duplets than 
(QU 1). 


The following theorem on real neutrsophic rings is both innovative and intersting. 


Theorem 4.4. Let S = (RUI) be the real neutrosophic ring. The neutrosophic duplets are contributed only by 
elements of the form nI and a—alI wheren € Randa € R* with neutrals m—(m—1)I and1—dI,;m,d€ R 
respectively. 


Proof. Consider {nI, m(m — 1)I} the pair 
nl xm—(m—-1)l=nml 


—nmi+ni=nl 


for all n,m € R\ {1,0}. Thus {nJ,m—(m—1)/} is an infinite collection of neutrosophic duplets. We define 
(nI,m — (m—1)I) as aneutrosophic duplet pair. Consider the pair {(a — al), (1 —dI)};a € R*,d € R. We 
see 

a—alx1—dIl=a-—al—dal+adIl =a-al 


Thus {(a — al), (1 — d/)} forms an infinite collection of neutrosophic duplets. We call ((a — al), (1 — dI)) as 
a neutrosophic duplet pair. Hence the theorem. 
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Theorem 4.5. Let S = (RU I) be the neutrosophic ring 


1. The ordered pair of neutrosophic duplets B = {(nI,m — (m—1)I);n € Rym € RU {0}} forms a 
neutrosophic semigroup of S = (RU I) under component wise product. 


2. The ordered pair of neutrosophic duplets D = {(a — aI,1 —dI);a € Rt;d € R} form a neutrosophic 
semigroup under product taken component wise. 


Proof. Given B = {(nI,m — (m— 1)I|n € R,m € (R\ {1})} U(nl,0) C {RUD}, ((RU D}). 
To prove B is a neutrosophic semigroup of ((R U J),(RUJ)).. For any x = (nl, (m — (m — 1)J) and 
y = (sI,t —9t —1)I) € Bwe prove ry = yr € B 


xxy=sy =(niI,m—(m-—1)I x (slI,t- (¢-1d) 
= (nsI,|m — (m — 1)J] x [t — (¢ — 1)J]) 
(nsI, mt —t(m — 1)I —m(t —1)I4+ (m—- 1)(¢- DJ) 
= (nsI,mt —(mt—1)I)€ B 


It is easily verified xy = yx for all x,y € B. Thus {B, x} is a neutrosophic semigroup of neutrosophic duplet 
pairs. Consider x,y € D; we show x x y € D. Let x = (a—al,1—dI) andy = (b—b/,1-—cl) € D 


xxy=(a-—al,1—dl) x (b-b/,1-cl) 


= (a—al x b—bI,(—al x 1 -cl) 
= (ab — abl — abI + abI,1 —dI — cI + cdl) 
= (ab —abI,1—(d+c-—cd)I) € D 


as x x y is also in the form of x and y. Hence D the neutrosophic duplet pairs forms a neutrosophic semigroup 
under component wise product. 


5 Discussions and Conclusions 


In this paper the notion of duplets in case neutrosophic rings, (ZU), (QUI) and (RU), have been introduced 
and analysed. It is proved that the number of neutrosophic duplets in all these three rings happens to be an 
infinite collection. We further prove there are infinitely many elements for which 1 — J happens to be the 
neutral. Here we establish the duplet pair {a — al,1 — dI};a € R* andd © R happen to be a neutrosophic 
semigroup under component wise product. The collection {a — aI} forms a neutrosophic subring a € Z or Q 
or FR. For future research we want to analyse whether these neutrosophic rings can have neutrosophic triplets 
and if that collections enjoy some nice algebraic property. Finally we leave it as an open problem to find some 
applications of these neutrosophic duplets which form an infinite collection. 
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COMMUTATIVE NEUTROSOPHIC TRIPLET 
GROUP AND NEUTRO-HOMOMORPHISM 
BASIC THEOREM 


Xiaohong Zhang, Florentin Smarandache, Mumtaz Ali, Xingliang Liang 


Xiaohong Zhang, Florentin Smarandache, Mumtaz Ali, Xingliang Liang (2018). Commutative 
Neutrosophic Triplet Group and Neutro-Homomorphism Basic Theorem. Italian Journal of Pure 
and Applied Mathematics 40, 353-375. 


Abstract. The neutrosophic triplet is a group of three elements that satisfy certain properties with some binary 
operations. The neutrosophic triplet group is completely different from the classical group in the structural 
properties. In this paper, we further study neutrosophic triplet group. First, to avoid confusion, some new 
symbols are introduced, and several basic properties of neutrosophic triplet group are rigorously proved 
(because the original proof is flawed), and a result about neutrosophic triplet subgroup is revised. Second, 
some new properties of commutative neutrosophic triplet group are funded, and a new equivalent relation 
is established. Third, based on the previous results, the following important proposi-tions are proved: 
from any commutative neutrosophic triplet group, an Abel group can be constructed; from any 
commutative neutrosophic triplet group, a BCI-algebra can be constructed. 


1. Introduction 


From a philosophical point of view, Florentin Smarandache introduced the con-cept of a 
neutrosophic set (see [12, 13, 14]). The neutrosophic set theory is applied to many scientific fields 
and also applied to algebraic structures (see [1, 3, 7, 10, 11, 15, 17, 19]). Recently, Florentin 
Smarandache and Mumtaz Ali in [16], for the first time, introduced the notions of neutrosophic 
triplet and neu-trosophic triplet group. The neutrosophic triplet is a group of three elements 
that satisfy certain properties with some binary operation. The neutrosophic triplet group is 
completely different from the classical group in the structural properties. In 2017, Florentin 
Smarandache has written the monograph [15] which is present the last developments in 
neutrodophic theories (including neu-trosophic triplet and neutrosophic triplet group). 


In this paper, we further study neutrosophic triplet group. We discuss some new properties 
of commutative neutrosophic triplet group, and investigate the relationships among 
commutative neutrosophic triplet group, Abel group (that is, commutative group) and BCI- 
algebra. Moreover, we establish the quotient structure and neutro-homomorphism basic 
theorem. 


As a guide, it is necessary to give a brief overview of the basic aspects of BCI-algebra and 
related algebraic systems. In 1966, K. Iseki introduced the concept of BCI-algebra as an 
algebraic counterpart of the BCI-logic (see [5, 24]). The algebraic structures closely related to 
BCI algebra are BCK-algebra, BCC-algebra, BZ-algebra, BE-algebra, and so on (see [2, 8, 20, 
21, 22, 25]). As a generalization of BCl-algebra, W. A. Dudek and Y. B. Jun [4] introduced the 
notion of pseudo-BCI algebras. Moreover, pseudo-BCI algebra is also as a generalization of 
pseudo-BCK algebra (which is close connection with various non-commutative fuzzy logic 
formal systems, see [18, 22, 23, 24]). Recently, some articles related filter theory of pseudo-BCI 
algebras are published (see [26, 27, 28, 29]). As non-classical logic algebras, BCI-algebras are 
closely related to Abel groups (see [9]); similarly, BZ-algebras (pseudo-BCI algebras) are closely 
related general groups (see [20, 26]), and some results in [9, 20] will be applied in this paper. 
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2. Some basic concepts 
2.1 On neutrosophic triplet group 


Definition 2.1 ([16]). Let N be a set together with a binary operation *. Then, 
N is called a neutrosophic triplet set if for any a € N, there exist a neutral of 
“a” called neut(a), different from the classical algebraic unitary element, and an 
opposite of “a” called anti(a), with neut(a) and anti(a) belonging to N, such 
that: 


a * neut(a) = neut(a) *a =a; 
a * anti(a) = anti(a) * a = neut(a). 


The elements a, neut(a) and anti(a) are collectively called as neutrosophic 
triplet, and we denote it by (a, neut(a), anti(a)). By neut(a), we mean neu- 
tral of a and apparently, a is just the first coordinate of a neutrosophic triplet 
and not a neutrosophic triplet. For the same element “a” in N, there may be 
more neutrals to it neut(a) and more opposites of it anti(a). 


Definition 2.2 ([16]). The element b in (N, *) is the second component, denoted 
as neut(-), of a neutrosophic triplet, if there exist other elements a and c in N 
such that axb = b*a =a and axc=cxa=b. The formed neutrosophic triplet 
is (a, b,c). 


Definition 2.3 ([16]). The element c in (NV, *) is the third component, denoted 
as anti(-), of a neutrosophic triplet, if there exist other elements a and b in N 
such that axb = b*a =a and axc=cxa=b. The formed neutrosophic triplet 
is (a, b,c). 


Definition 2.4 ((16]). Let (V, *) be a neutrosophic triplet set. Then, N is called 
a neutrosophic triplet group, if the following conditions are satisfied: 


(1) If (NV, *) is well-defined, i.e. for any a,b € N, one hasaxbe N. 
(2) If (N,*) is associative, ie. (a * b) *c=ax (bc) for all a,b,cE N. 


Definition 2.5 ({16]). Let (V,*) be a neutrosophic triplet group. Then, N 
is called a commutative neutrosophic triplet group if for all a,b € N, we have 
axb=bxa. 


Definition 2.6 ([16]). Let (V,*) be a neutrosophic triplet group under *, and 
let H be a subset of N. Then, H is called a neutrosophic triplet subgroup of N 
if A itself is a neutrosophic triplet group with respect to x. 


Remark 2.7. In order to include richer structure, the original concept of neu- 
trosophic triplet is generalized to neutrosophic extended triplet by Florentin 
Smarandache. A neutrosophic extended triplet is a neutrosophic triplet, de- 
fined as above, but where the neutral of x (called “extended neutral” ) is allowed 
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to also be equal to the classical algebraic unitary element (if any). There- 
fore, the restriction “different from the classical algebraic unitary element if 
any” is released. As a consequence, the “extended opposite” of x, is also al- 
lowed to be equal to the classical inverse element from a classical group. Thus, 
a neutrosophic extended triplet is an object of the form (x, neut(x), anti(x)), 
for x € N, where neut(x) € N is the extended neutral of x, which can be 
equal or different from the classical algebraic unitary element if any, such that: 
x * neut(x) = neut(x) * x = x, and anti(x) € N is the extended opposite of x 
such that: «x * anti(x) = anti(x) * « = neut(x). In this paper, “neutrosophic 
triplet” means that “neutrosophic extended triplet”. 


2.2 On BCI-algebras 


Definition 2.8 ([5, 23]). A BCI-algebra is an algebra (X;—, 1) of type (2,0) in 
which the following axioms are satisfied: 

(i) (@ +9) 3 (y 32) 3 (@ 32) =1, 

(ii) s> 2 =1, 

(il) Ee a 

(iv) ife > y=youe=l1,thenr=y. 


In any BCI-algebra (X;-—+,1) one can define a relation < by putting x < y 
if and only if « > y = 1, then < is a partial order on X. 


Definition 2.9 ({9, 26]). Let (X;-—,1) be a BCL-algebra. The set {z|x < 1} is 
called the p-radical (or BCK-part) of X. A BCl-algebra X is called p-semisimple 
if its p-radical is equal to {1}. 


Proposition 2.10 ({9]). Let (X;—,1) be a BCl-algebra. Then the following are 
equivalent: 

(i) X is p-semisimple, 

(pr 1 Se ea 

(iit) (@ 91) 9 1l=2,VreE Xx, 

(iv) (@>lroy=(yo1)> 2 forallz,yEeX. 


Proposition 2.11 ([26]). Let (X;—,1) be a BCl-algebra. Then the following 
are equivalent: 

(S1) X is p-semisimple, 

(S2) x3 y=1>2=y forallz,yEeX, 

(S3) («@ 3 y) 9B (ze > y) =275 2 forallz,y,zEX, 

(S4) («© > y) P1l=y-2 forallz,yEXx, 

(S5) (1&3 y) > (a b) = (a a) 9 (yD) for all z,y,a,bE X. 


Proposition 2.12 ([9, 26]). Let (X;—,1) be p-semisimple BCI-algebra; define 
+ and — as follows: for all x,y € X, 


sty @sloy, -2“@e2 41. 


Then (X;+,—,1) is an Abel group. 
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Proposition 2.13 ([9, 26]). Let (X;+,—,1) be an Abel group. Define (X;<, 
—,1), where 


roay=—xrt+y, o<y if and only if —-xt+y=1, Vra,yEe X. 
Then, (X;<,—,1) is a BCLalgebra. 


3. Some properties of neutrosophic triplet group 


As mentioned earlier, for a neutrosophic triplet group (N,*), if a € N, then 
neut(a) may not be unique, and anti(a) may not be unique. Thus, the symbolic 
neut(a) sometimes means one and sometimes more than one, which is ambigu- 
ous. To this end, this paper introduces the following notations to distinguish: 

neut(a): denote any certain one of neutral of a; 

{neut(a)}: denote the set of all neutral of a. 

Similarly, 

anti(a): denote any certain one of opposite of a; 

{anti(a)}: denote the set of all opposite of a. 


Remark 3.1. In order not to cause confusion, we always assume that: (1) 
for the same a, when multiple neut(a) (or anti(a)) are present in the same 
expression, they are always are consistent. Of course, if they are neutral (or 
opposite) of different elements, they refer to different objects (for example, in 
general, neut(a) is different from neut(b)). (2) if neut(a) and anti(a) are present 
in the same expression, then they are match each other. 


Proposition 3.2. Let (N,*) be a neutrosophic triplet group with respect to * 
andaéN. Then 
neut(a) * neut(a) € {neut(a)}. 


Proof. For any a € N, by Definition 2.1 we have 
ax neut(a) =a, neut(a) *a =a. 
From this, using associative law, we can get 
a * (neut(a) * neut(a)) = (neut(a) * neut(a)) *a =a. 


By Definition 2.1, it follows that (neut(a) *« neut(a)) is a neutral of a. That is, 
neut(a) * neut(a) € {neut(a)}. 


Remark 3.3. This proposition is a revised version of Theorem 3.21(1) in [16]. 
If neut(a) is unique, then they are same. But, if neut(a) is not unique, they 
are different. For example, assume {neut(a)} = {s,t}, then neut(a) denote any 
one of s,t. Thus neut(a) * neut(a) represents one of s * s, and t * t. Moreover, 
Proposition 3.2 means that s*« s, txt € {neut(a)} = {s,t}, that is, 


S*S=S8, ors*xs=t; txt=s, ort*t=t. 


And, in this case, the equation neut(a) *neut(a) = neut(a) means that s*s = s, 
txt =t. So, they are different. 
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Proposition 3.4. Let (N,*) be a neutrosophic triplet group with respect to * 
andae N. If 
neut(a) * neut(a) = neut(a). 


Then 


neut(a) x anti(a) € {anti(a)}; 
anti(a) * neut(a) € {anti(a)}. 


Proof. For any a € N, by Definition 2.1 we have 


a * neut(a) = neut(a) *a =a; 
a * anti(a) = anti(a) * a = neut(a). 


From this, using associative law, we can get 

a * (neut(a) * anti(a)) = (a * neut(a)) * anti(a) = a * anti(a) = neut(a). 
And, 
(neut(a) * anti(a)) * a = neut(a) * (anti(a) * a) = neut(a) * neut(a) = neut(a). 


By Definition 2.1, it follows that (neut(a) * anti(a)) is a opposite of a. That is, 
neut(a) * anti(a) € {anti(a)}. In the same way, we can get anti(a) * neut(a) € 


{anti(a)}. 


Proposition 3.5. Let (N,*) be a neutrosophic triplet group with respect to * 
and leta,b,c€ N. Then 


(1) axb=axc ¢f and only if neut(a) * b = neut(a) * c. 
(2) bka=cxa éf and only if b * neut(a) = c x neut(a). 


Proof. Assume a * 6 = a*c. Then anti(a) * (a * b) = anti(a) * (a*c). By 
associative law, we have 


(anti(a) * a) * b = (anti(a) * a) *c. 


Using Definition 2.1 we get neut(a) * b = neut(a) *c. 
Conversely, assume neut(a) * b = neut(a) * c. Then a * (neut(a) * b) = 
a * (neut(a) * c). By associative law, we have 


(a x neut(a)) * b = (a x neut(a)) * cc. 


Using Definition 2.1 we get ax b=ax*c. That is, (1) holds. 
Similarly, we can prove that (2) holds. 


Proposition 3.6. Let (N,*) be a neutrosophic triplet group with respect to * 
and leta,b,cE N. 


(1) If anti(a) « b = anti(a) * c, then neut(a) * b = neut(a) *c. 
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(2) If b* anti(a) = cx anti(a), then bx neut(a) = c * neut(a). 
Proof. Assume anti(a)*b = anti(a)*c. Then ax (anti(a)*b) = ax (anti(a)*c). 
By associative law, we have 


(a * anti(a)) *b = (a x anti(a)) *c. 


Using Definition 2.1 we get neut(a) * b = neut(a) *« c. It follows that (1) holds. 
Similarly, we can prove that b * anti(a) = c * anti(a) > b * neut(a) = 
c* neut(a). 


Theorem 3.7. Let (N,*) be a neutrosophic triplet group with respect to * and 
ae N. Then 

neut(neut(a)) € {neut(a)}. 
Proof. For any a € N, by Definition 2.1 we have 


neut(a) * neut(neut(a)) = neut(a); 
neut(neut(a)) * neut(a) = neut(a). 


Then 


a * (neut(a) * neut(neut(a))) = a* neut(a); 
(neut(neut(a)) *« neut(a)) * a = neut(a) * a. 


By associative law and Definition 2.1, we have 


a * neut(neut(a)) = a; 
neut(neut(a)) *a =a. 


From this, by Definition 2.1, neut(neut(a)) € {neut(a)}. 


Theorem 3.8. Let (N,*) be a neutrosophic triplet group with respect to * and 
ae N. Then 

neut(anti(a)) € {neut(a)}. 
Proof. For any a € N, by Definition 2.1 we have 


anti(a) * neut(anti(a)) = anti(a); 
neut(anti(a)) * anti(a) = anti(a). 


Then 


a * (anti(a) * neut(anti(a))) = a * anti(a); 
(neut(anti(a)) * anti(a)) * a = anti(a) * a. 


Using associative law and Definition 2.1, 


neut(a) * neut(anti(a)) = neut(a); 
neut(anti(a)) * neut(a) = neut(a). 


It follows that axneut(anti(a)) = a, neut(anti(a))*xa = a. That is, neut(anti(a)) € 


{neut(a)}. 
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Theorem 3.9. Let (N,*) be a neutrosophic triplet group with respect to * and 
aéN. Then 
neut(a) * anti(anti(a)) =a. 


where, neut(a) € {neut(a)}, anti(a) € {anti(a)}, and neut(a) matches anti(a), 
that is, a * anti(a) = anti(a) * a = neut(a). 


Proof. For any a € N, by Definition 2.1 we have 
anti(a) * anti(anti(a)) = neut(anti(a)). 


Then 


a * (anti(a) * anti(anti(a))) = a * neut(anti(a)). 
(a * anti(a)) * anti(anti(a)) = a * neut(anti(a)). 
neut(a) * anti(anti(a)) = a * neut(anti(a)). 


On the other hand, by Theorem 3.8, neut(anti(a)) € {neut(a)}. By Definition 
2.1, it follows that axneut(anti(a))=a. Therefore, neut(a)*anti(anti(a))=a. 


Theorem 3.10. Let (N,*) be a neutrosophic triplet group with respect to * and 
aéN. Then 

anti(neut(a)) € {neut(a)}. 
Proof. For any a € N, by Definition 2.1 we have 


neut(a) * anti(neut(a)) = neut(neut(a)); 
anti(neut(a)) * neut(a) = neut(neut(a)). 


Thus 


a * (neut(a) * anti(neut(a))) = a * neut(neut(a)); 
(anti(neut(a)) * neut(a)) * a = neut(neut(a)) * a. 


Applying associative law and Definition 2.1, 


a * anti(neut(a)) = a * neut(neut(a)); 
anti(neut(a)) * a = neut(neut(a)) * a. 


On the other hand, by Theorem 3.7, neut(neut(a)) € {neut(a)}. It follows that 
a * neut(neut(a)) = neut(neut(a)) *a =a. 


Therefore, 
a * anti(neut(a))) = anti(neut(a)) *a =a. 


This means that anti(neut(a)) € {neut(a)}. 


Theorem 3.11. Let (N,*) be a neutrosophic triplet group with respect to * and 
a,be N. Then 
neut(a * a) € {neut(a)}. 


221 


Florentin Smarandache (author and editor) Collected Papers, IX 


Proof. For any a € N, by Definition 2.1 we have 
(a * a) * neut(a *a) =a*a. 


From this and applying the associativity of operation *« and Definition 2.1 we 
get 


(anti(a) * a) * a * neut(a * a) = (anti(a) * a) * a. 
neut(a) * a * neut(a * a) = neut(a) * a. 
a* neut(a *a) =a. 


Similarly, we can prove neut(a * a) *a =a. This means that neut(a * a) € 


{neut(a)}. 


Now, we note that Proposition 3.18 in [16] is not true. 


Example 3.12. Consider (Zj9, 1), where { is defined as a ¢ 6 = 3ab(mod10). 
Then, (Z40, ft) is a neutrosophic triplet group under the binary operation { with 
Table 1. 


Table 1 Cayley table of neutrosophic triplet group (Z10, 4) 


#[0]1]2/3/4/5|/6]7)81/9 
o/ololololo/ololololo 
1/0/3/6/9/2/5/8/1/4/7 
2) Or GO hs 4 oe lo |.8 (4 
3/0191 867165 )4)3/2\4 
4/0/2/4/6|8/o/2/4]/6|/8 
5/0/5/0/5/0|/5/0/5/0]5 
6/0/8/6/4/2/0/8/6/4]2 
aCueale ae ae ae aeweaeaik: 
8/014/8|2/6/0/4/8]2]/6 
9/0/7)4)1/8/5/2)/9/6/3 


For each a € Zio, we have neut(a) in Z19. That is, 


neut(0) = 0, neut(1) = 7, neut(2) = 2, neut(3) = 7, neut(4) = 2, 
neut(5) = 5, neut(6) = 2, neut(7) = 7, neut(8) = 2, neut(9) = 7. 


Let H = {0,2,5,7}, then (H, tt) is a neutrosophic triplet subgroup of (Zio, 4), 
but 


anti(5) € {1,3,5,7,9} ¢ H, 
anti(0) € {0,1,2,3,4,5,6,7,8,9} ¢ H. 


Therefore, Proposition 3.18 in [16] should be revised to the following form. 


Proposition 3.13. Let (N,*) be a neutrosophic triplet group and H be a subset 
of N. Then H is a neutrosophic triplet subgroup of N if and only if the following 
conditions hold: 
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(1) axbed for alla,be H. 
(2) there exists neut(a) € H for allae H. 


(3) there exists anti(a) € H for allaeé H. 


4. New properties of commutative neutrosophic triplet group 


Theorem 4.1. Let (N,) be a commutative neutrosophic triplet group with re- 
spect to x anda,b€ N. Then 


{neut(a)} * {neut(b)} C {neut(a x b)}. 
Proof. For any a,b € N, by Definition 2.1 and 2.4 we have 
a * neut(a) * neut(b) * b = (a * neut(a)) * (neut(b) * b) = ax b. 


From this and applying the commutativity and associativity of operation * we 
get 


(neut(a) *« neut(b)) * (a * b) = (a * b) * (neut(a) * neut(b)) = a b. 


This means that neut(a)*neut(b) € {neut(axb)}, that is, {neut(a)}*{neut(b)} C 
{neut(a x b)}. 


Proposition 4.2. Let (N,*«) be a commutative neutrosophic triplet group with 
respect to x and H = {neut(a) | a € N}. Then H is a neutrosophic triplet 
subgroup of N such that (Va € N) neut(a) € H and unit(h) € H for any 
heN. 


Proof. For any h,,h2 € N, by the definition of H, there exists a,b € N such 
that hy, = neut(a), hg = neut(b). Then, by Theorem 4.1 we have 


hy * hg = neut(a) * neut(b) € {neut(a * b)} C H. 


Moreover, applying Theorem 3.7 and 3.10, 


neut(h,) = neut(neut(a)) € {neut(a)} C H. 
anti(h1) = anti(neut(a)) € {neut(a)} C H. 


Using Proposition 3.13 we know that AH is a neutrosophic triplet subgroup of 
N, and it satisfies 


(Va € N) neut(a) € H,and unit(h) € H for any he N. 


Theorem 4.3. Let (N,*) be a commutative neutrosophic triplet group with 
respect to x anda,be€ N. Then 


{anti(a)} * {anti(b)} C {anti(a x b)}. 
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Proof. For any a,b € N, by Definition 2.1 and 2.4 we have 
a * anti(a) * anti(b) * b = (a * anti(a)) * (anti(b) * b) = neut(a) * neut(b). 


From this and applying the commutativity and associativity of operation * we 
get 


(anti(a) * anti(b))(a * b) = (a * b) * (anti(a) * anti(b)) = neut(a) * neut(b). 
Applying Theorem 4.1, neut(a) * neut(b) € {neut(a * b)}. Hence, by Definition 


oe anti(a) * anti(b) € {anti(a « b)}, that is, {anti(a)} * {anti(b)} C {anti(a « 
b)}. 


Theorem 4.4. Let (N,*) be a commutative neutrosophic triplet group with 
respect to x. Define binary relation %neyt on N as following: 

Va,be N, a &neut b iff there exists anti(b) € {anti(b)}, and p,q € N, and 
neut(p) € {neut(p)} such that 


a * anti(b) * neut(p) € {neut(q)}. 
Then &neut 1s reflexive and symmetric. 


Proof. (1) For any a € N, by Proposition 3.2, neut(a) * neut(a) € {neut(a)}. 
Using Definition 2.1 we get 


a * anti(a) * neut(a) = neut(a) * neut(a) € {neut(a)}. 


Then, @ &neut G. 
(2) Assume @ &neut 0, then there exists p,q € N such that 


(C1) a * anti(b) * neut(p) = neut(q). 


where anti(b) € {anti(b)}, neut(p) € neut(p), neut(q) € {neut(q)}. Using 
Theorem 3.10, anti(neut(p)) € {neut(p)}. So, we denote anti(neut(p)) = x € 
{neut(p)}. Thus, 


b * anti(a) * x = b * anti(a) * anti(neut(p)) 

= anti(a) * b * anti(neut(p)) (by Definition 2.5) 
= anti(a) * (neut(b) * anti(anti(b))) * anti(neut(p)) (by Theorem 3.9) 
= (anti(a) * anti(anti(b)) * anti(neut(p))) * neut(b) (by Definition 2.4and 2.5) 
€ {anti(a * anti(b) * neut(p))} * neut(b) (by Theorem 4.3) 
C {anti(neut(q))} * neut(b) (by the above result (C1)) 
C {neut(q)} * neut(b) (by Theorem 3.10) 
C {neut(q * b)} (by Theorem 4.1) 


This means that b Xneut a. 
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Definition 4.5. Let (V,*) be a neutrosophic triplet group. Then, N is called 
a neutrosophic triplet group with condition (AN) if for all a,b € N, we have 
(AN)  {anti(a* b)} C {anti(a)} * {anti(b)}. 


Proposition 4.6. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN) and a,b<€ N. Then 


neut(a * b) € {neut(a)} * {neut(b)}. 


Proof. For any a,b € N, by Definition 4.5, there exists anti(a) € {anti(a)}, 
anti(b) € {anti(b)} such that 


anti(a * b) = anti(a) * anti(b). 
Then 
neut(a * b) = (a * b) * anti(a * b) = (a * b) x (anti(a) * anti(b)) 
= (a * anti(a)) * (b * anti(b)) = neut(a) * neut(b). 


This means that neut(a * b) € {neut(a)} * {neut(b)}. 


Lemma 4.7. Let (N,*) be a commutative neutrosophic triplet group with con- 
dition (AN) and a,b € N. If there exists anti(b) € {anti(b)}, p,q € N, 
neut(p) € {neut(p)} and neut(q) € {neut(q)} such that 


a * anti(b) * neut(p) = neut(q). 


Then for any x € {anti(b)}, there exists pi,qi € N, neut(p1) € {neut(p1)} and 
neut(q) € {neut(qi)} such that 


a* x * neut(p1) = neut(q1). 


Proof. For any x € {anti(b)}, there exists y € {neut(b)} such that b* « = 
x*b=y. Thus, from a * anti(b) * neut(p) = neut(q) we get 


a * x * (neut(b) * neut(p)) 

=a * x * (anti(b) * b) x neut(p) 

= (a * anti(b) * neut(p)) * (a * b) 

= neut(q) *y 

€ neut(q) « {neut(b)} 

C {neut(q * b)} (by Theorem 4.1) 


Therefore, there exists pi,q1 € N, neut(pi) € {neut(p,)} and neut(q) € 
{neut(q,)} such that a * x * neut(p,) = neut(q1). 


Theorem 4.8. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN). Define binary relation Xneut on N as following: 

Va,b € N, @ &neut b iff there exists anti(b) € {anti(b)}, p,q € N, and 
neut(p) € {neut(p)} such that 


a * anti(b) * neut(p) € {neut(q)}. 


Then &neut 1s an equivalent relation on N. 
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Proof. By Theorem 4.4, we only prove that ~neyz is transitive. Assume that 
GX neut 6 and b Xneyt c, then there exists p,q,r,s € N such that 


(C1) a * anti(b) * neut(p) = neut(q). 
(C2) b * anti(c) * neut(r) = neut(s). 


where anti(b) € {anti(b)}, anti(c) € {anti(c)}, neut(p) € {neut(p)}, neut(q) € 
{neut(q)}, neut(r) € {neut(r)}, neut(s) € {neut(s)}. Using Theorem 3.10 and 
Theorem 4.1, we have 


neut(p)*xneut(c)*xanti(neut(s))E{neut(p) }*{neut(c)}*{neut(s 


Nae 


\C{neut(pxsxc) }. 


Denote y = neut(p) * neut(c) * anti(neut(s)) € {neut(p * s x c)}, then 
a * anti(c) * y = a* anti(c) * neut(p) * neut(c) * anti(neut(s)) 
=a * anti(c) * neut(p) * anti(neut(s)) * neut(c) (by Definition 2.5) 
=a * anti(c) * neut(p) * anti(b * anti(c) * neut(r)) * neut(c) 
(by the above result (C2)) 
€ ax anti(c) x neut(p) * {anti(b) * anti(anti(c)) * anti(neut(r))} * neut(c) 
(by Definition 4.5) 


NS 


C ax anti(c) * neut(p) * {anti(b) * c x anti(neut(r))} 
(by Definition 2.4, 2.5 and Theorem 3.9) 

C ax neut(p) * {anti(b) * neut(r) * (anti(c) * c)} 
(by Theorem 3.10, Definition 2.4 and 2.5) 
=a * neut(p) * {anti(b) * neut(r) * neut(c)} (by Definition 2.1) 
C {(a * anti(b) * neut(p)) * neut(r) * neut(c)} (by Definition 2.1) 
C {neut(qi)xneut(r)*xneut(c) } (by the above result (C1) and Lemma 4.7) 
C {neut(q * r*c)} (by Theorem 4.1) 
This means that a Sneut C. 


5. Commutative neutrosophic triplet group and Abel group with 
BClI-algebra 


Theorem 5.1. Let (N,*) be a commutative neutrosophic triplet group condition 
(AN). Define binary relation ~neu on N as Theorem 4.8. Then the following 
statements are hold: 


(1) a,b,c EN, @ &neut 0 > A* CR neut O*C. 

(2) @ & neue b => neut(a) &neut neut(b). 

(3) @ &neut b => anti(a) neue anti(d). 

(4) a,bE N, neut(a) Sneue neut(b). 

Proof. (1) Assume a &neut 6, then there exists p,q € N such that 
(C1) a * anti(b) * neut(p) = neut(q), 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Thus, 
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(a *« c) * anti(b * c) * neut(p) 

€ (ax c) * {anti(b)} * {anti(c)} * neut(p) (by Definition 4.5) 
C {a * anti(b) * neut(p)} * {ce * anti(c)} (by Definition 2.4 and 2.5) 
= {a * anti(b) * neut(p)} * {neut(c)} (by Definition 2.1) 
C {neut(q.)} * {neut(c)}(by the above result (C1) and Lemma 4.7) 
C {neut(q, * c)} (by Theorem 4.1) 


It follows that a*c Sneut 0 * c. 
(2) Assume @ &neut 0, then there exists p,q € N such that 


a * anti(b) * neut(p) = neut(q). 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Then, 
applying Theorem 3.8 and Theorem 4.1 we have 


neut(a)xanti(neut(b))xneut(p)€{neut(a)}*{neut(b)}*{neut(p)}C{neut(axbxp) }. 


This means that neut(a@) neue neut(d). 
(3) Assume @ &neut 0, then there exists p,q € N such that 


a * anti(b) * neut(p) = neut(q). 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Using 
Theorem 3.10, 


anti(neut(p)) € {neut(p)}, anti(neut(q)) € {neut(q)}. 
Applying Theorem 4.3 we have 


anti(a) * anti(anti(b)) * anti(neut(p)) € {anti(a * anti(b) « neut(p))} 
C {anti(neut(q))} C {neut(q)}. 


It follows that anti(a) %neut anti(d). 
(4) Va,b € N, since 


neut(a) * anti(neut(b)) *« neut(a) 
€ neut(a) * {neut(b)} * neut(a) (by Theorem 3.10) 
C {neut(a* bx a)} (by Theorem 4.1) 


This means that neut(a) %neut neut(b). 


Theorem 5.2. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN). Define binary relation %neut on N as Theorem 4.8. Then the 
quotient N/ %neut is an Abel group with respect to the following operation: 


Va,bEN, [a)neut @ [blneut = [a * O)neut- 


where |a|neut is the equivalent class of a, the unit elment of (N/ %neut,@) is 
lneut = [neut(a)|neut, Va € N, neut(a) € {neut(a)}. 
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Proof. By Theorem 5.1 (1) ~ (3) we know that the operation “e” is well 
definition. Obviously, (N/ *neut, @) is a commutative neutrosophic triplet group. 
Moreover, by Theorem 5.1 (4) we get 


Va,b € N, [neut(a)|neut = [neut(b))neut- 
Va,b€ N, neut([a|neut) = neut([b)neut). 


This means that neut(-) is unique. Denote 
Ineut = [neut(a)]neut, Va € N, neut(a) € {neut(a)}. 


Then Ineug is the unit element of (N/ neut,@). Moreover, by Theorem 5.1 (3) 
we get that anti([a]neuz) is unique, Va € N. Therefore, (N/ Xneut,@) is an Abel 
group. 


Theorem 5.3. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN). Define binary relation %neut on N as Theorem 4.8. If define a 
new operation “+” on the quotient N/ %neut as following: 


Va, be N, [a] reat =r [Bl meus = [alent e anti([b]neut)- 


Then (N/ ®neut; >; lneut) 1s a BCI-algebra, where 1neut=[neut(a)|neut, VaEN. 


Proof. By Theorem 5.2 and Proposition 2.13 we can get the result. 


Example 5.4. Let N = {1,2,3,4,6,7,8,9}. The operation * on N is defined 
as Tables 2. Then, (V,*) is a neutrosophic triplet group with condition (AN). 
For each a € N, we have neut(a) in N. That is, 

neut(1) = 7, neut(2) = 2, neut(3) = 7, neut(4) = 2, 

neut(6) = 2, neut(7) = 7, neut(8) = 2, neut(9) = 7. 


YY» WS 


Moreover, for each a € N, anti(a) in N. That is, 


anti(1) = 9, anti(2) € {2,7}, anti(3) = 3, anti(4) € {1,6}, 
anti(6) € {4,9}, anti(7) = 7, anti(8) € {3,8}, anti(9) = 1. 


It is easy to verify that N/ ®neut= {[2] neue, (1 neut, [3] neuts [4]neue} and (N/ ~neut, 
e) is isomorphism to (Z4, +), where 


be eer, = {2, Ths [1 ent = {1, 6}, [Shieat = {3, 8}, [A] neut = {4, g}. 
Table 2 Cayley table of neutrosophic triplet group (N, *) 


*|/1)/2)/3)4)6]7)8)9 
1)/3/6/9/2)8|1)4]7 
2/6/2)8/4)/6)/2);8]4 
3}/9|)8)]7]/6)4]3)2) 1 
4/2}4)'6/8]2/4]6)8 
6|;8)6)/4])/2)8]6)4) 2 
7\/;1)2)3)4)6]7)8)9 
8|4})8]/2])/6])]4]8)2)6 
9\/7)4])/1)/8)2])9)6) 3 
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e [2 neut [Deut Bled [Al veut 
Zest [2 neut [Deut Sl Hene Al neat | 
LL isace (1 neut [3] peat Al eae Ded | 
[Sle eur [3 neut [Al sour 2 neue vane | 
[Aleut [4 neut Zions Ll peat [3 ead | 


Table 4 Cayley table of Abel group (Z4, +) 


+]/0)1)3)4 
0;0;1/2)3 
1/}1)/2)3)0 
2);2;/3/0) 1 
3}3}/,0] 1] 2 


Example 5.5. Consider (Zj9,#), where { is defined as a { b = 3ab(mod10). 
Then, (Zo, ft) is a neutrosophic triplet group with condition (AN), the binary 
operation { is defined in Table 1. For each € Z19, we have neut(a) in Z19. That 
is, 


neut(0) = 0, neut(1) = 7, neut(2) = 2, neut(3) = 7, neut(4) = 2, 
neut(5) = 5, neut(6) = 2, neut(7) = 7, neut(8) = 2, neut(9) = 7. 


Moreover, for each a € Z9, anti(a) in Z19. That is, 


anti(0) € {0,1,2,3,4,5,6,7,8,9}, anti(1) = 9, antz(2) € {2,7}, 
anti(3) = 3, anti(4) € {1,6}, anti(5) € {1,3,5, 7,9}, 
anti(6) € {4,9}, anti(7) = 7, anti(8) € {3,8}, anti(9) = 1. 


It is easy to verify that N/ Snew= {lneut = [O]neue} and (N/ ~neut,@) is iso- 
morphism to {1},where 


lOlperet = Lneut = {0, 1, 2, 3, 4, 5, 6, G 8, gt. 


6. Quotient structure and neutro-homomorphism basic theorem 


Definition 6.1 (({16]). Let (Ni,*1) and (No, *2) be two neutrosophic triplet 
groups. Let f : Ny — Ng beamapping. Then, f is called neutro-homomorphism 
if for all a,b € Ny, we have: 

(1) f(a*1 b) = f(a) *2 f(0); 

(2) f(neut(a)) = neut(f(a)); 
(3) flanti(a)) = anti(f(a)). 


Theorem 6.2. Let (N,*) be a commutative neutrosophic triplet group with 
respect to x, H be a neutrosophic triplet subgroup of N such that (Va € N) 
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~y on N as 
following: 
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Va,be N, az b iff there exists anti(b) € {anti(b)}, p€ N, and neut(p) € 
{neut(p)} such that 
a * anti(b) * neut(p) € H. 


Then ~ is reflexive and symmetric. 


Proof. (1) For any a € N, by Proposition 3.2 and the hypothesis (neut(a) € H 
for any a € N), we have 


neut(a) * neut(a) € {neut(a)} C H. 
By Definition 2.1 we get 
a * anti(a) * neut(a) = neut(a) * neut(a) € H. 


Then, ay a. 
(2) Assume a ~ y b, then there exists p € N such that 


(C2) a * anti(b) * neut(p) € H. 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Moreover, by the hypothesis 
(anti(a) € H for any a € H), we have 


(C3) anti(a * anti(b) * neut(p)) € H. 


Using Theorem 3.10, anti(neut(p)) € {neut(p)}. So, we denote anti(neut(p)) = 
x € {neut(p)}. Thus, 
b* anti(a) * x 


= b « anti(a) * anti(neut(p)) 

= anti(a) * b * anti(neut(p)) (by Definition 2.5) 
= anti(a) * (neut(b) * anti(anti(b))) * anti(neut(p)) (by Theorem 3.9) 
= (anti(a) xanti(anti(b)) xanti(neut(p))) *neut(b)(by Definition 2.4 and 2.5) 
€ {anti(a * anti(b) * neut(p))} * neut(b) (by Theorem 4.3) 
CH (by (C3), the hypothesis and Proposition 3.13 (1)) 


This means that b ~y a. 


Lemma 6.3. Let (N,*) be a commutative neutrosophic triplet group with con- 
dition (AN), a,b € N, and H be a neutrosophic triplet subgroup of N such 
that (Va € N) neut(a) € H and (Va € H) anti(a) © H. If there exists 
anti(b) € {anti(b)}, p€ N, and neut(p) € {neut(p)} such that 


a * anti(b) * neut(p) € H. 


Then for any x € {anti(b)}, there exists py) € N, and neut(pi) € {neut(pi)} 
such that 
ax* x *neut(p1) € H. 
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Proof. For any x € {anti(b)}, there exists y € {neut(b)} such that bea = a*b = 
y. Since (Va € N) neut(a) € H, then y € H. Thus, from axanti(b)*neut(p) € H 
we get 


a * x * (neut(b) * neut(p)) 

= a* x * (anti(b) * b) * neut(p) 

= (a * anti(b) * neut(p)) * (x x b) 

= (a * anti(b * neut(p)) * y 

CH (by Proposition 3.13) 


Theorem 6.4. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N) 
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~y on N as 
following: 
Va,be N, az b iff there exists anti(b) € {anti(b)}, p€ N, and neut(p) € 
{neut(p)} such that 
a * anti(b) * neut(p) € H. 


Then Sy is an equivalent relation on N. 


Proof. By Theorem 6.2, we only prove that ~y is transitive. Assume that 
ay b and b Xz c, then there exists p,r € N and q,s € N such that 


(C3) a * anti(b) * neut(p) =q € H. 
(C4) b * anti(c) * neut(r) = s € H. 


where anti(b) € {anti(b)}, anti(c) € {anti(c)}, neut(p) € {neut(p)}, neut(r) € 
{neut(r)}. Using Theorem 4.1 and the hypothesis (neut(a) € H for any a € N), 
we have 

neut(p) * neut(s) * neut(c) € neut(p* s*c) C H. 


Denote y = neut(p) * neut(s) * neut(c) € neut(p * s * c), then 
ax* anti(c) *y 
=a * anti(c) * neut(p) * neut(s) * neut(c) 
= ax anti(c) * neut(p) * (s * anti(s)) * neut(c) (by Definition 2.1) 
=a * anti(c) * neut(p) * s * anti(b * anti(c) * neut(r)) * neut(c) 
(by the above result (C4)) 
€ axanti(c)*neut(p)*s* {anti(b)} x {anti(anti(c))}* {anti(neut(r)) }neut(c) 
(by Definition 4.5) 
= a* anti(c) * neut(p) * s « {anti(b)} * cx {anti(neut(r))} (by Theorem 3.9) 
C ax anti(c) * neut(p) * s « {anti(b)} * cx {neut(r)} (by Theorem 3.10) 
C {ax anti(b) * neut(p)} * s * (anti(c) *c) * {neut(r)} (by Definition 2.4 and 
25) 
C H «5 * neut(c) * {neut(r)} 


7 


231 


Florentin Smarandache (author and editor) Collected Papers, IX 


(by Definition 2.1, the above result (C3) and Lemma 6.3) 
CH (by (C4), the hypothesis and Proposition 3.13 (1)) 
It follows that a xy c. 


Theorem 6.5. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N) 
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~y on N as 
following: 
Va,be N, az b iff there exists anti(b) € {anti(b)}, pe N, and neut(p) € 
{neut(p)} such that 
a * anti(b) * neut(p) € H. 


Then the following statements are hold: 
(1) a,b,cEN, ay b>Saxcky bx. 
(2) axy b => neut(a) x neut(b). 
(3) ay b => anti(a) Sx anti(d). 


Proof. (1) Assume a ~q 6, then there exists p € N such that 
(C2) a * anti(b) * neut(p) € H. 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}. We have 
(a * c) * anti(b * c) * neut(p) 


€ (a «c) * {anti(b)} * {anti(c)} * neut(p) (by Definition 4.5) 
C {a * anti(b) * neut(p)} * {ce * anti(c)} (by Definition 2.4 and 2.5) 
= {a * anti(b) * neut(p)} * neut(c) (by Definition 2.1) 
eH. (by (C2), the hypothesis, Lemma 6.3 and Proposition 3.13 (1)) 


It follows that axc xy bc. 

(2) Assume a &y b, then there exists p € N such that a* anti(b) *neut(p) € 
H, where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Applying Theorem 3.8 and 
Theorem 4.1 we have 

neut(a) * anti(neut(b)) * neut(p) € neut(a) * {neut(b)} * neut(p) 

C {neut(axb«p)} C H. (by the hypothesis, neut(a) € H for any a € N) 
It follows that neut(a) ~y neut(b). 

Assume a ~ 7 6, then there exists p € N such that 


a * anti(b) * neut(p) € H. 


where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Applying the hypothesis ((Va € 
N) neut(a) € H and (Va € H) anti(a) € H) and Theorem 3.10, 


anti(a * anti(b) * neut(p)) € H. 
anti(neut(p)) € {neut(p)} C H. 


Moreover, by Theorem 4.3 we have 


anti(a) * anti(anti(b)) * anti(neut(p)) € {anti(a * anti(b) * neut(p))} C H. 


Hence, anti(a) Sy anti(b). 


232 


Florentin Smarandache (author and editor) Collected Papers, IX 


Theorem 6.6. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N) 
neut(a) € H and (Va € BH) anti(a) € H. Define binary relation ~y on N as 
Theorem 6.5. Then the quotient N/ ~y is a commutative neutrosophic triplet 
group with respect to the following operation: 


VYa,be N, [aly e [bly = [a blz. 


where |a]y is the equivalent class of a with respect to ~y. Moreover, (N,*) is 

neutron-homomorphism to (N/ %y,¢) with respect to the following mapping: 
f: NON/&u; andVae N, f(a) = [alz. 

Proof. By Theorem 6.5 we know that the operation “e” is well definition. 

Obviously, (N/ *,¢) is a commutative neutrosophic triplet group. 


Fey) 


By the definitions of operation “e” and mapping f we have 
Va,beE N, f(a*b) = [a* bly = [ala ¢ [bla = f(a) @ f(b). 
Moreover, by Theorem 6.5 (2) and (3) we get 


Va € N, f(neut(a)) = [neut(a)|q = neut([a]z) = neut(f(a)). 
Va € N, f(anti(a)) = [anti(a)|y = anti([a]~z) = anti(f(a)). 


Therefore, (N,*) is neutron-homomorphism to (N/ ~#,¢) with respect to the 
mapping f. 


Theorem 6.7. Let (N,*) be a commutative neutrosophic triplet group with 
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N) 
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~q on N 
as Theorem 6.5. If define a new operation “+” on the quotient N/ ~y as 
following: Va,b € N, [aly > [b]x = [aly e anti([b]_). Then (N/ ~H,—,14) is 
a BCI-algebra, where 1y = [neut(a)|y, Va Ee N. 


Proof. By Theorem 6.7 and Proposition 2.13 we can get the result. 


Example 6.8. Let N = {1,2,3,4,6,7,8,9}. The operation * on N is defined 
as Tables 2. Then, (V,*) is a neutrosophic triplet group with condition (AN). 
We can get the following equation 


neut(1) = 7, neut(2) = 2, neut(3) = 7, neut(4) = 2, 
neut(6) = 2, neut(7) = 7, neut(8) = 2, neut(9) = 7; 
anti(1) = 9, anti(2) € {2,7}, anti(3) = 3, anti(4) € {1,6}, 
anti(6) € {4,9}, anti(7) = 7, anti(8) € {3,8}, anti(9) = 1. 
Denote H = {2,3,7,8}, it is easy to verify that H is a neutrosophic triplet 
subgroup of N such that (Va € N) neut(a) € H and (Va € A) anti(a) € H. 
Moreover, N/ ®y= {H = [2] x, [1]7} and (N/ ~y,@) is isomorphism to (Z2, +), 
where 


AeH42,3:7 8h. a= 1,4; 6,93: 
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Table 5 Cayley table of Abel group (N/ *y,¢) 

e | 2)n | (la 
[le | [2)e | Dx 
[Le | (le | 2}x 


Table 6 Cayley table of Abel group (Z2, +) 


+}/0} 1 
0|0}1 
1); 10 


The following example shows that the basic theorem of neutro-homomorphism 
(Theorem 6.7) is a natural and substantial generalization of the basic theorem 
of group-homomorphism. 


Example 6.9. Let (N,*) be a commutative group. Then, (N,*) is a neutro- 
sophic triplet group with condition (AN). Obviously, if H is a subgroup of N, 
then binary relation ~y on N is the relation induced by subgroup H, that is, 


Va,b€ N, ay b if and only ifa*b-! € H. 


Thus, (NV, *) is group-homomorphism to (N/ %y,¢e) = (N/H,e). 


7. Conclusion 


This paper is focus on neutrosophic triplet group. We proved some new proper- 
ties of (commutative) neutrosophic triplet group, and constructed a new equiv- 
alent relation on any commutative neutrosophic triplet group with condition 
(AN). Based on these results, for the first time, we have described the inner 
link between commutative neutrosophic triplet group with condition (AN) and 
Abel group with BCl-algebra. Furthermore, we establish the quotient struc- 
ture by neutrosophic triplet subgroup, and prove the basic theorem of neutro- 
homomorphism, which is a natural and substantial generalization of the basic 
theorem of group-homomorphism. Obviously, these results will play an impor- 
tant role in the further study of neutrosophic triplet group. 
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Abstract: The concept of a commutative generalized neutrosophic ideal in a BCK-algebra is proposed, 
and related properties are proved. Characterizations of a commutative generalized neutrosophic 
ideal are considered. Also, some equivalence relations on the family of all commutative generalized 
neutrosophic ideals in BCK-algebras are introduced, and some properties are investigated. 


Keywords: (commutative) ideal; generalized neutrosophic set; generalized neutrosophic ideal; 
commutative generalized neutrosophic ideal 


1. Introduction 


In 1965, Zadeh introduced the concept of fuzzy set in which the degree of membership is expressed 
by one function (that is, truth or t). The theory of fuzzy set is applied to many fields, including fuzzy 
logic algebra systems (such as pseudo-BCI-algebras by Zhang [1]). In 1986, Atanassov introduced 
the concept of intuitionistic fuzzy set in which there are two functions, membership function (t) and 
nonmembership function (f). In 1995, Smarandache introduced the new concept of neutrosophic 
set in which there are three functions, membership function (t), nonmembership function (f) and 
indeterminacy/neutrality membership function (i), that is, there are three components (t, i, f) = 
(truth, indeterminacy, falsehood) and they are independent components. 

Neutrosophic algebraic structures in BCK/BCI-algebras are discussed in the papers [2-10]. 
Moreover, Zhang et al. studied totally dependent-neutrosophic sets, neutrosophic duplet semi-group 
and cancellable neutrosophic triplet groups (see [11,12]). Song et al. proposed the notion of generalized 
neutrosophic set and applied it to BCK/BCI-algebras. 

In this paper, we propose the notion of a commutative generalized neutrosophic ideal in a 
BCK-algebra, and investigate related properties. We consider characterizations of a commutative 
generalized neutrosophic ideal. Using a collection of commutative ideals in BC K-algebras, we obtain 
a commutative generalized neutrosophic ideal. We also establish some equivalence relations on the 
family of all commutative generalized neutrosophic ideals in BCK-algebras, and discuss related basic 
properties of these ideals. 


2. Preliminaries 


A set X with a constant element 0 and a binary operation * is called a BCI-algebra, if it satisfies 
(Vx;y,2 SX): 
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() ((x*y) * (x *z)) *(Z¥y) =0, 
(I) (x* (x¥y))*y =O, 

(HW) x*x =0, 

(IV) x*y=0,y*x=0 > x=y. 


A BCI-algebra X is called a BCK-algebra, if it satisfies (Vx € X): 
(V) Oxx=0, 
For any BCK/BCI-algebra X, the following conditions hold (Vx,y,z € X): 


x*O0=x, (1) 
XY DS XKZ LY *Z, ZY LZ, (2) 
(x*y)*Z = (x*Z) xy, (3) 
(fxg) * (yee) < ay (4) 


where the relation < is defined by: x < y => xx y = 0. If the following assertion is valid for a 
BCK-algebra X, Vx,y € X, 


x* (xy) =y* (y*X). (5) 


then X is called a commutative BCK-algebra. 
Assume I is a subset of a BCK/BCI-algebra X. If the following conditions are valid, then we call 
Tis an ideal of X: 


OE, (6) 
(Vx € X) (Vy EI) (xxyeEl > xeEl). (7) 


A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (6) and 
(Vx,y,z€ X)((xey)*zE1zE1 > xx(yx(y*xx)) El). (8) 
Recall that any commutative ideal is an ideal, but the inverse is not true in general (see [7]). 


Lemma 1 ([7]). Let I be an ideal of a BCK-algebra X. Then I is commutative ideal of X if and only if it satisfies 
the following condition for all x,y in X: 


xxyel > xx (y*(y*x)) EI. (9) 
For further information regarding BCK/ BCI-algebras, please see the books [7,13]. 


Let X be a nonempty set. A fuzzy set in X is a function p : X — [0,1], and the complement of 
u, denoted by p°, is defined by p°(x) = 1— u(x), Vx € X. A fuzzy set pw ina BCK/BCI-algebra X is 
called a fuzzy ideal of X if 


(Vx € X)(H(0) = p(x)), (10) 
(Vx,y € X)(u(x) > min{p(x * y), u(y))}- (11) 


Assume that X is a non-empty set. A neutrosophic set (NS) in X (see [14]) is a structure of 
the form: 


A := {(x;Ar(x), A1(x), Ag(x)) | x © X} 
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where Ar : X > [0,1], A; : X — [0,1], and Ag : X — [0,1]. We shall use the symbol A = (Ar, A, Af) 
for the neutrosophic set 


A:= {(x;Ar(x), Ar(x), Ag(x)) | x © X}. 
A generalized neutrosophic set (GNS) in a non-empty set X is a structure of the form (see [15]): 
A:= {(x; Ar(x), Arr(x), Are(x), Az(x)) | bl X, Arr(x) + Ajf(x) < 1} 


where Ar : X > [0,1], Ar : X > [0,1], Arr: X > [0,1], and Aye : X > [0,1]. 
We shall use the ae A = (Ar, Alt, Air, Af) for the generalized neutrosophic set 


A:= {(x; Ar(x), Arr(x), Are(x), Ag(x)) | xE X, Arr (x) + Ajp(x) < 1}. 
Note that, for every GNS A = (Az, Air, Arg, Af) in X, we have (for all x in X) 


(Vx € X) (O< Ar(x) + Arr(x) + Are(x) + Ag(x) <3). 


If A = (Ar, AIT, AIE, Ag) is a GNS in X, then DA = (Ar, AIT, Avr, AS) and OA = (Af, Avr, 
Are, Af) are also GNSs in X. 

Given a GNS A = (Az, Arr, Arg, Ag) ina BCK/BCI-algebra X and wr, a;7, Be, Bre € [0,1], 
we define four sets as follows: 


U,(T, ar) := {x € X| Ar(x) > ar}, 
U,(UIT, arr) := {x € X | Arr(x) = arr}, 
La(F, Br) = {x € X| Ap(x) < Br}, 
La(IF, Bre) = {x € X | Are(x) < Br}. 


AGNS A = (Ar, Arr, Air, Af) ina BCK/BCI-algebra X is called a generalized neutrosophic 
ideal of X (see [15]) if 


(vx € X) ( Ar(0) = Ar(x), Arr(0) = Arr(x) iF (12) 
Ajg(0) < Are(x), Ar(0) < Ag(x) 
Ar(x) = min{Ar(x*y), Ar(y)} 
Ajr(x) = min{ A;r(x * y), Arr(y)} 
VE) a(x) < max Aree +y), Aie(v)} ae 
Af(x) < max{Af(x *y), Ar(y)} 


3. Commutative Generalized Neutrosophic Ideals 


Unless specified, X will always represent a BCK-algebra in the following discussion. 


Definition 1. A GNS A = (Az, Ajr, Aig, Ag) in X is called a commutative generalized neutrosophic ideal 
of X if it satisfies the condition (12) and 


> min{Ar((x *y) *z),Ar(z)} 
> min{Arr((x *y) *z), Arr(z)} 
< max{Ajr((x *y) *z), Arr(z)} 
< max{Ap((x *y) *z), Ar(z)} 


Ar(x * (y * (y * x) 


(Vx,y,z c xX) Ajr(x * (y * (y * (14) 


Example 1. Denote X = {0,a,b,c}. The binary operation * on X is defined in Table 1. 


239 


Florentin Smarandache (author and editor) Collected Papers, IX 


“oe 


Table 1. The operation “*”. 


a Fa OT] ¥ 
a Fan CO] CO 
a 2 OO]; a8 
a ooo|et 
ora co; 8 


We can verify that (X,*,0) isa BCK-algebra (see [7]). Definea GNS A = (Ar, Arr, Arg, Ag) in X by 
Table 2. 


Table 2. GNS A = (Ar, Arr, Arg, Ag). 


X Ar(x) Arr(x) Are(x) Ar(x) 
0 0.7 0.6 0.1 0.3 
a 0.5 0.5 0.2 0.4 
b 0.3 0.2 0.4 0.6 
c 03 0.2 0.4 0.6 


Then A = (Ar, Arr, Aig, Af) is a commutative generalized neutrosophic ideal of X. 
Theorem 1. Every commutative generalized neutrosophic ideal is a generalized neutrosophic ideal. 


Proof. Assume that A = (Ar, A/rt, Arr, Af) is acommutative generalized neutrosophic ideal of X. 
Vx,z € X,we have 


Ar(x) = Ar(x * (0 * (0*x))) > min{Ar((x *0) *z), Ar(z)} = min{Ar(x *z), Ar(z)}, 


Arr (x) = Arr(x * (0 * (0 * x))) = min{A;r x * 0) * Zz), Arr(z)} => min{ A;r(x *Z), Arr(z)}, 


Ajg(x) = Azp(x * (0 * (0*x))) < max{Ajp((x *0) *z), Arp (z)} = max{Ajp(x *z), Aze(z)}, 
and 


Ag(x) = Ag(x * (0 * (0 * x))) < max{Ap((x * 0) *z), Ar(z)} = max{Af(x *z), Ar(z)}. 


Therefore A = (Ar, Ayr, Arr, Af) is a generalized neutrosophic ideal. 


The following example shows that the inverse of Theorem 1 is not true. 
Example 2. Let X = {0,1,2,3,4} bea set with the binary operation * which is defined in Table 3. 


“ye 


Table 3. The operation “*”. 


* 


BwWNr © 

PwWONrF OC] SO 
FwWONOO!] = 
ewWOrFOC!]N 
WoOooddo!]w 
oooo°o]| 


We can verify that (X,*,0) isa BCK-algebra (see [7]). We definea GNS A = (Art, Alt, Air, Af) in X 
by Table 4. 


240 


Florentin Smarandache (author and editor) Collected Papers, IX 


Table 4. GNS A = (Ar, Ayr, Are, Ag). 


X Ar(x) Arr(x) Are(x) AgF(x) 
0 0.7 0.6 0.1 0.3 
1 0.5 0.4 0.2 0.6 
2 0.3 0.5 0.4 0.4 
3 0.3 0.4 0.4 0.6 
4 0.3 0.4 0.4 0.6 


It is routine to verify that A = (Ar, Arr, Arg, Ag) is a generalized neutrosophic ideal of X, but A is not 
a commutative generalized neutrosophic ideal of X since 


Ar(2 * (3 * (3*2))) = Ar(2) = 0.3 % min{A7((2 *«3) *0), Ar(0)} 
and/or 
Aje(2 * (3 * (3 * 2))) = Aje(2) = 0.4 g max{Aye((2 * 3) *« 0), Are(0)}. 


Theorem 2. Suppose that A = (Ar, Arr, Arg, Af) is a generalized neutrosophic ideal of X. Then A = (Ar, 
Arr, Arg, Ag) is commutative if and only if it satisfies the following condition. 


Ar(x*y) < Ar(x* (y* (y*x))) 


Aten) = Anan Gx aa) 
EN Access enmiaa yy, Ie a 
Acton) = Ace eye Gey 


Proof. Assume that A = (Ar, Ayr, Aye, Af) is acommutative generalized neutrosophic ideal of X. 
Taking z = 0 in (14) and using (12) and (1) induces (15). 

Conversely, let A = (Ar, Arr, Air, Af) be a generalized neutrosophic ideal of X satisfying the 
condition (15). Then 


Ar(x* (y* (y*x))) = Ar(x*y) = min{Ar((x*y) * 2), Ar(Z)}, 


Arr (x * (y* (y*x))) = Apr(x *y) > min{Apr((x *y) *z), Arr(Z)}, 


Ayr (x * (y* (y*x))) < Are(x*y) < max{Ajp((x * y) *z), Are (z)} 
and 
Ag(x* (y* (y*x))) < Ap(x*y) < max{Ap((x *y) *z), Az(z)} 


for all x,y,z € X. Therefore A = (Az, Ayr, Arr, Af) is a commutative generalized neutrosophic ideal 
of X. 


Lemma 2 ([15]). Any generalized neutrosophic ideal A = (Ar, Arr, Arg, Af) of X satisfies: 


pie orn i o ie 

Arr(x) > min{ Ayr IT\Z 

(Vx,y¥,zEX)|xxysz > Aur(s x)< aa : oo ~~ 
Ag(x) < max{Ar(y), Ar(z)} 


We provide a condition for a generalized neutrosophic ideal to be commutative. 
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Theorem 3. For any commutative BCK-algebra, every generalized neutrosophic ideal is commutative. 


Proof. Assume that A = (Az, Arr, Ar, Af) is a generalized neutrosophic ideal of a commutative 
BCK-algebra X. Note that 


((x * (y * (y * x))) * ((eey) *Z)) z= (Ce (Y * (Y* X))) #Z) * (XY) *2) 
< (x* (y* (y*x))) * (a ¥y) 
x (xy) *(y* (y*x)) =0, 


thus, (x * (y * (y *x))) * ((x*y) *z) < z,Vx,y,z € X. By Lemma 2 we get 


Ar(x* (y* (y*x)) 
Arr (x * (y * (y * x) 
Agr (x * (y * (y * x) 
Ap(x* (y * (y * x)) 


min{Ar((x *y) *z),Ar(z)}, 
( 


) ) 
) ) 


7Y, 

2 

> min{A;r((x *y) * Zz), AIT Z 
< 

< 


hi 
max{ Ajr((x * y) *Z), Arr(z)} 


y 


) 
) 
) 
) 


max{ Ap (x *y) #2), Ar(z)}. 


Therefore A = (Ar, Ayr, Arr, Af) is a commutative generalized neutrosophic ideal of X. 


Lemma 3 ([15]). Ifa GNS A = (Az, Ayr, Arg, Af) in X is a generalized neutrosophic ideal of X, then the 
sets Ua(T, ar), Ug(IT, a;7), La(F, Br) and La(IF, Brr) are ideals of X for all wr, xrr, Br, Bre € [0,1] 
whenever they are non-empty. 


Theorem 4. Ifa GNS A = (Ar, Ayr, Arg, Af) in X is a commutative generalized neutrosophic ideal of X, 
then the sets U4(T, a7), Ua(IT, arr), La(F, Br) and La(IF, Br) are commutative ideals of X for all xy, wzr, 
Be, Bre € [0,1] whenever they are non-empty. 


The commutative ideals U4(T,ar), Uag(IT, arr), La(F, Be) and La(IF, Bre) are called level 
neutrosophic commutative ideals of A = (Ar, Arr, Arr, Arf). 


Proof. Assume that A = (Ar, Ayr, Arg, Af) is a commutative generalized neutrosophic ideal 
of X. Then A = (Ar, Arr, Arf, Af) is a generalized neutrosophic ideal of X. Thus U,(T,«7), 
U,(IT,a;r), La(F, Be) and La(IF, Biz) are ideals of X whenever they are non-empty applying 
Lemma 3. Suppose that x,y € X and x *y € U,(T, ar) NU,(IT, air). Using (15), 


Ar(x * (y* (y*x))) = Ar(x*y) = ar, 
Arr (x * (y* (y*x))) > Arr(x*y) > arr, 


and so x * (y* (y*x)) € U,(T,ar) and x * (y* (y*x)) € U,(IT, a;7). Suppose that a,b € X and 
axb € La(IF, Bir) OLa(E, Br). It follows from (15) that Ajp(a * (b * (b*a))) < Ajp(a*b) < Bip and 
Ar(a* (b * (b*a))) < Ar(a*b) < Br. Hence ax (bx (b*a)) € La(IF, Bir) and a*(b*(b*a)) € 
La(F, Br). Therefore U,(T,ar), UA(UIT,a;r), La(F, Be) and La(IF, Bir) are commutative ideals 
of X. 


Lemma 4 ([15]). Assume that A = (Ar, Arr, Arr, Af) is a GNS in X and U,(T, ar), UAUIT,a7r), 
La(F, Br) and La(IF, Bre) are ideals of X, Vor, «rr, Be, Bre € [0,1]. Then A = (Ar, Arr, Arg, Ag) isa 
generalized neutrosophic ideal of X. 


Theorem 5. Let A = (Ar, Ayr, Are, Ag) bea GNS in X such that U4(T, ar), Ua(IT, arr), La(F, Be) and 
LA(IF, Bre) are commutative ideals of X for all xr, arr, Be, Bre € [0,1]. Then A = (Ar, Arr, Alg, Arf) isa 
commutative generalized neutrosophic ideal of X. 
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Proof. Let wr, «;7, Bg, Bre € [0,1] be such that the non-empty sets U,4(T, ar), Ua(IT, er), La(F, Be) 
and L,4(IF, Byr) are commutative ideals of X. Then U4(T, a7), U4 (IT, arr), La(F, Br) and Ly (IF, Brr) 
are ideals of X. Hence A = (Ar, Air, Air, Af) is a generalized neutrosophic ideal of X applying 
Lemma 4. For any x,y € X, let Ar(x *y) = ar. Then x *y € U,(T, ar), and so x * (y * (y*x)) € 
U,(T, ar) by (9). Hence Ar(x * (y * (y* x))) > ap = Ar(x *y). Similarly, we can show that 


(x,y © X)(Arr(x* (y* (y*x))) = Arr(x *y)). 


For any x, y,a,b,€ X,let Ag(x*y) = Be and Aje(a*b) = Byp. Thenx*y € Ly(F, Br) andax*b € 
La(F, Bi). Using Lemma 1 we have x « (y * (y* x)) € Lya(F, Br) and a (b* (b*a)) € LA(IF, Bip). 
Thus Ag(x *y) = Be > Ag(x * (y* (y*x))) and Ajp(a*b) = Bre > Are((a*b) *b). Therefore 
A = (Ar, Air, Air, Af) is a commutative generalized neutrosophic ideal of X. 


Theorem 6. Every commutative generalized neutrosophic ideal can be realized as level neutrosophic 
commutative ideals of some commutative generalized neutrosophic ideal of X. 


Proof. Given a commutative ideal C of X, define a GNS A = (Ar, Air, Aig, Ag) as follows 


_ ar ifx EC, _ ar ifxEC, 
a { 0 otherwise, An) = { 0 otherwise, 


AG { Bir ifx EC, Arts) ={ Br ifxeC, 


1 otherwise, 1 otherwise, 


where w7,a;7 € (0,1) and Br, Bip € (0,1). Let x,y,z € X. If (x*y)*z € Candz € C, 
then x * (y * (yx x)) € C. Thus 


=A = min{Ar((x * y) * z),Arlz)} 


Ar(x * (y * (y*x))) 
)) = arr = min{ Apr((x * y) *z), Arr(Z)}, 
) 
) 


Arr (x * (y * (y * 
Arg (x * (y * (y * 
Ap (x * (y * (y*x) 


) = Bre = max{ Ajp((x *y) *Z), Are(Z)}, 
= Br = max{Af((x *y) *Z), Af(z)}- 


Assume that (x * y) *z € Candz ¢ C. Then Ar((x * y) *z) =0, Ar(z) =0, Arr((x xy) *z) =0, 
Ajr(z) = 0, Are ((x * y) *Z) =1, Are(z) = 1,and Af((x *y) *z) =1, Ar(z) = 1. It follows that 


Ar(x * (y* (y*x))) = min{Ar((x*y) *z),Ar(z)}, 
Arr(x * (y * (y*x))) => min{Ajr((x *y) *z), Arr(Z)}, 
Arp (x * (y* (y*x))) < max{Are((x *y) *z), Arr(z)}, 
Ar (x * (y * (y*x))) < max{Ar((x *y) *z), Ar(Z)}- 


If exactly one of (x * y) * z and z belongs to C, then exactly one of Ar((x * y) *z) and Ar(z) is 
equal to 0; exactly one of A;r((x * y) *z) and A;r(z) is equal to 0; exactly one of Ag((x * y) *z) and 
Af(z) is equal to 1 and exactly one of Ajr((x * y) *z) and Ajf(z) is equal to 1. Hence 


Ar(x* (y* (y*x))) = min{Ar((x*y) *z),Ar(z)}, 
Arr(x* (y* (y*x))) = min{Ajr((x *y) *z), Arr(Z)f, 
Arr (x * (y* (y*x))) < max{Are((x *y) *z), Arr(z)}, 
Ag(x* (y* (y*x))) < max{Af((x *y) *z), Ar(z)}- 


It is clear that Ar(0) = Ar(x), Arr(0) = Arr(x), Are (0) < Aje(x) and Arg (0) < Ag(x) for all 
x € X. Therefore A = (Ar, Ayr, Arf, Af) is a commutative generalized neutrosophic ideal of X. 
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Obviously, U,(T, aT) =C) U,(IT, ar) =C, La(F, Br) = C and LACE, Bre) = C. This completes 
the proof. 


Theorem 7. Let {C; | t € A} bea collection of commutative ideals of X such that 


() x= Ur 
€E 
(2) (Ws,t€ A)(s >t — > Cs C Cr) 


where A is any index set. Let A = (Ar, Arr, Arp, Ar) bea GNS in X given by 


(17) 


(vx € X) ( Ar(x) =sup{t € A| x eC} = Ayr (x) 


Are(x) = inf{t EA | XE Cr} = Af(x) 
Then A = (Ar, Arr, Ajg, Af) is a commutative generalized neutrosophic ideal of X. 


Proof. According to Theorem 5, it is sufficient to show that U(T,t), U(IT,t), L(F,s) and L(IF,s) are 
commutative ideals of X for every ¢ € [0, Ar(0) = Arr(0)] ands € [Ay¢(0) = Af(0),1]. In order to 
prove U(T,t) and U(IT,t) are commutative ideals of X, we consider two cases: 


(i) t=sup{qgeA|q<t}, 
(ii) t A sup{qe A|q<t}. 


For the first case, we have 


x € U(T,t) <=> (Wq <t)(x EC) —e x E (Cy, 
q<t 

x € U(IT,t) <> (Vq <t)(x EC) —> x € (CG. 
q<t 


Hence U(T,t) = ()C, = UUIT,t), and so U(T,t) and U(IT,t) are commutative ideals of X. 
q<t 
For the second case, we claim that U(T,t) = b Ca = = UUIT,t). Ifx € XY Cx then x € C, for 


some q > ¢. It follows that Ajr(x) = Ar(x) > gq > tand so that x € UIT, t) and x € U(IT,f). 
This shows that U La C U(T,t) and Xu Ce C U(IT,t). Now, suppose x ¢ iS Cor Then x ¢ Cy, Vq > t. 


q2 
Since t £ sup{q € ‘A |q < t}, eee > 0 such that (f-—¢,t)N A= d. Thus x € Cy, Vq >t—e, 
this means that if x € Cy, theng < t—e. So Ajr(x) = Ar(x) < t—e < t,andsox ¢ U(T,t) = 
U(IT,t). Therefore U(T,t) = U(IT,t) C UCy. Consequently, U(T,t) = U(IT,t) = UC, which 
>t q=t 


is a commutative ideal of X. Next we show that L(F,s) and L(IF,s) are commutative ideals of X. 
We consider two cases as follows: 


(iii) s =inf{re A|s <r}, 
(iv) s Ainf{r € A|s <r}. 


Case (iii) implies that 


22 LUE, s) = Ws<r)(e eC.) = ee (1G: 
s<r 
x € U(F,s) ==> (Ws <r)(x EC) —> x E []C,. 


s<r 


It follows that L(IF,s) = L(F,s) = (| C;, which is a commutative ideal of X. Case (iv) induces 
s<r 

(s,s +e) NA = @ for some e > 0. Ifx € UC;, then x € C; for some r < s,and so Ayr(x) = Ar(x) < 
s>r 


r <s,thatis, x € L(IF,s) and x € L(E,s). Hence UC, C LUF,s) = L(F,s). Ifx € UC,, then x ¢ C,; 
s>r s>r 
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for all r < s which implies that x ¢ C; for allr <s+e, thatis, ifx € C, thenr >s+e. Hence Ajp(x) = 
Af(x) >s+e>s,andsox ¢ L(Ajp,s) = L(Ag,s). Hence L(Ajp,s) = L(Ag,s) = UC; which is a 
s>r 


commutative ideal of X. This completes the proof. 


Assume thta f : X — Y is a homomorphism of BCK/BCI-algebras ([7]). For any GNS A = (Ar, 
Arr, Arr, Ag) in Y, we define a new GNS Af = (Af, Af, Af,, Af) in X, which is called the induced 
GNS, by 
Ar(x) = Ar(f(x)), Arr(e) = Arr(F()) aes 


Ajp(x) = Arr(f(x)) Ape) = Ar(F(2)) 
Lemma 5 ([15]). Let f : X — Y be a homomorphism of BCK/BCI-algebras. Ifa GNS A = (Ar, Arr, Al, 


Ap) in Y is a generalized neutrosophic ideal of Y, then the new GNS Af = (At, Ale, Ate, Af) in X isa 
generalized neutrosophic ideal of X. 


(Vx € X) ( 


Theorem 8. Let f : X — Y be a homomorphism of BCK-algebras. Ifa GNS A = (Ar, Arr, Arg, Af) in Y 


is a commutative generalized neutrosophic ideal of Y, then the new GNS Af = (At, Ale, At, Af) in X isa 
commutative generalized neutrosophic ideal of X. 


Proof. Suppose that A = (Ar, Ayr, Arp, Af) is a commutative generalized neutrosophic ideal of Y. 
Then A = (Ar, Alt, Air, Af) is a generalized neutrosophic ideal of Y by Theorem 1, and so Af = (Ag, 


Al, At, Af) is a generalized neutrosophic ideal of Y by Lemma 5. For any x,y € X, we have 


and 


Therefore Af = (At, Ate, Be Af) is a commutative generalized neutrosophic ideal of X. 
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Lemma 6 ([15]). Let f : X — Y be an onto homomorphism of BCK/BCI-algebras and let A = (Art, Arr, 
Are, Ag) bea GNS in Y. If the induced GNS Af = (At, Ale, At, Af) in X is a generalized neutrosophic 
ideal of X, then A = (Ar, Art, Arg, Af) is a generalized neutrosophic ideal of Y. 


Theorem 9. Assume thta f : X — Y is an onto homomorphism of BCK-algebras and A = (Ar, Ayr, Atg, 
Af) is a GNS in Y. If the induced GNS Af = (At, Ale, At, Af) in X is a commutative generalized 
neutrosophic ideal of X, then A = (Ar, Arr, Air, Af) is a commutative generalized neutrosophic ideal of Y. 


Proof. Suppose that Af = (At, A At, Af) is a commutative generalized neutrosophic ideal of 


X. Then Af = (Af, Al, Al, Af) is a generalized neutrosophic ideal of X, and thus A = (Ar, Ayr, 


Aj, Af) is a generalized neutrosophic ideal of Y. For any a,b,c € Y, there exist x,y,z € X such that 
f(x) =a, f(y) = band f(z) =c. Thus, 
Ar(ax (b* (b«a))) = Ar(f(x) * FY) * FY) * f(x)))) = Arf (x * (y * Y*x)))) 
= Af(x* (y+ (y*x))) > A(x*y) 
= Ar(f (x) * fly)) = Ar(e* >), 


Arr (ax (b* (b*a))) = Arr (f(x) * (f(y) * (FY) * £0) = Arr (F(x * (y* (y*x)))) 
= Af (x * (y*(y*x))) > Atp(x¥y) 
= Apr(f (x) * f(y)) = Arr(a +b), 


Ae (a (b* (b*a))) = Are (f(x) * (f(y) * (f(y) * F(x) = Ae (f(x * (y * (y*x)))) 
= Al, (x (y* (y*x))) < Afe(x ey) 
= Ajr(f(x) * f(y)) = Are(a* b), 


and 


Ap(a (bx (b *a))) = Ar(f(x) * (f(y) * (f(y) *£(x)))) = Ar(F (x * (y* (y*x)))) 
= Af (x * (y* (y*x))) < Af(x*y) 
= Ar(f(x) * f(y) = Ar(a*b). 


It follows from Theorem 2 that A = (Ar, Arr, Aye, Af) isa commutative generalized neutrosophic 
ideal of Y. 


Let CGNI(X) denote the set of all commutative generalized neutrosophic ideals of X andt € [0,1]. 
Define binary relations Uf, Uj,, Li, and Li, on CGNI(X) as follows: 


(A,B) € Uh = U,(T,t) = Usg(T,t), (A,B) € Ul & U,(IT,t) = Up(IT,#), 


(A,B) Lb <> La(E,t) =La(E,t), (A,B) € Lip  La(IE,t) = La(IE,£) (19) 


for A = (Ar, AIT, AIF, Ag) and B = (Br, Brr, Brr, Br) in CGNI(X). Then clearly Ee Me Le 
and Li, are equivalence relations on CGNI(X). For any A = (Ar, Arr, Arg, Ar) € CGNI(X), 
let [Alur (resp., [Alu [Ali and [Ali denote the equivalence class of A = (Ar, Arr, Arr, AF) 
modulo U; (resp, Uj, Lt and Li). Denote by CGNI(X)/U}, (resp., CGNI(X)/U}7, CGNI(X)/L> 
and CGNI(X)/L',) the system of all equivalence classes modulo Uf, (resp, Uj, Li, and L{,); so 


CGNI(X)/Ur = {[A]y | A = (Ar, Arr, Ar, Ar) € CGNI(X)}, (20) 
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CGNI(X)/Ujr = {[A]lyt, | A = (Ar, Arr, Air, Ar) € CGNI(X)}, (21) 

CGNI(X)/Lp = {[A]: | A = (Ar, Arr, Air, Ar) € CGNI(X)}, (22) 
and 

CGNI(X)/Lip = {[A]y:, | A = (Ar, Arr, Air, Ar) € CGNI(X)}, (23) 


respectively. Let CI(X) denote the family of all commutative ideals of X and let t € [0,1]. Define maps 


fr CGNI(X) — CI(X) U{@}, Ar Ua(T,#), (24) 

ge: CGNI(X) + CI(X) U{O}, Ar UA(IT,#), (25) 

a, : CGNI(X) - CI(X) U{O}, Ar La(E,b), (26) 
and 

Br : CGNI(X) > CI(X) U{O}, AW La(IE,t). (27) 


Then the definitions of f, @¢, x, and 6; are well. 


Theorem 10. Suppose t € (0,1), the definitions of ft, @, x1 and B; are as above. Then the maps ft, 1, 0 and 
Bt are surjective from CGNI(X) to CI(X) U {@}. 


Proof. Assumet € (0,1).We know that 0. = (07,0;7,11¢,1¢) isin CGNI(X) where 07, 0;7,1;¢ and 1 
are constant functions on X defined by 07(x) = 0, Oyr(x) = 0, 1jF(x) = 1 and 1pf(x) = 1 forall x € X. 
Obviously f;(0~) = Uo. (T,t), g(O~) = Uo_ (IT, t), a:(O~) = Lo. (F,t) and 6;(0~) = Lo (IF,t) are 
empty. Let G(4 ©) € CGNI(X), and consider functions: 


ifxeG, 


1 
1X 1 
Cr + [01], Ge { 0 otherwise, 


1 ifxeG, 


1X 1 
Grr at el SGa { 0 otherwise, 


0 ifxeG, 
1 


1X 1 
Gr RIDA eee { otherwise, 


and 


0 ifxeG, 


7X 1 
Grr: X > [0,1], GH { 1 otherwise. 


Then Gy = (Gr,G)r,Gjf, Gp) is a commutative generalized neutrosophic ideal of X, and 
fi(Gr) = Uc_(T,t) = G, gt(Gn) = Uc_ (UT, t) = G, a+(Gr) = Lo. (F,t) = Gand Br(Gn) = 
Lo. (IF, t) = G. Therefore fi, ¢, a: and B; are surjective. 


Theorem 11. The quotient sets 


CGNI(X)/Ut, CGNI(X)/Ut;, CGNI(X)/L and CGNI(X)/L'p 
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are equipotent to CI(X) U {@}. 
Proof. For t € (0,1), let f* (resp, gf, af and Bf) be a map from CGNI(X)/U;, 
(resp., CGNI(X)/U}y, CGNI(X)/Li and CGNI(X)/Lip) to CI(X) U {O} defined by ff ([A]us) = 


f(A) (resp., gf ([Alus,) = ge(A) , af ([A]i,) = a(A) and BF ([A]zs.) = Br(A)) for all A = (Ar, 
Arr, Arr, Ar) € CGNI(X). If Ug(T,#) = Up(T,t), Ug(IT,t) = Up(IT,t), La(E,t) = La(E,t) 
and LACE, t) — Le(F, t) for A = (Ar, Alt, AIF, Ag) and B = (Br, Brr, Br, Bre) in CGNI(X), 
then (A,B) € Ut, (A,B) € Ut,, (A,B) € Lh and (A,B) € Lt,. Hence [A]ys = [Blut, [Alu:, = [Blu 
[A] iS [B] Lt and [A] ie [B] ue Therefore f;° (resp, g;, a; and B;) is injective. Now let 
G(F ) € CGNI(X). For Gv = (Gr, Grr, Gig, Gr) € CGNI(X), we have 


and 
Bi ([G~]u,.) = Br(G~) = Le. (IF, t) = G 
Finally, for 0. = (07, 0:7, Lif, 1p) E CGNI(X), we have 
ff (l0-lus) = feO~) = Uo. (Tt) =, 
gi ([0~]us,,) = gr(0~) = Uo. (IT, #) = @, 
wt ([0~]1,) = a1(0~) = Lo (F,t) =@ 
and 


Therefore, f;' (resp, g;, a; and B;) is surjective. 


Vt € [0,1], define another relations R‘ and Q! on CGNI(X) as follows: 


(A,B) € R' & Ua(T,t) NLa(F,t) = Up(T, t) La (F,t) 


and 
(A,B) € Qe U,(UIT,t) OL,4(IF,t) = Ug(IT,t) OLgCUE, t) 


for any A= (Ar, AIT, AIE, Ag) and B = (Br, Brr, Brg, Br) in CGNI(X). Then Rt and Qt are 
equivalence relations on CGNI(X). 
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Theorem 12. Suppose t € (0,1), consider the following maps 
1 : CGNI(X) 3 CI(X) U{O}, AK fi(A) Nai (A), (28) 
and 
 : CGNI(X) > CI(X) U{@}, At @ (A) Bi(A) (29) 
for each A = (Ar, Arr, Arp, Ap) € CGNI(X). Then gp and tp; are surjective. 
Proof. Assume t € (0,1). For 0. = (07,0;7,11f,1£) € CGNI(X), 
pr(O~) = fi(O~) Mar(O~) = Uo. (T,t) NLo_ (F,t) =O 
and 
Pr(O~) = gr(O~) M1 Br(O~) = Uo (IT, t) A Lo. (IF, t) = ©. 
For any G € CI(X), there exists GL = (Gr, Gir, Gz, Ge) € CGNI(X) such that 
pt(Gr) = fi(Gr) M1 ar(G~) = Uc. (Tt) Le _(F,t) = G 
and 


p(Gr) = gt(G~) N Bi(Gr) = Uc (IT, t) 0 Le UF, t) = G. 


Therefore g; and 4; are surjective. 


Theorem 13. For any t € (0,1), the quotient sets CGNI(X)/R' and CGNI(X)/Q! are equipotent to 
CI(X) U{@}. 


Proof. Let t € (0,1) and define maps 

g; : CGNI(X)/R' > CI(X) U {@}, [A]pr > et (A) 
and 

pr : CGNI(X)/Q‘ — CI(X) U {@}, [A]ge > ox(A). 

If gf ([Al:) = 9F ([Bla) and yf ([Alor) = $F ([Blg:) for all [Alp [B]ar € CGNI(X)/R' and 
[A]or, [B]o € CGNI(X)/Q', then f;(A) N a:(A) = fi (B) N a;(B) and gt(A) N Bi (A) = g(B) a Br (B), 
that is, U4(T,t) ML 4(E,t) = Up(T,t) Lg (E,t) and U,(IT,t) MN La(IF,t) = Up(IT, t) M Lp(IE,t). 
Hence (A,B) € R‘, (A,B) € Q'. So [A] = [B]rt, [Alor = [Blot, which shows that gj and yf are 
injective. For 0. = (Or, Orr, 11, 1p) € CGNI(X), 

Pi (lO~]Rt) = Pr(O~) = fr(O~) Nat(O~) = Uo. (Or, t) Lo. (Ir, t) = © 
and 
Pi ([O-]o:) = pe(0~) = ge(0~) M Br(0~) = Uo. (Orr #) Lo. (du, t) = @. 
IfGeE CI(X), then GJ = (Gr, Grr, Gir, Gr) ‘Ss CGNI(X), and so 


G ([Gr]re) = 9r(Gr) = fr(Gr) Nar(Gr) = Ue_ (Gr, t) ON Le_ (Ge, t) = G 
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and 


PF ([Gulgr) = pe(G~) = ge(Ga) M Br(G~) = Uc. (Girt) NLg.. (Girt) = G. 


Hence g; and ; are surjective, and the proof is complete. 


4. Conclusions 


Based on the theory of generalized neutrosophic sets, we proposed the new concept of 
commutative generalized neutrosophic ideal in a BCK-algebra, and obtained some characterizations. 
Moreover, we investigated some homomorphism properties related to commutative generalized 
neutrosophic ideals. 

The research ideas of this paper can be extended to a wide range of logical algebraic systems such 
as pseudo-BCI algebras (see [1,16]). At the same time, the concept of generalized neutrosophic set 
involved in this paper can be further studied according to the thought in [11,17], which will be the 
direction of our next research work. 


Funding: This research was funded by the National Natural Science Foundation of China grant number 61573240. 
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Neutrosophic Quadruple BCK/BC!/-Algebras 


Young Bae Jun, Seok-Zun Song, Florentin Smarandache, Hashem Bordbar 


Young Bae Jun, Seok-Zun Song, Florentin Smarandache, Hashem Bordbar (2018). Neutrosophic 
Quadruple BCK/BCI-Algebras. Axioms 7, 41. DOI: 10.3390/axioms7020041 


Abstract: The notion of a neutrosophic quadruple BCK / BCI-number is considered, and a neutrosophic 
quadruple BCK/BCI-algebra, which consists of neutrosophic quadruple BCK/BCI-numbers, 
is constructed. Several properties are investigated, and a (positive implicative) ideal in a neutrosophic 
quadruple BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra are studied. 
Given subsets A and B of a BCK/BCI-algebra, the set NQ(A,B), which consists of neutrosophic 
quadruple BCK/ BCI-numbers with a condition, is established. Conditions for the set NQ(A, B) to be 
a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for 
the set NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given. An example 
to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra is 
provided, and conditions for the set {0} to be a positive implicative ideal in a neutrosophic quadruple 
BCK-algebra are then discussed. 


Keywords: neutrosophic quadruple BCK / BCI-number; neutrosophic quadruple BCK/BCI-algebra; 
neutrosophic quadruple subalgebra; (positive implicative) neutrosophic quadruple ideal 


1. Introduction 


The notion of a neutrosophic set was developed by Smarandache [1-3] and is a more general platform 
that extends the notions of classic sets, (intuitionistic) fuzzy sets, and interval valued (intuitionistic) 
fuzzy sets. Neutrosophic set theory is applied to a different field (see [4-8]). Neutrosophic algebraic 
structures in BCK/BCI-algebras are discussed in [9-16]. Neutrosophic quadruple algebraic structures 
and hyperstructures are discussed in [17,18]. 

In this paper, we will use neutrosophic quadruple numbers based on a set and construct 
neutrosophic quadruple BCK/ BCI-algebras. We investigate several properties and consider ideals and 
positive implicative ideals in neutrosophic quadruple BCK-algebra, and closed ideals in neutrosophic 
quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI-algebra, 
we consider sets NQ(A,B), which consist of neutrosophic quadruple BCK/BCI-numbers with a 
condition. We provide conditions for the set NQ(A,B) to be a (positive implicative) ideal of a 
neutrosophic quadruple BCK-algebra and for the set NQ(A, B) to be a (closed) ideal of a neutrosophic 
quadruple BCI-algebra. We give an example to show that the set {0} is not a positive implicative ideal 
in a neutrosophic quadruple BCK-algebra, and we then consider conditions for the set {0} to be a 
positive implicative ideal in a neutrosophic quadruple BCK-algebra. 
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2. Preliminaries 


A BCK/BCI-algebra is an important class of logical algebras introduced by Iséki (see [19,20]). 
By a BCI-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies 
the following conditions: 


(1) Vx,y,z © X) (((x *y) * (x *z)) 


(I) (Vx,y € X) ((x* (x*y)) xy =0); 


(z*y) = 0); 
(III) (Vx € X) (x*x =0); 
) ( 
If 


(IV) (Vx,y € X) (x*¥y=0,y*xx=0 > x=y). 
a BCI-algebra X satisfies the identity 
(V) (Vx € X) (Oxx =0), 


then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions: 


(Vx € X) (x*0 =x) (1) 
(W426 ey SS sees yee, 29 foes) (2) 
(Vx,y,z € X)((x*y)*z = (x*z) *y) (3) 
(Vx,y,z € X) ((x*z) * (y*z) < xy) (4) 
where x < y if and only if x * y = 0. Any BCI-algebra X satisfies the following conditions (see [21]): 
(Vx,y € X)(x*(x«(xxy)) =xxy), (5) 
(Vx,y © X)(Ox (x xy) = (Ox x) x (Oxy)). (6) 


A BCK-algebra X is said to be positive implicative if the following assertion is valid. 
(¥x,14,2 © X) ((4e2) * (yee) = (Rey) #2). (7) 


A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all 
x,y € S. Asubset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies 


del, (8) 
(Vx Ee X)(VyeE I) (xeyeEI > xeEl). (9) 


A subset I of a BCI-algebra X is called a closed ideal (see [21]) of X if it is an ideal of X which satisfies 
(Vx Ee X)(xeEl > Oxxel). (10) 

A subset I of a BCK-algebra X is called a positive implicative ideal (see [22]) of X if it satisfies (8) and 
(Vx,y,z€ X)(((x¥y)*zELyxzEI > x*zEl). (11) 


Observe that every positive implicative ideal is an ideal, but the converse is not true (see [22]). 
Note also that a BCK-algebra X is positive implicative if and only if every ideal of X is positive 
implicative (see [22]). 

We refer the reader to the books [21,22] for further information regarding BCK/BCI-algebras, 
and to the site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding 
neutrosophic set theory. 


3. Neutrosophic Quadruple BCK/BCI-Algebras 


We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers. 
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Definition 1. Let X be a set. A neutrosophic quadruple X-number is an ordered quadruple (a,xT,yI,zF) 
where a,x,y,z © X and T, I, F have their usual neutrosophic logic meanings. 


The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is, 
NQ(X) := {(a,xT,yI,zF) | a,x,y,z € X}, 


and it is called the neutrosophic quadruple set based on X. If X is a BCK/BCI-algebra, a neutrosophic 
quadruple X-number is called a neutrosophic quadruple BCK/BCI-number and we say that NQ(X) is 
the neutrosophic quadruple BCK/BCI-set. 

Let X be a BCK/BCI-algebra. We define a binary operation © on NQ(X) by 


(a,xT, yl, zF) © (b,uT,vI,wF) = (a*b, (x *u)T, (y* v)L, (z*w)F) 


for all (a,xT,yI,zF), (b,uT,vI,wF) € NQ(X). Given ay, a7,43,a4 € X, the neutrosophic quadruple 
BCK/BCI-number (41, 42T,a31,a4F) is denoted by @, that is, 


& = (a1,a2T,a3I,a4F), 
and the zero neutrosophic quadruple BCK/BCI-number (0,0T,01,0F) is denoted by 0, that is, 
0 = (0,0T,0I,0F). 
We define an order relation “<” and the equality “=” on NQ(X) as follows: 


K<KY Sx; < y; fori =1,2,3,4 

=H Sx =y; fori=1,2,3,4 

for all %,7 € NQ(X). It is easy to verify that “<” is an equivalence relation on NQ(X). 
Theorem 1. If X is a BCK/BCI-algebra, then (NQ(X);©,0) is a BCK/BCI-algebra. 
Proof. Let X be a BCI-algebra. For any %, 7,2 € NQ(X), we have 


(¥ OF) © (FOZ) = (m1 * 1, (x2 * y2)T, (x3 * ys) L, (X4 * 4) F) 
© (x1 * 21, (Xz * Zz) T, (X3 * Z3) I, (Xq * Z4)F) 
= ((x1 * y1) * (1 #21), ((X2 * Yo) * (%2 * Z2))T, 
((x3 * y3) * (x3 * 23) )L, ((%4 * Ya) * (X4 * Z4))T) 
K (21 * yi, (22 * y2)T, (23 * ys) L, (Z4 * y4)F) 
=209 


XO (KO FY) = (x1,x2T, x31, x4F) © (x1 * Yr, (X2 * Y2)T, (x3 * Y3)L, (X4 * Y4)F) 
= (x1 * (X1 * Y1), (Xz * (X2 * Y2))T, (x3 * (%3 * Y3) )L, (x4 * (Xa * Y4))F) 
< (y1,y2T, ysl, yaF) 
=¥ 


KOK = (x1,X2T, x31,x4F) © (x1,X2T, x31, x4F) 
= (x1 * X41, (XQ * X2)T, (x3 * X3)I, (X4 * X4)F) 
= (0,0T,0I,0F) = 0. 
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Assume that © 7 = 0 and 7 © ¥ = 0. Then 
(x1 * 1, (X2 * y2)T, (x3 * y3)L, (X4 * y4)F) = (0,0T, OL, OF) 
and 
(Yi * X1, (Y2 * X2)T, (ys * X3) I, (ya * X4)F) = (0,0T, O1,0F). 


It follows that x7 *y, = 0 = yy, * x1, X2* Y2 = O = Yo * xX, x3 *¥Y3 = O = Y3¥*X3 and 
X4* Y4 = 0 = y4 * Xq. Hence, x1 = 1, X2 = Y2, X3 = Y3, and x4 = y4, which implies that 


C= (x1, X2T, x31, x4F) = (Y1,Y2T, 31, y4F) = y. 


Therefore, we know that (NQ(X);©,0) is a BCI-algebra. We call it the neutrosophic quadruple 
BCI-algebra. Moreover, if X is a BCK-algebra, then we have 


0© £ = (0 * x1, (0 * x2)T, (0 * x3), (0 * x4)F) = (0,0T, 01,0F) = 0. 


Hence, (NQ(X); ©,0) is a BCK-algebra. We call it the neutrosophic quadruple BCK-algebra. 


Example 1. If X = {0,a}, then the neutrosophic quadruple set NQ(X) is given as follows: 


where 


i = (0,0T, 01,0F), 1 = (0,0T, 01, aF), 3 = (0,0T, al, 0F), 3 = (0,0T, al, aF), 
= (0,aT, 01, 0F), 5 = (0,aT, 01, aE), 6 = (0,aT, al, OF), 7 = (0,aT,al,aE), 
5 = (a,0T, 01, 0E), 9 = (a,0T, OL, aF), 10 = (a,0T, al, 0F), 11 = (a, 0T, al, aF), 
12 = (a,aT,0I,0F), 13 = (a,aT,OI,aF), 14 = (a,aT, al, OF), and 15 = (a,aT,al,aF). 


Consider a BCK-algebra X = {0,a} with the binary operation *, which is given in Table 1. 


“yn 


Table 1. Cayley table for the binary operation “x 


x O a 
0 0 O 
aa O 


Then (NQ(X),©,0) is a BCK-algebra in which the operation © is given by Table 2. 


Table 2. Cayley table for the binary operation “©”. 


© 6 1323 4 5 67 8 6 DK pn Bb wm 
0 6 6 66 6 666 66 6 6 6 060 6 6 
i i 6 16 i 6 i106i716 i 6 i 6 i 6 
5 5 5 §6 6 2 26 6 62 4 060 6 2 2 6 8G 
3 3 46 {7 6 3 2 71 63 2 {1 6 3 2B i 6 
4 4 4 4 4 6 6 6644 4 4 6 6 6 6 
5 § 4 5 4 i 6 1065 4 5 4 7 6 i 6 
6 6 6 44 46 5% 6 6 66 4 4 52 2 6 6 
7 7 6 5 4 3 &6 {7 6 7 6 5 4 3 2 JT QO 
8 8 8 8 8 8 8 8 8 6 6 6 6 6 6 6 6 
§ 9 8 8 8 9 8 § 8 § 6 i 6 i 6 Ii 6 
to t0 10 8 8 10 10 8 8 3 2 6 2 2B 3B G6 6 
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Table 2. Cont. 


© 6 i 2 38 4 5 678 G6 HH R BB 4 5 
11 11 #10 9 8 1 #10 9 8 3 2 {JT O 3 42 TIT O 
222 2 2 8 &§ 8 8 44 4 4 6 6 6 86 
B 3 2 B 2 9 8 9 8 5 4 5 4 {TT GO IT O 
4 14 14 2 12 10 10 8 8 6 6 4 4 2 4 6 6 
6 6 4 2B 12 T11 10 9 8 7 6 5 4 3 2 JT O 


Theorem 2. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X is a 
positive implicative BCK-algebra. 


Proof. Let X be a positive implicative BCK-algebra. Then X is a BCK-algebra, so (NQ(X); ©, 0)isa 
BCK-algebra by Theorem 1. Let %, 7, Z € NQ(X). Then 


(xi * Zi) * (Yi * Zi) = (X75 * Yi) * Zi 
for alli = 1,2,3,4 since x;,y;,z; € X and X is a positive implicative BCK-algebra. Hence, (% © Z) © 


(7 *Z) = ( OY) © Z; therefore, NQ(X) based on a positive implicative BCK-algebra X is a positive 
implicative BCK-algebra. 


Proposition 1. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X satisfies 
the following assertions. 


Z€ NQ(X)) (FOF KZS KOZ KFO2Z) (12) 
€ NQ(X)) OF <K<GS>*E< 7H). (13) 


soxo7j=O,ie, F< 7. 
Let X be a BCK/BCI-algebra. Given a,b € X and subsets A and B of X, consider the sets 
NQ(a,B) := {(a,aT, y1,zF) € NQ(X) | y,z € B} 
NQ(A,b) := {(a,xT, bl, bF) € NQ(X) | a,x € A} 


NQ(A,B) := {(4,xT, yl, zF) € NQ(X) | a,x € A;y,z € B} 


NQ(A*,B) := |) NQ(a,B) 


acA 


NQ(A, B*) := LJ NQ(A,b) 


beB 
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and 
NQ(AUB) := NQ(A,0) U NQ(0,B). 
The set NQ(A, A) is denoted by NQ(A). 


Proposition 2. Let X bea BCK/BCI-algebra. Given a,b € X and subsets A and B of X, we have 


(1) NQ(A*,B) and NQ(A, B*) are subsets of NQ(A, B). 
(1) If0€ ANB then NQ(A UB) isa subset of NQ(A, B). 


Proof. Straightforward. 


Let X be a BCK/BCI-algebra. Given a,b € X and subalgebras A and B of X, NQ(a,B) and 
NQ(A, b) may not be subalgebras of NQ(X) since 


(a,aT, x31, x4F) © (a,aT,u3I,v4F) = (0,0T, (x3 * u3)I, (x4 * V4) F) € NQ(a, B) 
and 
(x1,%2T, bI,bF) © (uy, u2T, b1, bF) = (x1 * uy, (x2 * U2)T,OL,0F) € NQ(A,b) 


for (a, aT, x31, x4F) € NQ(a,B), (a, aT, ugl, v4F) € NQ(a,B), (x1, x2T, bI, bF) € NQ(A,b), 
and (uw, u2T, bI,bF) € NQ(A,b). 


Theorem 3. If A and B are subalgebras of a BCK/ BCI-algebra X, then the set NQ(A, B) is a subalgebra of 
NQ(X), which is called a neutrosophic quadruple subalgebra. 


Proof. Assume that A and B are subalgebras of a BCK/BCI-algebra X. Let ¥ = (x1, x2T, x31, x4F) 
and 7 = (y1, yoT, y31, yaF) be elements of NQ(A,B). Then x1, x2, y1, yo € A and x3, X4, ¥3, Ya € B, 
which implies that x1 * y; € A, x2 * ¥2 € A, X3 * ¥3 € B,and x4 * y4 € B. Hence, 


EOH = (x1 * yt, (X2 * y2)T, (x3 * y3) 1, (x4 * ys) F) € NQ(A,B), 


so NQ(A,B) is a subalgebra of NQ(X). 


Theorem 4. If A and B are ideals of a BCK/BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X), 
which is called a neutrosophic quadruple ideal. 


Proof. Assume that A and B are ideals of a BCK/BCI-algebra X. Obviously, 0 € NQ(A,B). 
Let € = (x1, xoT, x31, x4F) and # = (y1, YoT, y3I, yaF) be elements of NQ(X) such that 
¥OH € NQ(A,B) and ¥ € NQ(A,B). Then 


EOY = (x1 * Yt, (X2 * y2)T, (x3 * y3) 1, (%4 * Ys) F) € NQ(A,B), 
SO X17 *Y1 € A, X*Y2 © A, X3*Y3 € Band x4 xy, € B. Since fF € NQ(A,B), we have 


y1,y2 € Aand y3,y4 € B. Since A and B are ideals of X, it follows that x1,x2 € A and x3,x4 € B. 
Hence, € = (x1, X2T, x31, x4F) € NQ(A,B), so NQ(A, B) is an ideal of NQ(X). 


Since every ideal is a subalgebra in a BCK-algebra, we have the following corollary. 
Corollary 1. If A and B are ideals of a BCK-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X). 


The following example shows that Corollary 1 is not true in a BCI-algebra. 
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Example 2. Consider a BCI-algebra (Z,—,0). If we take A = N and B = Z, then NQ(A, B) is an ideal of 
NQ(Z). However, it is not a subalgebra of NQ(Z) since 


(2,3T, —51, 6F) © (3,5T, 61, -7F) = (—1, —2T, 111, 13F) ¢€ NQ(A, B) 
for (2,3T, —51,6E), (3,5T, 61, -7E) € NQ(A, B). 
Theorem 5. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is a closed ideal of NQ(X). 


Proof. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X) by 
Theorem 4. Let % = (x1,x2T,x31,x4F) € NQ(A,B). Then 


0© % = (0* x1, (0 * x2)T, (0 * x3) I, (0 * x4)F) € NQ(A, B) 


since 0 * x1,0* x2 € Aand 0 * x3,0 «x4 € B. Therefore, NQ(A, B) is a closed ideal of NQ(X). 


Since every closed ideal of a BCI-algebra X is a subalgebra of X, we have the following corollary. 
Corollary 2. If A and B are closed ideals of a BC I-algebra X, then the set NQ(A, B) is a subalgebra of NQ(X). 


In the following example, we know that there exist ideals A and B in a BCI-algebra X such that 
NQ(A, B) is not a closed ideal of NQ(X). 


Example 3. Consider BCI-algebras (Y,*,0) and (Z,—,0). Then X = Y x Z is a BCI-algebra (see [21]). 
Let A = Y x Nand B = {0} x N. Then A and B are ideals of X, so NQ(A,B) is an ideal of NQ(X) by 
Theorem 4. Let ((0,0), (0,1)T, (0,2)L, (0,3)F) € NQ(A,B). Then 


((0,0), (0,0)T, (0,0), (0,0)E) © ((0,0), (0,1)T, (0,2)I, (0,3)E) 
= ((0,0), (0, -1)T, (0, —2)I, (0, -3)E) ¢ NQ(A,B). 


Hence, NQ(A, B) is not a closed ideal of NQ(X). 
We provide conditions wherethe set NQ(A, B) is a closed ideal of NQ(X). 
Theorem 6. Let A and B be ideals of a BCI-algebra X and let 
P:= {4 € NQ(X) | W¥ Ee NQO(X))(% x4 > *=4)}. 
Assume that, if T C NQ(A,B), then |I'| < co. Then NQ(A, B) is a closed ideal of NQ(X). 


Proof. If A and B are ideals of X, then NQ(A,B) is an ideal of NQ(X) by Theorem 4. 
Let @ = (a1,a2T,a31,a4F) € NQ(A,B). For any n € N, denote n(@) :=0© (0 04)". Then n(a@) € T and 


* (0 * a1)", (0 * (0 * a2)")T, (0 * (0 *a3)")I, (0 * (0 * a4)”)F) 
* (0 * a7), (0 * (0 * a5))T, (0 * (0 « a3))I, (0 * (0 * a4))F) 


Hence, 
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so n(a) € NQ(A,B), since 4 € NQ(A,B), and NQ(A,B) is an ideal of NQ(X). Since |T| < ©, 
it follows that k € N such that n(@) = (n + k)(@), that is, n(@) = n(@) © (00 @)*, and thus 


k(@) =0© (604) 
= (n(a) © (004)*) On(a) 
= n(a) On(a) =0, 


ie., (k-1)(4)© (004) = 0. Since 064 € T, it follows that 0©a@ = (k—1)(@) € NQ(A,B). 
Therefore, NQ(A, B) is a closed ideal of NQ(X). 


Theorem 7. Given two elements a and b ina BCI-algebra X, let 
Ag := {x € X |axx =a} and By := {x € X | b*x=b5}. (14) 
Then NQ(Ag, By) is a closed ideal of NQ(X). 


Proof. Since a*0 = a and b*0 = b, we have 0 € A,MBy,. Thus, 0 € NQ(Agq, By). If x € Ag and 
y € By, then 


Oxx = (a*x)*a=a*xa=OandO0xy= (bxy)*b=b*xb=0. (15) 
Let x, y,c,d € X be such that x,y*x € A, andc,d*c € By. Then 
(axy)*a=Oxy = (Oxy) *0 = (Oxy) * (Oxx) =Ox (yx x) =0 
and 
(b*d)*b=O*d = (0d) *0 = (0*d) * (O*c) =0* (d*c) =0, 
that is, a* y <aandb xd < b. On the other hand, 
AS ae (Yee) = (Gee) eyes) = ey 
and 
b =bx(dxc) = (bc) *(d*c) < bed. 
Thus,a*xy =aandb*xd=b,ie., y € A, andd € By. Hence, A, and By, are ideals of X, and 
NQ(Az, By) is therefore an ideal of NQ(X) by Theorem 4. Let ¥ = (x1, x2T,x31,x4F) € NQ(Aa, Bp). 
Then x1,X2 € Ag, and x3, x4 € By. It follows from Equation (15) that 0 * x1 =0 € Ag,0*x2 =0€ Ag, 


0 «x3 =0 € B,, and 0 « x, = 0 € B,. Hence, 


00% = (0 * x4, (0 * x2)T, (0 * x3)I, (0 * x4) F) cS NQ(Az, By). 


Therefore, NQ(Azg,B,) is a closed ideal of NQ(X). 
Proposition 3. Let A and B be ideals of a BCK-algebra X. Then 
NQ(A) NNQ(B) = {0} = (V¥ € NQ(A))(V¥ € NQ(B))(%OH = ¥). (16) 


Proof. Note that NQ(A) and NQ(B) are ideals of NQ(X). Assume that NQ(A) M NQ(B) = {0}. Let 
KF = (x1, X2T, x31, x4F) € NQ(A) and Ff = (y1, y2T, y3l, yaF) € NQ(B). 
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Since ¥ © (OF) K Fand fO (FOF) < 7, it follows that ¥ © (XO 7) € NQE(A) N NQ(B) = {0}. 
Obviously, (¥ © 7) © € € {0}. Hence, FOF = ¥. 


Conversely, suppose that ¥ © 7 = x for all X € NQ(A) and 7 € NQ(B). IfZ € NQ(A) NNQ(B), 
then Z € NQ(A) and Z € NQ(B), which is implied from the hypothesis that Z = Z©zZ = 0 
Hence NQ(A) 9 NQ(B) = {60}. 

Theorem 8. Let A and B be subsets of a BCK-algebra X such that 
(Va,b € AMB)(K(a,b) C ANB) (17) 


where K(a,b) := {x € X | x xa < b}. Then the set NQ(A, B) is an ideal of NQ(X). 


Proof. If x € AMB, then 0 € K(x,x) since 0 * x < x. Hence, 0 € AM B by Equation (17), so it is clear 
that 0 € NQ(A, B). Let ¥ = (x1, x2T, x31, x4F) and 7 = (y1, y2T, y3I, yaF) be elements of NQ(X) such 
that ¥ © 7 € NQ(A,B) and 7 € NQ(A,B). Then 


FOH = (x1 * yt, (X2 * y2)T, (x3 * y3) 1, (x4 * ys) F) € NQ(A,B), 
SO X1 *Y1 € A, XQ *Y2 € A, x3 *Y3 € B, and xq * ys € B. Using (II), we have x; € K(x, * y1,y1) C A, 


x2 € K(x2 * y2,y2) C A, x3 € K(x3 * y3,y3) C B, and xq € K(x4* y4,y4) C B. This implies that 
K = (X41, X2T, x31, x4F) € NQ(A, B). Therefore, NQ(A, B) is an ideal of NQ(X). 


Corollary 3. Let A and B be subsets of a BCK-algebra X such that 
(Va,x,y € X)(x,y € ANB, (axx)*y=0 > aC ANB). (18) 
Then the set NQ(A, B) is an ideal of NQ(X). 
Theorem 9. Let A and B be nonempty subsets of a BCK-algebra X such that 
(Va,x,y € X)(x,y € A (or B),axx<y => a€ A(orB)). (19) 
Then the set NQ(A, B) is an ideal of NQ(X). 


Proof. Assume that the condition expressed by Equation (19) is valid for nonempty subsets A and B 
of X. Since 0 * x < x for any x € A (or B), we have 0 € A (or B) by Equation (19). Hence, it is clear 
that 0 € NQ(A,B). Let ¥ = (x1, x2T, x31, x4F) and 7 = (y1, y2T, y31, y4F) be elements of NQ(X) such 
that © 7 € NQ(A,B) and 7 € NQ(A,B). Then 


EOY = (x1 * Yt, (X2 * Y2)T, (x3 * y3) 1, (x4 * ys) F) € NQ(A,B), 


SO X1 *Y¥1 € A, X2 * Yo € A, x3 * y3 © B, and x4 * y4 € B. Note that x; * (x; * y;) < y; fori = 1,2,3,4. 
It follows from Equation (19) that x1,x2 € A and x3,x4 € B. Hence, 


X = (x1, X2T, X31, x4F) € NQ(A,B); 


therefore, NQ(A, B) is an ideal of NQ(X). 


Theorem 10. [f A and B are positive implicative ideals of a BCK-algebra X, then the set NQ(A, B) is a positive 
implicative ideal of NQ(X), which is called a positive implicative neutrosophic quadruple ideal. 
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Proof. Assume that A and B are positive implicative ideals of a BCK-algebra X. Obviously, 0 € NQ(A, B). 
Let % = (x4, X2T, x31, xaF), 7 = (Yr, YoT, y3L, ysF), and Z = (21, Z2T, 231, z4F) be elements of NQ(X) 
such that (© 7) © Z € NQ(A,B) and § © Z € NQ(A,B). Then 


(FOF) OZ = ((%1 *Y1) * 21, ((X2 * Yr) * Z2)T, 
((x3 * 3) * 23) 1, (x4 * ys) * Z4)F) € NQ(A,B), 


and 
G © Z = (yy * 21, (y2 *Z2)T, (ys * 23) 1, (ys * Z4)F) € NQ(A,B), 


SO (x1 *Y1) *Z1 € A, (x2 * 2) #22 € A, (x3 * Y3) #23 € B, (x4 * Ya) *Z4 € B,y1 * 21 € A, Y2* 22 EA, 
y3*2z3 € B, and y4*zq € B. Since A and B are positive implicative ideals of X, it follows that 
x1 * Z1,X2 * Zo € A and x3 * Z3,X4 * Z4 € B. Hence, 


EO Z = (xy * 21, (XQ * Z2)T, (x3 * Z3)I, (x4 *Z4)F) € NQ(A,B), 


so NQ(A,B) is a positive implicative ideal of NQ(X). 
Theorem 11. Let A and B be ideals of a BCK-algebra X such that 
(x,y,z © X)((x#y) *z © A (or B) > (x*z)« (yz) € A (or B)). (20) 
Then NQ(A, B) is a positive implicative ideal of NQ(X). 
Proof. Since A and B are ideals of X, it follows from Theorem 4 that NQ(A, B) is an ideal of NQ(X). 
Let % = (x1, x2T, x31, x4F), § = (Y1, yoT, ysl, yaF), and Z = (21, Z2T, 231, z4F) be elements of NQ(X) 


such that (% © 7) ©Z € NQ(A,B) and 7 © Z € NQ(A, B). Then 


(FOP) OZ = ((x1 * 1) * Z1, ((x2 * Y2) * Z2)T, 
((x3 * ¥3) * 23)L, (x4 * Ys) * Z4)F) € NQ(A,B), 


and 
FOZ = (y1 * 21, (Y2 *22)T, (ys * 23) L, (ys * Z4)F) € NQ(A,B), 


SO (x1 * Y1) *2Z1 © A, (X2 * Y2) * Zo € A, (x3 * Y3) *Z3 © B, (xq * yg) ¥Zq € B, yy * 21 € A, Y2* 22 E A, 
y3 *2Z3 € B,and y4 * Z4 € B. It follows from Equation (20) that (x1 * 21) * (y1 * 21) € A, (x2 *Z2) * (Y2 * 
Zo) € A, (x3 *Z3) * (y3 *Z3) € B, and (x4 * Z4) * (y4 * Za) € B. Since A and B are ideals of X, we get 
x1 *Z1 € A, Xo *Z2 € A, x3 * 23 € B,and x4 * z4 € B. Hence, 


EO Z = (xy * 21, (XQ * Z2)T, (x3 * Z3)I, (x4 *Z4)F) € NQ(A,B). 


Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). 


Corollary 4. Let A and B be ideals of a BCK-algebra X such that 
(Vx,y € X)((x*y)*y € A(orB) > xxy€ A(orB)). (21) 
Then NQ(A, B) is a positive implicative ideal of NQ(X). 


Proof. If the condition expressed in Equation (21) is valid, then the condition expressed in Equation (20) 
is true. Hence, NQ(A, B) is a positive implicative ideal of NQ(X) by Theorem 11. 
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Theorem 12. Let A and B be subsets of a BCK-algebra X such that0 € AN Band 

((x*y)*y)*z€A(orB),z€ A(orB) > x*xy € A (orB) (22) 
for all x,y,z € X. Then NQ(A, B) is a positive implicative ideal of NQ(X). 
Proof. Since 0 € AMB, it is clear that 0 € NQ(A,B). We first show that 

(Vx,y € X)(x xy € A (or B), y € A (or B) => x € A (or B)). (23) 

Let x,y € X be such that x * y € A (or B) and y € A (or B). Then 
((x *0) *0) *y = x*y € A (or B) 

by Equation (1), which, based on Equations (1) and (22), implies that x = x *0O € A (or B). 
Let % = (x1, x2T, x31, x4F), 7 = (Y1, yoT, y3l, yaF), and Z = (Z1, Z2T, 231, z4F) be elements of NQ(X) 


such that (% © 7) © Z € NQ(A,B) and ©z € NQ(A,B). Then 


(£O 9) OZ = ((x1 *Y1) * 21, ((X2 * Y2) * 22)T, 
((x3 * y3) * Z3)L, ((X4 * ya) * Z4)F) € NQ(A,B), 


and 
GOZ= (yr * 21, (Y2 *Z2)T, (ys * 23) L, (Ys * 24) F) € NQ(A,B), 


so (x1 * ¥1) *Z1 € A, (X2 * Y2) * Za € A, (x3 * 3) *Z3 © B, (x4 * Ys) *Z4 © BLY * 21 € A, Yo * 22 EA, 
y3 *Z3 € B, and y4 * zq € B. Note that 


(( (x; * 2;) * Zi) * (yi * Zi)) * (ai * Yi) * Zi) = 0 € A (or B) 


fori = 1,2,3,4. Since (x; * yj) *z; € A fori = 1,2 and (x; * y;) *z; € B for j = 3,4, it follows from 
Equation (23) that ((x; * Z;) * z;) * (yj * zi) € A fori = 1,2, and ((x; *z;) *z;) * (yj * zj) € B for j = 3,4. 
Moreover, since y; * Zz; € A fori = 1,2, and Yj * 2; € B for j = 3,4, we have x1 *Z, € A, x2 *Z2 € A, 
x3*2Z3 € B,and x4 * z4 € B by Equation (22). Hence, 


FOZ = (xy * 2, (Xo * Z2)T, (x3 * Z3)I, (xq * Z4)F) € NQ(A,B). 


Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). 


Theorem 13. Let A and B be subsets of a BCK-algebra X such that NQ(A, B) is a positive implicative ideal of 
NQ(X). Then the set 


Og = {% € NQ(X) | Oa € NQ(A,B)} (24) 
is an ideal of NQ(X) for any a € NQ(X). 
Proof. Obviously, 0 € Oj. Let %, 7 € NQ(X) be such that OF € Og and F € OF Then 
(XO) Oa € NQ(A,B) and yFoOa € NQ(A,B). Since NQ(A,B) is a positive implicative ideal of 


NQ(X), it follows from Equation (11) that ¥ © @ € NQ(A,B) and therefore that ¥ € Og. Hence, Oz is 
an ideal of NQ(X). 


Combining Theorems 12 and 13, we have the following corollary. 
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Corollary 5. If A and B are subsets of a BCK-algebra X satisfying 0 € AMB and the condition expressed in 
Equation (22), then the set Qg in Equation (24) is an ideal of NQ(X) for all 4 € NQ(X). 


Theorem 14. For any subsets A and B of a BCK-algebra X, if the set Qg in Equation (24) is an ideal of NQ(X) 
for alla € NQ(X), then NQ(A, B) is a positive implicative ideal of NQ(X). 


Proof. Since 0 € Oz, we have 0 = 0@4 € NQ(A,B). Let %, §, 2 € NQ(X) be such that 
(OF) OZ € NQ(A,B) and FOZ € NQ(A,B). Then* OH € Oz and # € Ox. Since O; is an 
ideal of NQ(X), it follows that # € Oz. Hence, ¥ ©Z € NQ(A,B). Therefore, NQ(A, B) is a positive 
implicative ideal of NQ(X). O 


Theorem 15. For any ideals A and B of a BCK-algebra X and for any i € NQ(X), if the set Og in 
Equation (24) is an ideal of NQ(X), then NQ(X) is a positive implicative BCK-algebra. 


Proof. Let © be any ideal of NQ(X). For any %, 7, Z € NQ(X), assume that (¥ © 7) © Z € O and 
GOzZ EO. Then*£O¥ € Og and # € Ox. Since ON; is an ideal of NQ(X), it follows that ¥ € Oz. 
Hence, ¥ © Z € O, which shows that O is a positive implicative ideal of NQ(X). Therefore, NQ(X) is 
a positive implicative BCK-algebra. 


In general, the set {0} is an ideal of any neutrosophic quadruple BCK-algebra NQ(X), but it is 
not a positive implicative ideal of NQ(X) as seen in the following example. 


Example 4. Consider a BCK-algebra X = {0,1,2} with the binary operation x, which is given in Table 3. 


“on 


Table 3. Cayley table for the binary operation “*”. 


* 0 1 2 
0 0 0 0 
1 1 0 0 
2 2 1 #0 


Then the neutrosophic quadruple BCK-algebra NQ(X) has 81 elements. If we take @ = (2,2T,2I1,2F) 
and b = (1,1T,11,1F) in NQ(X), then 


(40 b) Ob = ((2*1) «1, ((2* 1) *1)T, ((2*1) *1)1, ((2*1) *1)F) 


= (144, 40)T ets HF) = (007, 01 OF) =0, 
and b © b = 0. However, 
@@b = (2*1,(2*1)T, (2 *1)1, (2*1)F) = (1,1T,11,1F) £0. 
Hence, {0} is not a positive implicative ideal of NQ(X). 


We now provide conditions for the set {0} to be a positive implicative ideal in the neutrosophic 
quadruple BCK-algebra. 


Theorem 16. Let NQ(X) be a neutrosophic quadruple BCK-algebra. If the set 
O(a) := {% € NQ(X) | % « a} (25) 


is an ideal of NQ(X) for all @ € NQ(X), then {0} is a positive implicative ideal of NQ(X). 
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Proof. We first show that 


(Vz,9 © NQ(X)) (FOF) OF=0 > FOH=0). (26) 

Assume that (%© 7) © 7 = 0 for all %,7 € NQ(X). Thenf OF K Ff, soXOF € AH). Since 

G € O(¥) and O(7) is an ideal of NQ(X), we have ¥ € O(7). Thus, ¥ < 7, that is, FOF = 0. 
Let # := (¥ © 7) ©. Then 


(02) OF) OF = (FOP OH OU=0, 
which implies, based on Equations (3) and (26), that 


(ZO) © (FOP) OP) = FON OU= (KON OF =1, 


er, 


that is, OF < (FOF) OF. Since (KO) OF K KO YF, it follows that 


(OF) OF =FOF. (27) 


= 
= 
oO 
> 
c 
=a 
Qa 
II 
eR 
© 
|] 
© 
<7 
© 
Ra 
E 
tH 
-Q 
c 
© 
i= 
io} 
5 
N 
ee 
= 
oO 
5 


On the other hand, 


Hence, 


£O (FO (YO GYO))) = (KO (FOF) © YOR). (28) 


GOR= (FORO 
= (FOR)O (GOR) O (GOO GYOX)))) 
= (GG O%) O (FOX) OF) OGOGOR)) 
= (G02) 0 (GVO GYOR)) 
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which, by taking % = 7 © X, implies that 


It follows that 


so, 


Since (f ©) OX KX FO K, it follows that 
(FOX) OX =FOR. (29) 


Based on Equation (29), it follows that 


which shows that (OF) OZ K (KOZ)O (FOZ). Hence, (KOPF OZ = (KOZO(FO2Z). 
Therefore, NQ(X) is a positive implicative, so {0} is a positive implicative ideal of NQ(X). 


4. Conclusions 


We have considered a neutrosophic quadruple BCK/BCI-number on a set and established 
neutrosophic quadruple BCK/BCI-algebras, which consist of neutrosophic quadruple BCK/ BCI-numbers. 
We have investigated several properties and considered ideal theory in a neutrosophic quadruple 
BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra. Using subsets A and B 
of a neutrosophic quadruple BCK/BCI-algebra, we have considered sets NQ(A, B), which consist of 
neutrosophic quadruple BCK/BCI-numbers with a condition. We have provided conditions for the 
set NQ(A, B) to be a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra, and the set 
NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. We have provided an example 
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to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra, 
and we have considered conditions for the set {0} to be a positive implicative ideal in a neutrosophic 
quadruple BCK-algebra. 
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Abstract: For i, j,k,l,m,n € {1,2,3,4}, the notion of (T(i,/), I(k,1), F(m,n))-interval neutrosophic 
subalgebra in BCK/ BCI-algebra is introduced, and their properties and relations are investigated. 
The notion of interval neutrosophic length of an interval neutrosophic set is also introduced, and 
related properties are investigated. 


Keywords: interval neutrosophic set; interval neutrosophic subalgebra; interval neutrosophic length 


1. Introduction 


Intuitionistic fuzzy set, which is introduced by Atanassov [1], is a generalization of Zadeh’s 
fuzzy sets [2], and consider both truth-membership and falsity-membership. Since the sum of degree 
true, indeterminacy and false is one in intuitionistic fuzzy sets, incomplete information is handled 
in intuitionistic fuzzy sets. On the other hand, neutrosophic sets can handle the indeterminate 
information and inconsistent information that exist commonly in belief systems in a neutrosophic 
set since indeterminacy is quantified explicitly and truth-membership, indeterminacy-membership 
and falsity-membership are independent, which is mentioned in [3]. As a formal framework that 
generalizes the concept of the classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, 
interval valued intuitionistic fuzzy set and paraconsistent set, etc., the neutrosophic set is developed by 
Smarandache [4,5], which is applied to various parts, including algebra, topology, control theory, 
decision-making problems, medicines and in many real-life problems. The concept of interval 
neutrosophic sets is presented by Wang et al. [6], and it is more precise and more flexible than 
the single-valued neutrosophic set. The interval neutrosophic set can represent uncertain, imprecise, 
incomplete and inconsistent information, which exists in the real world. BCK-algebra is introduced by 
Imai and Iséki [7], and it has been applied to several branches of mathematics, such as group theory, 
functional analysis, probability theory and topology, etc. As a generalization of BCK-algebra, Iséki 
introduced the notion of BCI-algebra (see [8]). 

In this article, we discuss interval neutrosophic sets in BCK/ BCI-algebra. We introduce the notion 
of (T (i,j), 1(k,1), F(m,n))-interval neutrosophic subalgebra in BCK/BCI-algebra for i, j,k,1,m,n € 
{1,2,3,4}, and investigate their properties and relations. We also introduce the notion of interval 
neutrosophic length of an interval neutrosophic set, and investigate related properties. 
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2. Preliminaries 


By a BCI-algebra, we mean a system X := (X,*,0) € K(T) in which the following axioms hold: 


Q)  ((x*y) * (x*z)) * (z*y) =0, 
() (xe (xey))¥y=0, 

(HW) x*x=0, 

(Vv) x#y=yer=0 x=y 


for all x,y,z € X. Ifa BCI-algebra X satisfies 0 * x = 0 for all x € X, then we say that X is BCK-algebra. 

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for all 
x,y eS. 

The collection of all BCK-algebra and all BCI-algebra are denoted by Bx(X) and B;(X), 
respectively. In addition, B(X) := Bx(X) UB;(X). 

We refer the reader to the books [9,10] for further information regarding BCK/BCI-algebra. 

By a fuzzy structure over a nonempty set X, we mean an ordered pair (X,¢) of X and a fuzzy set 0 
on X. 


Definition 1 ([{11]). For any (X,*,0) € B(X), a fuzzy structure (X,p) over (X,*,0) is called a 
e = fuzzy subalgebra of (X, *,0) with type 1 (briefly, 1-fuzzy subalgebra of (X, *,0)) if 

(Vx,y € X) (u(x*y) 2 min{u(x), u(y) }), (1) 
e fuzzy subalgebra of (X, *,0) with type 2 (briefly, 2-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (w(x*y) S minty(x), u(y)t), (2) 
e = fuzzy subalgebra of (X, *,0) with type 3 (briefly, 3-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (w(x*y) = max{y(x), u(y) }), (3) 
e = fuzzy subalgebra of (X, *,0) with type 4 (briefly, 4-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (u(x *y) < max{y(x), u(y) })- (4) 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [4]) is a structure of the form: 
A:={(x;Ap(x), Ar(x), Ae(x)) | x € X}, 


where Ary : X — [0,1] is a truth-membership function, A; : X — [0,1] is an indeterminate membership 
function, and Ar : X — [0,1] is a false membership function. 

An interval neutrosophic set (INS) A in X is characterized by truth-membership function Ty, 
indeterminacy membership function I,4 and falsity-membership function F4. For each point x in X, 
Ta (x), I4(x), Fa(x) € [0,1] (see [3,6]). 

3. Interval Neutrosophic Subalgebra 
In what follows, let (X, *,0) € B(X) and P*([0,1]) be the family of all subintervals of [0, 1] unless 


otherwise specified. 


Definition 2 ([3,6]). An interval neutrosophic set in a nonempty set X is a structure of the form: 


TE := {(x,L[T](x),Z[1] (x), Z[F](x)) | x € X}, 
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where 
T[T]: X > P*((0,1]), 


which is called interval truth-membership function, 
LI] : X + P*([0,1]), 
which is called interval indeterminacy-membership function, and 
LiF2k SP UG, 
which is called interval falsity-membership function. 


For the sake of simplicity, we will use the notation J := (Z[T],Z[I|,Z[F]) for the interval 


neutrosophic set 
E = {(x,L[T](x), £[I] (x), Z[F](x)) | x € Xf. 


Given an interval neutrosophic set Z := (Z[{T],Z|I], Z[F]) in X, we consider the following functions: 
L[Tling : X [0,1], x + inf{Z[T](x)}, 
Ling : X > [0,1], x H inf{Z[I](x)}, 
L[Fline : X — [0,1], x + inf{Z[F] (x)}, 
and 


L[T|sup : X — [0,1], x + sup{Z[T](x)}, 

L[I]sup : X — [0,1], x ++ sup{Z[I](x)}, 

TF sup : X — [0,1], x + sup{Z[F](x)}. 
Definition 3. For any i, j,k,l,m,n € {1,2,3,4}, an interval neutrosophic set I := (Z[T], Z|I], Z[F]) in X 
is called a (T (i,j), 1(k,1), F (m,n) )-interval neutrosophic subalgebra of X if the following assertions are valid. 


(1) (X,Z[T]ing) is an i-fuzzy subalgebra of (X,*,0) and (X,I|T]sup) is a j-fuzzy subalgebra of (X,*,0), 
(2) (X,Z[Iing) is a k-fuzzy subalgebra of (X,*,0) and (X,Z[I]sup) is an l-fuzzy subalgebra of (X,*,0), 
(3) (X,Z[Fling) is an m-fuzzy subalgebra of (X,*,0) and (X,Z[F|sup) is an n-fuzzy subalgebra of (X, *,0). 


Example 1. Consider a BCK-algebra X = {0,1,2,3} with the binary operation *, which is given in Table 1 
(see [10]). 


Table 1. Cayley table for the binary operation “*”. 


WNrRO| * 
WNrRO|]o 
WrRoo|]s- 
WNOoOoOd!N 
ONF OO] Ww 


(1) Let Z := (Z[T], [I], Z[F]) be an interval neutrosophic set in (X, *,0) for which T{T], Z[I] and T[F| 
are given as follows: 
(0.4,0.5) ifx =0, 
(0.3,0.5] ifx=1, 
0.2,0.6) ifx =2, 


TT]: X—+ P*((O,1)) x9 4 
(0.1,0.7] ifx =3, 
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(0.5,0.8) ifx =0, 
: (0.2,0.7) ifx=1, 
TI]: X 1 

[I] : X + P*([0,1]) x4 (0.5,0.6] ifx =2, 
(0.4,0.8) ifx=3, 
(0.4,0.5) ifx =0, 
(0.2,0.9) ifx=1, 
(0.1,0.6] ifx=2, 
(0.4,0.7] ifx =3. 


TIE]: X + P*([0,1]) x4 


It is routine to verify that Z := (Z[T], Z{I], Z[F]) is a (T(1,4), 1(1,4), F(1,4))-interval neutrosophic 
subalgebra of (X,*,0). 

(2) Let Z := (Z[T], Z{I], Z[F]) be an interval neutrosophic set in (X,*,0) for which L{T], Z[I] and T[F| 
are given as follows: 
(0.1,0.4) ifx=0, 
(0.3,0.5) ifx=1, 
02,07] ifx=2, 


Z[T]:X > P*((,1) x 9 
(0.4,0.6) ifx =3, 


(0.2,0.5) ifx=0, 
(0.5,0.8] ifx=1, 
(0.4,0.5] ifx =2, 
(0.2,0.6] ifx=3, 


Til]: X + P*({0,1]) x4 


and 
[0.3,0.4) ifx =0, 
. (0.4,0.7) ifx=1, 
TF]: X > P*([0,1]) x (06,08) ifr —2, 
[0.4,0.6]  ifx =3. 
By routine calculations, we know that T := (Z[T], Z[I], Z[F]) is a (T(4,4), 1(4,4), F(4,4))-interval 


neutrosophic subalgebra of (X,*,0). 


Example 2. Consider a BCI-algebra X = {0,a,b,c} with the binary operation *, which is given in Table 2 
(see [10]). 


Table 2. Cayley table for the binary operation “*”. 


a 


c 


a Fa Oo] * 
arn oOo] oO 
SFaoan 
aong|]|se 
oacva 


Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in (X,*,0) for which T[T|, L[I] and L[F] are 
given as follows: 


(03,09) if x =0, 

: * (0.7, 0.9) ifx =a, 

EU Se ORES meh: Geach 
(05,08] ifx <c, 
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[0.2,0.65) ifx =0, 
(0.5,0.55| atx =a; 
(0.6,0.65) ifx=b, 
105,055)" iS, 


TI] :X > P*([0,1]) x4 


(0.3,0.6) ifx =0, 
[0.4,0.6] ifx=a, 
(0.4,0.5] ifx =, 
[0.3,05) ifx=c. 


Routine calculations show that T := (Z|T], L[I], Z[F]) is a (T(4,1), 1(4,1), F(4,1))-interval 
neutrosophic subalgebra of (X,*,0). However, it is not a (T(2,1), 1(2,1), F(2,1))-interval neutrosophic 
subalgebra of (X,*,0) since 


TIE]: X > P*([0,1]) x4 


L[T]ine(¢ * 4) = Z[T]ing(0) = 0.7 > 0.5 = min{Z[T]ine(c), Z[T]ine(4)} 
and/or 
L(Hine(a *c) = Z[Tine(b) = 0.6 > 0.5 = min{Z[Iine(@), Z [Tine (C) f- 
In addition, it is not a (T(4,3), I(4,3), F(4,3))-interval neutrosophic subalgebra of (X,*,0) since 


L|T]sup(4 * 6) = Z[T]sup(c) = 0.8 < 0.9 = max{Z[T]ine(4),Z[T]ine(c)} 


and/or 
T[F]sup (a * b) = Z[F]sup(c) = 0.5 < 0.6 = max{Z[F]in¢(4),Z[Fline(c)}- 


Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X. We consider the following sets: 


U(L[T ings 1) = {x € X | Z[T]ine(x) = ar}, 
L(Z[T]sup;@s) = {x € X | Z[T]sup(x) < as}, 
U(L[Iing? Br) = {x € X | Z[Line(x) = Br}, 

L(Z[I] sup; Bs) = {xe X| T [I] sup (x) Pas 


and 


U(L[ Flings V1) = {x € X | L[Fline(x) = yr}, 
L(Z[F]sup; Ys) = {x EX | TF] sup (x) < ety 


where a1, as, Bi, Bs, y; and 7s are numbers in [0,1]. 


Theorem 1. [fan interval neutrosophic set T := (Z[T], L[I], Z[F]) in X isa (T(i,4), 1(i,4), F(i,4))-interval 
neutrosophic subalgebra of (X,*,0) fori € {1,3}, then U(Z[T]ing:¢1), L(Z[T]sup;as), U(Z[Ling; Br), 
L(Z[I]sup; Bs), U(Z[F]ing; v1) and L(Z[F]sup; ys) are either empty or subalgebra of (X,*,0) for all a1, ws, Br, 
Bs, YL Ys © (0, f, 

Proof. Assume that Z := (Z[T], Z[I], Z[F]) is a (T(1,4), 1(1,4), F(1,4))-interval neutrosophic 
subalgebra of (X,*,0). Then, (X,Z[T]ing), (X,Z[Ling) and (X,Z[Fling) are 1-fuzzy subalgebra of X; 
and (X,Z[T]sup), (X,Z[I]sup) and (X,Z[F]sup) are 4-fuzzy subalgebra of X. Let a7, as € [0,1] be such 
that U(Z[T]ing; 47) and L(Z[T]sup; #5) are nonempty. For any x,y € X, if x,y © U(Z[T]ing #1), then 
L[Thing(x) 2 ay and Z[T]ing(y) 2 a1, and so 


L[Thing(x *y) = min{Z[T]ing(x), Z[T]ine(y) } = av 
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that is, x*y © U(Z[Tlings a7). If x,y € L(Z[T]sup; 4s), then Z[T]sup(x) < as and Z[T]sup(y) < as, 
which imply that 
L|T|sup(x *y) < max{Z[T]sup(x),Z[T]sup(y)} < as, 


that is, x * y € L(Z[T]sup;as). Hence, U(Z[T]ing; #7) and L(Z[T]sup; #5) are subalgebra of (X, *,0) 
for all «7, as € [0,1]. Similarly, we can prove that U(Z[I]ing; Br), L(Z[I]sup; Bs), U(Z [Fling v1) and 
L(Z[F|sup; Ys) are either empty or subalgebra of (X,*,0) for all Br, Bs, y1, Ys € [0,1]. Suppose 
that Z := (Z[T], ZI], Z[F]) is a (T(3,4), 1(3,4), F(3,4))-interval neutrosophic subalgebra of 
(X, *,0). Then, (X,Z[T]ing), (X,Z[Ting) and (X, Z[Fling) are 3-fuzzy subalgebra of X; and (X,Z[T]sup), 
(X,Z[I]sup) and (X,Z[F]sup) are 4-fuzzy subalgebra of X. Let By; and Bs € [0,1] be such that 
U(Z[L]ing: Br) and L(Z[I]sup; Bs) are nonempty. Let x,y € U(Z[Iing; Br). Then, Z[I]ing(x) > Br and 
L{I]ine(y) > Br. It follows that 


T[Ting(x * y) > max{Z[Tine(x),Z[ine(y)} = Br 


and so x *y € U(Z[I]ing; Br). Thus, U(Z[I]ing; Br) is a subalgebra of (X,*,0). If x,y € L(Z[I]int; Bs), 
then Z[I]ing(x) < Bs and Z[I]ine(y) < Bs. Hence, 


T[Ting(x *y) < max{Z[Tine(x),Z[ine(y) } < Bs, 


and so x «y € L(Z{I]ing; Bs). Thus, L(Z[I] ing; Bs) is a subalgebra of (X, *,0). Similarly, we can show 
that U(Z[T]ing: 47), L(Z[T]sup; as), U(Z[ Flint; v1) and L(Z[F]sup; ys) are either empty or subalgebra of 
(X, «,0) for all a7, as, yr, Ys € [0,1]. 


Since every 2-fuzzy subalgebra is a 4-fuzzy subalgebra, we have the following corollary. 


Corollary 1. [fan interval neutrosophic set I := (Z[{T], [I], Z[F]) in X isa (T(i,2), I(i,2), F(i, 2))-interval 
neutrosophic subalgebra of (X,*,0) fori € {1,3}, then U(Z[T]ing; a1), L(Z[T]sup; 4s), U(L[Ling; B1), 
L(Z[I]sup; Bs), U(Z [Fling y1) and L(Z[F]sup; Ys) are either empty or subalgebra of (X,*,0) for all a1, ws, Br, 
Bs, 11 Ys € [0,1]. 


By a similar way to the proof of Theorem 1, we have the following theorems. 


Theorem 2. [fan interval neutrosophic set T := (Z[T], L[I], Z[F]) in X isa (T(i,4), 1(i,4), F(i, 4))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then L(Z[T]ing;a1), L(Z[T]sup;as), L(Z[L]ine: 1), 
L(Z[I]sup; Bs), L(Z[Fline: ¥1) and L(Z[F]sup; Ys) are either empty or subalgebra of (X,*,0) for all wy, ws, Br, 
Bs, rv Ys € [0,1]. 


Corollary 2. [fan interval neutrosophic set I := (Z{T], [I], Z[F]) in X isa (T(i,2), 1(i,2), F(i,2))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then L(Z[T]ing;a1), L(Z[T]sup; as), L(Z[Ling: Br), 
L(Z[I]sup; Bs), L(Z[Flines ¥1) and L(Z[F]sup; Ys) are either empty or subalgebra of (X,*,0) for all w1, ws, Br, 
Bs, 11 Ys € [0,1]. 


Theorem 3. [fan interval neutrosophic set T := (Z[T], Z{I], Z[F]) in X isa (T(k,1), I(k,1), F(k, 1))-interval 
neutrosophic subalgebra of (X,*,0) fork € {1,3}, then U(Z[T]ing; 47), U(Z[T]sup;%s), U(L[Line: Br), 
U(Z[I]sup; Bs), U(Z [Flings Y1) and U(Z[F] sup; Ys) are either empty or subalgebra of (X,*,0) for all a1, xs, 
Br Bs, 11s € [0,1]. 


Corollary 3. If an interval neutrosophic set IT := (Z[T], LI], Z[F]) in X is a (T(k,3), I(k,3), 
F(k,3))-interval neutrosophic subalgebra of (X,*,0) fork € {1,3}, then U(Z[T]ing; a1), U(Z[T]sup; 4s), 
U(Z[LJing: Br), U(Z [I] sup; Bs), U(Z [Fling yr) and U(Z[F]sup; Ys) are either empty or subalgebra of (X, *,0) 
for all 1, es, By Bs, Yu ‘Ys € [0,1]. 
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Theorem 4. [fan interval neutrosophic set T := (Z[T], [I], Z[F]) in X isa (T(k,1), I(k,1), F(k, 1))-interval 
neutrosophic subalgebra of (X,*,0) fork € {2,4}, then L(Z[T]ing: a1), U(Z[T]sup; 4s), L(Z[Ting: Br), 
U(Z[I]sup; Bs), L(Z[Fline: yr) and U(Z[F] sup; Ys) are either empty or subalgebra of (X,*,0) for all x1, ws, 
Br Bs, Y1- Ys € [0,1]. 


Corollary 4. If an interval neutrosophic set IT := (Z[T], TI], L[F]) in X is a (T(k,3), I(k,3), 
F(k,3))-interval neutrosophic subalgebra of (X,*,0) fork € {2,4}, then L(Z[T]ing; «1), U(Z[T] sup; 4s), 
L(Z (ing; Br), U(Z[L]sup; Bs), L(Z [Flings yr) and U(Z[F] sup; Ys) are either empty or subalgebra of (X, *,0) 
for all wy, «s, Br, Bs, Y1 Ys € [0,1]. 


Theorem 5. Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which U(L[T]ing; &1), 
L(Z[T] sup; &s), U(Z [Tings Br), L(Z sup: Bs), U(Z [Flings 1) and L(Z[F] sup; ys) are nonempty subalgebra 
of (X,*,0) for all x1, xs, Br, Bs, Yr Ys € [0,1]. Then, I := (Z[T], ZI], Z[F]) is a (T(1,4), (1,4), 
F(1,4))-interval neutrosophic subalgebra of (X,*,0). 


Proof. Suppose that (X,Z[T]ing) is not a 1-fuzzy subalgebra of (X,*,0). Then, there exists x,y € X 
such that 


L[T]ine(x * y) < min{Z[T]ine(x), Z[T]ine(y)}- 
If we take a, = min{Z[T]in¢(x),Z[T]ine(y) }, then x,y € U(Z[T] ing; 7), but x * y ¢ U(Z[T] ing; &1)- 
This is a contradiction, and so (X,Z[T]ing) is a 1-fuzzy subalgebra of (X, *,0). If (X,Z[T]sup) is not a 
4-fuzzy subalgebra of (X, *,0), then 


LT] sup (a * b) > max{Z[T]sup (2), Z[T]sup(b) } 
for some a,b € X, and soa,b € L(Z[T]sup;as) anda*b ¢ L(Z[T]sup; as) by taking 
Ws = max{Z[T]sup(@),Z[T]sup (0) }- 


This is a contradiction, and therefore (X,Z[T]sup) is a 4-fuzzy subalgebra of (X, *,0). Similarly, we 
can verify that (X,Z[I]ing) is a 1-fuzzy subalgebra of (X, *,0) and (X,Z[I]sup) is a 4-fuzzy subalgebra 
of (X, *,0); and (X, Z[F]ing) is a 1-fuzzy subalgebra of (X,*,0) and (X,Z[F]sup) is a 4-fuzzy subalgebra 
of (X,*,0). Consequently, Z := (Z[T], Z[I], Z[F]) is a (T(1,4), 1(1,4), F (1,4) )-interval neutrosophic 
subalgebra of (X, *,0). 


Using the similar method to the proof of Theorem 5, we get the following theorems. 


Theorem 6. Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which L(Z[T] ing; &1), 
U(Z[T] sup; as), L(Z[Ling: Br), U(L [I] sup; Bs), L(Z[F ings 1) and U(Z[F]sup; ys) are nonempty subalgebra 
of (X,*,0) for all x1, xs, Br Bs, Yr Ys € [0,1]. Then, I := (Z[T], ZI], Z[F]) is a (T(4,1), 1(4,1), 
F(4,1))-interval neutrosophic subalgebra of (X,*,0). 


Theorem 7. Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which L(L{T]ing; &1), 
L(Z[T]sup; 4s), L(Z[I]ine: 61), L(Z[L]sup; Bs), L(Z[Fline: yr) and L(Z[F]sup; ys) are nonempty subalgebra 
of (X,*,0) for all a1, ws, Br Bs, yr Ys € [0,1]. Then, I := (Z[T], ZI], Z[F]) is a (T(4,4), 1(4,4), 
F(4,4) )-interval neutrosophic subalgebra of (X, *,0). 


Theorem 8. Let ZT := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X in which U(L[T]ing; 1), 
U(Z[T]sup; &s), U(Z [Tings Br), U(Z[L]sup: Bs), U(Z[F line: v1) and U(Z[F]sup; Ys) are nonempty subalgebra 
of (X,*,0) for all x1, xs, Br Bs, Yr Ys € [0,1]. Then, I := (Z[T], ZI], Z[F]) is a (T(1,1), 1(1,1), 
F(1,1))-interval neutrosophic subalgebra of (X, *,0). 
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4. Interval Neutrosophic Lengths 


Definition 4. Given an interval neutrosophic set I := (Z[T],Z{I|,Z[F]) in X, we define the interval 
neutrosophic length of L as an ordered triple Zp := (Z[T]¢, Z[I|¢, Z[F]¢) where 


L[T|¢: X — [0,1], x4 Z[Tloup(x) — Z[Tline(), 
L (Ie: X — [0,1], x Z[oup(x) — ZUine(), 


and 
T[Fle: X — [0,1], x TF] sup (x) =F linet), 


which are called interval neutrosophic T-length, interval neutrosophic I-length and interval neutrosophic 
F-length of Z, respectively. 


Example 3. Consider the interval neutrosophic set I := (Z[T], [I], Z[F]) in X, which is given in Example 2. 
Then, the interval neutrosophic length of Z is given by Table 3. 


Table 3. Interval neutrosophic length of Z. 


xX ZTle Tle TFlFle 


0.6 0.45 0.3 
; 0.05 0.2 
0.1 0.05 0.1 
0.3 0.05 0.2 


a ran oO 
Oo 
N 


Theorem 9. [fan interval neutrosophic set T := (Z[T], Z[I], Z[F]) in X isa (T(i,3), I(i,3), F(i,3))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then (X,Z[T]¢), (X,Z[I]e) and (X,Z|F],¢) are 3-fuzzy 
subalgebra of (X,*,0). 


Proof. Assume that Z := (Z[T], Z[I], Z[F]) is a (T(2,3), 1(2,3), F(2,3))-interval neutrosophic 
subalgebra of (X, *,0). Then, (X,Z[T]ing), (X,Z[L]ing) and (X,Z[Fling) are 2-fuzzy subalgebra of X, and 
(X,Z[T]sup), (X,Z[I]sup) and (X,Z[F]sup) are 3-fuzzy subalgebra of X. Thus, 


L[Thine(x *y) < min{Z[T]ine(x), Z[T]ine(y) } 
T[Tine(x *y) < min{Z[T]ine(x),Z[Lline(y) }, 
T[F]ine(x * y) < min{Z[F]ine(x), Z[Fline(y) }, 


and 


T(T] sup (x xy) > max{Z[T]sup(x), Z[T]sup(y) }, 
LT] sup (x xy) > max{Z[I]sup(x), Z[I]sup(y) }, 
LIF] sup (x *Y) = max{Z[F]sup(x),Z[Flsup(y) }, 


for all x,y € X. It follows that 


L|T]o(x *y) =Z[T]sup(x * y) — Z[T]ine(x * y) 2 Z[T]sup(x) — Z[Tine(x) = Z[T] e(x), 
LT] g(x *y) = LT] sup (x *y) — L[Tling(x *y) = LT ]sup(y) —Z[Tline(y) = Z[T]e(y), 
LI e(x *y) = Z[I]sup (x * y) — Z[Tine(x * y) = Z[T]sup(x) — Z[Tine(x) = Z[Te(x), 
L[T]o(x *y) = L[I]sup (x * y) — Z[Ting(x *y) = Z[L]sup(y) — Z[Hine(y) = Z[e(y), 
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and 
TIF \¢ *Y = TF ]sup( — T[F]ing(x *y) > TF] sup(x) — Z[Fline(x) = T[F]e(x) 
TF] e(x *y) = TF} sup x —T[Fling(x *y) = TF] sup(y) — Z[Fline(y) = Z[F]e(y) 
Hence 
L[T]e(x *y) > max{Z[T] (x), Z[T]c(y)}, 
LI] o(x * y) = max{Z[I]o(x),Z[L]e(y)}, 
and 


T[Fle(x *y) = max{Z[F]¢(x), Z[Fle(y)}, 


for all x,y € X. Therefore, (X,Z[T];), (X,Z[I]¢) and (X,Z[F];) are 3-fuzzy subalgebra of (X, *,0). 

Suppose that Z := (Z[T], Z[I], Z[F]) isa (T(4,3), 1(4,3), F(4,3) )-interval neutrosophic subalgebra 
of (X,*,0). Then, (X,Z|T us 6), (X,Z[Iing) and (X,Z[Fling) are 4-fuzzy subalgebra of X, and 
(X,Z[T] sup), (X,Z[]sup) and (X, Z[F Isup) are 3-fuzzy subalgebra of X. Hence, 


L[Tline(x *y) < max{Z[T]ine(x),Z[Tline(y) }, 
L[ling(x *y) S max{Z[L]ine(x),Z[Line(y)}- (5) 
L|Fling(x * y) < max{Z[Fline(x), Z[F]ine(y) }- 


and 


LT] sup (x * y) 2 max{Z[T]sup (x x), 2|T sup (y) }, 
TI] sup (x * y) Es max{Z[I]sup (x ), £1 Jsup(y) }, 
T[F]sup (x xy) = max{Z[F]sup (x ) 4 [F Jsup (y) }, 


for all x,y € X. Label (5) implies that 


L[Thine(x *Y) < T[T]ing(x) or Z[T]ing(x *y) < Z[Tine(y), 
L[Tine(x *Y) S Ll Tine(X) or Z[I (Pre: *Y) = L(g (y |; 
L[Fline(x * y) < Z[Fling(x) or Z[Fline(x *y) < Z[Fline(y). 


If Z[T]ine(x *y) < Z[T]ing(x), then 
T[T]e(x*y) = TT] sup (x *Y) — L[Thing(x *y) = T[T]sup(x) — T[Tine(x) = Z[T]e(x). 
If Z[T]ine(x * y) < Z[T]ine(y), then 


T[T]e(x *y) = T[T] sup (x *Y) —Z[T]ine(x *y) = TT] sup (y) —T[Tline(y) = Z[T]e(y)- 


It follows that Z[T]e(x * y) > max{Z[T]¢(x),Z[T]e(y)}. Therefore, (X,Z[T]¢) is a 3-fuzzy 
subalgebra of (X,*,0). Similarly, we can show that : TI) and (X, Z[F],) are 3-fuzzy subalgebra of 
(X,*,0). 


Corollary 5. [fan interval neutrosophic set I := (Z[{T], [I], Z[F]) in X isa (T(i,3), 1(i,3), F(i,3))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then (X,Z[T]¢), (X,Z[I]e) and (X,Z|F],¢) are 1-fuzzy 
subalgebra of (X,*,0). 
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Theorem 10. If an interval neutrosophic set IT := (Z{T], Z[I], Z[F]) in X is a (T(3,4), 1(3,4), 
F(3,4))-interval neutrosophic subalgebra of (X,*,0), then (X,Z[T],), (X,Z[I]¢) and (X,Z[F]¢) are 4-fuzzy 
subalgebra of (X,*,0). 


Proof. Let Z := (Z[T], ae |, Z[F]) be a (T(3,4), 1(3,4), F(3,4))-interval neutrosophic subalgebra of 
(X, *,0). Then, (X,Z[T]ing), (X,Z[L]ing) and (X,Z[F]ing) are 3-fuzzy subalgebra of X, and (X,Z[T]sup), 
(X,Z[I]sup) and (X,Z[F ce) are 4-fuzzy subalgebra of X. Thus, 


L|Thine(x *y) 2 max{Z[T]ine(x), Z[T]ine(y) }, 
L (Ting (x * y) Z max{Z{I ace ye T (Tin £(y) }, 
LFling(x * y) 2 max{Z[Fline(x), Z[Fline(y) }- 
and 
L[T] sup (x *Y) < max{Z[T]sup(x),Z[T] sup (y) }, 
LT] sup (x *Y) < max{Z[I|sup(x),Z[]sup(y) }, (6) 
TF] sup (x *Y) < max{Z[F]sup(x),Z[Flsup(y)}, 
for all x,y € X. It follows from Label (6) that 
LT] sup (x *Y) 


< 
TI} sup (x *y) < 
T[F]sup(x *y) < 


LT sup (x ) or [T]sup (x *Y) < T[T]sup(y), 
at Jsup (x ) or Z[I] sup (x *Y) < LI] sup (y) 
I|F sup (x ) or L[F]sup (x *Y) < T[F]sup(y). 


Assume that Z[T]sup(x * y) < Z[T]sup(x). Then, 

L[T]¢(x * y) = Z[T]sup(x * y) — Z[T]ine(x *y) < Z[T]sup(x) — Z[Tine(x) = Z[T] (x). 
If Z[T]sup(x *y) < Z[T]sup(y), then 

L[T]o(x *y) = L[Toup(x *y) — Z[Tine(x * y) S Z[T]sup(y) — Z[Tline(y) = Z[T]e(y). 


Hence, Z[T|p(x * y) < max{Z[T];(x),Z[T]e(y)} for all x,y € X. By a similar way, we can 
prove that 


L[I]e(x *y) < max{Z[I]e(x), Z[Le(y)} 
and 
T[Fle(x *y) < max{Z[F]¢(x), Z[F]e(y)} 
for all x,y € X. Therefore, (X,Z[T]¢), (X,Z[I]c) and (X,Z[F];) are 4-fuzzy subalgebra of (X, *,0). 


Theorem 11. If an interval neutrosophic set IT := (Z(T], L[I], Z[F]) in X is a (T(3,2), 1(3,2), 
F(3,2))-interval neutrosophic subalgebra of (X,*,0), then (X,Z[T],), (X,Z[I]¢) and (X,Z[F]¢) are 2-fuzzy 
subalgebra of (X,*,0). 


Proof. Assume that Z := (Z[T], Z[I|, Z[F]) is a (T(3,2), 1(3,2), F(3,2))-interval neutrosophic 
subalgebra of (X, *,0). Then, (X,Z[T]ing), (X,Z[L]ing) and (X,Z[Fling) are 3-fuzzy subalgebra of X, and 
(X,Z[T] sup), (X,Z[I]sup) and (X,Z[F]sup) are 2-fuzzy subalgebra of X. Hence, 


L[T]ine(x *y) = max{Z[T]ine(x),Z[Tline(y) }, 
T[Tine(x * y) = max{Z[]ine(x),Z [ine(y) }, 
L[F]ine(x * y) => max{Z[F]ing(x), Z[Fline(y) f, 
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and 


L(T] sup (x *Y) < min{Z[T]sup(x),Z[T]sup(y) }, 
LT] sup (x xy) < min{Z[I]sup(x), [T]sup(y)}, 
LF] sup (x *Y) < min{Z[F]sup(x),Z[F]sup(y)}, 


for all x, y € X, which imply that 


LT] o(x *y) = Z[T]sup(x * y) — Z[T]ine(x *y) < Z[T] sup (x) —Z[T]ine(x) = Z[T]o(x) 
T[T]o(x*y) = T[T] sup (x *y) —Z[T]ine(x *¥) < T[T] sup (y —T[Tline(y) = Z[T]e(y) 
T[Ie(x*y) = TT] sup (x *y) —L[Iine(x *y) < T [I] sup (x) — T[Nine(x) = Z[Le(x), 
LT] o(x *y) = TT] sup (x *y) —L[Iine(x *y) < TT] sup (y) —T[Nine(y) = Z[Ne(y), 
and 
LFlo(x *y) = [F] sup (x y) —L[Fling(x *y) < T[F]sup (x) — T[Fling(x) = Z[F]¢(x) 
TF] e(x *y) = T[F] sup (x —T[Fling(x *y) < TF] sup (y) — T[Fline(y) = Z[Fle(y) 
It follows that 
L[T]e(x *y) < min{Z[T]¢(x),Z[T]e(y)} 
L[I]o(x *y) < min{Z[I]¢(x), Z[]e(y)} 
and 


LT[Fle(x *y) S min{Z[F]¢(x), Z[Fle(y)}, 
for all x,y € X. Hence, (X,Z[T],), (X,Z[I]¢) and (X,Z[F],) are 2-fuzzy subalgebra of (X, *,0). 


Corollary 6. If an interval neutrosophic set IT := (ZT, LI], Z[F]) in X is a (T(3,2), 1(3,2), 
F(3,2))-interval neutrosophic subalgebra of (X,*,0), then (X,Z[T],), (X,Z[I]¢) and (X,Z|F],) are 4-fuzzy 
subalgebra of (X,*,0). 


Theorem 12. If an interval neutrosophic set I := (LZ[T], TI], Z[F]) in X is a (T(i,3), 1(3,4), 
F(3,2))-interval neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 


) (X,Z[T]¢) is a 3-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I]¢) is a 4-fuzzy subalgebra of (X,*,0). 
) (X,Z[Fl¢) is a 2-fuzzy subalgebra of (X, *,0). 


Proof. Assume that Z := (Z[T], Z[I], Z[F]) is a (T(4,3), 1(3,4), F(3,2))-interval neutrosophic 
subalgebra of (X,*,0). Then, (X,Z[T]ing) is a 4-fuzzy subalgebra of X, (X,Z[T]sup) is a 3-fuzzy 
subalgebra of X, (X,Z[I]ing) is a 3-fuzzy subalgebra of X, (X,Z[I]sup) is a 4-fuzzy subalgebra of X, 
(X, Z[Fline) is a 3-fuzzy subalgebra of X, and (X,Z[F] sup) is a 2-fuzzy subalgebra of X. Hence, 


L|Thine(x *y) < max{Z[T]ing(x), Z[T]ine(y) }, (7) 
L|T]sup(x * y) 2 max{Z[T]sup (x), Z[T]sup (y) t, (8) 
L[Tine(x * y) 2 max{Z[I]ine(x),Z[Line(y) }, (9) 
L[I]sup(x * y) S max{Z[I]sup(x), Z[L]sup(y) } (10) 
T[Fling(x *y) 2 max{Z[F]ine(x), Z[Fline(y) } (11) 
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and 
T[F] sup (x *Y) < min{Z[F]sup(x),Z[F]sup(y) }, (12) 


for all x,y € X. Then, 
L|Tline(x * y) < Z[T]ing(x) or Z[T]ine(x * y) < Z[T]ine(y) 
by Label (7). It follows from Label (8) that 
T[T\o(x*y) = T[T] sup (x *Y) —T[Tine(x *y) = T[T] sup (x) — L[T]ing(x) = Z[T]o(x) 
or 
T[T]e(x *y) = T[T] sup (x *Y) —L[Ting(x * y) = T(T]sup(y) — L[T]ine(y) = Z[T]e(y), 
and so that Z[T];(x * y) > max{Z[T]p(x),Z[T]¢(y)} for all x,y € X. Thus, (X,Z[T],) is a 3-fuzzy 
subalgebra of (X, *,0). The condition (10) implies that 
T(I]sup (x *Y) < T(I] sup (x) or Z[I] sup (x *Y) < T(I]sup (y)- (13) 
Combining Labels (9) and (13), we have 


T[Te(x *y) = Z[T]sup(x * y) — Z[LJine(x *¥y) < Z[[sup(x) — Z[Vine(x) = Z[Le(x) 


L[Io(x * y) = Z[T]sup (x * y) — Z[ine(x *y) < Z[L]sup(y) — Z[Vine(y) = ZUe(y). 
It follows that Z[I]¢(x * y) < max{Z[I]¢(x),Z[I]e(y)} for all x,y € X. Thus, (X, Z[I];) is a 4-fuzzy 
subalgebra of (X, *,0). Using Labels (11) and (12), we have 
LIF le(x * y) = Z[F] sup (x * y) — Z[Fline(x * y) < Z[F]sup (x) — Z[Fline(x) = Z[F]e(x) 
and 
L[F]o(x *y) = Z[F]sup(x *y) — Z[Fline(x *y) < Z[Flsup(y) — Z[Fline(y) = Z[Fle(y), 


and so Z[F]¢(x *y) < min{Z[F]e(x),Z[Fle(y)} for all x,y € X. Therefore, (X,Z[F]¢) is a 2-fuzzy 
subalgebra of (X, *,0). Similarly, we can prove the desired results for i = 2. 


Corollary 7. [fan interval neutrosophic set IT := (Z[T], L[I], Z[F]) in X isa (T(i,3), 1(3,4), F(3, 2))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 


(1) (X,Z[T]¢) is a 1-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I]¢) and (X,Z|F]¢) are 4-fuzzy subalgebra of (X,*,0). 
By a similar way to the proof of Theorem 12, we have the following theorems. 
Theorem 13. If an interval neutrosophic set I := (Z[T], TI], Z[F]) in X is a (T(i,3), 1(3,2), 
F(3,2))-interval neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 


(1) (X,Z[T]¢) is a 3-fuzzy subalgebra of (X, *,0). 

(2) (X,Z[I]¢) and (X,Z|F]¢) are 2-fuzzy subalgebra of (X,*,0). 

Corollary 8. [fan interval neutrosophic set I := (Z[T], L[I], Z[F]) in X isa (T(i,3), 1(3,2), F(3, 2))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 

(1) (X,Z[T]¢) is a 1-fuzzy subalgebra of (X, *,0). 

(2) (X,Z[I]¢) and (X,Z|F]¢) are 4-fuzzy subalgebra of (X,*,0). 
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Theorem 14. If an interval neutrosophic set I := (Z{T], TI], Z[F]) in X is a (T(i,3), 1(3,2), 
F(2,3))-interval neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 


(1) (X,Z[T],) and (X, Z[F];) are 3-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I]¢) is a 2-fuzzy subalgebra of (X,*,0). 


Corollary 9. [fan interval neutrosophic set I := (Z[T], Z[I], Z[F]) in X isa (T(i,3), 1(3,2), F(2,3))-interval 
neutrosophic subalgebra of (X,*,0) fori € {2,4}, then 


(1) (X,Z[T]¢) and (X,Z|F]¢) are 1-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I]¢) is a 4-fuzzy subalgebra of (X,*,0). 
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Abstract: The concept of a (€, €)-neutrosophic ideal is introduced, and its characterizations are 
established. The notions of neutrosophic permeable values are introduced, and related properties 
are investigated. Conditions for the neutrosophic level sets to be energetic, right stable, and right 
vanished are discussed. Relations between neutrosophic permeable S- and [-values are considered. 


Keywords: (€, €)-neutrosophic subalgebra; (€, €)-neutrosophic ideal; neutrosophic (anti-)permeable 
S-value; neutrosophic (anti-)permeable I-value; S-energetic set; J-energetic set 


1. Introduction 


The notion of neutrosophic set (NS) theory developed by Smarandache (see [1,2]) is a more general 
platform that extends the concepts of classic and fuzzy sets, intuitionistic fuzzy sets, and interval-valued 
(intuitionistic) fuzzy sets and that is applied to various parts: pattern recognition, medical diagnosis, 
decision-making problems, and so on (see [3-6]). Smarandache [2] mentioned that a cloud is a NS 
because its borders are ambiguous and because each element (water drop) belongs with a neutrosophic 
probability to the set (e.g., there are types of separated water drops around a compact mass of water 
drops, such that we do not know how to consider them: in or out of the cloud). Additionally, we are 
not sure where the cloud ends nor where it begins, and neither whether some elements are or are not 
in the set. This is why the percentage of indeterminacy is required and the neutrosophic probability 
(using subsets—not numbers—as components) should be used for better modeling: it is a more organic, 
smooth, and particularly accurate estimation. Indeterminacy is the zone of ignorance of a proposition’s 
value, between truth and falsehood. 

Algebraic structures play an important role in mathematics with wide-ranging applications in 
several disciplines such as coding theory, information sciences, computer sciences, control engineering, 
theoretical physics, and so on. NS theory is also applied to several algebraic structures. In particular, 
Jun et al. applied it to BCK/ BCI-algebras (see [7—12]). Jun et al. [8] introduced the notions of energetic 
subsets, right vanished subsets, right stable subsets, and (anti-)permeable values in BCK/BCI-algebras 
and investigated relations between these sets. 

In this paper, we introduce the notions of neutrosophic permeable S-values, neutrosophic 
permeable JI-values, (€, €)-neutrosophic ideals, neutrosophic anti-permeable S-values, 
and neutrosophic anti-permeable I-values, which are motivated by the idea of subalgebras 
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(i.e., S-values) and ideals (i.e., -values), and investigate their properties. We consider characterizations 
of (€, €)-neutrosophic ideals. We discuss conditions for the lower (upper) neutrosophic €-subsets to 
be S- and I-energetic. We provide conditions for a triple («, B, y) of numbers to be a neutrosophic 
(anti-)permeable S- or I-value. We consider conditions for the upper (lower) neutrosophic €@-subsets to 
be right stable (right vanished) subsets. We establish relations between neutrosophic (anti-)permeable 
S- and I-values. 


2. Preliminaries 

An algebra (X; *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions: 
(Il) (Vx,y,z © X) (((x *y) * (x *z)) * (z xy) =0); 
(I) (Vx,y € X) ((x* (x*y)) xy =0); 


( 
(MI) (Vx € X) (x*x =0); 
UV) Waves) GeyH=Oyece0S 5 =): 


If a BCI-algebra X satisfies the following identity: 
(V) (Vx € X)(0*x=0), 
then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions: 


(Vx € X)(xx0=x), (1) 
(Vx,y,z€ X)(x<y > x¥zZ< yz, zey <Zzx*xX), (2) 
(Vx,y,z € X)((x*xy)*z = (x*z)*y), (3) 
(Vx,y,z € X) ((x*z) * (y*z) < xy), (4) 


where x < y if and only if x xy = 0. A nonempty subset S of a BCK/BCI-algebra X is called a 
subalgebra of X if x «xy € S for all x,y € S. A subset I of a BCK/BCI-algebra X is called an ideal of X if 
it satisfies the following: 


OE, (5) 
Vayexrx)aeyeLyeioxed. (6) 


We refer the reader to the books [13] and [14] for further information regarding 
BCK/BCI-algebras. 
For any family {a; | i € A} of real numbers, we define 


\V {a; |i € A} = sup{a; |i € A} 
and 
/\{ai | i € A} = inf{a; | i € A}. 
If A = {1,2}, we also use a V az and a; A ap instead of \/{a; |i € {1,2}} and A{a; |i € {1,2}}, 
respectively. 
We let X be a nonempty set. A NS in X (see [1]) is a structure of the form 


A:= {(x;Ar(x), Ar(x), Ar(x)) | x © X}, 


where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an indeterminate membership 
function, and Ar : X — [0,1] is a false membership function. For the sake of simplicity, we use the 
symbol A= (Ar, Al, Af) for the NS 


A := {(x;Ar(x), A1(x), Ag(x)) | x © X}. 
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A subset A of a BCK/BCI-algebra X is said to be S-energetic (see [8]) if it satisfies 
(Vx,yeE X)(xxyEA => {x,y} N AFD). (7) 
A subset A of a BCK/BCI-algebra X is said to be I-energetic (see [8]) if it satisfies 
(Vx,yEX) (YEA => {x,y*xx}NA FQ). (8) 
A subset A of a BCK/BCI-algebra X is said to be right vanished (see [8]) if it satisfies 
(Vx,yE X)(xexyEA > xEA). (9) 


A subset A of a BCK/BCI-algebra X is said to be right stable (see [8]) if A* X := {axx |] ae 
A,x EX} CA. 
3. Neutrosophic Permeable Values 


GivenaNS A = (Ar, Ay, Af) ina set X,a, B € (0,1] and y € [0,1), we consider the following sets: 


(A;w)* = {x €X| Ar(x) > a}, 

Ur (A; B) = {x € X | Ar(x) = B}, UF (A; B)* = {x € X | Ar(x) > Bh, 
Y (A;y)" = {x € X | Ar(x) < 7}, 

A;«)* ={xe X| Ar(x) < a}, 
A; B)* = {x € X | Ay(x) < B}, 
A;y)" = {x € X | Ar(x) > 7}. 


7X 


We say US (A; a), UF (A; B), and Us (A; 7) are upper neutrosophic €@-subsets of X, and L5(A;«), 
L* (A; B), and L5 (A; 7) are lower neutrosophic €@-subsets of X, where ® € {T,1,F}. We say UF(A;«)*, 
UF (A; B)*, and Us (A;7)* are strong upper neutrosophic €q-subsets of X, and L7(A;a)*, LF (A; B)*, 
and L&(A;7)* are strong lower neutrosophic €@-subsets of X, where ® € {T, I, F}. 


Definition 1 ([7])} A NS A = (Ar, Ay, Ag) in a BCK/BCI-algebra X is called an (€, €)- 
neutrosophic subalgebra of X if the following assertions are valid: 


x €UF(Ajax), y € UR(A;ay) > x¥y €UF(As ax A ay), 
x € Up (A; Bx), y © Up (A; By) = x*y © UP (A; Bx A By), (10) 
x € Us (A; Ix), ¥ € Up (Ary) > x¥y € Ub (AsYx V Vy), 


for all x,y € X, ox, Xy, Bx, By € (0,1) and Yx, Vy € (0,1). 


Lemma 1 ([7]). A NS A = (Ar, Ay, Af) ina BCK/BCI-algebra X is an (€, €)-neutrosophic subalgebra of 
X if and only if A = (Ar, Aj, Af) satisfies 


Ar(x*y) > Ar(x) A Arly) 
(vx,y EX) | Ar(x*xy) > Ar(x) A Ar(y) ‘ (11) 
Ar(x*y) < Ag(x) V Ag(y) 


Proposition 1. Every (€, €)-neutrosophic subalgebra A = (Ar, Aj, Af) of a BCK/BCI-algebra X satisfies 


(Vx € X) (Ar(0) 2 Ar(x), Ar(0) 2 Ar(x), Ar(O) < Ar(x)). (12) 
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Proof. Straightforward. 


Theorem 1. If A = (A7z, Ay, Af) is an (€, €)-neutrosophic subalgebra of a BCK/BCI-algebra X, then the 
lower neutrosophic €@-subsets of X are S-energetic subsets of X, where ® € {T, I, F}. 


Proof. Let x,y € X and a € (0,1] be such that x « y € L7(A;a). Then 

a> Ar(x*y) > Ar(x) AAr(y), 
and thus A7(x) < @ or Ar(y) < a; that is, x € L5(A;«) or y € L¢(A;a). Thus {x,y} NLE(A;a) 4 ©. 
Therefore L5 (A; «) is an S-energetic subset of X. Similarly, we can verify that LF (A; B) is an S-energetic 
subset of X. We let x,y € X and y € [0,1) be such that x + y € LF (A; 7). Then 

y < Ag(x*y) < Ar(x) V Ag(y). 


It follows that Ar(x) > y or Ag(y) > 7; that is, x € LE(A; 7) or y € L5(A;7). Hence {x,y} 
L(A; 7) # @, and therefore LF (A; 7) is an S-energetic subset of X. 


Corollary 1. If A = (Az, Ay, Af) is an (€, €)-neutrosophic subalgebra of a BCK/ BCI-algebra X, then the 
strong lower neutrosophic €@-subsets of X are S-energetic subsets of X, where ® € {T, I, F}. 


Proof. Straightforward. 


The converse of Theorem 1 is not true, as seen in the following example. 


Example 1. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation * that is given in Table 1 
(see [14]). 


“on 


Table 1. Cayley table for the binary operation “*”. 


PwWNrF CO] * 
PwWNr O]O 
PNrFR COs 
rPrROoOCOIN 
rPooCcoow 
CONF OOF 


Let A = (Ar, Ay, Az) be a NS in X that is given in Table 2. 


Table 2. Tabulation representation of A = (Ar, Ay, Af). 


xX Ar(x) A(x) Ar(x) 
0 0.6 0.8 0.2 
1 0.4 0.5 0.7 
2 0.4 0.5 0.6 
3 0.4 0.5 0.5 
4 0.7 0.8 0.2 


ifn € (0.4/0.6), 6 € (0.5.0.8), and y € (0.2,0.5], then Le(A;a) = {1,2,3}, LF(A:B) = {1,2,3}, 
and L&(A;7) = {1,2,3} are S-energetic subsets of X. Because 


Ar(4*4) _ Ar(0) = 0.6 Zz 0.7 = Ar(4) A Ar(4) 
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and/or 
Ap(3 *2) = Ar(1) = 0.7 £ 0.6 = Af(3) V Az(2), 
it follows from Lemma 1 that A = (Ar, Ay, Af) is not an (€, €)-neutrosophic subalgebra of X. 


Definition 2. Let A = (Ar, Ar, Az) be a NS in a BCK/BCI-algebra X and (a, B,y) € Ar x Ar x Ag, 
where Ar, Aj, and Ag are subsets of [0,1]. Then (a, B,7) is called a neutrosophic permeable S-value for 
A = (Ar, Ay, Af) if the following assertion is valid: 


x*xy CUF(A;a) > Ar(x)VAr(y) > 4, 
(Vx,yeX) | x*y CUF(A;B) > Ar(x)V Ary) = B, (13) 
xey €US(A;y) => Ar(x) AAr(y) <7 


Example 2. Let X = {0,1,2,3,4} bea set with the binary operation * that is given in Table 3. 


“ow 


Table 3. Cayley table for the binary operation “*”. 


mwoNF OC] * 
PwONF OO 
BwON OC OC} 
Bw Or OC|N 
BPoONr O|W 
CoWNOCO OF 


Then (X, *,0) is a BCK-algebra (see [14]). Let A = (Ar, Aj, Ag) bea NS in X that is given in Table 4. 


Table 4. Tabulation representation of A = (Ar, Ay, Ar). 


xX Ar(x) A] (x) Ar(x) 
0 0.2 0.3 0.7 
1 0.6 0.4 0.6 
2 0.5 0.3 0.4 
3 0.4 0.8 0.5 
4 0.7 0.6 0.2 


It is routine to verify that (a, B,y) € (0,2,1] x (0.3,1] x [0,0.7) is a neutrosophic permeable S-value for 
A= (Ar, AL, Ag}, 


Theorem 2. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x Ay X Ag, 
where Ar, Az, and Af are subsets of [0,1]. If A = (Ar, Az, Af) satisfies the following condition: 


Ar(x*y) < Ar(x) V Arty) 
(Vx,y eX) | Ar(x*xy) < Ar(x) V Ar(y) ; (14) 
Ag(x*y) = Ag(x) A Ar(y) 


then (x, B, y) is a neutrosophic permeable S-value for A = (Ar, Aj, Af). 
Proof. Let x,y € X be such that x * y € UF(A;a). Then 


a<Ar(x*y) < Ar(x) V Ar(y). 
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Similarly, if x * y € UF (A; B) for x,y € X, then A;(x) V A;(y) => B. Now, let a,b € X be such that 
a*xb € Us(A;7). Then 


y= Ag(a *b) > Ag(a) A Arf(b). 


Therefore (a, B, y) is a neutrosophic permeable S-value for A = (Ar, Ay, Ar). 


Theorem 3. Let A = (Ar, A1, Ap) bea NS ina BCK-algebra X and (a, B,y) € Ar x Ay x Ag, where Ar, 
Ay, and Ag are subsets of [0,1]. If A = (Ar, Ay, Af) satisfies the following conditions: 


(Vx € X) (Ar(0) < Ar(x),A1(0) < Ar(x), Ar(O) = Ar(x)) (15) 


and 


Ar(x) < Ar(x*y) V Arly) 
(Vx,y € X) Ar(x) Ar(x xy) V Ar(y) ; (16) 


< 
Ag(x) > Ag(x*y) A Ag(y) 


then (x, B, y) is a neutrosophic permeable S-value for A = (Ar, Aj, Af). 
Proof. Let x,y,a,b,u,v € X be such that x * y € UF(A;a),a*b € UF(A;B), and u*v € Us(A;7). Then 


a<Ar(xxy) < Ar((x*y) *x) V Ar(x) 
= Ap ((x*x) *y) V A(x) = Ar(0#y) V Ar(x) 
= Ar(0) V Ar(x) = Ar(x), 
B<Ar(axb) < Ay((a*b) *a) V Aj(a) 
= Ar((a*a) *b) V Ay(a) = Az(0*b) V Az(a) 
= A(0) V Ar(@) = Ar(a), 


and 
y > Ag(uxv) > Ap((uxv) xu) A Ap(u) 


= Ap((u*u) *v) A Ag(u) = Ag(0*v) A Ag(v) 
= Ar(0) A Ag(v) = Ag(v) 


by Equations (3), (V), (15), and (16). It follows that 


Ar(x) V Ar(y) = Ar(x) > 4, 
A;(a) V Aj(b) = Az(a) = B, 
Ag(u) \ Ag(v) < Ar(u) < 7. 


Therefore (a, B, y) is a neutrosophic permeable S-value for A = (Ar, Ay, Ar). 


Theorem 4. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ay X Ag, 
where Ar, A;,and Ag are subsets of [0,1]. If (a, B, y) is a neutrosophic permeable S-value for A = (Ar, At, 
Af), then upper neutrosophic €@-subsets of X are S-energetic where ® € {T, I, F}. 
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Proof. Let x,y,a,b,u,v € X be such that x xy € UF(A;a),a*b € UF(A;B), and u*v € UF(A;7). 
Using Equation (13), we have Ar(x) V Ar(y) > a, Ay(a) V A;(b) > B, and Ag(u) A Ag(v) < ¥ 
It follows that 

Ar(x) > aor Ar(y) > a, that is, x € UF (A;«) or y € UF(A;a); 

Aj(a) > Bor Ay(b) > B, that is,a € UF (A; B) or b € UF (A; B); 


and 
Ag(u) < yor Ag(v) < 7, that is, u € Uf (A; 7) or v € Us (A;7). 


Hence {x,y} NUE(A;a) A @, {a,b} NUF(A;B) FA @, and {u,v} NUF(A;y) F @. 
Therefore UF (A; «), ue (A; B), and ue (A; 7) are S-energetic subsets of X. 


Definition 3. Let A = (Ar, Ay, Ag) bea NS in a BCK/BCI-algebra X and (a,B,y) € Ar x Ay X Ag, 
where Ar, Az, and Af are subsets of [0,1]. Then (a, B,y) is called a neutrosophic anti-permeable S-value for 
A = (Ar, Az, Ag) if the following assertion is valid: 


xxy €LS(A;a) > Ar(x)AAr(y) <a, 
(Vx,y EX) | x*xy ELF(A;B) > Ar(x) NAY) SB, |- (17) 
xey €LE(A;y) => Ag(x) VArly) > 7 


Example 3. Let X = {0,1,2,3,4} bea set with the binary operation * that is given in Table 5. 


“on 


Table 5. Cayley table for the binary operation “*”. 


RWONFO « 
RoONF OO 
RwOROC- 
RwWOOOdCN 
RONROlW 
oCoNCoOO, 


Then (X, *,0) is a BCK-algebra (see [14]). Let A = (Ar, Aj, Ag) bea NS in X that is given in Table 6. 


Table 6. Tabulation representation of A = (Ar, Az, Ar). 


xX Ar(x) AI (x) Ar(x) 
0 0.7 0.6 0.4 
1 0.4 0.5 0.6 
2 0.4 0.5 0.6 
3 0.5 0.2 0.7 
4 0.3 0.3 0.9 


It is routine to verify that («, B, vy) € (0.3,1] x (0.2, 1] x [0,0.9) is a neutrosophic anti-permeable S-value 
for A= (Ar, AL, Af). 


Theorem 5. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x Ay X Ag, 


where Ar, Ay, and Ag are subsets of [0,1]. If A = (Ar, Ay, Af) is an (€, €)-neutrosophic subalgebra of X, 
then («, B, y) is a neutrosophic anti-permeable S-value for A = (At, Aj, Af). 
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Proof. Let x,y,a,b,u,v € X be such that x * y € LE(A;a),a*b € LF(A;B), and u*v € LE(A;7). 
Using Lemma 1, we have 


Ar(x) A Ar(y) < Ar(x*y) <4, 
Ay(a) A A;(b) <A r(a*b) <6 
Ar(u) V Af(v) > Ap(uxo) > 7, 


and thus (a, 6, 7) is a neutrosophic anti-permeable S-value for A = (Ar, A], Ap). 


Theorem 6. Let A = (Ar, Aj, Ag) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x A; X Ag, 
where Ar, Az, and Arg are subsets of [0,1]. If (a, B, y) is a neutrosophic anti-permeable S-value for A = (Ar, 
A,, Ag), then lower neutrosophic €@-subsets of X are S-energetic where ® € {T, I, F}. 


Proof. Let x,y,a,b,u,v € X be such that x *y € L&(A;a),a*b € LF(A;B), and uxv € L5(A;7). 
Using Equation (17), we have Ar(x) \ Ar(y) < a, Ay(a) \ Ay(b) < B, and Ag(u) V Ag(v) > 7, 
which imply that 

Ar(x) < wor Ar(y) < a, that is, x € LF(A;a) or y € LF(A; a); 

A1(a) < Bor A;(b) < B, that is, a € LF (A;B) or b € LF (A; 8); 


and 
Ag(u) > yor Ag(v) > 7, that is, u € L(A; 7) or v € LE(A;7). 


Hence {x,y} MLF(A;a) # @, {a,b} NLF(A;B) FA @, and {u,v} NLE(A;y) F# @. 
Therefore LF (A;«), LF (A; B), and L5(A;7) are S-energetic subsets of X. 


Definition 4. A NS A = (Ar7, Ay, Af) ina BCK/BCI-algebra X is called an (€, €)- neutrosophic ideal of 
X if the following assertions are valid: 


x €UF(A;a) > 0€ UF(A;a) 


(vx EX) | xe UF(A;B) > OE UF(A;B) |, (18) 
xe UR(Ary) => 06 USA) 
xxy €UF(A;ax), y € UF(Aj;ay) > x © UF (Ajax Nay) 
(Vx,y eX) | x*y €CUF(A; Bx), y € UF (A; By) > x © UF(A; Bx A By) |, (19) 
xy €UE(A; x), y € US(A; Vy) > x € Us(AsYx V Vy) 


for all x, B, ex, Xy, Bx, By € (0,1) and 7, ¥x, Vy € [0,1). 


Theorem 7. A NS A = (Az, A], Ag) ina BCK/BCI-algebra X is an (€, €)-neutrosophic ideal of X if and 
only if A = (Art, At, Ag) satisfies 


Ar(0) > Ar(x) = Ar(x*y) A Ar(y) 
(Vx,y © X) | Az(0) > Ar(x) > Ar(x xy) A Ar(y) , (20) 
Ar(0) < Ag(x) < Ap(x *y) V Az(y) 


Proof. Assume that Equation (20) is valid, and let x € UF(A;a),a € UF(A;B), and u € Us(A;7) 
for any x,a,u € X,a,B € (0,1) and y € (0,1). Then Ar(0) > Ar(x) >a, A;(0) > A;(a) > B, 
and Af(0) < Ar(u) < y. Hence 0 € UF(A;«a), 0 € UF(A;B), and 0 € U§(A;7), and thus 
Equation (18) is valid. Let x,y,a,b,u,v € X be such that x*y € UF(A;ax), y € UF(A;ay), 
axb € UF(A; Ba), b € UF (A; Bp), ux v © Us (A; Yu), and v € UF(A; 70) for all ax, Hy, Ba, By € (0,1) 
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and Yu,Yv € [0,1). Then Ar(x *y) > ax, Ar(y) > ay, Ar(a*b) > Ba, Ar(b) > By, Ar(u*v) < Yu, 
and Ar(v) < 7. It follows from Equation (20) that 


Ar(x) = Ar(x*y) AAT(Y) = ax A by, 
Aj(a) = Ay(a*b) A Aj(b) = Ba Bo, 
Ap(u) < Ag(u*v)V Ag(v) < WV Yo: 


Hence x € UF (A; ax Ady), a © UF (A; Ba A By), and u € UE (A; Yu V Yo). Therefore A = (Ar, Ay, 
Af) is an (€, €)-neutrosophic ideal of X. 

Conversely, let A = (Ar, Al, Af) be an (€, €)-neutrosophic ideal of X. If there exists x9 € X 
such that Ar(0) < Ar(xo), then x9 € UF(A;a) and 0 ¢ UF(A;«), where a = Ar(xq). This is a 
contradiction, and thus A7(0) > Ar(x) for all x € X. Assume that Ar(xo) < Ar(xo * yo) A Ar(yo) for 
some X9, Yo € X. Taking # := Ar(xo * yo) \ Ar(yo) implies that xo * yo € UF (A;«) and yo € UF (A; 4a); 
but x9 ¢ UF(A;a). This is a contradiction, and thus Ar(x) > Ar(x*y) A Ar(y) for all x,y € X. 
Similarly, we can verify that A;(0) > Aj;(x) > A;(x*y) A A;(y) for all x,y € X. Now, suppose 
that Af(0) > Ar(a) for some a € X. Thena € Us (A;7) and 0 ¢ UF (A;7) by taking y = Ar(a). 
This is impossible, and thus Afg(0) < Ag(x) for all x € X. Suppose there exist ag,byp € X such 
that Ar(a9) > Ar(ao * bo) V Ar(bo), and take y := Ap(ag * bg) V Ar(bo). Then ag * bp € UF (A;7), 
bo € Us (A; 7), and ap ¢ Us (A; 7), which is a contradiction. Thus Ar(x) < Af(x *y) V Ar(y) for all 
x,y € X. Therefore A = (Ar, Aj, Af) satisfies Equation (20). 


Lemma 2. Every (€, €)-neutrosophic ideal A = (Ar, Aj, Af) of a BCK/BCI-algebra X satisfies 
(Vx,y € X) (x Sy = Ar(x) 2 Ary), Ar(x) 2 Arly), Ar(x) S Ar(y))- (21) 
Proof. Let x,y € X be such that x < y. Then x * y = 0, and thus 


Ar(x) = Ar(x*y) AAr(y) = Ar(0) AAr(y) = Arty), 
Aj(x) = Ay(x*y) A Ary) = Az(0) A Ar(y) = Ally), 
Ag(x) < Ar(x*y) V Ar(y) = Ar(0) V Ar(y) = Ar(y), 


by Equation (20). This completes the proof. 


Theorem 8. A NS A = (Az, Ay, Af) ina BCK-algebra X is an (€, €)-neutrosophic ideal of X if and only if 
A = (Ar, Ar, Ag) satisfies 


Ar(x) 2 Ar(y) A Ar(z) 
(Vx,y,zEX)| xxy<z=>q Arz(x) > Ar(y) A Ar(z) (22) 
Ar(x) S Ar(y) V Ar(z) 


Proof. Let A = (Ar, Aj, Af) be an (€, €)-neutrosophic ideal of X, and let x,y,z € X be such that 
x*y <z. Using Theorem 7 and Lemma 2, we have 


Ar(x) = Ar(x*y) AAr(y) = Arly) A Ar(z), 
1(x) = Ar(x*y) A Ary) = Ar(y) A Ar(2), 


A 
Ar(x) S Ar(x*y) V Ary) < Ar(y) V Ar(z). 


287 


Florentin Smarandache (author and editor) Collected Papers, IX 


Conversely, assume that A = (Ar, A;, Af) satisfies Equation (22). Because 0 * x < x forall x € X, 
it follows from Equation (22) that 


Ar(0) > Ar(x) A Ar(x) = Ar(x), 
A;(0) > Ayt(x) A A(x) = Aj(x), 
Ar(0) < Ar(x) V Ar(x) = Ar(x), 


for all x € X. Because x * (x * y) < y for all x,y € X, we have 


Ar(x) > Ar(x*y) AArly), 
Aj(x) = Ar(x *y) AN Arly), 
Af(x) < Ar(x*y) V AF(y), 


for all x,y € X by Equation (22). It follows from Theorem 7 that A = (Az, Ay, Af) is an 
(€, €)-neutrosophic ideal of X. 


Theorem 9. If A = (Ar7, Az, Af) is an (€, €)-neutrosophic ideal of a BCK / BCI-algebra X, then the lower 
neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, 1, F}. 


Proof. Let x,a,u € X,a,B € (0,1], and y € [0,1) be such that x € L5(A;«), a € LF(A;8), 
and u € L&(A;7). Using Theorem 7, we have 


> Ar(x*y) A Arly), 
B > Aj(a) 2 Ai(a*b) A Aj(b), 
y < Ap(u) < Af(u*v) V Af(v), 


for all y,b,v € X. It follows that 


Ar(x*y) < aor Ar(y) < a, that is, x « y € L(A;a) or y € LF(A;a); 
A;(a*xb) < Bor A;(b) < B, thatis, a*b € L(A; B) or b € LF(A; 8); 


and 
Ap(uxv) > yor Ap(v) > 7, that is, ux 0 € LE(A;7) or v € LF(A;7). 


Hence {y,x * y} NL5(A;a), {b,a * b} NL5(A;B), and {v,u * v} NM LE(A;7) are nonempty, 
and therefore L5(A;«), LF (A; B) and Lf (A; 7) are I-energetic subsets of X. 


Corollary 2. If A = (Ar, A, Af) is an (€, €)-neutrosophic ideal of a BCK/BCI-algebra X, then the strong 
lower neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, I, F}. 


Proof. Straightforward. 


Theorem 10. Let (a, B,y) € Ar x Ay x Ag, where Ar, Ay, and Ag are subsets of [0,1]. If A = (Ar, Ar, 
Af) isan (€, €)-neutrosophic ideal of a BCK-algebra X, then 


(1) the (strong) upper neutrosophic €-subsets of X are right stable where ® € {T, 1, F}; 
(2) the (strong) lower neutrosophic €-subsets of X are right vanished where ® € {T, I, F}. 


Proof. (1) Let x € X,a € UF(A;a), b € UF(A;B), and c € Us(A;7). Then Ar(a) > a, Ay(b) > B, 
and Ar(c) < y. Becausea*xx <a,b*x < b,andcx*x < c, it follows from Lemma 2 that Ar(a * 
x) > Ar(a) > a, Ay(b*xx) > A;(b) > B, and Ap(c*x) < Ag(c) < 7; that is, a*x € Un Ay); 
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bxx € UF(A;B),andc*x € Us (A;7). Hence the upper neutrosophic €g-subsets of X are right stable 
where ® € {T, I, F}. Similarly, the strong upper neutrosophic €g-subsets of X are right stable where 
®e{T, LF}. 

(2) Assume that x * y € L5(A;«),a*b € L5(A;B),andc*d € LE (A;7) for any x,y,a,b,c,d € X. 
Then Ar(x*y) < a, Ay(axb) < B, and Ag(cxd) > y. Because x*xy < x, a*xb < a, 
and c*d < c, it follows from Lemma 2 that a > Ar(x*y) > Ar(x), B > Ar(a*b) > Aj(a), 
and y < Ag(c*d) < Ar(c); thatis, x € LF(A;«),a € LF (A; B),andc € L5(A;7). Therefore the lower 
neutrosophic €@-subsets of X are right vanished where ® € {T,I,F}. Ina similar way, we know that 
the strong lower neutrosophic €g-subsets of X are right vanished where ® € {T, I, F}. 


Definition 5. Let A = (Ar, Aj, Ar) bea NS in a BCK/BCI-algebra X and (a,B,y) € Ar x Ar x Ag, 
where Ar, Az, and Ar are subsets of [0,1]. Then (a,B,7) is called a neutrosophic permeable I-value for 
A = (Ar, Ay, Af) if the following assertion is valid: 


x €UE(A;a) > Ar(x*y)VAr(y) > 4, 
(Vx,y eX) | x CUF(A;B) > Ar(x*y)VA(y)>B, |. (23) 
x €US(A;y) > Agr(x*y)AAr(y) < 


Example 4. (1) In Example 2, («, B, y) is a neutrosophic permeable I-value for A = (Ar, Aj, Af). 
(2) Consider a BCI-algebra X = {0,1,a,b,c} with the binary operation * that is given in Table 7 (see [14]). 


“on 


Table 7. Cayley table for the binary operation “*”. 


a Faro * 
a rFrarolo 
o Fa COF 
SFaon ala 
aonocos#y 
Ona Fan ata 


Let A = (Art, Aj, Af) be a NS in X that is given in Table 8. 


Table 8. Tabulation representation of A = (Ar, Ay, Af). 


xX Ar(x) A1(x) Ar(x) 
0 0.33 0.38 0.77 
1 0.44 0.48 0.66 
a 0.55 0.68 0.44 
b 0.66 0.58 0.44 
Cc 0.66 0.68 0.55 


It is routine to check that (x, B,y) € (0.33, 1] x (0.38, 1] x [0,0.77) is a neutrosophic permeable I-value 
for A= (Ar, Al, Arf). 


Lemma 3. Ifa NS A = (Ar, Aj, Af) ina BCK/BCI-algebra X satisfies the condition of Equation (14), then 


(Wx € X) (Ar(0) < Ar(x), Ar(0) < Ar(x), Ar(O) > Ar(x))- (24) 


Proof. Straightforward. 


Theorem 11. Ifa NS A = (Az, Ay, Ag) in a BCK-algebra X satisfies the condition of Equation (14), 
then every neutrosophic permeable I-value for A = (Ar, Aj, Af) is a neutrosophic permeable S-value for 
A = (Ar, Ay Ap). 
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Proof. Let (a, 6, y) be a neutrosophic permeable I-value for A = (Ar, Ay, Af). Let x,y,a,b,u,v € X 
be such that x * y € UF(A;«),a*b € UF(A;B), and u*v € Us (A;7). It follows from Equations (23), 
(3), (II), and (V) and Lemma 3 that 


a < Ag((x«y) * x) V Ar(x) = Ar((x*x) #y) V Ar(x) 
= Ar(0 *y) V Ar(x) = Ar(0) V Ar(x) = Ar(x), 
B < Aj((a*b) *a) V Aj(a) = Aj((a* a) * b) V Az(a) 


= A,(0 * b) V Aj(a) = A;(0) V Ay;(a) = Ay(a), 


and 
y > Ag((uxv) xu) A Ap(u) = Ap((uxu) *v) A Ap(u) 
= Ar(0 *v) A Ap(u) = Ap(0) A Ar(u) = Ar(u). 


Hence Ar(x) V Ar(y) = Ar(x) = X, Ay;(a) V Ay(b) e Ay,(a) = Bb, 
and Ar(u) \ Ar(v) < Af(u) < y. Therefore (a,f,7) is a neutrosophic permeable S-value for 
A = (Ar, Ar, Ag). 


Given a NS A = (Ar, Aj, Af) ina BCK/BCI-algebra X, any upper neutrosophic €g-subsets of 
X may not be I-energetic where ® € {T, I, F}, as seen in the following example. 


Example 5. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation « that is given in Table 9 
(see [14]). 


“on 


Table 9. Cayley table for the binary operation “*”. 


mPwONF COC! * 
mwWNF CO] oO 
NRPrRP OCS 
rPrROoOCOIN 
NOrRCCOW 
ooo 0 OC] + 


Let A = (At, Ar, Ag) be a NS in X that is given in Table 10. 


Table 10. Tabulation representation of A = (Ar, Ay, Ar). 


xX Ar(x) A1(x) Ar(x) 
0 0.75 0.73 0.34 
1 0.53 0.45 0.58 
2 0.67 0.86 0.34 
3 0.53 0.56 0.58 
4 0.46 0.56 0.66 


Then UF(A;0.6) = {0,2}, UF (A;0.7) = {0,2}, and UZ(A;0.4) = {0,2}. Because 2 € {0,2} and 
{1,2* 1} {0,2} = ©, we know that {0,2} is not an I-energetic subset of X. 


We now provide conditions for the upper neutrosophic €@-subsets to be I-energetic where 
® € {T,1,F}. 


Theorem 12. Let A = (Ar, Ay, Ag) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay x Ag, 
where Ar, A;,and Ag are subsets of [0,1]. If («, B, 7) is a neutrosophic permeable I-value for A = (Ar, Ar, 
Af), then the upper neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T,I,F}. 
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Proof. Let x,a,u € X and (a,B,y) € Ar x A; x Ag, where Ar, Ay, and Af are subsets of [0,1] such 
that x € UF(A;a),a € UF(A;B), and u € Us(A;7). Because (a, B, 7) is a neutrosophic permeable 
I-value for A = (Ar, Aj, Af), it follows from Equation (23) that 


Ar(x*y) VAr(y) > a, Ay(a*b) V Ay(b) > B,and Ap(ux*xv) A Ag(v) < 
for all y,b,v € X. Hence 
Ar(x*y) > aor Ar(y) > a, that is, x * y € UF(A;«@) or y € UF(A;Q); 
A;(a*b) > Bor A;(b) > B, that is, a * b € UF (A;B) or b € UF (A; 8B); 


and 
Ar(ux*v) < yor Ag(v) < 7, that is, u* v € Us(A;7) or v € Up (A;7). 


Hence {y,x * y} OU5(A;a), {b,a * b} NUF(A;B), and {v,u * v} N Us(A;7) are nonempty, 
and therefore the upper neutrosophic €@-subsets of X are I-energetic subsets of X where 
@Pe{l,1Fh. 


Theorem 13. Let A = (Az, Aj, Af) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay x Ag, 
where Ar, Ay, and Ag are subsets of {0,1]. If A = (Ar, Ay, Af) satisfies the following condition: 


Ar(x) < Ar(x*y) V Ar(y) 
(Vx,yEX) | A(x) < Ar(xxy)VALy) |, (25) 
Ag(x) > Ar(x*y) A Ag(y) 


Proof. Let x,a,u € X and (a, B,y) € Ar x A; x Ag, where Ar, Ay, and Az are subsets of [0,1] such 
that x € UF(A;a),a € UF (A;B), and u € UF (A; 7). Using Equation (25), we obtain 


a < A(x) < Ar(x*y) V Ary), 
B < Aj(a) < Aj(a*b) V Aj(b), 
y = Ag(u) = Ag(u*v) A Af(v), 


for all y,b,v € X. Therefore (a, 6, y) is a neutrosophic permeable I-value for A = (Ar, Ay, Ap). 


= 
2 


Combining Theorems 12 and 13, we have the following corollary. 


Corollary 3. Let A = (Ar, Ay, Ar) bea NS in a BCK/BClI-algebra X and («,B,y) € Ar x Ay x Ag, 
where Ar, A,, and Ag are subsets of [0,1]. If A = (Ar, Ay, Ag) satisfies the condition of Equation (25), 
then the upper neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, I, F}. 


Definition 6. Let A = (Ar, Aj, Ar) bea NS in a BCK/BCI-algebra X and (a,B,y) € Ar x Ar x Ag, 
where Ar, A;,and Ar are subsets of {0,1]. Then («, B, 7) is called a neutrosophic anti-permeable I-value for 
A = (Az, Ay, Af) if the following assertion is valid: 


x ELF(A;a) > Ar(x*y)AAr(y) <a, 
(Vx,y © X)| x ELF(A;B) > Ar(xxy)AAr(y) <B, |. (26) 
x ELE(A;y) => Ag(x*y) VArly) > 7 
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Theorem 14. Let A = (Ar, Ay, Ag) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x Ay X Ag, 
where Ar, A,, and Ag are subsets of [0,1]. If A = (Ar, Ay, Ag) satisfies the condition of Equation (19), 
then («, B, y) is a neutrosophic anti-permeable I-value for A = (Ar, Aj, Ar). 


Proof. Let x,a,u € X be such that x € L5(A;«),a € LF (A; B), and u € L5(A;7). Then 


Ar(x*xy) AAr(y) < Ar(x) < @, 
Aj(axb) A Aj(b) < Arla) <B, 

Ag(uxv)V Ag(v) > Ag(u) > 7, 

for all y,b,v € X by Equation (20). Hence (a, 6,7) is a neutrosophic anti-permeable I-value for 
A= (Ar, AL, Ap). 


Theorem 15. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ay x Ag, 
where Ar, Az, and Ag are subsets of {0,1]. If («, B, y) is a neutrosophic anti-permeable I-value for A = (Ar, 
A,, Af), then the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, 1, F}. 


Proof. Let x € L7(A;a),a € LF(A;B), and u € L5(A;7). Then Ar(x *y) A Ar(y) < «, Ar(a*b) A 
A,(b) < B, and Ag(u*v) V Ag(v) > ¥ for all y,b,v € X by Equation (26). It follows that 


Ar(x*y) < aor Ar(y) < a, that is, x * y € LF(A;a) or y € LF(A;a); 
A;(axb) < Bor A;(b) < B, thatis, a*b € LF (A; B) or b € LF (A; 8); 


and 
Ap(uxv) > yor Ag(v) > 7, that is, ux v € L5(A;7) or v € LE(A;7). 


Hence {y,x * y} ON LF(A;a), {b,a * b} OM LF(A;B) and {v,u * v} NLE(A;7) are nonempty, 
and therefore the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, I, F}. 


Combining Theorems 14 and 15, we obtain the following corollary. 


Corollary 4. Let A = (Az, Ay, Af) be a NS in a BCK/BClI-algebra X and («,B,y) € Ar x A; x Ag, 
where Ar, Ay, and Ar are subsets of {0,1]. If A = (Ar, Ar, Af) satisfies the condition of Equation (19), 
then the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, I, F}. 


Theorem 16. If A = (Ar, A;, Af) is an (€, €)-neutrosophic subalgebra of a BCK-algebra X, then every 
neutrosophic anti-permeable I-value for A = (Ar, Aj, Af) is a neutrosophic anti-permeable S-value for 
A = (Ar, Ar Af). 


Proof. Let (a,f,7) be a neutrosophic anti-permeable I-value for A = (Ar, Aj, Ap). 
Let x, y,a,b,u,v € X be such that x xy € LF(A;a),a*b € LF (A; B), and u*v € L5(A;7). It follows 
from Equations (26), (3), (IID), and (V) and Proposition 1 that 


a> Ar((x*y)*x)AAr(x) = Ar((x* x) xy) A Ar(x) 
= Ar(O*y) A Ar(x) = Ar(0) A Ar(x) = Ar(x), 
B > Ar((a*b) xa) A Ay(a) = Ay((a* a) *b) A Ay(a) 
= Arz(0 * b) /\ Ar(a) = Aj(0) x Ar(a) = Ar(a), 


1 < Ap (uv) #1) V Ap(u) = Ap((uu) «2) V Ap(w) 


= Ag (0 *v)V Af(u) = Af(0) V Af(u) = Af(u). 
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Hence Ar(x) A Ar(y) < Ar(x) < «, Ar(a) \ Ay(b) < Ar(a) < B, and Af(u) V Ag(v) > Ar(u) > +. 
Therefore («, B, y) is a neutrosophic anti-permeable S-value for A = (A7z, Ay, Ap). 


4. Conclusions 


Using the notions of subalgebras and ideals in BCK/BCI-algebras, Jun et al. [8] introduced the 
notions of energetic subsets, right vanished subsets, right stable subsets, and (anti-)permeable values 
in BCK/BCI-algebras, as well as investigated relations between these sets. As a more general platform 
that extends the concepts of classic and fuzzy sets, intuitionistic fuzzy sets, and interval-valued 
(intuitionistic) fuzzy sets, the notion of NS theory has been developed by Smarandache (see [1,2]) and 
has been applied to various parts: pattern recognition, medical diagnosis, decision-making problems, 
and so on (see [3—6]). In this article, we have introduced the notions of neutrosophic permeable S-values, 
neutrosophic permeable I-values, (€, €)-neutrosophic ideals, neutrosophic anti-permeable S-values, 
and neutrosophic anti-permeable I-values, which are motivated by the idea of subalgebras (s-values) 
and ideals (I-values), and have investigated their properties. We have considered characterizations 
of (€, €)-neutrosophic ideals and have discussed conditions for the lower (upper) neutrosophic 
€-subsets to be S- and I-energetic. We have provided conditions for a triple («, 6, y) of numbers to 
be a neutrosophic (anti-)permeable S- or I-value, and have considered conditions for the upper (lower) 
neutrosophic €@-subsets to be right stable (right vanished) subsets. We have established relations 
between neutrosophic (anti-)permeable S- and I-values. 
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Abstract: The new notion of a neutrosophic triplet group (NTG) is proposed by Florentin 
Smarandache; it is a new algebraic structure different from the classical group. The aim of this 
paper is to further expand this new concept and to study its application in related logic algebra 
systems. Some new notions of left (right)-quasi neutrosophic triplet loops and left (right)-quasi 
neutrosophic triplet groups are introduced, and some properties are presented. As a corollary of 
these properties, the following important result are proved: for any commutative neutrosophic 
triplet group, its every element has a unique neutral element. Moreover, some left (right)-quasi 
neutrosophic triplet structures in BE-algebras and generalized BE-algebras (including Cl-algebras and 
pseudo Cl-algebras) are established, and the adjoint semigroups of the BE-algebras and generalized 
BE-algebras are investigated for the first time. 


Keywords: neutrosophic triplet; quasi neutrosophic triplet loop; quasi neutrosophic triplet group; 
BE-algebra; Cl-algebra 


1. Introduction 


The symmetry exists in the real world, and group theory is a mathematical tool for describing 
symmetry. At the same time, in order to describe the generalized symmetry, the concept of group is 
popularized in different ways, for example, the notion of a generalized group is introduced (see [1—-4]). 
Recently, F. Smarandache [5,6] introduced another new algebraic structure, namely: neutrosophic 
triplet group, which comes from the theory of the neutrosophic set (see [7-11]). As a new extension 
of the concept of group, the neutrosophic triplet group has attracted the attention of many scholars, 
and a series of related papers have been published [12-15]. 

On the other hand, in the last twenty years, the non-classical logics, such as various fuzzy logics, 
have made great progress. At the same time, the research on non-classical logic algebras that are 
related to it have also made great achievements [16-26]. As a generalization of BCK-algebra, H.S. Kim 
and Y.H. Kim [27] introduced the notion of BE-algebra. Since then, some scholars have studied ideals 
(filters), congruence relations of BE-algebras, and various special BE-algebras have been proposed, 
these research results are included in the literature [28-31] and monograph [32]. In 2013 and 2016, 
the new notions of pseudo BE-algebra and commutative pseudo BE-algebra were introduced, and some 
new properties were obtained [33,34]. Similar to BCI-algebra as a generalization of BCK-algebra, 
B.L. Meng introduced the concept of Cl-algebra, which is as a generalization of BE-algebra, and studied 
the structures and closed filters of Cl-algebras [35-37]. After that, the Cl-algebras and their related 
algebraic structures (such as Q-algebras, pseudo Q-algebras, pseudo Cl-algebras, and pseudo BCH- 
algebras) have been extensively studied [38-46]. 
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This paper will combine the above two directions to study general neutrosophic triplet structures 
and the relationships between these structures and generalized BE-algebras. On the one hand, 
we introduce various general neutrosophic triplet structures, such as (I-l)-type, (I-r)-type, (r-l)-type, 
(r-r)-type, (I-Ir)-type, (r-lr)-type, (Ir-l)-type, and (Ir-r)-type quasi neutrosophic triplet loops (groups), 
and investigate their basic properties. Moreover, we get an important corollary, namely: that for any 
commutative neutrosophic triplet group, its every element has a unique neutral element. On the other 
hand, we further study the properties of (pseudo) BE-algebras and (pseudo) Cl-algebras, and the 
general neutrosophic triplet structures that are contained in a BE-algebra (Cl-algebra) and pseudo 
BE-algebra (pseudo Cl-algebra). Moreover, for the first time, we introduce the concepts of adjoint 
semigroups of BE-algebras and generalized BE-algebras (including Cl-algebras, pseudo BE-algebras, 
and pseudo Cl-algebras) and discuss some interesting topics. 


2. Basic Concepts 


Definition 1. ([5,6]) Let N be a set together with a binary operation *. Then, N is called a neutrosophic triplet 
set if, for any a€N, there exists a neutral of ‘a’, called neut(a), and an opposite of ‘a’, called anti(a), with neut(a) 
and anti(a), belonging to N, such that: 


a* neut(a) = neut(a) * a =a; 


a* anti(a) = anti(a) * a = neut(a). 


It should be noted that neut(a) and anti(a) may not be unique here for some a€N. We call (a, neut(a), 
and anti(a)) a neutrosophic triplet for the determined neut(a) and anti(a). 


Remark 1. In the original definition, the neutral element is different from the unit element in the traditional 
group theory. The above definition of this paper takes away such restriction, please see the Remark 3 in Ref. [12]. 


Definition 2. ([5,6,13]) Let (N, *) be a neutrosophic triplet set. 


(1) If * is well-defined, that is, for any a, b € N, one has a *b € N. Then, N is called a neutrosophic triplet loop. 

(2) If Nisa neutrosophic triplet loop, and * is associative, that is, (a * b)* c=a* (b* c) for alla, b,c € N. Then, 
N is called a neutrosophic triplet group. 

(3) If Nisa neutrosophic triplet group, and * is commutative, that is, a * b = b * a for alla, b € N. Then, N is 
called a commutative neutrosophic triplet group. 


Definition 3. ([27,35,41,42]) A CL-algebra (dual Q-algebra) is an algebra (X; —, 1) of type (2, 0), satisfying 
the following conditions: 


Gix>x=1, 
(ii)174 x=x, 
(iti) x + (y > z) =y > (x > 2), for all x, y,z € X. 


A Cl-algebra (X; —, 1)is called a BE-algebra, if it satisfies the following axiom: 
(iv) x + 1=1, forall x € X. 
A Cl-algebra (X; —, 1)is called a dual BCH-algebra, if it satisfies the following axiom: 


(vx > y=yox=1>x=y. 


A binary relation < on Cl-algebra (BE-algebra) X, is defined by x < y if, and only if, x > y=1. 
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Definition 4. ([33,43,45]) An algebra (X; —>, ~», 1) of type (2, 2, 0) is called a dual pseudo Q-algebra if, for all 
x,y,z € X, it satisfies the following axioms: 

(dpsQ])x > x=x~x=1, 

(dpsQ2)1 + x=1~Xx=x, 

(dpsQ3) x — (y ~» z) =y ~ (x — Z). 

A dual pseudo Q-algebra X is called a pseudo Cl-algebra, if it satisfies the following condition: 
(psC) x ~>y=18x~~y=1. 

A pseudo Cl-algebra X is called a pseudo BE-algebra, if it satisfies the following condition: 
(psBE)x 4 1=x~1=1, forallx € X. 

A pseudo CL-algebra X is called a pseudo BCH-algebra, if it satisfies the following condition: 
(psBCH) x > y=ywx=1>x=y. 


In a dual pseudo-Q algebra, one can define the following binary relations: 
xS5nyexryalLxecn.ysSxryeal. 
Obviously, a dual pseudo-Q algebra X is a pseudo Cl-algebra if, and only if, <_, = <... 


3. Various Quasi Neutrosophic Triplet Loops (Groups) 


Definition 5. Let N be a set together with a binary operation * (that is, (N, *) be a loop) anda € N. 


(1) Ifexist b,c € N, such thata*b=aanda*c=b, then a is called an NT-element with (r-r)- property; 
(2) Ifexist b,c € N, such thata*b=aandc*a=b, then a is called an NT-element with (r-l)- property; 
(3) If exist b,c € N, such that b *a=aandc*a=b, then a is called an NT-element with (I-l)- property; 
(4) If exist b,c € N, such that b *a=aanda*c=b, thena is called an NT-element with (I-r)- property; 
(5) If exist b,c € N, such thata*b=b*a=aandc*a=b, thena is called an NT-element with (lr-l)-property; 
(6)  Ifexist b,c € N, such thata*b=b*a=aanda*c=b, thena is called an NT-element with (Ir-r)-property; 
(7) If exist b,c € N, such that b*a=aanda*c=c*a=b, thena is called an NT-element with (I-lr)-property; 
(8) Tf exist b,c € N, such thata* b=aanda*c=c*a=b, thenais called an NT-element with (r-lr)-property; 
(9) Ifexist b,c € N, such thata*b=b*a=aanda*c=c*a=b, then a is called an NT-element with 
(Ir-Ir)-property. 


It is easy to verify that, (i) if a is an NT-element with (/-Ir)-property, then a is an NT-element with 
(I-l)-property and (/-r)-property; if a is an NT-element with (/r-l)-property, then a is an NT-element with 
(I-l)-property and (r-l)-property; and so on; (ii) a neutrosophic triplet loop (N, *) is a neutrosophic triplet 
group if, and only if, every element in N is an NT-element with (/r-/r)-property; (iii) if * is commutative, 
then the above properties coincide. Moreover, the following example shows that (r-/)-property and 
(r-r)-property cannot infer to (r-Ir)-property, and (r-r)-property and (I-Ir)-property cannot infer to 
(Ir-lr)-property. 


Example 1. Let N = {a, b, c, d}. The operation * on N is defined as Table 1. Then, (N, *) is a loop, and a is an 
NT-element with (Ir-lr)-property; b is an NT-element with (lr-r)-property; c is an NT-element with (r-l)-property 
and (r-r)-property, but c is not an NT-element with (r-lr)-property; and d is an NT-element with (r-r)-property 
and (I-Ir)-property, but d is not an NT-element with (Ir-Ir)-property. 
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Table 1. Neutrosophic triplet (NT)-elements in a loop. 


x 
a 
im 
a 


nNuaea 
aaaana 
NuQraa 
HE) 
aaansa 


Definition 6. Let (N, *) be a loop (semi-group). If for every element a in N, a is an NT-element with 
(r-r)-property, then (N, *) is called (r-r)-quasi neutrosophic triplet loop (group). Similarly, if for every element 
ain N,ais an NT-element with (r-l)-, (1-l)-, (I-r)-, (Ir-l)-, (Ir-r)-, (1-Ir)-, (r-Ir)-property, then (N, *) is called 
(r-l)-, (I-L)-, (I-r)-, (Ir-l)-, (Ir-r)-, (1-Ir)-, (r-lr)-quasi neutrosophic triplet loop (group), respectively. All of these 
generalized neutrosophic triplet loops (groups) are collectively known as quasi neutrosophic triplet loops (groups). 


Remark 2. For quasi neutrosophic triplet loops (groups), we will use the notations like neutrosophic triplet loops 
(groups), for example, to denote a (r-r)-neutral of ‘a’ by neut,,,)(a), denote a (r-r)-opposite of ‘a’ by antiy,,)(a), 


where ‘a’ is an NT-element with (r-r)-property. If neuti_,)(a) and antiy,,)(a) are not unique, then denote the set 
of all (r-r)-neutral of ‘a’ by {neut;,.)(a)}, denote the set of all (r-r)-opposite of ‘a’ by {anti,.,)(a)}. 


For the loop (N, *) in Example 1, we can verify that (N, *) is a (r-r)-quasi neutrosophic triplet loop, 
and we have the following: 


neut(y,)(a) =4, anticy»)(a) = 4; neuty,(b) =c, {anti(»(b)} = {a, d}; 


neut y»)(C) = a, antip.»)(c) = d; neut’y-(d) = b, antiy.,(d) = c. 


Theorem 1. [f (N, *) is a (I-Ir)-quasi neutrosophic triplet group, then (N, *) is a neutrosophic triplet group. 
Moreover, if (N, *) is a (r-Ir)-quasi neutrosophic triplet group, then (N, *) is a neutrosophic triplet group. 


Proof. Suppose that (N, *) is a (/-/r)-quasi neutrosophic triplet group. For any a € N, by Definitions 5 
and 6, we have the following: 


neut (jy) (a) * a = a, antiq.jy(a) * a = a * antic) (a) = neut (1) (a). 


Here, neut(-iy(a) © {neut¢.j(a)}, antiiy(a) © {antic1)(a)}. Applying associative law we get 
the following: 


a* neut(jp(a) = a * (antiy_py(a) * a) = (a * anticyy(a)) * a = neut’sy(a) *a =a. 
This means that neut,.1;)(a) is a right neutral of ‘a’. From the arbitrariness of a, it is known that 


(N, *) is a neutrosophic triplet group. 
Another result can be proved similarly. 


Theorem 2. Let (N, *) be a (r-Ir)-quasi neutrosophic triplet group such that: 
(s*p)*a=a*(s*p),Vs € {neuty,(a)}, V p € lantiy,1,)(a)}. 


Then, 


(1) foranya€N,s € {neuty,},(a)} > s*s=s. 
(2) foranya€N,s,t €{neuty1)(a)} > s*t=t. 
(3) when * is commutative, for any a € N, neuty,1,)(a) is unique. 
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Proof. (1) Assume s€{neut,;.1,(a)}, then a * s = a, and exist p € N, such that p * a =a *p =s. Thus, 
(*p)*a=s*(p*a)=s*s, 


a*(s*p)=(a*s)*p=a*p=s. 
According to the hypothesis, (s * p) * a =a* (s * p), it follows that s *s =s. 
(2) Assume s, te {neut’1,)(a)}, then a * s =a,a*t =a, and exist p,q € N, such that p*a=a*p=s,q* 
a=a*q=t. Thus, 
(s*q)*a=s*(q*a)=s*t, 


a*(s*q)=(a*s)*q=a*q=t. 


According to the hypothesis, (s * p) * a =a * (s * p), it follows that s * t = t. 
(3) Suppose a € N, s, te {neut(;1,)(a)}. Applying Theorem (2) to s and t we have s * t = t. Moreover, 
applying Therorem (2) to t and s we have t * s = s. Hence, when * is commutative, s * t =t * s. Therefore, 


s =t, that is, newt (.1,)(a) is unique. 
Corollary 1. Let (N, *) be a commutative neutrosophic triplet group. Then neut(a) is unique for any a € N. 


Proof. Since all neutrosophic triplet groups are (r-Ir)-quasi neutrosophic triplet groups, and * is 
commutative, then the assumption conditions in Theorem 2 are valid for N, so applying Theorem 2 (3), 


we get that neut(a) is unique for any a € N. 


The following examples show that the neutral element may be not unique in the neutrosophic 
triplet loop. 


Example 2. Let N = {1, 2, 3}. Define binary operation * on N as following Table 2. Then, (N, *) is a commutative 
neutrosophic triplet loop, and {neut(1)} = {1, 2}. Since (1 * 3) *3 £1 * (3 * 3), so (N, *) is not a neutrosophic 
triplet group. 


Table 2. Commutative neutrosophic triplet loop. 


. 1 2 3 
1 1 1 2 
2 1 2 3 
3 2 3 3 


Example 3. Let N = {1, 2, 3, 4}. Define binary operation * on N as following Table 3. Then, (N, *) is a 
neutrosophic triplet loop, and {neut(4)} = {2, 3}. Since (4* 1) * 144 *(1* 1), so (N, *) is not a neutrosophic 
triplet group. 


Table 3. Non-commutative neutrosophic triplet loop. 


* 


moh 

WR HWS 
OM] 
WO DH] & 
NO wR HW ®}] BR 
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4. Quasi Neutrosophic Triplet Structures in BE-Algebras and CI-Algebras 


From the definition of BE-algebra and Cl-algebra (see Definition 3), we can see that ‘1’ is a left 
neutral element of every element, that is, BE-algebras and Cl-algebras are directly related to quasi 
neutrosophic triplet structures. This section will reveal the various internal connections among them. 


4.1. BE-Algebras (CI-Algebras) and (I-l)-Quasi Neutrosophic Triplet Loops 


Theorem 3. Let (X; —, 1) be a BE-algebra. Then (X, —) is a (I-l)-quasi neutrosophic triplet loop. And, when 
| X1>1, (X, +) is not a (Ir-l)-quasi neutrosophic triplet loop with neutral element 1. 


Proof. By Definition 3, for all x € X,1 — x =x and x — x =1. According Definition 6, we know that 
(X, —) is a (/-I)-quasi neutrosophic triplet loop, such that: 


1 € {neut,(x)}, x € {anti (x)}, for any x € X. 


If |X| > 1, then exist x € X, such that x 4 1. Using Definition 3 (iv), x + 1 =1 # x, this means that 
1 is not a right neutral element of x. Hence, (X, —) is not a (Ir-l)-quasi neutrosophic triplet loop with 
neutral element 1. 


Example 4. Let X = {a, b, c, 1}. Define binary operation * on N as following Table 4. Then, (X; —, 1) is a 
BE-algebra, and (X, —) is a (I-l)-quasi neutrosophic triplet loop, such that: 


{neut(.1)(a)} = {1}, lantig.)(a)} = {a, c}; {neutq(b)} = {1}, fantiy1)(b)} = {b, cl; 


{neut )(c)} = {1}, fantig.y(c)} = {c}; {neut()(1)} = {1}, fantig_y(1)} = {1}. 


Table 4. BE-algebra and (I-I)-quasi neutrosophic triplet loop (1). 


> a b Cc 1 
a 1 b b 1 
b a 1 a 1 
Cc 1 1 1 1 
1 a b c 1 


Example 5. Let X = {a, b, c, 1}. Define binary operation * on N as following Table 5. Then, (X; —, 1) is a 
BE-algebra, and (X, —) is a (I-l)-quasi neutrosophic triplet loop such that: 


{neut”.1(a)} = {1}, fantiq_,(a)} = {a}; {neutqs)(b)} = {1}, fantigy(b)} = {b}; 


{neut(.)(c)} = {1}, fantig.y(c)} = {c}; {neutqy)(1)} = {1}, fantig_y(1)} = {1}. 


Table 5. BE-algebra and (I-I)-quasi neutrosophic triplet loop (2). 


> a b Cc 1 
a 1 b Cc 1 
b a 1 Cc 1 
Cc a b 1 1 
1 a b c 1 
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Definition 7. ([36]) Let (X; +, 1) bea Cl-algebra anda € X. If for any x €X,a — x =1 implies a = x, then a is 
called an atom in X. Denote A(X) = {a € X| ais an atom in X}, it is called the singular part of X. A Cl-algebra 
(X; —, 1) is said to be singular if every element of X is an atom. 


Lemma 1. ([35-37]) If (X; —, 1) is a CL-algebra, then for all x, y € X: 


DY xs(x>yrweal 
(2) 1—+x=1 (or equivalently, 1 < x) implies x = 1, 
(3) (> yo Lee De ye). 


Lemma 2. ([36]) Let (X; —, 1) be a Cl-algebra. Ifa, b € X are atoms in X, then the following are true: 


(1) a=(a>1)>1, 

(2) (avb)71=b4a 

(3) (a+b) 31)31=a55, 

(4) foranyx € X,(a> x) (box) =b-a4, 

(5) foranyx € X,(a>x)> b=(b> x) a4, 

(6) foranyx € X,(a—>x)—- (y > b) =(b> x) > (ya). 


Definition 8. Let (X; —, 1) be a Cl-algebra. If for any x €X, x + 1 =x, then (X; —, 1) is said to be a strong 
singular. 


Proposition 1. If (X; —, 1) is a strong singular Cl-algebra. Then (X; —, 1) is a singular CL-algebra. 


Proof. For any x € X, assume that a > x = 1, where a € X. By Definition 8, we have xx > 1=x,a-1= 
a. Hence, applying Definition 3, 


a=artl=ast(xoxnax5 (ao x=ax51=x. 


By Definition 7, x is an atom. Therefore, (X; —, 1) is singular Cl-algebra. 


Proposition 2. Let (X; —, 1) be a Cl-algebra. Then (X; —, 1) is a strong singular Cl-algebra if, and only if, 
(X; —, 1) is an associative BCI-algebra. 


Proof. Obviously, every associative BCI-algebra is a strong singular Cl-algebra (see [36] and Proposition 
1 in Ref. [12]). 
Assume that (X; —, 1) is a strong singular Cl-algebra. 


(1) Forany x,y € X,ifx — y=y — x =1, then, by Definitions 8 and 3, we have the following: 


xexrl=exo(yoxu=yo(xoxu=yol=y. 


(2) For any x, y, z € X, by Proposition 1 and Lemma 2 (4), we can get the following: 


Yy¥ozr(ze-xnyoYyYoxu)=U72a- Yo Zze=1. 


Combining Proof (1) and (2), we know that (X; —, 1) is a BCI-algebra. From this, applying 
Definition 8 and Proposition 1 in Ref. [12], (X; —, 1) is an associative BCI-algebra. 


Theorem 4. Let (X; —, 1) be a Cl-algebra. Then, (X, —+) is a (I-l)-quasi neutrosophic triplet loop. Moreover, 
(X, —>) is a neutrosophic triplet group if, and only if, (X; —, 1) is a strong singular Cl-algebra (associative 
BCI-algebra). 
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Proof. It is similar to the proof of Theorem 3, and we know that (X, —) is a (/-l)-quasi neutrosophic 
triplet loop. 

If (X; —, 1) is a strong singular Cl-algebra, using Proposition 2, (X; —, 1) is an associative 
BCI-algebra. Hence, — is associative and commutative, it follows that (X, —) is a neutrosophic 
triplet group. 

Conversely, if (X, +) is a neutrosophic triplet group, then — is associative, thus 


x>1l=xS (xO xn H=(x 9x) Ox =1 5 x=x. 


By Definition 8 we know that (X; —, 1) is a strong singular Cl-algebra. 


Example 6. Let X = {a, b, c, d, e,1}. Define operation — on X, as following Table 6. Then, (X; —, 1) is a 
Cl-algebra, and (X, —+) is a (I-l)-quasi neutrosophic triplet loop, such that 


{neut(1)(a)} = {1}, {antig.s)(a)} = {a,b}; {neutg.)(b)} = {1}, fantiy_y(b)} = {a,b,c}; 
{neut(1)(c)} = {1}, fantiyy(c)} = {c,d,e}; {(neutq.s)(d)} = {1}, fantig.y)(d)} = {d,e}; 


{neut((e)/={1}, fantic.)(e)}=(d,el; {neutg.)(1)J={1}, tantiy(1)j={1}. 


Table 6. Cl-algebra and (I-I)-quasi neutrosophic triplet loop. 


> a b Cc d e 1 
a 1 1 c Cc Cc 1 
b 1 1 Cc C c 1 
Cc d 1 1 a b c 
d c Cc 1 1 1 c 
e é Cc 1 1 1 Cc 
1 a b Cc d e 1 


4.2. BE-Algebras (CI-Algebras) and Their Adjoint Semi-Groups 


I. Fleischer [16] studied the relationship between BCK-algebras and semigroups, and W. 
Huang [17] studied the close connection between the BCI-algebras and semigroups. In this section, 
we have studied the adjoint semigroups of the BE-algebras and Cl-algebras, and will give some 
interesting examples. 

For any BE-algebra or Cl-algebra (X; —, 1), and any element a in X, we use p, to denote the 
self-map of X defined by the following: 


Pa: X > X;4 a— x, for all x € X. 


Theorem 5. Let (X; —, 1) be a BE-algebra (or Cl-algebra), and M(X) be the set of finite products pa *... * pp 
of self-map of X witha, ... ,b €X, where * represents the composition operation of mappings. Then, (M(X), *) is 
a commutative semigroup with identity p1. 


Proof. Since the composition operation of mappings satisfies the associative law, (M(X), *) is a 
semigroup. Moreover, since 
pu: XX 1- x, forall x € X. 


Applying Definition 3 (ii), we get that pi(x)=x for any xEX. Hence, p1*m= pi*m=m for any mEM(X). 
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For any a, b€X, using Definition 3 (iii) we have (VxEX) the following: 


(pa* Po)(X) = palb > x) =a > (b 4 x) = b > (4 > X) = pp (a — X) = (Pp* Pra) (x). 


Therefore, (M(X), *) is a commutative semigroup with identity p1. 
Now, we call (M(X), *) the adjoint semigroup of X. 


Example 7. Let X = {a, b, c, 1}. Define operation + on X, as following Table 7. Then, (X; —, 1) is a 
BE-algebra, and 


pa. X > Xa 1,b+41,c++ 1,114 1. Itis abbreviated to p, = (1, 1,1, 1). 
pp: X > X;atrec,br+1,ch+a,1++1. It is abbreviated to py, = (c, 1, a, 1). 
Pc: X > X;a+> 1,b+41,c+4 1,11 1. Itis abbreviated to p; = (1,1, 1, 1). 
piu X > X;atroa,bt+b,ct+>c,1++1. It is abbreviated to p; = (a, b,c, 1). 


We can verify that pa * Pa = Par Pa * Pb = Par Pa * Pe = Pai Po * Po = (@, 1, ¢, 1), Py * Pe = Pe = Pai Pa * 
(Pv * Pb) = Par Po * (Pv * Pb) = Po» Pe * (Pv * Pv) = Pc = Pa. Denote pup = po* Po = (@, 1, ¢, 1), then M(X) = {pa, 
Pb, Poo, Pi}, and its Cayley table is Table 8. Obviously, (M(X), *) is a commutative neutrosophic triplet 
group and 


neut(pa) = Pa, anti(Pa) = Pa; Neut(py) = Ppp, anti(py) = Py; neut(Pyp) = Pop, anti(Ppp) = Pop; Neut(p1) = pr, anti(p,) = Pr. 


Table 7. BE-algebra. 


> a b Cc 1 
a 1 1 1 1 
b c 1 a 1 
c 1 1 1 1 
1 a b c 1 


Table 8. Adjoint semigroup of the above BE-algebra. 


Pa Pb Pbb P1 
Pa Pa Pa Pa Pa 
Pb Pa Pbb Pb Pb 
Pbb Pa Pb Pbb Pob 
P1 Pa Pb Pbb P1 


Example 8. Let X = {a, b, 1}. Define operation — on X, as following Table 9. Then, (X; —>, 1) is a Cl-algebra, and 


pa: X > X;at+1,b++a,1+ b. It is abbreviated to p, = (1,4, b). 
pp: X > X;at> b,b+> 1,1+ +a. It is abbreviated to py = (0, 1, a). 
pu X > X;arva,bt> b,1++1. Itis abbreviated to p, = (a, b, 1). 


We can verify that pq * Pa = Po, Pa * Po = P13 Po * Po = Pa- Then M(X) = {pa, pp, pi} and its Cayley table 
is Table 10. Obviously, (M(X), *) is a commutative group with identity p; and (2) = pp, (pe) = pe. 
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Table 9. Cl-algebra. 


> a b 1 
a 1 a b 
b b 1 a 
1 a b 1 


* Pa Pb P1 
Pa Pb P1 Pa 
Pb P1 Pa Pb 
P1 Pa Pb Pi 


Theorem 6. Let (X; —, 1) be a singular Cl-algebra, and M(X) be the adjoint semigroup. Then (M(X), *) is a 
commutative group with identity p 1, where M(X) = {pq | a EX} and |M(X)| = |X. 


Proof. (1) First, we prove that for any singular Cl-algebra, a + (b > x) = ((@— 1) > b) > x, Va,b, 
xeEXx. 
In fact, by Definition 7 and Lemma 2, we have the following: 


(a7>1)7-b) > x =((a71)3)) 93 (x9 1) 1) 
=(x > 1) > (a> 1) 5 db) 1) 
=(x > 1) > (a> 1) 3 1) 5 (6 1)) 
= (x 91) — (a> (b> 1) 
= a> ((x> 1) > (b> 1)) 
= a—(b—- x). 


(2) Second, we prove that for any singular Cl-algebra, a A b = pa A py, Va,b € X. 
Assume pq = pp, 4, b € X. Then, for all x in X, pa(x) = pp(x). Hence, 


a— b=pa(b) = p,(b) =b > b= 1. 
From this, applying Lemma 2 (1) and (6) we get 


a=(av 1) o> 1=@>1)9 @5>)b)=(b075)-@r-a=(b 7-1 >12=0. 


(3) Using Lemma 2 (1), we know that for any a, b € X, there exist c € X, such that py * py = Pe, 
where c = (a + 1) > b. This means that M(X) C {pala € X}. By the definition of M(X), {pa a € X} C 
M(X). Hence, M(X) = {pala € X}. 

(4) Using Lemma 2 (2) and (3), we know that | M(X)|=!1X1. 


5. Quasi Neutrosophic Triplet Structures in Pseudo BE-Algebras and Pseudo Cl-Algebras 


Like the above Section 4, we can discuss the relationships between pseudo BE-algebras (pseudo 
Cl-algebras) and quasi neutrosophic triplet structures. This section will give some related results and 
examples, but part of the simple proofs will be omitted. 
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5.1. Pseudo BE-Algebras (Pseudo CI-Algebras) and (I-1)-Quasi Neutrosophic Triplet Loops 


Theorem 7. Let (X; —, ~», 1) be pseudo BE-algebra. Then (X, —>) and (X, ~») are (I-l)-quasi neutrosophic 
triplet loops. And, when |X| > 1, (X, —>) and (X, ~») are not (Ir-l)-quasi neutrosophic triplet loops with neutral 
element 1. 


Example 9. Let X = {a, b,c, 1}. Define operations + and ~» on X as following Tables 11 and 12. Then, (X; —, 
~», 1) is a pseudo BE-algebra, and (X, —>) and (X, ~~) are (I-l)-quasi neutrosophic triplet loops. 


Table 11. Pseudo BE-algebra (1). 


> a b Cc 1 
a 1 1 b 1 
b a 1 Cc 1 
Cc 1 1 1 1 
1 a b c 1 


Table 12. Pseudo BE-algebra (2). 


~~ a b Cc 1 
a 1 1 a 1 
b a 1 a 1 
c 1 1 1 1 
1 a b c 1 


Definition 9. ([44,46]) Let a be an element of a pseudo Cl-algebra (X; +, ~», 1). ais said to be an atom in X if 
for any x € X,a—x=1impliesa=x. 


Applying the results in Ref. [44-46] we have the following propositions (the proofs are omitted). 


Proposition 3. If (X; +,~~, 1) is a pseudo Cl-algebra, then for all x, y EX 


(1) x<(xoywryx<(x~myry, 

(2) x<yozSy<xw~z, 

(3) (xayWrl=xoD)~Yyrrwd,anwywrlax~D)oy>D, 
(4) x731l=x~1, 

(5) x <yimpliesx +1=y— 1. 


Proposition 4. Let (X; +,~~, 1) be a pseudo Cl-algebra. If a, b €X are atoms in X, then the following are true: 


(1) a=(a>1)>1, 

(2) foranyx€ X,(a>x)~x=4,(a~x)>x=4, 

(3) foranyx€ X,(a>x)~1l=x9 4 (arwx)>1=x~a, 

(4) foranyx € X,x > a=(a—>1)~ (x > 1),x~a=(a~ 1) > (x ~ 1). 


Definition 10. A pseudo Cl-algebra (X; —>,~+, 1) is said to be singular if every element of X is an atom. 
A pseudo Cl-algebra (X; —,~», 1) is said to be strong singular if for any x €X,x 4+ 1=x=x~ 1. 


Proposition 5. If (X; >,~~, 1) is a strong singular pseudo Cl-algebra. Then (X; —>,~», 1) is singular. 
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Proof. For any x € X, assume that a + x = 1, where a € X. It follows from Definition 10, 
x3 1=x=x~Lla-l=a=an~il. 
Hence, applying Definition 4 and Proposition 3, 


a=avtl=aast(xwxnax~(aox=ax~1=x. 


By Definition 9, x is an atom. Therefore, (X; +, ~», 1) is singular pseudo Cl-algebra. 


Applying Theorem 3.11 in Ref. [46], we can get the following: 


Lemma 3. Let (X; +, ~», 1) be a pseudo Cl-algebra. Then the following statements are equivalent: 


(1) x34 (yoz)=(x > y) > z, for all x, y,z in X; 
(2) x—+1=x=x~~ 1, for every x in X; 

(3) x y=x~y=y Xx, forall x, yin X; 

(4) x» (yw z)=(x~ y) ~ z, forall x, y, z in X. 


Proposition 6. Let (X; —,~», 1) be a pseudo Cl-algebra. Then (X; —+,~~», 1) is a strong singular pseudo 
Cl-algebra if, and only if, + =~» and (X; —, 1) is an associative BCI-algebra. 


Proof. We know that every associative BCI-algebra is a strong singular pseudo Cl-algebra. 


Now, suppose that (X; —, 1) is a strong singular pseudo Cl-algebra. By Definition 10 and Lemma 3 
(3), x + y=x~» y, Vx, y € X. That is, + = ~. Hence, (X; +, 1) is a strong singular Cl-algebra. It follows 
that (X; —, 1) is an associative BCI-algebra (using Proposition 2). 


Theorem 8. Let (X; —,~~, 1) be a pseudo Cl-algebra. Then (X, —>) and (X,~~») are(I-l)-quasi neutrosophic 
triplet loops. Moreover, (X, —>) and (X,~») are neutrosophic triplet groups if, and only if, (X; +,~», 1) is a 
strong singular pseudo Cl-algebra (associative BCI-algebra). 


Proof. Applying Lemma 3, and the proof is omitted. 


5.2. Pseudo BE-Algebras (Pseudo CI-Algebras) and Their Adjoint Semi-Groups 


For any pseudo BE-algebra or pseudo Cl-algebra (X; +, ~», 1) as well as any element a in X, 
we use p, ” and p,~” to denote the self-map of X, which is defined by the following: 


Pa’: X > X;+4a— x, forall x € X. 


Pa 1 X > X;4a~~ x, for all x € X. 


Theorem 9. Let (X; —, ~», 1) be a pseudo BE-algebra (or pseudo Cl-algebra), and 
M~*(X) = [finite products py’ *... * py’ of self-map of X | a,...,b € X}, 
M~ (X) = {finite products pq *... * py~ of self-map of X |a,...,b€ X}, 


M(X) = [finite products pa” (or pa”) *... * py’ (or py”) of self-map of X | a,...,b € XI}, 


where * represents the composition operation of mappings. Then (M~*(X), *), (M~(X), *), and (M(X), *) 
are all semigroups with the identity pj = pi = p1~. 
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Proof. It is similar to Theorem 5. 


Now, we call (M*(X), *), (M~(X), *), and (M(X), *) the adjoint semigroups of X. 


Example 10. Let X = {a, b, c, 1}. Define operations + and ~~ on X as following Tables 13 and 14. Then, (X; 
—,~»,1) is a pseudo BE-algebra, and 


Da a (1, b, b, 1), Po” = (a, 1, Cc, 1), Pe" = (1, 1, 1, 1), pi’ = (a, b, Cc, 1). 


We can verify the following: 


Pe te =0a Oe he = 1, BD a pe He ee 


Po’ *Pa =Pc + Pb * Po =Pb + Po * Pc =Pc + Pb * Pi =P: 


be ts =e fe Se te ae Se ie a 


Pi "Pa =Pa's Pi "Po =Po + Pi “Pe =Pc spi "pi =P 


Denote pap” = pa” * po” = (1,1, b, 1), then pay” * Pa” = Pe”, Pab” * Pb” = Pab ”» Pab” * Pab ” = 
P’, Pap’ * Pc =Pc ’. Hence, M”(X) = {pa”, py’, Pab ’, Pc’, Pi} and its Cayley table is Table 15. 
Obviously, (M~(X), *) is anon-commutative semigroup, but it is not a neutrosophic triplet group. 


Table 13. Pseudo BE-algebra and adjoint semigroups (1). 


> a b Cc 1 
a 1 b b 1 
b a 1 c 1 
c 1 1 1 1 
1 a b c 1 


Table 14. Pseudo BE-algebra and adjoint semigroups (2). 


~~ a b Cc 1 
a 1 b Cc 1 
b a 1 a 1 
c 1 1 1 1 
1 a b c 1 


Table 15. Pseudo BE-algebra and adjoint semigroups (3). 


* Pa’ Po” Pav” Pe” pi’ 
Pa” Pa” Pab” pia? Pc’ Pa” 
Po Pe Po” Pe” Pe” Po” 
Pab~ Pe? Pui * Po Pe” ta 
Pe” Po” Pe” Pc” Pe” Pc” 
pi’ Pa? Po” Pav” Pc” pi? 


Similarly, we can verify that 


Pa” = (1, b, C, 1), Po = (a, 1, a, 1), Pc = (, 1, 1, 1), pi~ a (a, b, C, 1). 


~~ * 


Da te Spe Ghee me Pe KHL ee 


~~ ~~ ~~ we ~~ 


Po *pa~ =(1,1,4,1), po * py =po, po * pc = Pe, Pu” * pr” = pe; 
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~~ ~~ 


Po * Pa =Pc Pc * Pb =Pc + Pc *Pc =Pc »Pc. *P1 =Pc 

Denote Poa = Pow ° Pa~ = (1, 1,4, 1), then Poa is Pa a Poa» Pa * Poa = Pe; Poa . Pow = 
Pe, Po i Poa~ = Poa; Poa~ > Poa a Pe; Poa + Po = Pe» Peo : Pba~ = Pc. Hence, M~(X) = {pa~’, 
Pb» Pra» Po Pi } and its Cayley table is Table 16. Obviously, (M~(X), *) is a non-commutative 
semigroup, but it is not a neutrosophic triplet group. 


Table 16. Pseudo BE-algebra and adjoint semigroups (4). 


* ~~ ~~ ~~ ~~ ~~ 


Pa Po Poa Pc P1 
Pa~ Pa” Pe Peo Po Pa~ 
Po Poa Po Poa Po Po 
Poa Poa Pc Po~ Pe Poa 
Po™ Po~ Po~ Pow pe al 
pi Pa Po Poa Po pi 


Now, we consider M(X). Since 


te HOLA Dap i” H=GbeG =p: 


> * 


Pa Pa =Pa Pa “Pa =Pa; 
Da” : Po = (1, 1, 1, 1) = he. 5 Po oF = (1, 1, 1, 1) = pes 
Pe pe = * Pa = 1,6 1; 


~~ * > * * > ~~ 


Pa =Pab i Pb * Pb =Pv Po * Po =P; 
Pa” “ee 5 (1, 1, 1, 1) = pet; Po oy? aa (1, 1, 1, 1) =pe"} 
i. * Dig = (1, di, 1, 1) = Pc me Poa oom = (1, 1, i 1) = ae 


> * 


Pa * Dab” =Pab Pab 


Po” * Pea = Poa» Pea * Po” = Poa 
Dab *po =(1,1,1,1)= Pe Poa * Dab ={(L)1,2)= Po. 
Denote p = (1,1, c, 1), then M(X) = (pa, Pa”, Pp 7, Po Pab Poa P, Pc °, 1 ’ }, and Table 17 is 
its Cayley table (it is a non-commutative semigroup, but it is not a neutrosophic triplet group). 


Table 17. Pseudo BE-algebra and adjoint semigroups (5). 


* Pa’ Pa Po” Pb Pab” Pba Pp Pe” pi’ 
Pa Pa Pa” Pab Pe Pab Pc Pab Pc Pa” 
Pa Pa’ Pa—sé#p fe’ Pa? Pea p Pe Pa 
Po’ Pe” POO Po? — Poa p Pe Po” 
Po™ Po” Poa Po = Ph Pe” in | in id Po 
Pab Pc Pab* — Pab Pc Pc Pe Pab Pc Pav” 
Poa” Pe Poa Poa Pe Pc Pc Poa Pe? Poa 

p Po’ ip Pp Pc Pc Pc Pp Po p 
Pc Pc Pc Pc Pc Pc Pc Pc Pc Pe” 
pi’ Pa’ Pa Po” Po = ~Pab”——s Pa p Pe” pi’ 


The following example shows that the adjoint semigroups of a pseudo BE-algebra may be a 
commutative neutrosophic triplet group. 
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Example 11. Let X= {a, b,c, d, 1}. Define operations + and ~~ on X as Tables 18 and 19. Then, (X; >, ~~», 1) 
is a pseudo BE-algebra, as well as the following: 


> =(1,c,c,1,1), pp? =(41,1,4,1), po? = (4,1, 1,4, 0), pa = (1,6, 6,1,1), pr? =(@, b,c, d, 1). 


We can verify the following: 


Dk ae ts a te HA lg ee ee ea ee 


Po” Ya = (1, ily ae Ly, Pb * Dp = Pb * De =Pb +Pb * Da =(1, A ydyly Ne ad +m =p 


pe? ps = ee oe = Pe Pe” Se te PP HO 1 ee te ae 


pa? * pa’ =pa? pa? * pe =pa? * pe? =(1,1,1,1,1), pa * pa? =pa? pa? * pr = pa 


Denote pap” = Pa” * py” = (1,1, 1,1, 1), then pay” * pa” = ab” * Po” = Pav” * Pe” = Pab” * Pa 
= Pap’ * Pad’ =Pab” * P1” =Pab '- Hence, M~*(X) = {pa ’, po *, Pav ’, Pi ’} and its Cayley table is 
Table 20. Obviously, (M~ (X), *) is a commutative neutrosophic triplet group. 


Table 18. Pseudo BE-algebra and commutative neutrosophic triplet groups (1). 


> a b Cc d 1 
a 1 Cc Cc 1 1 
b d 1 wi d 1 
Cc d 1 1 d 1 
d 1 Cc c 1 1 
1 a b Cc d 1 


Table 19. Pseudo BE-algebra and commutative neutrosophic triplet groups (2). 


~~ a bed 1 
a 1 bc 1 1 
b d 114d 1 
Cc d 114 1 
d 1 bc 1 1 
1 abe d 1 


Table 20. Pseudo BE-algebra and commutative neutrosophic triplet groups (3). 


* Pa? Po” Pab~ pi? 
Pa’ Pa” Pab ” Pab ” Pa” 
Po Pab” Po Pab Po 
Pab” Pab Pab” Pab Pab 
pi” Pa” Po Pab * pi? 
Similarly, we can verify the following: 
~ = (1,b,c,1,1), pp” =(4,1,1,d,1), pe~ = (4,1, 1,4, 1), pa = (1, b,c, 1,1), pr = (@, 5, c,d, 1). 


Bu Pa =]Pa Pa PR HP Fp HALL ee =e 
Po * pa =(1,1,1,1,1), py * pe =po™ * pe” =po, po” * pa = (1,1, 1,1, 1). 


Denote pap” = Pa * pp = (1, 1,1, 1, 1), then M~(X) = {pa, Po, Pap Pi} and its Cayley table 
is Table 21. Obviously, (M~ (X), *) is a commutative neutrosophic triplet group. 
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Table 21. Pseudo BE-algebra and commutative neutrosophic triplet groups (4). 


* Pa” Po Pab~ pi 
Pa Pa Pab~ Pab~ Pa 
Po~ Pab~ Po Pab~ Po 
Pab~ Pab~ Pab~ Pab~ Pab~ 
pi Pa~ Po Pab~ Pi 


Now, we consider M(X). Since the following: 
Po = ts = (d, 1, 1, d, 1) = Po = Peo» a = Pa = (1, Cc, Cc, 1, 1), Pa = Pa a (1, b, Cc, 1, 1); 


Pa” . Pa a Pay Pa . Pa” = Pa i Pa 7 Po = (1, 1; L ae 1) = Pab == Pap? Po . Pa” = (1, 1, 1, 1; 1. 


Hence, M(X) = {pa ”, Pa”, Pp *, Pab ’, P1_ }, and Table 22 is its Cayley table (it is a commutative 
neutrosophic triplet group). 


Table 22. Pseudo BE-algebra and commutative neutrosophic triplet groups (5). 


. Pa’ Pa Po” Pab” pi’ 
Pa” Pa” Pa” Pab” Pab” Pa” 
Pa~ Pa? Pa Pav” Pav” Pa 
Po” Pav” Pav * Po” Pav” pa 
Pab Pab Pab Pab Pab* Pab* 
pi’ Pa? Pa Po” Pa” pi 


Remark 3. Through the discussions of Examples 10 and 11 above, we get the following important revelations: 
(1) (M~*(X), *), (M~(X), *), and (M(X), *) are usually three different semi-groups; (2) (M*(X), *) and (M~(X), 
*) are all sub-semi-groups of (M(X), *), which can also be proved from their definitions; (3) (M~(X), *), (M~(X), 
*), and (M(X), *) may be neutrosophic triplet groups. Under what circumstances they will become neutrosophic 
triplet groups, will be examined in the next study. 


6. Conclusions 


In this paper, the concepts of neutrosophic triplet loops (groups) are further generalized, and 
some new concepts of generalized neutrosophic triplet structures are proposed, including (I-!)-type, 
(I-r)-type, (r-l)-type, (1-1)-type, (l-Ir)-type, (r-Ir)-type, (Ir-l)-type, and (/r-r)-type quasi neutrosophic 
triplet loops (groups), and their basic properties are discussed. In particular, as a corollary of these new 
properties, an important result is proved. For any commutative neutrosophic triplet group, its every 
element has only one neutral element. At the same time, the BE-algebras and its various extensions 
(including Cl-algebras, pseudo BE-algebras, and pseudo C]I-algebras) have been studied, and some 
related generalized neutrosophic triplet structures that are contained in these algebras are presented. 
Moreover, the concept of adjoint semigroups of (generalized) BE-algebras are proposed for the first 
time, abundant examples are given, and some new results are obtained. 
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Muhammad Akram, Hina Gulzar, Florentin Smarandache, Said Broumi (2018). Certain Notions 
of Neutrosophic Topological K-Algebras. Mathematics 6, 234; DOI: 10.3390/math6110 


Abstract: The concept of neutrosophic set from philosophical point of view was first considered by 
Smarandache. A single-valued neutrosophic set is a subclass of the neutrosophic set from a scientific 
and engineering point of view and an extension of intuitionistic fuzzy sets. In this research article, 
we apply the notion of single-valued neutrosophic sets to K-algebras. We introduce the notion of 
single-valued neutrosophic topological K-algebras and investigate some of their properties. Further, 
we study certain properties, including C;-connected, super connected, compact and Hausdorff, 
of single-valued neutrosophic topological K-algebras. We also investigate the image and pre-image 
of single-valued neutrosophic topological K-algebras under homomorphism. 


Keywords: <K-algebras; single-valued neutrosophic sets; homomorphism; compactness; 
Cs-connectedness 


1. Introduction 


A new kind of logical algebra, known as K-algebra, was introduced by Dar and Akram in [1]. 
A K-algebra is built on a group G by adjoining the induced binary operation on G. The group 
G is particularly of the type in which each non-identity element is not of order 2. This algebraic 
structure is, in general, non-commutative and non-associative with right identity element [1-3]. 
Akram et al. [4] introduced fuzzy K-algebras. They then developed fuzzy K-algebras with other 
researchers worldwide. The concepts and results of K-algebras have been broadened to the fuzzy 
setting frames by applying Zadeh’s fuzzy set theory and its generalizations, namely, interval-valued 
fuzzy sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, bipolar fuzzy sets and 
vague sets [5]. In handling information regarding various aspects of uncertainty, non-classical logic is 
considered to be a more powerful tool than the classical logic. It has become a strong mathematical 
tool in computer science, medical, engineering, information technology, etc. In 1998, Smarandache [6] 
introduced neutrosophic set as a generalization of intuitionistic fuzzy set [7]. A neutrosophic set 
is identified by three functions called truth-membership (T), indeterminacy-membership (I) and 
falsity-membership (F) functions. To apply neutrosophic set in real-life problems more conveniently, 
Smarandache [6] and Wang et al. [8] defined single-valued neutrosophic sets which takes the value 
from the subset of [0, 1]. Thus, a single-valued neutrosophic set is an instance of neutrosophic set. 

Algebraic structures have a vital place with vast applications in various areas of life. Algebraic 
structures provide a mathematical modeling of related study. Neutrosophic set theory has also been 
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applied to many algebraic structures. Agboola and Davazz introduced the concept of neutrosophic 
BCI/BCkK-algebras and discuss elementary properties in [9]. Jun et al. introduced the notion of (@, ) 
neutrosophic subalgebra of a BCK/BCI-algebra [10]. Jun et al. [11] defined interval neutrosophic sets 
on BCK/BCI-algebra [11]. Jun et al. [12] proposed neutrosophic positive implicative N-ideals and 
study their extension property [12] Several set theories and their topological structures have been 
introduced by many researchers to deal with uncertainties. Chang [13] was the first to introduce the 
notion of fuzzy topology. Later, Lowan [14], Pu and Liu [15], and Chattopadhyay and Samanta [16] 
introduced other concepts related to fuzzy topology. Coker [17] introduced the notion of intuitionistic 
fuzzy topology as a generalization of fuzzy topology. Salama and Alblowi [18] defined the topological 
structure of neutrosophic set theory. Akram and Dar [19] introduced the concept of fuzzy topological 
K-algebras. They extended their work on intuitionistic fuzzy topological K-algebras [20]. In this paper, 
we introduce the notion of single-valued neutrosophic topological K-algebras and investigate some 
of their properties. Further, we study certain properties, including C5-connected, super connected, 
compact and Hausdorff, of single-valued neutrosophic topological K-algebras. We also investigate the 
image and pre-image of single-valued neutrosophic topological K-algebras under homomorphism. 


2. Preliminaries 


The notion of K-algebra was introduced by Dar and Akram in [1]. 


Definition 1. [7] Let (G, -,e) be a group in which each non-identity element is not of order 2. A K-algebra is a 
structure K = (G,-,©,e) over a particular group G, where © is an induced binary operation ®@:G x G—+G 
is defined by ©(s,t) =s©t =s.t~!, and satisfy the following conditions: 


(i) (s©t)O(sO@u) = (sO ((eOu) O (COt))) Os; 
(ii) s©(s@t) = (s@ (eOt) Os; 

(iii) sOs=e; 

(iv) s©@e=s;and 

(v) e®s=s} 


forall s, t,u € G. The homomorphism between two K-algebras K1 and K is a mapping f : Ky — K such 
that, for all u,v € Ky, f(u@v) = f(u) © f(v). 


In [6], Smarandache initiated the idea of neutrosophic set theory which is a generalization of 
intuitionistic fuzzy set theory. Later, Smarandache and Wang et al. introduced a single-valued 
neutrosophic set (SNS) as an instance of neutrosophic set in [8]. 


Definition 2. [8] Let Z be a space of points with a general element s € Z. ASNS A in Z is equipped with 
three membership functions: truth membership function (T,), indeterminacy membership function (£4) and 
falsity membership function(F 4), where Vs € Z, T4(s), Za(s), F.a(s) € [0,1]. There is no restriction on the 
sum of these three components. Therefore, 0 < T4(s) +Z,4(s) + F4(s) < 3. 


Definition 3. [8] A single-valued neutrosophic empty set (Osn) and single-valued neutrosophic whole set 
(1sn) on Z is defined as: 


e Dsn(u) = {u € Z: (u,0,0,1)}. 
© len (u) ={4 ] 220, 1,1,0)}. 
Definition 4. [8] If f isa mapping from a set Z into a set Zz, then the following statements hold: 


(i) Let A bea SNS in Z, and B bea SNS in Zp, then the pre-image of B is a SNS in Z,, denoted by f—'(B), 
defined as: 
f-'"(B) = fr € Zs f*(Te) (1) = Tal f@1)),f* Ea) (1) = Ia(f@1)), f "(Fa )la) = 
Fe(f(z1))}- 
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(ii) Let A = {m1 € Z, : Tale), Za(21),Fa(z1)} be a SNS in Z, and B = {z2 € Zp 
T(Z2), Zp (Z2),FB(Z2)} be a SNS in Zo. Under the mapping f, the image of A is a SNS in Zp, 
denoted by f(A), defined as: f(A) = {22 © Zo: feup(T.) (22), foup (Za) (Z2), fine(Fa) (Z2) }, where 
forall zz € Zp. 


if fy FD 


otherwise, 


su 7 ; 
fsup(Ta) (Z2) = ‘ Pref.) Ta(Z1) 


y 


os Al -1 Q, 
foup (Za) (Z2) = ee 1 (ey) Ea(Z1) Le # 


otherwise, 


y 


: “ce ¢—1 
inf ef) Fa(Z1) if f (25) # DO, 
0, otherwise. 


fint(F.a) (22) = | 


We formulate the following proposition. 


Proposition 1. Let f : Z; — Zz and A, (Aj,j € J) bea SNS in Z, and B bea SNS in Zp. Then, f possesses 
the following properties: 


(i) If f is onto, then f(1sn) = 1sn. 
(ii) f(Osn) = sn. 
(iii) f~'(1sn) = sn. 
(iv) f~'(Osn) = Osn- 
(v) If f is onto, then f (f—!(B) = B. 
(vi) f-'(UAs) = Uf MAD. 

i= i=1 


3. Neutrosophic Topological K-algebras 


Definition 5. Let Z be a nonempty set. A collection x of single-valued neutrosophic sets (SNSs) in Z is called 
a single-valued neutrosophic topology (SNT) on Z if the following conditions hold: 


(a) Osn,1sn € X 
(b) If A,B € x, then ANBExX 
(c) If A; € x, Vie L then Ujer Ai © X 


The pair (Z,x) is called a single-valued neutrosophic topological space (SNTS). Each member of x is 
said to be x-open or single-valued neutrosophic open set (SNOS) and compliment of each open single-valued 
neutrosophic set is a single-valued neutrosophic closed set (SNCS). A discrete topology is a topology which 
contains all single-valued neutrosophic subsets of Z and indiscrete if its elements are only Osn, 1sn. 


Definition 6. Let A = (Ty,Z4,F 4) be a single-valued neutrosophic set in K. Then, A is called a 
single-valued neutrosophic K-subalgebra of K if following conditions hold for A: 


(i) Tale) > Ta(s), Zale) = Lals), Fale) < Fa(s). 
(ji) Ta(s©t) > min{74(s), T(t) }, 
Za(s Ot) > min{Z4(s),Za(t)}, 


Fa(s@t) < max{F4(s),F4(t)} Vs,t €K. 
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Example 1. Consider a K-algebra K = (G,-,©,e), where G = {e,x, x2, 3, x*, 09, © x7, x} is the cyclic 


group of order 9 and Caley’s table for © is given as: 


foe} 


© e x x2 x xt x x7 x 
e PE ee Ce ee ee ce 
x x e x8 x7 x6 7 x4 33 x2 
x2 | x2 x e x8 x7 x6 x5 xf 38 
xe fx x2 x e x8 x7 x6 x5 x4 
xt | xt x3 x2 x e x8 x7 x6 x5 
xf x xt x x2 x e x8 x7 x6 
x6] x6 9 x4 9 x2 x e x8 x7 
x7 | x7 x6 et oS? x e x8 
x8 | x8 x7 x6 et oS? x e 


If we define a single-valued neutrosophic set A,B in K such that: 


A = {(e,0.4, 0.5, 0.8), (s,0.3,0.4,0.7)}, 
B = {(e,0.3,0.4,0.8), (s,0.2,0.3,0.6)} 


Vs#eeG. 

According to Definition 5, the family {©sn,1sn, A, B} of SNSs of K-algebra is a SNT on K. We define 
aSNS A= {T4,L4,F 4} in K such that Ta(e) = 0.7,Z,4(e) = 0.5,F 4(e) = 0.2, Ta(s) = 0.2,Z4(s) = 
0.4, F.4(s) = 0.6. Clearly, A = (T4,Z,4, Fa) isa SN K-subalgebra of K. 


Definition 7. Let K = (G,-,©,e) bea K-algebra and let xx be a topology on K. Let A bea SNS in K and let 
Xx. be a topology on K. Then, an induced single-valued neutrosophic topology on A is a collection or family 
of single-valued neutrosophic subsets of A which are the intersection with A and single-valued neutrosophic 
open sets in K defined asx, = {ANF :F € xx}. Then, x, is called single-valued neutrosophic induced 
topology on A or relative topology and the pair (A,x,) is called an induced topological space or single-valued 
neutrosophic subspace of (K, Xx). 


Definition 8. Let (K1,x,) and (K2,x,) be two SNTSs and let f : (K1,x,) + (K2,x,). Then, f is called 
single-valued neutrosophic continuous if following conditions hold: 


(i) For each SNS A € x,, f-1(A) € x. 
(ii) For each SN K-subalgebra A € x,, f(A) isa SN K-subalgebra € x,. 


Definition 9. Let (K1,x,) and (K2,x,) be two SNTSs and let (A,x 4) and (B,x) be two single-valued 
neutrosophic subspaces over (K,x,) and (K2,x,). Let f be a mapping from (K1,x,) into (K2,x,), then f is 
a mapping from (A, x.4) to (B, xp) if F(A) CB. 


Definition 10. Let f be a mapping from (A,x 4) to (B, xp). Then, f is relatively single-valued neutrosophic 
continuous if for every SNOS Yg in xp, f-'(Yga)N A € Xa. 


Definition 11. Let f be a mapping from (A,x 4) to (B, xp). Then, f is relatively single-valued neutrosophic 
open if for every SNOS X 4 in x 4, the image f(X,4) € Xp. 


Proposition 2. Let (A,x 4) and (B, xp) be single-valued neutrosophic subspaces of (K1,x,) and (K2,Xx,), 
where K and K- are K-algebras. If f is a single-valued neutrosophic continuous function from Ky to Ky and 
f(A) C B. Then, f is relatively single-valued neutrosophic continuous function from A into B. 


Definition 12. Let (K1,x,) and (K2,x,) be two SNTSs. A mapping f : (K1,x,) + (K2,Xx,) is called a 
single-valued neutrosophic homomorphism if following conditions hold: 
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(i) f is a one-one and onto function. 
(ii) f isa single-valued neutrosophic continuous function from K to Kp. 
(iii) f—! is a single-valued neutrosophic continuous function from Ky to Ky. 


Theorem 1. Let (K1,x,) be a SNTS and (K2,x,) be an indiscrete SNTS on K-algebras K and K2, 
respectively. Then, each function f defined as f : (K1,x,) — (K2,X,) is a single-valued neutrosophic 
continuous function from Ky to K2. If (K4,x,) and (K2,x,) be two discrete SNTSs Ky and K3, respectively, 
then each homomorphism f : (K1,x,) — (K2,X,) is a single values neutrosophic continuous function from Ky 
to Ko. 


Proof. Let f be a mapping defined as f : Ky — Kp. Let x, be SNT on Ky and x, be SNT on K2, where 
X, = {Msn,1sn}. We show that f~1(.A) is a single-valued neutrosophic K-subalgebra of Ky, i.e., for 
each A € x,, f-1(A) € x,- Since x, = {Dsn,1sn}, then for any u € x,, consider Dsn € x, such that 
f~'(@sw)(u) = Osn(f(u)) = Dsn(w). 

Therefore, (f-'(Osw)) = Osn € 7, Likewise, (f-'(1sn)) = lsw € x,- Hence, f is a SN 
continuous function from K to K>. 

Now, for the second part of the theorem, where both x, and x, are SNTSs on Ky and K», 
respectively, and f : (K1,x,) > (K2,x,) isa homomorphism. Therefore, for all A € x, and f-1A € x, 
where f is not a usual inverse homomorphism. To prove that f~ (A) is a single-valued neutrosophic 
K-subalgebra in of K. Let for u,v € Ky, 


f-(Ta)(u 0 0)=Ta(f(u Ov) 


= Ta(f(u) © 
2 min{7a(f f(u)) © TF (e))} 
=min{f~"(Ta)(u), f (Ta) ()}, 
f-'(Za)(u © v)=La(f(u © 2) 


= Ta(f(u) © f(r) 
zs ma EA OT (v))} 
=min{f~"(Z4)(u), f- 
f-(Fa)(u © v)=Fa(f(u © v)) 
= Fa(f(u) © f(2)) 
< max{Fa(f(u)) © Ff (o))} 
=max{f~"(F4)(u),f-'(Fa)(0)}- 


Hence, f is a single-valued neutrosophic continuous function from Ky to K2. 


Proposition 3. Let x, and x, be two SNTSs on K. Then, each homomorphism f : (K,x,) - (K,x,) isa 
single-valued neutrosophic continuous function. 


Proof. Let (K,x1) and (K,x,) be two SNTSs, where K is a K-algebra. To prove the above result, 
it is enough to show that result is false for a particular topology. Let A = (7y4,Zy4,F4,) and B = 
(Tp, Zp, Fg) be two SNSs in K. Take x1 = {@sn,1sn, A} and x2 = {Osn,1s5n, 5}. If f : (K,x1) 9 
(K,x,), defined by f(u) = e © u, for all u € K, then f is a homomorphism. Now, for u € A,v € x,, 
(f-*(B))(u) = B(f(u)) = Bleo u) = Bw), 

Vue K,ie., f-!(B) = B. Therefore, (f~'(B)) ¢ x,. Hence, f is not a single-valued neutrosophic 
continuous mapping. 


Definition 13. Let K = (G,-,©,e) bea K-algebraand x bea SNT on K. Let A bea single-valued neutrosophic 
K-algebra (K-subalgebra) of K and x4 be a SNT on A. Then, A is said to be a single-valued neutrosophic 
topological K-algebra (K-subalgebra) on K if the self mapping pa : (A,x4) 3 (A, xa) defined as pa(u) = 
u@©a,Va € K, is a relatively single-valued neutrosophic continuous mapping. 
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Theorem 2. Let x, and x, be two SNTSs on K and K», respectively, and f : Ky — Kz be a homomorphism 
such that f-'(x2) = x1. If A= {T4,L4,F 4} is a single-valued neutrosophic topological K-algebra of K2, 
then f—1(A) is a single-valued neutrosophic topological K-algebra of Ky. 


Proof. Let A = {74,Z,4,F 4} bea single-valued neutrosophic topological K-algebra of K. To prove 
that f~!(.A) be a single-valued neutrosophic topological K-algebra of Ky. Let for any u,v € Ki, 


Taya Ov) = Taf(uo v)) 

= min{T4(f(u)), Ta(f(o))} 

= mint T ¢-1¢4)(4),T p14) ) 
Lyp-avay(u © 2) = Za(f(uO2)) 

= min{Z4(f(u)),Za(f(o))} 

= min{Z>-1/4) (4), Zp, 4) (0) }- 
F p-ayay(u © 0) = Fa(f(uv)) 

< max{F4(f(u)), Fa(f(o))} 

= max{F¢-1,4)(u), Fra) (v)}. 


Hence, f~!(A) is a single-valued neutrosophic K-algebra of Ky. 

Now, we prove that f~'(A) is single-valued neutrosophic topological K-algebra of 1. Since 
f isa single-valued neutrosophic continuous function, then by proposition 3.1, f is also a relatively 
single-valued neutrosophic continuous function which maps (f~!(.A),x f-1(Ay) to (A, XA). 

Let a € Ky and Y beaSNS in wy, and let X be aSNS in Xf-1(A) such that 


fl M =x. (1) 


We are to prove that 0, : (f-*(A), x p- (A)) (f(A), Xp-1¢4)) is relatively single-valued 
neutrosophic continuous mapping, then for any a € Ky, we have 


Th-1(x) (4) = T(x) (Pa(u)) = T(x) (u © 4) 
= Ty) (ua) = Ty (fu ea) 
= Ty) (f(u) © f(a) = Ton len a) (f (u))) 
= T p-rp(ayy(f(4)) = Tp (Pp (a (Y)()), 


e510) = T(x) (Pa(u)) = Z(x)(u Oa) 
= T,- Veen aad f(u@a)) 
=Ty)(f(u) © f(a)) = Zo (Ppa) (F))) 
= Zy-1pcayy(f(¥)) = Z pa (97) (VY) (u)), 
F j-1(x)(U) = Fx) (Pa(u)) = F(x) (u © a) 
= Fay (ua) = Cou f(u@a)) 
= Fy) (f(u) © fla ae oy (f(a (FO) 
=F yp ayy(f(u)) = ile, (a) (Y) (u)). 


It concludes that p; !(X) = f(a). Thus;0, (X) of tAy=S Fr (F(a) (¥)) Nn f-1(A) is 
a SNS in f~!(A) and a SNS in x f(A): Hence, f ~1(.A) and a single-valued neutrosophic topological 


K-algebra of K. Hence, the proof. 


Theorem 3. Let (K1,x,) and (K2,x,) be two SNTSs on Ky and K, respectively, and let f be a bijective 
homomorphism of Ky into Kz such that f (x1) = x2. If A is a single-valued neutrosophic topological K-algebra 
of Ky, then f(A) is a single-valued neutrosophic topological K-algebra of K. 


Proof. Suppose that A = {74,Z4,F.,4} isaSN topological K-algebra of K;. To prove that f(A) isa 
single-valued neutrosophic topological K-algebra of K2, let, for u,v € Ko, 
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F(A) = (feup (Ta) (0), foup (Za) (0), fine(FA) (2))- 
Let ay € f~!(u), bo € f-+(v) such that 
SUP ye f-1(y) Ta(x) = Tao), SUP ye f-1(0) Ta(x) = Ta(bo), 
SUP ye f-1(y) Ta(x) = Ta(a), SUP ye f-1(0) T(x) = Ta(bo), 
inf ye f-1 (1) F(x) = F(a), inf y< f-1(v) F(x) = Fa(bo). 
Now, 


Ty (A) (u © v) — sup TA (x) 
xe f-l(uOv) 


TA (do, bo) 
min{ 74 (a0), T4(bo) } 


= min{ sup 7Ty(x), sup Ty(x)} 
xe f-1(u) xef-l(v) 


= min{T;(4) (4), Tay (2) }, 


sup L(x) 
xe f-l(uOv) 


LA (Ao, bo) 
min{Z4(40),Z4(bo) } 


= min{ sup TZy(x), sup Zy,(x)} 
xef1(u) xef(0) 


= min{Z¢(4)(u),Zp(4) (0) }, 


Lea) (u © v) 


TANEOUS eg eg A 


F 4(ao, bo) 
max{F4(ao), F.4(bo) } 
— mas nt F(x), inf F4(x)} 


f-1(u) “xe f-1(v) 


max{F (4) (u),F¢(4) (0). 


Hence, f(A) is a single-valued neutrosophic K-subalgebra of K2. Now, we prove that the self 
mapping py : (f(A), x¢(A)) > (F(A), x¢(A)), defined by pp, (v) = 0 © 8, for all b € Kz, is a relatively 
single-valued neutrosophic continuous mapping. Let Y4 be a SNS in x4, there exists a SNS “Y” in x1 
such that Y4 = YM A. We show that for a SNS in x ¢4), 


e~*o(Y cay) VF (A) © x44) 


Since f is an injective mapping, then f(Y4) = f(YM A) = f(Y)N f(A) is a SNS in x (4) which 
shows that f is relatively single-valued neutrosophic open. In addition, f is surjective, then for all 
b € Kn,a = f(b), wherea € Ky. 
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Now, 

Ty % ay) 4) = TAY) M) 
= Tp-1/(a)(Yp) FM) 
= Tega) (f(a (FH) 
= Tir) Ff) © f(a) 
= Fy tO) 
= Ty-1(¥¢¢4)) (Pau) 
= Tp ay (F"(¥pay)) ()s 


Feta (Y ayy) 4) = Zp (ot play(rpy)) 4) 

= Ty (a)(Yp ay) FM) 

= Leygcy) (Op ay (FH) 
=T yp 4) (flu) © f(a)) 

= Faia y¥ OG) 

a Lp-1 (v4.4) (Pa(u)) 

= T,-1,2) (FY cay) (4), 


F §1(— A(X py) 4) = Fp-2(@-4¢ (a) ¢4y)) M) 
= Ft (a)(¥pp4y) FH) 
= Fay) f(a F())) 
= Foy) (flu) © F(a) 
= Fi) Oa) 
a F 6-1 (¥p¢4)) (Pa(us)) 
= Fotay f(a) (4)- 


This implies that f— ‘(pa ny (VPA y= Pra) (f-'(Ya)))- Since pa : (A,x4) > (A,X.4) is relatively 
single-valued fentessophic continued: mapping and f is relatively single-valued neutrosophic 


continues mapping from (A, x.4) into (f(A), X¢4y), f(y (Yay) A = bey (F(a) 9 Ais 
a SNS in x4. Hence, f(f~! (P(n) ((Y¢.4)))) AA) = Poa (Yr A)) Of (A) is a SNS in x4, which completes 
the proof. 


Example 2. Let K = (G,-,©@,e) bea K-algebra, where G = {e, x, x*,x°,x*,x°, x°, x7, x8} is the cyclic group 
of order 9 and Caley’s table for © is given in Example 1. We define a SNS as: 


A = {(e,0.4,0.5,0.8), (s,0.3,0.4,0.6)}, 
B = {(e,0.3,0.4, 0.8), (s,0.2,0.3,0.6)}, 


for alls #e € G, where A,B € [0,1]. The collection xx = {Osn,15n, A, B} of SNSs of K is a SNT on K 
and (Kx) isa SNTS. Let C be a SNS in K, defined as: 


C = {(e,0.7,0.5,0.2), (s,0.5,0.4,0.6)}, Vs Ae EG. 


319 


Florentin Smarandache (author and editor) Collected Papers, IX 


Clearly, C is a single-valued neutrosophic K-subalgebra of K. By direct calculations relative topology 
xe is obtained as xe = {©y,1,4,A}. Then, the pair (C,xc) is a single-valued neutrosophic subspace 
of (K,xk). We show that C is a single-valued neutrosophic topological K-subalgebra of K, i.e., the self 
mapping Pa : (C,xc) — (C,Xc) defined by pa(u) = u©a,Va € K is relatively single-valued neutrosophic 
continuous mapping, i.e., fora SNOS A in (C,xc), Pg (A) NC € xe. Since Pq is homomorphism, then 
pa (A)NC =A E xe. Therefore, pa : (C,xc) — (C, Xe) is relatively single-valued neutrosophic continuous 
mapping. Hence, C is a single-valued neutrosophic topological K-algebra of K. 


Example 3. Let K = (G,-,©,e) be a K-algebra, where G = {e, x, x7, x3, x4, x9, © x7, x} is the cyclic group 
of order 9 and Caley’s table for © is given in Example 3.1. We define a SNS as: 


A = {(e,0.4, 0.5, 0.8), (s,0.3,0.4,0.6)}, 
B = {(e,0.3,0.4, 0.8), (s,0.2,0.3,0.6)}, 
D = {(e,0.2,0.1,0.3), (s,0.1,0.1,0.5)}, 


for alls Ae € G, where A,B € [0,1]. The collection x; = {Osn,1sn,D} and x2 = {Osn,1sn, A, B} of 
SNSs of K are SNTs on K and (K, x1), (K,X2) be two SNTSs. Let C be a SNS in (K, x2), defined as: 


C = {(e,0.7,0.5,0.2), (s,0.5,0.4,0.6)}, Vs Fe EG. 


Now, Let f : (K,x1) — (K, x2) be a homomorphism such that f~!(x2) = x1 (we have not consider K to 
be distinct), then, by Proposition 3, f is a single-valued neutrosophic continuous function and f is also relatively 
single-valued neutrosophic continues mapping from (K,x1) into (K, x2). Since C is a SNS in (K, x2) and 
with relative topology xc = {©.4,1,4, A} is also a single-valued neutrosophic topological K-algebra of (K, x2). 
We prove that f—!(C) is a single-valued neutrosophic topological K-algebra in (K., x1). Since f is a continuous 
function, then, by Definition 8, f~!(C) is a single-valued neutrosophic K-subalgebra in (K-, x1). To prove that 
f l(c) is a single-valued neutrosophic topological K-algebra, then for b € K, take 


po: (FC), x¢-(e)) 2 FC), Xp-@)), 


forAe XF-1(C)Pp (A) Nft(C) € Xf-(c) Which shows that f-1(C) is a single-valued neutrosophic 
topological K-algebra in (K, x1). Similarly, we can show that f(C) is aa single-valued neutrosophic topological 
K-algebra in (K,, x2) by considering a bijective homomorphism. 


Definition 14. Let x be a SNT on K and (K,x) bea SNTS. Then, (Kx) is called single-valued neutrosophic 
Cs-disconnected topological space if there exist a SNOS and SNCS H such that H = (Ty,LZy,Fu,) #1sn 
and H. = (Tx,IZ4,Fu,) 4 Osn, otherwise (K,x) is called single-valued neutrosophic C5-connected. 


Example 4. Every indiscrete SNT space on K is Cs5-connected. 


Proposition 4. Let (K1,x1) and (K2,x2) be two SNTSs and f : (K1,x1) — (K2,X2) be a surjective 
single-valued neutrosophic continuous mapping. If (KC, X1) is a single-valued neutrosophic Cs5-connected space, 
then (K2,X2) is also a single-valued neutrosophic Cs-connected space. 


Proof. Suppose on contrary that (K2,x2) is a single-valued neutrosophic C5-disconnected space. 
Then, by Definition 14, there exist both SNOS and SNCS H be such that H # 1sy and H #4 Den. Since 
f is a single-valued neutrosophic continuous and onto function, so f~!(H) = 1sy or f-!(H) = Dsn, 
where f—!(#) is both SNOS and SNCS. Therefore, 


H = f(f-*(H)) = f (sn) = 1s (2) 
and 


H = f(f-\(H)) = f(@sn) = sn, (3) 
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a contradiction. Hence, (K2, x2) is a single-valued neutrosophic Cs-connected space. 


Corollary 1. Let x be a SNT on K. Then, (Kx) is called a single-valued neutrosophic Cs-connected space if 
and only if there does not exist a single-valued neutrosophic continuous map f : (K,x) + (Fr, x71) such that 


f #1sn and f # Osn 


Definition 15. Let A = {74,Z4,F 4} bea SNS in K. Let x bea SNT on K. The interior and closure of A in 
K is defined as: 


A!": The union of SNOSs which contained in A. 
A; The intersection of SNCSs for which A is a subset of these SNCSs. 


Remark 1. Being union of SNOS A!" is a SNO and AW” being intersection of SNCS is SNC. 


Theorem 4. Let A be a SNS ina SNTS (K,x). Then, A! is such an open set which is the largest open set of 
K contained in A. 


Corollary 2. A = (T4,Z,4,F,4) isa SNOS in K if and only if Al = Aand A = (Ty,T4, Fa) is a SNCS 
in K if and only if AC? = A. 


Proposition 5. Let A bea SNS in K. Then, following results hold for A: 


(i) (1sw)™* = Ign. 


(ii) (Qsn)"" = Osn 
(ii) (A) = (A 
(iv) (A) ” = (Ay 


Definition 16. Let K be a K-algebra and x be a SNT on K. A SNOS A in K is said to be single-valued 
neutrosophic regular open if 


A= A (4) 


Remark 2. Every SNOS which is regular is single-valued neutrosophic open and every single-valued 
neutrosophic closed and open set is a single-valued neutrosophic regular open. 


Definition 17. A single-valued neutrosophic super connected K-algebra is such a K-algebra in which there does 
not exist a single-valued neutrosophic regular open set A = (T4,Z.4,F 4) such that A 4 Osn and A # 1sn. 
If there exists such a single-valued neutrosophic regular open set A = (T4,L.4,F 4) such that A # Osn and 
A # Ign, then K-algebra is said to be a single-valued neutrosophic super disconnected. 


Example 5. Let K = (G,-,©,e) be a K-algebra, where G = {e, x, x7,3, x4, 2°, x9, x7, ae) is the cyclic group 
of order 9 and Caley’s table for © is given in Example 1 We define a SNS as: 


A = {(e,0.2, 0.3, 0.8), (s,0.1,0.2,0.6)}. 


Let x = {@sn,15n,A} be a SNT on K and let B = {(e,0.3,0.3, 0.8), (s,0.2,0.2,0.6)} be a SNS in 
K. here 


SNOSs : Qsn = {0,0,1},1s5n = {1,1,0},A = {(e,0.2, 0.3, 0.8), (s,0.1, 0.2, 0.6) }. 
SNCSs : (Osw)° = ({0,0,1})* = ({1,1,0}) = 1sn, (1sw)* = ({1,1,0})* = ({0,0,1}) = sn, 
(A)° = ({(c, 0.2, 0.3, 0.8), (s,0.1,0.2,0.6)})° = ({ (e,0.8,0.3, 0.2), (s, 0.6, 0.2,0.1)}) = A’ (say). 
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Then, closure of B is the intersection of closed sets which contain B. Therefore, 


A’ = Bo, (5) 


Now, interior of B is the union of open sets which contain in B. Therefore, 
@snUJA=A 


A = Bl. (6) 


Note that (BC!?)C’e = BC?, Now, if we considera SNS A = {(e,0.2,0.3, 0.8), (s,0.1,0.2,0.6)} ina 
K-algebra K and if xx = {©sn,1sn, A} isa SNT on K. Then, (A)? = Aand (A)!"* = A. Consequently, 


A= Ae (7) 


which shows that A is a SN regular open set in K-algebra K. Since A is a SN regular open set in K and 
A #@sn, A # 15n, then, by Definition 17, K-algebra K is a single-valued neutrosophic supper disconnected 
K-algebra. 


Proposition 6. Let K be a K-algebra and let A be a SNOS. Then, the following statements are equivalent: 


(i) A K-algebra is single-valued neutrosophic super connected. 

(ii) (A)? = Icy, for each SNOS A # Don. 

(iii) (A)!"* = gn, for each SNCS A # 1sn. 

(iv) There do not exist SNOSs A, F such that A C F and A 4 Osn # F in K-algebra K. 


Definition 18. Let (Kx) bea SNTS, where K is a K-algebra. Let S be a collection of SNOSs in K denoted by 
S= {(Ta,;,La,) Fa;) :] € J}. Let A bea SNOS in K. Then, S is called a single-valued neutrosophic open 
covering of A if AC US. 


Definition 19. Let K be a K-algebra and (K, x) be a SNTS. Let L be a finite sub-collection of S. If L is also 
a single-valued neutrosophic open covering of A , then it is called a finite sub-covering of S and A is called 
single-valued neutrosophic compact if each single-valued neutrosophic open covering S of A has a finite sub-cover. 
Then, (Kx) is called compact K-algebra. 


Remark 3. [f either K is a finite K-algebra or x is a finite topology on K, 1.e., consists of finite number 
of single-valued neutrosophic subsets of K, then the SNT (K,x) is a single-valued neutrosophic compact 
topological space. 


Proposition 7. Let (K1,x1) and (K2,x2) be two SNTSs and f be a single-valued neutrosophic continuous 
mapping from Ky into Kz. Let A bea SNS in (K1,X1) . If A is single-valued neutrosophic compact in (Ky, x1), 
then f(A) is single-valued neutrosophic compact in (K2, x2). 


Proof. Let f : (K1,x1) — (K2,X2) be a single-valued neutrosophic continuous function. Let 
c=C > (Aj :j € J)) be asingle-valued neutrosophic open covering of A since A be a SNS in (K1, 1). 
Let L = (A; :j € J) bea single-valued neutrosophic open covering of f (A). Since A is compact, then 


n 
there exists a single-valued neutrosophic finite sub-cover U f~'(Aj) such that 
j=l 


AC UF MAD 
JF 


We have to prove that there also exists a finite sub-cover of L for f(A) such that 
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Now, 
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Hence, f(A) is single-valued neutrosophic compact in (K2, x2). 


Definition 20. A single-valued neutrosophic set A in a K-algebra K is called a single-valued neutrosophic 


point if 
Tal | a ve ne 
(0) | - aa ae 
Fale) | - on a 


with support u and value («,B,), denoted by u(a,B,7). This single-valued neutrosophic point is said 
to “belong to” a SNS A, written as u(a,B, 7) € Aif Ta(u) > a,Zy(u) > B,F4(u) < y and said to be 
“quasi-coincident with” a SNS A, written as u(a, B,y)qAifTa(u) +a >1,Z4(u)+ 6B >1Fatu)t+y <1. 


Definition 21. Let K be a K-algebra and let (K,x) be a SNTS. Then, (Kx) is called a single-valued 
neutrosophic Hausdorff space if and only if, for any two distinct single-valued neutrosophic points u,u2 € K, 
there exist SNOSs B, = (7p,,Lg,, Fp, ), B2 = (TB),Lp,, Fy) such that uy € By, u2 € Bo, ie., 


Tp, (v1) = 1, Zp, (41) = 1, Fg, (v1) = 0, 
Tp, (u2) = 1,2 p,(u2) = 1, Fg, (u2) = 0 


and satisfy the condition that By 1 By = Osn. Then, (Kx) is called single-valued neutrosophic Hausdorff 
space and K-algebra is said to ba a Hausdorff K-algebra. In fact, (K,x) is a Hausdorff K-algebra. 


Example 6. Let K = (G,-,©,e) bea K-algebra and let (K, x) bea SNTS on K,, where 

G = {e,x,x*,x3, x4, x°, x®, x7, x8} is the cyclic group of order 9 and Caley’s table for © is given in Example 1. 
We define two SNSs as A = {(e,1,1,0), (s,0,0,1)}. B = {(e,0,0,1), (s,1,1,0)}. Consider a single-valued 
neutrosophic point for e € K such that 


_ } 03, ife=u 
Tale)= 0, otherwise, 
0.2, ife=u 
Tt = 
A(e) 0, otherwise, 
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_) 04, ife=u 
Fae)= 0, otherwise. 


Then, e(0.3,0.2,0.4) is a single-valued neutrosophic point with support e and value (0.3,0.2,0.4). 
This single-valued neutrosophic point belongs to SNS “A” but not SNS “B”. 
Now, for alls feEk 


_} 05, ifs=u 
Ta(s)= 0, otherwise, 


Tats) | 0.4, ifs=u 


0, otherwise, 


0.3, ifs=u 
Tee )= 0, otherwise. 


Then, s(0.5, 0.4, 0.3) is a single-valued neutrosophic point with support s and value (0.5,0.4,0.3). This 
single-valued neutrosophic point belongs to SNS “B” but not SNS “A”. Thus, e(0.3,0.2,0.4) € A and 
e(0.3,0.2,0.4) ¢ 6, s(0.5,0.4,0.3) € Band s(0.5,0.4,0.3) € Aand A(\B = Don. Thus, K-algebra is a 
Hausdorff K-algebra and (K, x.) is a Hausdorff topological space. 


Theorem 5. Let (K1,x1), (K2,x2) be two SNTSs. Let f be a single-valued neutrosophic homomorphism from 
(K1,Xx1) into (K2, x2). Then, (K1,X1) is a single-valued neutrosophic Hausdorff space if and only if (K2,x2) 
is a single-valued neutrosophic Hausdorff K-algebra. 


Proof. Let (K1,x1), (K2,xX2) be two SNTSs. Let K be a single-valued neutrosophic Hausdorff space, 
then, according to the Definition 21, there exist two SNOSs X and Y for two distinct single-valued 
neutrosophic points U1, U2 € X2 also a,b € Ky(a # b) such that XY = Dey. 

Now, for w € Ky, consider (f~1(u1))(w) = u1(f~!(w)), where u1(f~!(w)) =s € (0,1J if w = f(a), 
otherwise 0. That is, (f~!(u1))(w) = ((f~!(u)),(w)). Therefore, we have f~!(u,) = (f~!(u))1. 
Similarly, f~!(u2) = (f~!(u))2. Now, since f~! is a single-valued neutrosophic continuous mapping 
from K» into Kj, there exist two SNOSs f(X) and f(Y) of u; and wy, respectively, such that 
F(X)NA(Y) = f(O@sn) = Osy. This implies that Kz is a single-valued neutrosophic Hausdorff 
K-algebra. The converse part can be proved similarly. 


Theorem 6. Let f be a single-valued neutrosophic continuous function which is both one-one and onto, where 
f is a mapping from a single-valued neutrosophic compact K-algebra K into a single-valued neutrosophic 
Hausdorff K-algebra K. Then, f is a homomorphism. 


Proof. Let f : K,; — Kz be a single-valued neutrosophic continuous bijective function from 
single-valued neutrosophic compact K-algebra K into a single-valued neutrosophic Hausdorff 
K-algebra K. Since f is a single-valued neutrosophic continuous mapping from Kj into K2, f is 
a homomorphism. Since f is bijective, we only prove that f is single-valued neutrosophic closed. 
Let D = (Tp,Ip, Fp) be a single-valued neutrosophic closed in K;. If D = Dsn is single-valued 
neutrosophic closed in kK, then f(D) = @sn is single-valued neutrosophic closed in Kz. However, 
if D # Dsn, then D will be a single-valued neutrosophic compact, being subset of a single-valued 
neutrosophic compact K-algebra. Then, f (D), being single-valued neutrosophic continuous image of a 
single-valued neutrosophic compact K-algebra, is also single-valued neutrosophic compact. Therefore, 
K is closed, which implies that mapping f is closed. Thus, f is a homomorphism. 
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4. Conclusions 


Non-classical logic is considered as a powerful tool for inspecting uncertainty and indeterminacy 
found in real world problems. Being a great extension of classical logic, neutrosophic set theory 
is considered as a useful mathematical tool to cope up with uncertainties in science, technology, 
and computer science. We have used this mathematical model with a topological structure to 
investigate the uncertainty in K-algebras. We have introduced the notion of single-valued neutrosophic 
topological K-algebras and presented certain concepts, including continuous function between 
two topological on K-algebras, relatively continuous function and homomorphism. We have 
investigated the image and pre-image of single-valued neutrosophic topological K-algebras under 
this homomorphism. We have proposed some conclusive concepts, including single-valued 
neutrosophic compact K-algebras and single-valued neutrosophic Hausdorff K-algebras. We plan 
to extend our study to: (i) single-valued neutrosophic soft topological K-algebras; and (ii) bipolar 
neutrosophic soft topological K-algebras. 

For other notations and terminologies, readers are referred to [21-26]. 
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of Neutrosophic Triplet Ring and Neutrosophic Triplet Field. Mathematics 6, 46; DOI: 
10.3390/math6040046 


Abstract: Rings and fields are significant algebraic structures in algebra and both of them are based 
on the group structure. In this paper, we attempt to extend the notion of a neutrosophic triplet group 
to a neutrosophic triplet ring and a neutrosophic triplet field. We introduce a neutrosophic triplet 
ring and study some of its basic properties. Further, we define the zero divisor, neutrosophic triplet 
subring, neutrosophic triplet ideal, nilpotent integral neutrosophic triplet domain, and neutrosophic 
triplet ring homomorphism. Finally, we introduce a neutrosophic triplet field. 


Keywords: ring; field; neutrosophic triplet; neutrosophic triplet group; neutrosophic triplet ring; 
neutrosophic triplet field 


1. Introduction 


The concept of a ring first arose from attempts to prove Fermat's last theorem [1], starting with Richard 
Dedekind in the 1880s. After contributions from other fields, mainly number theory, the notion of a ring 
was generalized and firmly established during the 1920s by Emmy Noether and Wolfgang Krull [2] Modern 
ring theory, a very active mathematical discipline, studies rings in their own right. To explore rings, 
mathematicians have devised various notions to break rings into smaller, more understandable pieces, 
such as ideals, quotient rings, and simple rings. In addition to these abstract properties, ring theorists 
also make various distinctions between the theories of commutative rings and noncommutative rings, 
the former belonging to algebraic number theory and algebraic geometry. A particularly rich theory 
has been developed for a certain special class of commutative rings, known as fields, which lies 
within the realm of field theory. Likewise, the corresponding theory for noncommutative rings, 
that of noncommutative division rings, constitutes an active research interest for noncommutative 
ring theorists. Since the discovery of a mysterious connection between noncommutative ring theory 
and geometry during the 1980s by Alain Connes [3-5], noncommutative geometry has become a 
particularly active discipline in ring theory. 

The foundation of the subject (i.e., the mapping from subfields to subgroups and vice versa) is set 
up in the context of an absolutely general pair of fields. In addition to the clarification that normally 
accompanies such a generalization, there are useful applications to infinite algebraic extensions and 
to the Galois Theory of differential equations [6]. There is also a logical simplicity to the procedure: 
everything hinges on a pair of estimates of field degrees and subgroup indices. One might describe it 
as a further step in the Dedekind—Artin linearization [7]. 

An early contributor to the theory of noncommutative rings was the Scottish mathematician 
Wedderburn who, in 1905, proved “Wedderburn’s Theorem”, namely that every finite division ring is 


327 


Florentin Smarandache (author and editor) Collected Papers, IX 


commutative and so is a field [8]. It was only around the 1930s that the theories of commutative and 
noncommutative rings came together and that their ideas began to influence each other. 

Neutrosophy is a new branch of philosophy which studies the nature, origin, and scope of neutralities 
as well as their interaction with ideational spectra. The concept of neutrosophic logic and a neutrosophic 
set was first introduced by Florentin Smarandache [9] in 1995, where each proposition in neutrosophic logic 
is approximated to have the percentage of truth in a subset T, the percentage of indeterminacy in a subset 
I, and the percentage of falsity in a subset F such that this neutrosophic logic is called an extension of fuzzy 
logic, especially to intuitionistic fuzzy logic [10]. The generalization of classical sets [9], fuzzy sets [11], 
and intuitionistic fuzzy sets [10], etc., is in fact the neutrosophic set. This mathematical tool is used to 
handle problems consisting of uncertainty, imprecision, indeterminacy, inconsistency, incompleteness, 
and falsity. By utilizing the idea of neutrosophic theory, Vasantha Kandasamy and Florentin Smarandache 
studied neutrosophic algebraic structures [12-14] by inserting a literal indeterminate element “I”, 
where [2 = I, in the algebraic structure and then combining “I” with each element of the structure 
with respect to the corresponding binary operation, denoted *. They call it the neutrosophic 
element, and the generated algebraic structure is then termed as a neutrosophic algebraic structure. 
Some other neutrosophic algebraic structures can be seen as neutrosophic fields [15], neutrosophic vector 
spaces [16], neutrosophic groups [17], neutrosophic bigroups [17], neutrosophic N-groups [15], 
neutrosophic semigroups [12], neutrosophic bisemigroups [12], neutrosophic N-semigroups [12], 
neutrosophic loops [12], neutrosophic biloops [12], neutrosophic N-loop [12], neutrosophic groupoids [12] 
and neutrosophic bigroupoids [12] and so on. 

In this paper, we introduce the neutrosophic triplet ring. Further, we define the neutrosophic 
triplet zero divisor, neutrosophic triplet subring, neutrosophic triplet ideal, nilpotent neutrosophic 
triplet, integral neutrosophic triplet domain, and neutrosophic triplet ring homomorphism. 
Finally, we introduce a neutrosophic triplet field. The rest of the paper is organized as follows. 
After the literature review in Section 1 and basic concepts in Section 2, we introduce the neutrosophic 
triplet ring in Section 3. Section 4 is about the introduction of the integral neutrosophic triplet domain 
with some of its interesting properties, and is also where we develop the neutrosophic triplet ring 
homomorphism. In Section 5, we study neutrosophic triplet fields. Conclusions are given in Section 6. 


2. Basic Concepts 


In this section, all definitions and examples have been taken from [18] to provide some basic 
concepts about neutrosophic triplets and neutrosophic triplet groups. 


Definition 1. Let N be a set together with a binary operation *. Then N is called a neutrosophic triplet set if 
for any a © N, there exists a neutral of “a” called neut (a), different from the classical algebraic unitary element, 
and an opposite of “a” called anti(a), with neut(a) and anti(a) belonging to N, such that 


a*neut(a) = neut(a)*a=a 


and 
ax anti(a) = anti(a) * a = neut(a). 


The element a, neut(a), and anti(a) are collectively called a neutrosophic triplet and we denote it by 
(a,neut(a),anti(a)). By neut(a), we mean the neutral of a, and a is just the first coordinate of a neutrosophic 
triplet and not a neutrosophic triplet [18]. 

For the same element “a” in N, there may be more than one neutral neut(a) and more than one opposite 
anti(a). 


Definition 2. The element b in (N,*) is the second component, denoted by neut(-), of a neutrosophic triplet, 


if there exist other elements a and c in N such thata*xb = b*xa = aanda*c =cx*a = b. The formed 
neutrosophic triplet is (a,b,c) [12]. 
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Definition 3. The element c in (N,*) is the third component, denoted by anti(-) of a neutrosophic triplet, 
if there exist other elements a and b in N such thataxb = bea =aanda*c =cx*a = b. The formed 
neutrosophic triplet is (a,b,c) [12]. 


Example 1. Consider Z¢ under multiplication modulo 6, where 
Zo = {0,1,2,3,4,5}. 


Then the element 2 gives rise to a neutrosophic triplet because neut(2) =4 ~A1,as2x4=4x2=8= 
2(mod6). Also, anti(2) = 2 because 2 x 2 = 4. Thus (2,4,2) is a neutrosophic triplet. Similarly 4 gives rise 
to a neutrosophic triplet because neut(4) = anti(4) = 4 So (4,4,4) is a neutrosophic triplet. However, 3 does 
not give rise to a neutrosophic triplet as neut(3) = 5 but anti(3) does not exist in Z¢, and lastly, 0 gives 
rise to a trivial neutrosophic triplet as neut(0) = anti(O) = 0. The trivial neutrosophic triplet is denoted by 
(0,0, 0) [12]. 


Definition 4. Let (N,*) be a neutrosophic triplet set. Then N is called a neutrosophic triplet group if the 
following conditions are satisfied [12]. 


1. If (N,*) is well defined, i.e., for any a,b € N, one hasaxbeN. 


2. If (N,*) is associative, i.e., (a*b) *c =ax (bc) foralla,b,c EN. 


The neutrosophic triplet group, in general, is not a group in the classical algebraic sense. 
We consider the neutrosophic neutrals as replacing the classical unitary element, and the neutrosophic 
opposites as replacing the classical inverse elements. 


Example 2. Consider (Z19,#), where # is defined as a#b = 3ab(mod10). Then (Z40,#) is a neutrosophic 
triplet group under the binary operation #, as shown in Table 1 [18]. 


Table 1. Cayley table of neutrosophic triplet group (Zj0, #). 


CHONDA RWNHO| # 
oooh hoRonononn— 
NBR OUNODWO]R 
RONDORANAO!N 
PNWERUTUDN®AOO|w 
ADRNDOABARDANO]EA 
aouoncououdolua 
NBRWOONBADWO!A 
CONDTURWNHFOILN 
DANADRODAN@ABRO]|@ 
WAUNUARPANSO!] LO 


It is also associative, i.e., 
(a#b)#c = a#(bitc). 


Now we take the LHS to prove the RHS. 
(a#b)#c = (3ab)#c 


= 3(3ab)c = 9abc 
= 3a(3bc) = 3a(bitc) 
= at(bitc) 
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For each a € Z49, we have neut(a) in Zy. 

That is, neut(0) = 0, neut(1) = 7, neut(2) = 2, neut(3) = 7, neut(4) = 2, and so on. 

Similarly, for each a € Zo, we have anti(a) in Zyo. 

That is, anti(0) = 0, anti(1) = 9, anti(2) = 2, anti(3) = 3, anti(4) = 1, and so on. Thus (Z40,#) is a 
neutrosophic triplet group with respect to # [12]. 


3. Neutrosophic Triplet Rings 
In this section, we introduce neutrosophic triplet rings and study some of their basic properties 


and notions. 


Notations 1. Since the neutrosophic triplet ring and the neutrosophic triplet field are algebraic structures 
endowed with two internal laws * and #, in order to avoid any confusion, we use the following notation: 
neut * (x) and anti x (x) for the neutrals and anti’s, respectively, of the element x with respect to the law * and 
neu#(x) and ant#(x) for the neutrals and anti’s, respectively, of the element x with respect to the law #. 


Definition 5. Let (NTR, «,#) be a set together with two binary operations * and #. Then NTR is called a 
neutrosophic triplet ring if the following conditions hold: 


1. (NTR, *) is a commutative neutrosophic triplet group with respect to *; 
2. (NTR, #) is well defined and associative; 
3. a#(b*c) = (a#b) « (atc) and (b * c)#a = (b#a) x (c#a) for all a,b,c © NTR. 


Remark 1. An NTR in general is not a classical ring. 


Definition 6. Let (NTR, *,#) be a neutrosophic triplet ring and let a € NTR. We call the structure a unitary 
neutrosophic triplet ring (UNTR) if each element a has a neut* (a). 


Definition 7. Let (NTR, *,#) be a neutrosophic triplet ring. We call the structure a commutative unitary 
neutrosophic triplet ring if it is a UNTR and # is commutative. 


Definition 8. Let (NTR, «,#) be a neutrosophic triplet ring and let0 4.a € NTR. If there exists a nonzero 
element b € NTR such that bi#ta = 0, then b is called a left zero divisor of a. Similarly, an element b € NTR is 
called a right zero divisor of a if a#tb = 0. 


A zero divisor of an element is one which is both a left zero divisor and a right zero divisor of 
that element. 


Theorem 1. Let NTR be a commutative neutrosophic triplet ring and a,b € NTR such that a, b, neut*(a), 
neut* (b), neut(a#b), and anti* (a#b) are cancellable and that neut*(a), neut*(b) and anti*(a), anti*(b) do 
exist in NTR. Then 


1. neut*(a)#neut*(b) = neut* (a#b); and 
2. anti*(a)#anti*(b) = anti* (a#b). 
Proof. 


(1) Consider the left-hand side, with neut* (a)#neut*(b). Multiply by a to the left and by b to the 
right; then we have 


a#neut* (a)#neut*(b)#b = (a#neut* (a))#(neut*(b)#b) = ath, 


330 


Florentin Smarandache (author and editor) Collected Papers, IX 


since # is associativeNow we consider the right-hand side; we have neut* (a#b). Multiplying by a to 
the left and by b to the right, we have 


at#neut* (a#b)#b = (a#b)#neut* (atb) = a#b, 


since # is associative and commutative, 
Thus, LHS = a#b = a#b = RHS. 
(2) Considering the left-hand side, we have anti* (a)#anti*(b). 


Multiplying by a to the left and by b to the right, we have 
a#tanti* (a(#anti* (b)#b = (a#anti*(a))#(anti*(b)#b) = ab. 


Now consider the right-hand side, where we have anti* (a#b). 
Multiplying by a to the left and by b to the right, we have a#anti* (a#b)#b = (a#b)#anti* (a#b) = a#b, 
since # is associative and commutative, 


Definition 9. Let (NTR, *,#) be a neutrosophic triplet ring and let S be a subset of NTR. Then S is called a 
neutrosophic triplet subring of NTR if (S,*,#) is a neutrosphic triplet ring. 


Definition 10. Let (NTR, *,#) be a neutrosophic triplet ring and I be a subset of NTR. Then I is called a 
neutrosophic triplet ideal of NTR if the following conditions are satisfied. 


1. (I, *) is aneutrosophic triplet subgroup of (NTR, *); and 
2. Forallx € Iandr € NTR, x#r € Iand r#x € I. 


Theorem 2. Every neutrosophic triplet ideal is trivially a neutrosophic triplet subring, but the converse is not 
true in general. 


Remark 2. Let (NTR, *,#) be a neutrosophic triplet ring and let a € NTR. Then the following are true. 


1. neut*(a) and anti*(a) in general are not unique in NTR. 
2. neut#(a) and anti#(a) (if they exist for some element a) in general are not unique in NTR. 


Definition 11. Let NTR be a neutrosophic triplet ring and let a © NTR. Then a is called a nilpotent element if 
a" = 0, for some positive integer n > 1. 


Theorem 3. Let NTR be a commutative neutrosophic triplet ring and let a € NTR. If a is a nilpotent, 
the following are true. 


1. (neut « (a))" = neut * (0); and 
2. (anti (a))" = anti * (0). 


Proof. 


(1) Suppose that a is a nilpotent in a neutrosophic triplet ring NTR. Then, by definition, a” = 0 
for some positive integer n > 1. 

We prove by mathematical induction. 

We can show that neut * (a) * neut * (a) = neut * (a * b) and anti « (a) « anti * (a) = anti * (a * b) 
in the same way as we did in Theorem 1 above by just replacing the law * by #. 

Now we make a = b, so we get neut * (a)* = neut * (a) * neut * (a) = neut(a’). 


331 


Florentin Smarandache (author and editor) Collected Papers, IX 


We assume, by mathematical induction, that our equality is true for any positive integer up to n — 1, 
and we need to prove it for n. 
Now we consider left-hand side of 1: 


(neut * (a))" = (neut * (a)) * (neut * (a))"~! = neut * (a*a"~1) = neut * (a") = neut * (0). 


This completes the proof. 
The proof of (2) is similar to that of (1) 


4. Integral Neutrosophic Triplet Domain and Neutrosophic Triplet Ring Homomorphism 


Section 4 is about the introduction of the integral neutrosophic triplet domain and some of its 
interesting properties. Moreover, in this section, we develop a neutrosophic triplet ring homomorphism. 


Definition 12. Let (NTR, *,#) be a neutrosophic triplet ring. Then NTR is called a commutative neutrosophic 
triplet ring if a#b = bia for alla,b © NTR. 


Definition 13. A commutative neutrosophic triplet ring NTR is called an integral neutrosophic triplet domain 
if for alla,b € NTR, a#b = 0 implies a = 0 orb = 0. 


Theorem 4. Let NTR be an integral neutrosophic triplet domain. Then the following are true for all a,b € NTR. 


1. If neut*(a) and neut*(b) do exist, then neut*(a)#neut* (b) = 0 implies neut*(a) = 0 or neut*(b) = 
2. If anti*(a) and anti*(b) do exist, then anti* (a)#anti*(b) = 0 implies anti*(a) = 0 or anti*(b) = ‘ 
Proof. 


(1) Obvious, since NTR is an integral neutrosophic triplet domain, and neut*(a) and neut*(b) 
belong to NTR. 

(2) Obvious, since NTR is an integral neutrosophic triplet domain, and anti*(a) and anti*(b) 
belong to NTR. 


Proposition 1. A commutative neutrosophic triplet ring NTR is an integral neutrosophic triplet domain if, 
and only if, whenever a,b,c € NTR such that a#b = a#c and a £ 0, then b =c. 


Proof. Suppose that NTR is an integral neutrosophic triplet domain and let a,b,c € NTR. Since a 4 0 
and a € NTR, ais not a zero divisor, so a is cancellable, i.e., 


a#b = a#c > b=c. 


Reciprocally, let a € NTR, such that a # 0; then, by hypothesis, a is cancellable, so a is not a zero 


divisor. NTR is an integral neutrosophic triplet domain. 


Definition 14. Let (NT Ry, *,#) and (NTR, @, ®) be two neutrosophic triplet rings. Let f : NTR; + NTR» 
be a mapping. Then f is called a neutrosophic triplet ring homomorphism if the following conditions are true. 


f(a*xb) = f(a) @ f(b), for alla,b € NTR}. 

f (a#b) = f(a) ® f(b), for all a,b € NTR,. 
f (neut * (a)) = neut®(f(a)), foralla € NTR}. 
f (anti * (a)) = anti® (f (a)), foralla € NTR}. 


Bwn 
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5. Neutrosophic Triplet Fields 

In this section, we study neutrosophic triplet fields and some of their interesting properties. 
Definition 15. Let (NTR, «,#) be a neutrosophic triplet set together with two binary operations * and #. 
Then (NTR, x,#) is called a neutrosophic triplet field if the following conditions hold. 


1. (NTR, *) is a commutative neutrosophic triplet group with respect to *. 
2. (NTR, #) is a neutrosophic triplet group with respect to #. 
3. a#(b*c) = (a#b) * (atc) and (b « c)#a = (b#a) * (c#a) for all a,b,c € NTF. 


Example 3. Let X be a set and let P(X) be the power set of X. Then (P(X),U,/) is a neutrosophic triplet field 
since neut(A) = A and anti(A) = A forall A € P(X) with respect to both U and n. 


Proposition 2. A neutrosophic triplet field NTF always has an anti(a) for every a € NTF with respect to both 
laws * and #. 


Proof. The proof is straightforward. 


Theorem 5. A neutrosophic triplet ring is not in general a neutrosophic triplet field. 


Counterexample: 
NTR = ({1,2}, *, #) 


* 1 2 
1 2 1 
2 1 2 


({1,2},#) is well defined, associative, and commutative. 

For the element 2 there is no neut*(2) and, consequently, no anti* (2). 

Therefore, NTR = ({1,2},#) is a neutrosophic triplet commutative semigroup, but not a neutrosophic 
triplet group. 

In conclusion, NTR = ([1], *, #) is a neutrosophic triplet commutative ring, but it is not a 
neutrosophic triplet field. 


Theorem 6. A neutrosophic triplet field NTF is not in general an integral neutrosophic triplet domain NTD. 


Proof. Consider the NTF N = ({0,5}, *,#), where 0 *0 = 0,0*5 =5*0 =5,5%5 =5. The neutrosophic 
triplets with respect to * are (0,0,0) and (5,0,5). Hence, we get 5 *5 = 0. 

Also 0#0 = 0#5 = 5#0 = 5 and 5#5 = 0. The neutrosophic triplets with respect to # are (0,5,0) 
and (5,0,5). 

As we can see, 5#5 = 0. 

Therefore, this is a NTF which is not an integral neutrosophic triplet domain. 


Theorem 7. Assume that f : NTR, — NTRz2 is a neutrosophic triplet ring homomorphism. The following 
then hold. 
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1. If S is a neutrosophic triplet subring NTR,(*,#), then f(S) is a neutrosophic triplet subring of 
NTR2(9, ®). 


2. If Uisaneutrosophic triplet subring of NTR, then f—!(U) is a neutrosophic triplet subring of NTR}. 
3. If Lisa neutrosophic triplet ideal of NTRz, then f—1(1) is a neutrosophic triplet ideal of NTR}. 
4. If f is onto, and J is an ideal of NT Rj, then f(j) is an ideal of NTRo. 


Proof. 


(1) If S is aneutrosophic triplet subring NTR, (x,#), then f(S) is a neutrosophic triplet subring of 
NTR2(®,®). 

Let a,b € S, thena*b € S,neut * (a) € S,antix (a) € S. 

Then f(a), f(b) € f(S) and f(a*b) € f(S), but f(a*b) = f(a) © f(b), since f is a homomorphism. 
Thus, we have proved that if f(a), f(b) € f(S), then f(a) @ f(b) € f(S). 

Since neut*(a) and anti*(a) € S, f(neut(a)) and f(anti(a)) € f(S) since f isa homomorphism. 

But f(neut*(a)) = neut®f(a), and f(anti*(a)) = anti®f(a). 

Therefore, if f(a) € f(S), then neut® f(a) = f (neut * (a)) € f(S) and, similarly, 


anti® f (a) = f (anti (a)) € f(S). 


Now, if a,b € S, then a#b € S. Since a#b € S, f(at#b) € f(S). 
But f(a#b) = f(a) © f(b). 
Therefore, if f(a), f(b) € S, then f(a) ® f(b) = f(a#b) = f(S). 


(2) Let c,d € U. Then f~!(c), f-!(d) € f-!(U). Also c @d € U, hence 
f-"(c@d) € f-"(U), 


fhe) * fla) € f-"(U). 
But 


or 
f(f1©) ef(F7@) =ced 
or 
ced=ced. 
Similarly, 
fr (ctf *(d) € f-*(U). 
But 


f(t (a) = f-*(c@ 4), 


because if we apply f on both sides, we get 
f(f7@#F 1A) = FF @a)), 


o f(F 7) @F(F"@) =e@4, 
c@d=c@d. 
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Since c € U, we have neut®(c) and anti®(c) € U, f~l(neut®(c)) = neut*(f—+(c)) and f~\(anti® (c)) = 


anti*(f—!(c)). 
We prove them by applying f on both sides for each equality. 


ff '(neut® (c))) = fneut*(f-1((o))), 
or neut®(c) = neut® (Ff (f-'(c)) ) ; 


or neut®(c) = neut®(c). 


Similarly, 
fF Manti® (c))) = flanti*(f-\(()), 


or 
anti® (c) = anti® (F(f- ©) 
anti® (c) = anti® (c) 
(3) Leti € andr € NTR». Then, i @r € I, and therefore, f-'(i@ r) € f-!(1). 
f Weft “Gand? @)ENTR. 


We prove that 


Applying f to both sides, we get 
FEN # f= f(F Gen); 


fT '@) OFF") =ien 
i@r=i+r. 


Therefore, if i € I, r € NTR», theni@r e€ f-1(I). 

(4) Let j € f(J) andr € NTR». Since f is onto, then Sh € J C NTR, such that f(h) = j and 
4s € NTR, such that f(s) =r. We need to prove that j @r € f(J). 

Applying f~! to both sides, we get 


f* Ger) € fF), 


fOr eT 


or 
hxs EJ 


which is true, since h € J, which is an ideal in NTR, while s € NTR. 


6. Conclusions 


In this paper, we presented the neutrosophic triplet ring. Further, we presented the zero divisor, 
neutrosophic triplet subring, neutrosophic triplet ideal, nilpotent, integral neutrosophic triplet domain, 
and neutrosophic triplet ring homomorphism. Finally, we presented the neutrosophic triplet field. In the 
future, we can develop neutrosophic triplet vector spaces, neutrosophic modules, and neutrosophic 
triplet near rings, and so on. 
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Positive implicative BMBJ-neutrosophic ideals 
in BCK-algebras 


Rajab Ali Borzooei, M. Mohseni Takallo, Florentin Smarandache, Young Bae Jun 


Rajab Ali Borzooei, M. Mohseni Takallo, Florentin Smarandache, Young Bae Jun (2018). 
Positive implicative BMBJ-neutrosophic ideals in BCK-algebras. Neutrosophic Sets and 
Systems 23, 126-141 


Abstract: The concepts of a positive implicative BMBJ-neutrosophic ideal is introduced, and several properties are 
investigated. Conditions for an MBJ-neutrosophic set to be a (positive implicative) BMBJ-neutrosophic ideal are pro- 
vided. Relations between BMBJ-neutrosophic ideal and positive implicative BMBJ-neutrosophic ideal are discussed. 
Characterizations of positive implicative BMBJ-neutrosophic ideal are displayed. 


Keywords: MBJ-neutrosophic set; BMBJ-neutrosophic ideal; positive implicative BMBJ-neutrosophic ideal. 


1 Introduction 


In 1965, L.A. Zadeh [18] introduced the fuzzy set in order to handle uncertainties in many real applications. 
In 1983, K. Atanassov introdued the notion of intuitionistic fuzzy set as a generalization of fuzzy set. As 
a more general platform that extends the notions of classic set, (intuitionistic) fuzzy set and interval valued 
(intuitionistic) fuzzy set, the notion of neutrosophic set is initiated by Smarandache ([{13], [14] and [15)). 
Neutrosophic set is applied to many branchs of sciences. In the aspect of algebraic structures, neutrosophic 
algebraic structures in BC / BCI-algebras are discussed in the papers [1], [3], [4], [5], [6], [11], [12], [16] 
and [17]. In [9], the notion of MBJ-neutrosophic sets is introduced as another generalization of neutrosophic 
set, and it is applied to BCk/BCI-algebras. Mohseni et al. [9] introduced the concept of MBJ-neutrosophic 
subalgebras in BC’ /BCI-algebras, and investigated related properties. Jun and Roh [7] applied the notion 
of MBJ-neutrosophic sets to ideals of BCK’/ BI-algebras, and introduced the concept of MBJ-neutrosophic 
ideals in BCK /BCT-algebras. 

In this article, we introduce the concepts of a positive implicative BMBJ-neutrosophic ideal, and investigate 
several properties. We provide conditions for an MBJ-neutrosophic set to be a (positive implicative) BMBJ- 
neutrosophic ideal, and discussed relations between BMBJ-neutrosophic ideal and positive implicative BMBJ- 
neutrosophic ideal. We consider characterizations of positive implicative BMBJ-neutrosophic ideal. 
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2 Preliminaries 
By a BC I-algebra, we mean a set X with a binary operation * and a special element 0) that satisfies the 
following conditions: 
(1) ((@ *y) * (4 *z)) * (z*y) =0, 
(I) (x * (a *y)) *y = 0, 
di) «*x=0, 
(IV) cxy=O0,y*a=0 S> a=y 
for all x,y,z € X. Ifa BCT-algebra X satisfies the following identity: 
(V) (Va € X) (Ox x2 =0), 


then X is called a BC'K-algebra. 
Every BC K/BCI-algebra X satisfies the following conditions: 


(V2 Ee X)(x#*x0=2), (2.1) 
Ve uee XK) (ey Ss oes ayes ee Seo): (2.2) 
(Va,y,z2 € X)((a*y)* z= (4*z) *y), (2.3) 
(V2, 026 X) (Gee) *(y*z) Se ey) (2.4) 


where x < y if and only if x * y = 0. 
A nonempty subset S of a BC kK /BCI-algebra X is called a subalgebra of X ifx xy € S forall z,y € S. 
A subset I of a BC Kk / BC I-algebra X is called an ideal of X if it satisfies: 


eT, (2.5) 
(Va eX) (Vy el) (axyel > rel). (2.6) 


A subset I of a BC’K-algebra X is called a positive implicative ideal of X (see [8]) if it satisfies (2.5) and 
(Va,y,zEX)(((cxy)*ezel, yxzel > rezel). (2.7) 


Note from [8] that a subset J of a BC'K-algebra X is a positive implicative ideal of X if and only if it is 
an ideal of X which satisfies the condition 


(Vz,yEX)((xaxy)xyel > ceyel). (2.8) 


By an interval number we mean a closed subinterval @ = [a~ , at] of I, where 0 < a~ < at < 1. Denote 
by [J] the set of all interval numbers. Let us define what is known as refined minimum (briefly, rmin) and 
refined maximum (briefly, rmax) of two elements in [/]. We also define the symbols “>”, “x”, “=” in case of 
two elements in [J]. Consider two interval numbers @, := lars at | and a2 := [az as | . Then 


rmin {@,@2} = [min {ay, az}, min {af, az }], 
rmax {@, da} = [max {a;, az },max {af, aj }], 


1 = a2 & ay 2 ay, Gs Sass 
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and similarly we may have a, X a2 and @ = G2. To say @, > de (resp. G1 ~< G2) we mean a; = G2 and 
Gy A Go (resp. G1 X Gy and a, F Gz). Let a; € [J] where i € A. We define 


rinf a4; = jinfa;,infa|} and rsupa; = |supa; ,supa; | . 
ied iced ied icA iCA icA 


Let X be a nonempty set. A function A : X — [J] is called an interval-valued fuzzy set (briefly, an IVF set) 
in X. Let [J]* stand for the set of all IVF sets in X. For every A € [{I|* and x € X, A(x) = [A7(a), A*(z)| 
is called the degree of membership of an element x to A, where A~ : X — J and A* : X — J are fuzzy sets 
in X which are called a lower fuzzy set and an upper fuzzy set in X, respectively. For simplicity, we denote 
A=[A7,A‘]. 


Let X be anon-empty set. A neutrosophic set (NS) in X (see [14]) is a structure of the form: 
A := {(2; Ar(x), Ar(x), Ar(x)) | x € X} 


where Ay : X -> {0, 1] is a truth membership function, Ay : X — [0,1] is an indeterminate membership 
function, and Ap : X — {0, 1] is a false membership function. 


We refer the reader to the books [2, 8] for further information regarding BC'K / BCI-algebras, and to the 
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory. 


Let X be anon-empty set. By an MBJ-neutrosophic set in X (see [9]), we mean a structure of the form: 
A:= {(2; Ma(x), Ba(x), Ja(x)) | x © X} 
where M4 and J, are fuzzy sets in X,, which are called a truth membership function and a false membership 
function, respectively, and B, is an IVF set in X which is called an indeterminate interval-valued membership 


function. 


For the sake of simplicity, we shall use the symbol A = (M4, Ba, J) for the MBJ-neutrosophic set 


A= ta: M,(a), Ba(a), JAB) y, |e Dc). 


Let X be a BCK/BCI-algebra. An MBJ-neutrosophic set A = (M4, B 4, J,) in X is called a BMBJ- 
neutrosophic ideal of X (see [10]) if it satisfies 


(Va € X)(Ma(x) + Ba(x) <1, BY(x) + Ja(z) < 1), (2.9) 
Ma(0) z Ma(z) 
(V2 € X) a ve . (2.10) 
Ja(0) < Ja(z) 
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and 


Ma(x) => min{Ma(x *« y), Ma(y)} 

a(@) < max{By(x*«y), Baly)} (2.11) 
A(x) > min{By(@*y), By(y)} | 
Ja(x) < max{Ja(a * y), Ja(y)} 


wy & 


(Va,y € X) 


3 Positive implicative BMBJ-neutrosophic ideals 


In what follows, let X denote a BC’K -algebra unless otherwise specified. 


Definition 3.1. An MBJ-neutrosophic set A = (M4, By, J4) in X is called a positive implicative BMBJ- 
neutrosophic ideal of X if it satisfies (2.9), (2.10) and 


Ma(a * z) > min{ Ma((x * y) * z), Ma(y * z)} 


Bu(a*z) < max{B,((x *y) * z), Baly * z)} 
aces) BiG@ez) > min BY ((c « y) * 2), By(y * z)} oe 


Ja(a* z) < max{Ja((x * y) * z), Ja(y * z)} 


Example 3.2. Consider a BC’ K-algebra X = {0, 1, 2,3, 4} with the binary operation « which is given in Table 
l. Let A= (Ma, B A, Ja) be an MBJ-neutrosophic set in X defined by Table 2. It is routine to verify that 


6699 


Table 1: Cayley table for the binary operation “x 


BewNwor O| * 
EPwnNmr O]|o® 
Erewonmo or 
rFwWoo ob 
roOoOoo|w 
OWNOOK 


Table 2: MBJ-neutrosophic set A = (My, By, J4) 


X Ma(x) Bye) Jax) 
0 0.71 (0.04, 0.09] 0.22 
1 0.61 (0.03, 0.08] 0.55 
2 0.51 (0.02, 0.06] 0.55 
3 0.41 (0.01, 0.03} 0.77 
4 0.31 (0.02, 0.05] 0.99 


A = (Ma, Ba, J) is a positive implicative BMBJ-neutrosophic ideal of X. 
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Theorem 3.3. Every positive implicative BMBJ-neutrosophic ideal is a BMBJ-neutrosophic ideal. 
Proof. The condition (2.11) is induced by taking z = 0 in (3.1) and using (2.1). Hence every positive 


implica-tive BMBJ-neutrosophic ideal is a BMBJ-neutrosophic ideal. 


The converse of Theorem 3.3 is not true as seen in the following example. 


Example 3.4. Consider a BC K-algebra X = {0, 1, 2,3} with the binary operation « which is given in Table 
3 


oe 99 


Table 3: Cayley table for the binary operation “x 


WwWnNnNr oO] x 
WwWNnr O]oO 
Or ool 
wooo obv 
CONF Ow 


Let A= (MA, Ba, J A) be an MBJ-neutrosophic set in X defined by Table 4. 


Table 4: MBJ-neutrosophic set A = (M4, Ba, Ja) 


xX Ma(z) Ba(x) JD Ale) 
0 0.6 (0.04, 0.09] 0.3 
1 0.5 (0.03, 0.08] 0.7 
2 0.5 (0.03, 0.08] 0.7 
) 0.3 (0.01, 0.03] 0.5 


It is routine to verify that A = (My, B ‘A, Ja) is a BMBJ-neutrosophic ideal of X. But it is not a positive 
implicative MBJ-neutrosophic ideal of X since 


Ma(2*1) =0.5 < 0.6 = min{Ma4((2 * 1) *1), Ma(1 * 1)}, 
Lemma 3.5. Every BMBJ-neutrosophic ideal A = (Ma, Ba, J A) of X satisfies the following assertion. 


Ma(x) = Maly), Bax) S Baty), 
wove (esy {Bees pind Sia) ) — 


Proof. Assume that x < y for all x,y € X. Then x « y = 0, and so 


Ma(@) 2 min{ Ma(a * y), Ma(y)} = min{M4(0), Ma(y)} = Maly), 
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By(a) < max{ Ba (x *y), Ba(y)} = max{B, (0), Ba(y)} = Baty), 


By(x) = min{By(x *y), By(y)} = min{ By (0), By(y)} = Baty), 
and 


Ja(x) < max{Ja(x* y), Ja(y)} = max{Ja(0), Ja(y)t = Jaly). 


This completes the proof. 


We provide conditions for a BMBJ-neutrosophic ideal to be a positive implicative BMBJ-neutrosophic 
ideal. 


Theorem 3.6. An MBJ-neutrosophic set A = (Ma, Ba, J A) in X is a positive implicative BMBJ-neutrosophic 
ideal of X if and only if it is a BMBJ-neutrosophic ideal of X and satisfies the following condition. 


os < By((x * 
Btlexy) > Bil(rey a (3.3) 
Ja(u xy) < Ja((x *y) *y) 


(Vx, y € X) 


Proof. Assume that A = (Ma, Ba,J A) is a positive implicative MBJ-neutrosophic ideal of X. If z is replaced 
by yin (3.1), then 


Ma(x *y) = min{Ma((x * y) *y), Maly * y)} 
= min{Ma((x *« y) * y), Ma(0)} = Ma((x *y) *y), 


By(z*y) < max{B,((x *y) *y), Bay *y)} 
= max{B,((x*y) *y), Ba(0)} = Ba((x *y) *y), 


By(a*y) > min{By((x*y) *y), Baly *y)} 
= min{B4((x *y) *y), BA(0)} = By((w*y) *y), 


and 


Ja(x*y) < max{Ja((x * y) *y), Jaly * y)t 
= max{Ja((x * y) * y), Ja(0)} = Ja((x * y) *y) 


forallz,y € X. 


Conversely, let A = (My, B a J ‘A) be an MBJ-neutrosophic ideal of X satisfying the condition (3.3). 
Since 
(v2) #2) *(y*z) <(w*2)*y = (eHy) ¥2 
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for all x, y, z € X, it follows from Lemma 3.5 that 


Ma((a *y) * 2) < Ma(((@ * 2) * 2) * (y *2)), 
By((a*y) * 2) = Ba(((a * 2) * 2) * (y * 2), (3.4) 
ele 2) < Ba((( * 2) * 2) * (y*2)), 


Ja((w *y) * z) = Ja(((w * 2) * 2) * (y * 2) 
for all x, y, z € X. Using (3.3), (2.11) and (3.4), we have 
Ma(ax * z) > Ma((x * z) * z) > min{ My(((a * z) * z) * (y * z)), Maly * z)} 
> min{f Ma((x * y) * z), Maly * z)}, 


By(a* 2) < Ba((#* z) *z) < max{ By (((a * z) * 2) * (y *z)), Baly * 2)} 
< max{ By ((w *y) * z), Bay * 2)}, 


BA(a * z) > BA((a * z) *z) > min{ BA (((z * z) * z) * (y *z)), Bay * z)} 
> min{ BA((« *y) * z), Bay *z)}, 
and 


Ja(@ #2) < Ja((v #2) #z) < max{ Ja(((o #2) % z) * (ye z)), Jay * z)} 
< max{Ja((x * y) * z), Ja(y * z)} 


for all x,y,z € X. Therefore A = (My, B A, JA) is a positive implicative BMBJ-neutrosophic ideal of X. 


Given an MBJ-neutrosophic set A = (My, By, J,) in X, we consider the following sets. 


oe 


(My;t) := {x € X | Ma(az) >t}, 
L(Baja’) = {@ EX | Ba(x) Sar}, 
U(Basa") = {x € X | BA(z) 2 a}, 
Lid es) = {2 @ xX | Jaa) Ss} 


where t, s,a~, a? € [0,1]. 


Lemma 3.7 ([10]). An MBJ-neutrosophic set A = (M4, Ba, Ja) in X is a BMBJ-neutrosophic ideal of 
X if and only if the non-empty sets U(Ma;t), L(By;a7), U(B4; 07%) and L(J4;s) are ideals of X for all 
t,s,a7~.a* € (0, 1]. 


Theorem 3.8. An MBJ-neutrosophic set A = (Ma, Ba, J A) in X is a positive implicative BMBJ-neutrosophic 
ideal of X if and only if the non-empty sets U(M,;t), L(By;a~), U(B4;a*) and L(J4; 8) are positive 
implicative ideals of X for allt, s,a7.at € [0,1]. 


Proof. Suppose that A = (My, By, Ja) is a positive implicative BMBJ-neutrosophic ideal of X. Then 


A= (Ma, B A, Ja) is a BMBJ- neutrosophic ideal of X by Theorem 3.3. It follows from Lemma 3.7 that the 
non-empty sets U(M4;t), L(By;a~), U(B4; 07%) and L(J4; s) are ideals of X for all t,s,a~.a* € [0,1]. Let 
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x, y,a,b,c,d,u,v € X be such that (x * y) xy € U(My;t), (a*b) *b € L(Bj;a7), (c*d) *«d € U(B4;a7) 
and (u * v) xv € L(J4; s). Using Theorem 3.6, we have 


Ma(x*y) > Pe au, > t, that is, x * y © U(My;t), 

ile By((a*b)*b) <a’, thatis,a*b € L(By;a7), 
Bi(cxd) > By((cx* d) *d) > at, thatis,c*d € U(Bi;a*), 

Ja(uxv) < Ja((u*v) *v) <8, thatis, u*xvu € L(J4; 8). 


Therefore U(M,4;t), L(By; a7), U(B4; at) and L(J,4; s) are positive implicative ideals of X for allt, s,a~.a* € 
[0,1]. 


Conversely, suppose that the non-empty sets U(M,4;t), L(B,;a~), U(B4;a*) and L(J,; s) are positive 
implicative ideals of X for all t,s,a~.at € [0,1]. Then U(M,;t), L(By;a7), U( By; a+) and L(J4; 8) are 
ideals of X for all t,s,a7.a* € [0,1]. It follows from Lemma 3.7 that A = (Ma, Ba, J,) is a BMBJ- 
neutrosophic ideal of X. Assume that M4(x9 * yo) < Ma((20 * Yo) * Yo) = to for some Xo, yo € X. Then 
(to*Yyo)*Yo € U(Ma; to) and xp * yo ¢ U(Ma; to), which is a contradiction. Thus My(r*y) > Ma4((a*y) *y) 
for all x,y € X. Similarly, we have Bi (x * y) > BY((x * y) * y) for all x,y € X. If there exist ao, by) € X 
such that J4(ao * bo) > Ja((ao * bo) * bo) = So, then (ao * bo) * bo € L( Ja; 80) and ao * bo ¢ L( Ja; 80). 
This is impossible, and thus J4(a * b) < Ja((a * b) x b) for all a,b € X. By the similar way, we know that 
By (ax*b) < By((a*b) *b) for all a,b € X. It follows from Theorem 3.6 that A = (M4, By, J,4) isa positive 
implicative BMBJ-neutrosophic ideal of X. 


Theorem 3.9. Let A = (My, By, J) be a BMBJ-neutrosophic ideal of X. Then A = (My, Ba, Ja) is 
positive implicative if and only if it satisfies the following condition. 
Ma((x * z) * (y*z)) 2 ce *Y) * Z), 
Ba((z * 2) * (y* z)) < Ba((a* y) * 2), 
(Va, 4,2 € X) By (exe) +e 2)) S BGxy) x). Oe) 
Jal (O¥ 2) * (YX 2)) SS SAU ee y) +z), 


Proof. Assume that A = (Ma, Bx, Ja) is a positive implicative BMBJ-neutrosophic ideal of X. Then 
A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X by Theorem 3.3, and satisfies the condition (3.3) by 
Theorem 3.6. Since 


for all x, y, z € X, it follows from Lemma 3.5 that 


lee), (3.6) 
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for all x, y, z € X. Using (2.3), (3.3) and (3.6), we have 


Mal((a* 2) * (y* z)) = Ma((a * (y* z)) * 2) 
) 


and 


Hence (3.5) is valid. 


Conversely, let A = (My, Ba, J4) be a BMBJ-neutrosophic ideal of X which satisfies the condition (3.9): 
If we put z = y in (3.5) and use (III) and (2.1), then we obtain the condition (3.3). Therefore A = (M4, Ba, 
J) is a positive implicative BMBJ-neutrosophic ideal of X by Theorem 3.6. 


Theorem 3.10. Let A = (May, Ba, J,4) be an MBJ-neutrosophic set in X. Then A = (Ma, Ba, JAy IS a 
positive implicative BMBJ-neutrosophic ideal of X if and only if it satisfies the condition (2.9), (2.10) and 


Ma(a *y) 2 min{Ma(((2 *y) *y) * 2), Ma(z)}, 
canren| BER SUME RR OeEOY | on 
Ja(x xy) < max{Ja(((x * y) xy) * 


Proof. Assume that A = (Ma, By, Ja) is a positive implicative BMBJ-neutrosophic ideal of X. Then 
A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X (see Theorem 3.3), and so the conditions (2.9) and 
(2.10) are valid. Using (2.11), (II), (2.1), (2.3) and (3.5), we have 


xy) *2z),Ma(z)} 
(x * z) *y) *(y*y)), Ma(z)} 
(x *z)*y) *y), Ma(z)} 
(x xy) *y) * 2), Ma(z)}, 
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Bye xy) < max{By((*y) +2), Ba(2)} 
= max{B,(((x* z) *y) * (y*y)), Ba(z)} 
< max{B,(((x * z) ey) *y), Baz 
= (( 


)y 
max{Ba(((v*y) *y) *z), Bale}, 


By(w*y) = min{ B4((2 * y) * z), Ba(z)} 
= min{ By (((x * z) *y) * (y*y)), Bala} 
> min{ By (((x * 2) *y) *y), Ba(z)} 
= min{Ba(((a *y) *y) * 2), Bala), 


and 


dJa(a*y) < max{J4((% * y) * 2), J4(2)} 


forall x,y,z € X. 


Conversely, let A = (Ma, Ba, J A) be an MBJ-neutrosophic set in X which satisfies conditions (2.9), 
(2.10) and (3.7). Then 


Ma(x) = Ma(x* 0) > min{M,(((x * 0) * 0) * z), Ma(z)} = min{Ma(z « z), Ma(z)}, 
By (a) = Ba(e*0) < max{ Ba (((e*0) +0) *2),B8,(2)} max Bie +2), Ba (2)}, 


Bie) = 2) (e+0) > mind Bb) (((e +0) +0) +2),.8) (2)} jam Bi es 2), Bie}, 
and 
Ja(x) = Ja(a * 0) < max{Ja(((x * 0) * 0) * z), Ja(z)} = max{Ja(az * z), Ja(z)} 


for all x,z € X. Hence A = (My, By, J,) is a BMBJ-neutrosophic ideal of X. Taking z = 0 in (3.7) and 
using (2.1) and (2.10) imply that 


Ma(z *y) => min{Ma(((x * y) * y) * 0), Ma(0)} 
= min{Ma((x *« y) * y), Ma(0)} = Ma((x *y) *y), 


By(z*y) < max{B,(((x * y) * y) * 0), BA (0) 
= max{B,((x*«y) *y), Ba(0)} = Ba((x *y) *y), 
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Bya(a *y) > min{ By (((# * y) *y) * 0), BA(0)} 
= min{B4((x * y) *y), By(0)} = Ba((x *y) *y), 


and 


Ja(a*y) < max{Ja(((x * y) * y) * 0), Ja(O)t 
= max{Ja((x *y) * y), Ja(O)} = Ja((x * y) * y) 


for all x,y € X. It follows from Theorem 3.6 that A = (My, B A, Ja) is a positive implicative BMBJ- 
neutrosophic ideal of X. 


Proposition 3.11. Every BMBJ-neutrosophic ideal A = (Ma, Ba, J A) of X satisfies the following assertion. 


Ma(x) > min{Ma(y), Ma(z)}, 


_M 
cy ce x | Bale) < max{ Bs (y), By (2)} 
m*YS2 > 4 plc) > min{Bi(y), Bile)}, 3.8) 


Ja(a) < max{Ja(y), Ja(z)} 
forall x,y,z €X. 


Proof. Let x,y,z € X be such that x * y < z. Then 


Ma(az *y) > min{ Ma((x * y) * z), Ma(z)} = min{M,(0), Ma(z)} = Ma(z), 
Bala *y) < max{By ((x * y) * z), Ba(z)} = max{ By (0), By(z)} = Bale), 


By(a*y) > min{BA((w *y) * z), Ba(z)} = min{ By (0), B4(z)} = BA(z), 
and 
Ja(oxy) < max{J4((o#y) * 2), Ja(z)} = max{J (0); J4(2)} = Sale). 
It follows that 


Ma(«) >= min{Ma(a * y), Ma(y)} = min{Ma(y), Ma(z)}, 
Ba(x) < max{ By (x * y), Ba(y)} < max{By(y), Ba(z)f, 


By(x) > min{By(x * y), Ba(y)} = min{B4(y), BA (z)}, 
and 


Ja(w) < max{Ja(x * y), Ja(y)} < max{Ja(y), Ja(z)}. 


This completes the proof. 
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We provide conditions for an MBJ-neutrosophic set to be a BMBJ-neutrosophic ideal in BC kK /BCT- 
algebras. 


Theorem 3.12. Every MBJ-neutrosophic set in X satisfying (2.9), (2.10) and (3.8) is a BMBJ-neutrosophic 
ideal of X. 


Proof. Let A = (Ma, Ba, J A) be an MBJ-neutrosophic set in X satisfying (2.9), (2.10) and (3.8). Note that 
xx(xxy) <y forall x,y € X. It follows from (3.8) that 


Ma(x) = min{Ma(x * y), Ma(y)}, 
By(z) < max{Ba(x*y), Ba(y)}, 


By(z) > min{BA(x *y), By(y)}, 
and 


Ja(x) < max{Ja(x * y), Ja(y)f- 


Therefore A = (Ma, Ba, J 'A) is a BMBJ-neutrosophic ideal of X. 


Theorem 3.13. An MBJ-neutrosophic set A = (Ma, Ba, J,) in X is a BMBJ-neutrosophic ideal of X if and 
only if (M4, By) and (BX, Ja) are intuitionistic fuzzy ideals of X. 


Proof. Straightforward. 


Theorem 3.14. Given an ideal I of X, let A= (Ma, Ba, J) be an MBJ-neutrosophic set in X defined by 


t ifzvel, _ i) ae ae, 
Ma(z) = { 0 otherwise, a(t) = { 1 otherwise, 


+ 3 
ai _ ) 2 ifz eI, _ | = deed 
By(z) = { 0 otherwise, Jala) = { 1 otherwise, 


where t,at € (0,1] and s,a~ € (0,1) witht+a7~ < lands+at <1. Then A = (Ma, Ba, Ja) isa 
BMBJ-neutrosophic ideal of X such that U(M,4;t) = L(By;a7~) = U(By;at) = L(Ja;s) = I. 


Proof, It is clear that A = (My, Ba, Ja) satisfies the condition (2.9) and U(M,;t) = L(Byj;a7) = 
U(Bi;at) = L(Ja;s) =I. Letz,y € X. If x*xy € Tandy € J, thenz € J andso 


¢ = min{Ma(x * y), Ma(y)} 
a(t) =a” = max{By(x *y), By(y)}, 

By(«) =a* = min{Ba(@*y), By(y)}, 

JAC) So = max J alae), J aly) } 


348 


Florentin Smarandache (author and editor) Collected Papers, IX 


If any one of x * y and y is contained in J, say x xy € J, then Ma(a*xy) =t, Ba(a@xy) =a, Ja(a*y) = 8, 
Ma(y) = 0, Ba(y) = 1, Bi(y) = 0 and Ja(y) = 1. Hence 


Ma(az) > 0 = min{t,0} = min{Ma(z « y), Ma(y)} 
Ba(x) <1 = max{ BA (x+y), Baly)}, 

By(x) 2 0= min{By(2 *y), By(y)}, 

Jala) < 1 = max{s, 1} = max(J ale ey), Jaly) hb 


Ifxxy él andy ¢ I, then Ma(x*y) =0 = Maly), Ba(x*y) =1= Bay), Bi(x*y) =0 = Bi (y) and 
Ja(x*y) =1= Ja(y). It follows that 


Ma(x) = 0 = min{Ma(z * y), Ma(y)} 
B(x) <1 = max{B, (2 *y), Baly)}, 
By(z) > 0 = min{ B(x *y), By(y)}, 
Jala) <1 = max{Ja(z * y), Ja(y)}. 


It is obvious that M4(0) > Ma(x), By(0) < Ba(x), BA(0) > By(a) and J4(0) < Ja(a) for all x € X. 
Therefore A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X. 


Lemma 3.15. For any non-empty subset I of X, let A = (Ma, Ba, J) be an MBJ-neutrosophic set in X 
which is given in Theorem 3.14. If A= (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X, then I is an ideal 
of X. 


Proof. Obviously, 0 € I. Let x,y € X be such that x xy € Jandy € J. Then My(x xy) = t = Ma(y), 
Bilgsy)=a = 2,0), Bi leey) =a = By (y) and dale ey) —s = 4(y). Thus 


Ma(x) = min{Ma(x * y), Ma(y)} = 

a(@) < max{BA(rx*y), Bays =o, 
4(@) = min{ By (x * y), ue 

date) = maxi dae), day p= 


B 
B 


and hence x € J. Therefore J is an ideal of X. 


Theorem 3.16. For any non-empty subset I of X, let A = (Ma, Ba, J,4) be an MBJ-neutrosophic set in X 
which is given in Theorem 3.14. If A = (Ma, Ba, Ja) is a positive implicative BMBJ-neutrosophic ideal of 
X, then I is a positive implicative ideal of X. 


Proof. If A = (Ma, Ba, Ja) is a positive implicative BMBJ-neutrosophic ideal of X, then A = (Ma, Ba, 
J,) is a BMBJ-neutrosophic ideal of X and satisfies (3.3) by Theorem 3.6. It follows from Lemma 3.15 that 
I is an ideal of X. Let x,y € X be such that (x « y) x y € I. Then 


Ma(a*y) > Ma((x@*y) *y) =t, Ba(a *y) 


<By((etyeylHa, 
Bu(a*y) > BA((a*y) *y) =a, Ja(axy) < J 


A(x *y) *Yy) = §, 


and so x « y € I. Therefore J is a positive implicative ideal of X. 
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Proposition 3.17. Every positive implicative BMBJ-neutrosophic ideal A = (Ma, Ba, J ‘) of X satisfies the 
following condition. 


fez mnt ay 
_ A(x *Y < max a), Da 5 
(Gey) ey) eo) eo 0S Bales) = > min{ B+ i020) (3.9) 


Ja(x*y) < max{Ja(a), Ja(d)} 


forall x,y,a,b€ X. 


Proof. Assume that A = (May, By, Ja) is a positive implicative BMBJ-neutrosophic ideal of X. Then 
A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X (see Theorem 3.3). Let a,b, x,y € X be such that 
(((a * y) xy) xa) *b = 0. Then 


Ma(x*y) 2 Ma((a*y) *y) 2 min{Ma(a), Ma(0)}, 


Ba(u*y) < Ba((x*y) *y) S max{ By (a), By (b)}, 


By(x*y) = By((cx*y) *y) = min{By(a), BY(b)}, 


and Ja(x * y) < Ja((a * y) * y) < max{J,4(a), J4(b)} by Theorem 3.6 and Proposition 3.11. Hence (3.9) is 
valid. 


Theorem 3.18. [fan MBJ-neutrosophic set A = (Ma, B A, Ja) in X satisfies the conditions (2.9) and (3.9), 
then A = (Ma, Ba, Ja) is a positive implicative BMBJ-neutrosophic ideal of X. 


Proof. Let A = (Ma, Ba, J A) be an MBJ-neutrosophic set in X which satisfies the conditions (2.9) and (3.9). 
It is clear that the condition (2.10) is induced by the condition (3.9). Let x,a,b € X be such that x xa < b. 
Then (((x * 0) * 0) * a) x b = 0, and so 


Ma(x) = Ma(az * 0) > min{ Ma(a), Ma(d)}, 
By(x) = By(x*0) < max{ Bj (a), By (0)}, 


Bi(x) = Ba(x * 0) = min{ By (a), By(b)}, 
and 
Ja(x) = Ja(az * 0) < max{Ja(a), Ja(b)} 


by (2.1) and (3.9). Hence A = (May, Ba, J,4) is a BMBJ-neutrosophic ideal of X by Theorem 3.12. Since 
(((a *y) *y) * ((x xy) *y)) * 0 = 0 forall x, y € X, we have 


Ma(a *y) 2 min{Ma((x *y) *y), Ma(0)} = Ma((a *y) *y), 
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By(a*y) < max{By((x *y) *y), Ba(0)} = Ba((x * y) *y), 


Bi(x*y) > min{BY((x * y) *y), BE (0)} = B(x *y) *y), 
and 
Ja(x *y) < max{Ja((x * y) *y), Ja(O)} = Ja((w * y) * y) 


by (3.9). It follows from Theorem 3.6 that A = (My, Baad. ‘A) is a positive implicative MBJ-neutrosophic 
ideal of X. 
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Neutrosophic Hesitant Fuzzy Subalgebras 
and Filters in Pseudo-BCI Algebras 
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Songtao Shao, Xiaohong Zhang, Chunxin Bo, Florentin Smarandache (2018). Neutrosophic 
Hesitant Fuzzy Subalgebras and Filters in Pseudo-BCl Algebras. Symmetry 10, 174; DOI: 
10.3390/sym10050174 


Abstract: The notions of the neutrosophic hesitant fuzzy subalgebra and neutrosophic hesitant fuzzy 
filter in pseudo-BCI algebras are introduced, and some properties and equivalent conditions are 
investigated. The relationships between neutrosophic hesitant fuzzy subalgebras (filters) and hesitant 
fuzzy subalgebras (filters) is discussed. Five kinds of special sets are constructed by a neutrosophic 
hesitant fuzzy set, and the conditions for the two kinds of sets to be filters are given. Moreover, the 
conditions for two kinds of special neutrosophic hesitant fuzzy sets to be neutrosophic hesitant fuzzy 
filters are proved. 


Keywords: pseudo-BCI algebra; hesitant fuzzy set; neutrosophic set; filter 


1. Introduction 


G. Georgescu and A. Iogulescu presented pseudo-BCKalgebras, which was an extension of the 
famous BCK algebra theory. In [1], the notion of the pseudo-BCI algebra was introduced by W.A. Dudek 
and Y.B. Jun. They investigated some properties of pseudo-BCI algebras. In [2], Y.B. Jun et al. presented 
the concept of the pseudo-BCI ideal in pseudo-BCI algebras and researched its characterizations. Then, 
some classes of pseudo-BCI algebras and pseudo-ideals (filters) were studied; see [3-14]. 

In 1965, Zadeh introduced fuzzy set theory [15]. In the study of modern fuzzy logic theory, 
algebraic systems played an important role, such as [16-22]. In 2010, Torra introduced hesitant fuzzy 
set theory [23]. The hesitant fuzzy set was a useful tool to express peoples’ hesitancy in real life, 
and uncertainty problems were resolved. Furthermore, hesitant fuzzy sets have been applied to 
decision making and algebraic systems [24-31]. As a generalization of fuzzy set theory, Smarandache 
introduced neutrosophic set theory [32]; the neutrosophic set theory is a useful tool to deal with 
indeterminate and inconsistent decision information [33,34]. The neutrosophic set includes the truth 
membership, indeterminacy membership and falsity membership. Then, Wang et al. [35,36] introduced 
the interval neutrosophic set and single-valued neutrosophic set. Ye [37] introduced the single-valued 
neutrosophic hesitant fuzzy set as an extension of the single-valued neutrosophic set and hesitant 
fuzzy set. Recently, the neutrosophic triplet structures were introduced and researched [38-40]. 

In this paper, some preliminary concepts in pseudo-BCI algebras, hesitant fuzzy set theory and 
neutrosophic set theory are briefly reviewed in Section 2. In Section 3, the notion of neutrosophic 
hesitant fuzzy subalgebras in pseudo-BCI algebras is introduced. The relationships between 
neutrosophic hesitant fuzzy subalgebras and hesitant fuzzy subalgebras are investigated. Five kinds 
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of special sets are constructed. Some properties are studied. Third, the two kinds of sets to be filters 
are given. In Section 4, the concept of neutrosophic hesitant fuzzy filters in pseudo-BCI algebras is 
proposed. The equivalent conditions of the neutrosophic hesitant fuzzy filters in the construction of 
hesitant fuzzy filters are given. The conditions for two kinds of special neutrosophic hesitant fuzzy 
sets to be neutrosophic hesitant fuzzy filters are given. 


2. Preliminaries 


Let us review some fundamental notions of pseudo-BCI algebra and interval-valued hesitant 
fuzzy filter in this section. 


Definition 1. ([13]) A pseudo-BCI algebra is a structure (X; +, —, 1), where “—” and “—” are binary 
operations on X and “1” is an element of X, verifying the axioms: Vx,y,z € X, 


1) (yoz (z>x CO Yox))=1Yoz2o (zSx) 9 (Y¥ox)) =1; 
(x (xray Cy=Lxo((xoy)oy=]L 

(3)x>x=1; 

()x>y=yox=1Sx=y 

()x>y=1leexcyH=l. 


If (X; +, —, 1) is a pseudo-BCI algebra satisfying Vx,y € X,x > y=x — y, then (X; >, l)isa 
BCI algebra. If (X; +, 4, 1) is a pseudo-BCI algebra satisfying Vx € X,x + 1 = 1, then (X; +, 3, 1) 
is a pseudo-BCK algebra. 


Remark 1. ([1]) In any pseudo-BCI algebra (X;—+, +), we can define a binary relation ‘<’ by putting: 


x <y ifand only if x — y (or x — y). 


Proposition 1. ([13]) Let (X;—>,<+) be a pseudo-BCI algebra, then X satisfies the following properties, 
Vx,y,z € X, 


DIS x=]; 
Qx<ySsyoz<xFzyozcxoz; 
Bx<yyszSx<z 

(A)xo (y>z)=y> (x 2); 

()x<yrozsy<xoz 

()x > y< (29x) OS (ZF y)xoY<(ZOxX OZ Y); 
(Nx<ySzox<szoy,z0x< 2090 y 
(Q1l1oax=xKH1 SOx =%; 

YD (yoxuoxox=yoxn(YoOx) OX OxX=YOXR.; 
(10) x ay< (you OLxcoy<(YyYox) 1; 

(11) (x 9 y) 9 1=(X SIC YYSI1),(xSCySC1=(*91)—~ > 1); 
(12x73 1=xol. 


Definition 2. ([13]) A subset F of a pseudo-BCI algebra X is called a filter of X if it satisfies: 
(F1)1 € F; 
(F2)xE€F, x > yeFsoyeF; 
(F3)x EF, xoyeFoyeF. 


Definition 3. ([1]) By a pseudo-BCI subalgebra of a pseudo-BCI algebra X, we mean a subset S of X that 
satisfies Vx,yES,x > yES,xoyes. 


Definition 4. ([12]) A pseudo-BCK algebra is called a type-2 positive implicative if it satisfies: 


x>(yoz)=(x7> y) Oo (x > 2), 
xo (yoz=(xoy) > (x02). 
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If X is a type-2 positive implicative pseudo-BCK algebra, then x + y= x <> y forall x € X. 


Definition 5. ([23]) Let X be a reference set. A hesitant fuzzy set A on X is defined in terms of a function 
h(x) that returns a subset of [0,1] when it is applied to X, i.e., 


A ={(x,ha(x))lx € X}- 
where h(x) is a set of some different values in [0,1], representing the possible membership degrees of the element 


x € X. ha(x) is called a hesitant fuzzy element, a basis unit of the hesitant fuzzy set. 


Example 1. Let X = {a,b,c} be a reference set, ha(a) = [0.1,0.2], ha(b) = [0.3,0.6], ha(c) = [0.7,0.8]. 
Then, A is considered as a hesitant fuzzy set, 


A = {(a, [0.1,0.2]), (b, [0.3,0.6}), (c, [0.7, 0.8]) }. 


Definition 6. ([13]) A fuzzy set wy: X — [0,1] is called a fuzzy pseudo-filter (fuzzy filter) of a pseudo-BCI 
algebra X if it satisfies: 

(FF1) w(1) > p(x), Vx € X; 

(FF2) u(y) 2 w(x > y) A(x), Vxry € X; 

(FF3) u(y) > u(x y) A p(x), Vx,y € X. 


Definition 7. ([32]) Let X be a non-empty fixed set, a neutrosophic set A on X is defined as: 


A = {(x,Ta(x), I4(x), Fa(x))|x € X}, 
where T4(x),I4(x),Fa(x) € [0,1], denoting the truth, indeterminacy and falsity membership degree of the 
element x € X, respecting, and satisfying the limit: 0 < T,(x) + I(x) + Fa(x) <3. 


Definition 8. ([34]) Let X be a fixed set; a neutrosophic hesitant fuzzy set N on X is defined as 


N = {(x,fy(x),in (x), frv(x))lx © X}, 


in which ty (x),in(x),fn(x) € P((0,1]), denoting the possible truth membership hesitant degrees, 
indeterminacy membership hesitant degrees and falsity membership hesitant degrees of x € X to the set 
N, respectively, with the conditions 0 < 6,7, < 1and0 < 6+ ++ +y* <3,wherey € tn(x), 6 € in(x), 
HE IN Y ] Uneigts maxty}a" € Usecin (x) 4x15}, 17 © Une p(x) max{y} for x € X. 


Example 2. Let X = {a,b,c} be a reference set, ha(a) = ((0.4,0.5], [0.1,0.2], [0.2,0.4]), ha(b) = 
((0.5, 0.6], {0.2,0.3}, [0.3,0.4]), ha(c) = ([0.5,0.8], [0.2, 0.4], {0.3,0.5}). Then, A is considered as a neutrosophic 
hesitant fuzzy set, 


A = {(a, [0.4,0.5], [0.1, 0.2], (0.2, 0.4]), (b, [0.5, 0.6], {0.2, 0.3}, (0.3, 0.4]), (c, [0.5, 0.8], (0.2, 0.4], {0.3,0.5}) }. 


Conveniently, N(x) = {tn(x),in(x), fu(x)} is called a neutrosophic hesitant fuzzy element, 
which is denoted by the simplified symbol N(x) = {tn, in, fr}. 


Definition 9. ([34]) Let Nj = {Fy,,in,, fr, } and No = {fn,,in,, fr, } be two neutrosophic hesitant fuzzy 
sets, then: 


N, U Np = {tn, U EN, iN, a) inp» Fry N FN, } 
Ni ON). = {tn, NEN, IN, U 1Nyr FNy U Fry }- 
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3. Neutrosophic Hesitant Fuzzy Subalgebras of Pseudo-BCI Algebras 


In the following, let X be a pseudo-BCI algebra, unless otherwise specified. 


Definition 10. A hesitant fuzzy set A = {(x,h,(x))|x € X} is called a hesitant fuzzy pseudo-subalgebra 
(hesitant fuzzy subalgebra) of X if it satisfies: 

(HFS2) ha(x) Nha(y) Cha(x > y), Vx,y € X; 

(HFS3) ha(x) Nha(y) Cha(x O y), Vx,y € X. 


Definition 11. A neutrosophic hesitant fuzzy set N = {(x,ty(x),in(x),fw(x))|x € X} is called 
a neutrosophic hesitant fuzzy pseudo-subalgebra (neutrosophic hesitant fuzzy subalgebra) of X if it satisfies: 
(1) Ey(x) NEn(y) C En(x > y), E(x) NEn(y) C En (x Oy), Vx,y € X; 
(2) in(x) Uin(y) 2D in(x > y), in(x) Uin(y) D in(x > y), Vx,y € X; 
(3) fn(x) U fly) 2 fu(x > y), fin) U fn(y) 2 fue > y), Vary € X. 


Example 3. Let X = {a,b,c,d,1} with two binary operations in Tables 1 and 2. 


Table 1. >. 
>}]a|bjc}]disi1 
a 1}/c}1]1)1 
bid}1}14}1)i1 
c |}d}|c}1}]1)1 
d|cl}e}fe/;}1}1 
1 a|bjc|dji1 

Table 2. >. 
+> }albicl}di1 
a 1}dj)}1]1/1 
bj}d}1}1)y1i)i1 
c d\|d/1/1}1 
d clbj}|ec}1)1 
1 a|\|b/c/}d}1 


Then, (X;—,<—,1) is a pseudo-BCI algebra. Let: 


N = {(1, 0,1], {0, 7¢}-[0, 81), (4, [3, 41-10, 3 
110, 6], [0, 5]), (4, [3,1 


then, N is a neutrosophic hesitant fuzzy subalgebra of X. 


1,10, 8] 
d, [3/1], (0, 3 


WIN 


Considering three hesitant fuzzy sets H;,,, H;,, H As by: 


Hy = {(x, f(x) |x © X}, Hy, = {(x,1 —in(x))|x € X}, Ap, = (2,1 — fiv(x))|x © X}. 


Therefore, H;,, is called a generated hesitant fuzzy set by function tn (x); Hj, is called a generated 


hesitant fuzzy set by function iy (x); H fy is called a generated hesitant fuzzy set by function f(x). 


Theorem 1. Let N = {(x,tn(x),in(y), f(x))|x © X} be a neutrosophic hesitant fuzzy set on X. Then, N 
is a neutrosophic hesitant fuzzy subalgebra of X if and only if it satisfies the conditions: Vx € X, Hj, and H; , 
AH fy are hesitant fuzzy subalgebras of X. 

Proof. Necessity: (i) By Definition 10 and Definition 11, we can obtain that H;, is a hesitant fuzzy 
subalgebra of X. 
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(i) Ve,y € X, (1 iy (2) (1 iN(y)) = 1- Giy(®) Uin(y)) € 1 iN > ¥), (1 FN(X)) 
(1 ~in(y)) =1- Gy(x) Uiny)) C1 ie O 9). ; : / 

similarly (1 — fate) ML —Fuly)) ©1— Ful a (1 f(x) (1 = Fly) C1 Fle > y). 
Therefore, Vx € X, ah = {(x,1—i(x))|x € X} and H; = {(x,1— fyy(x))|x € X} are hesitant fuzzy 
subalgebras of X. 

Sufficiency: (i) Let x,y © H;,. Obviously, fy(x)Ntn(y) © tn(x > y), n(x) Ntn(y) C 
En(x  y). 


(ii) Let x,y € H;. By Definition 10, we have (1 —in(x)) (1—in(y)) C 1-in(x > y), (1 
in(x)) (1 —in(y)) © 1—in(x > y), thus ty (x) Uin(y) 2 in(x > y),tn(x) Uin(y) 2 in(x > Y). 
Similarly, Let x,y € Hz; we have fn(x) U f(y) 2 f(x > y), f(x) U fy) 2 F(x OY). 

That is, N is a neutrosophic hesitant fuzzy subalgebra of X. 


Theorem 2. Let N = {(x,fy(x),in(x), fw(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then, 
the following conditions are equivalent: 

(1) N = {(x, Ey (x), in(x), fy (x))|x € X} is a neutrosophic hesitant fuzzy subalgebra of X; 

(2) VA1,A2,A3 € P([0,1]), the nonempty hesitant fuzzy level sets Ay (A1), Hi, (Az), Hy, (As) are 
subalgebras of X, where P({0,1]) is the power set of [0,1], 


H; (A1) = {x E€ X|Aq e En (x)}, 


Hj, (Az) = 1X € X|Az C1- in(x)}, 
Hy, (As) = {x € Xs C1 — f(x}. 


Proof. (1)=(2) Suppose Ay (Ar), Hi, (Az), Ap, (A3) are nonempty sets. If x,y € Hj, (Ai), then 
Ay © tn(x),A1 © En(y). Since N is a neutrosophic hesitant fuzzy subalgebra of X, by Definition 
11, we can obtain: 


Ay C En (x) q En (y) C Ey (x => y), Ay C Ey (x) N En(y) C En (x a y); 
then x > y,x — y © Hj, (A1), Hj, (A1) is a subalgebra of X. 
If x,y € Hj, (Ag), then Az C 1 —in(x),A2 C 1 —in(y). Since N is a neutrosophic hesitant fuzzy 
subalgebra of X, by Definition 11, we can obtain: 
Ag € (1 —in(x)) 9 (1 —in(y)) = 1— (in(x) Vin(y)) ©1-in(e > y), 


Ag © (1 —in(x)) 1 —in(y)) =1— (in(*) Vin(y)) G1 - ine Oy); 
Thus, x + y,x — y € Hj, (Az), Hj, (Az) is a subalgebra of X. 

Similarly, we can obtain ie that Hj, (A3) is a subalgebra of X. 

(2)=>(1) Suppose that Hj, (A1), H; (Aa)s Ay, (A3) are nonempty subalgebras of X, VA1,A2,A3 € 
P((0,1]). Let x,y € X with fy(x) = fy,tn(y) = pz. Let yA po = Ay. Therefore, we have 
x,y Ee HY (Ax). Since HY (Ay) is a subalgebra, we can obtain x + y,x — y € Hj, (A1). Hence, 
we can obtain: 

Ey (x) Nin(y) S En (x > y), E(x) NEN (y) S En (x > y); 

Let x,y € X with i(x) = ps,i(y) = pg. Let (1 — wg) A (1 — pa) = Az. Then, we have x,y € 
Hj, (Az). Since Hj. (Az) is a subalgebra, we can obtain x > y,x 4 y © H ii (Az). Hence, we can 
obtain (1 in(x)) 9 (1 in(y)) = 1 - (in(x) Uin(y)) = a2 C1 -in(x > y), (ina) 0 — 
in(y)) = 1— (in(x) Uin(y)) = A2 C 1—in(x @ y). Then, we have iy (x) Uin(y) 2D in(x > y), 
in(x)Uin(y) Din(x sy) 7 - - - 

Similarly, let x,y € X with fy(x) = ps, fn(y) = Me; we can obtain fy (x) U f(y) 2 fu(x > y), 
fu(x)U funy) 2 f(x @ y). 


Thus, N is a neutrosophic hesitant fuzzy subalgebra of X. 
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Definition 12. Let N = {(x,fy(x),in(x),fn(x))|x € X} be a neutrosophic hesitant fuzzy set on X. 


x (ak,b), x?) (a*,b), x®) (a*,b), x (a*,b), x0) (a) are called generated subsets by N: Va,b € X,k EN, 
xX (ak, b) = {x € X|En(ak « (b * x)) = Ey(1), 
in (ak * (b * x)) = in(1), fru (a* * (b* x)) = fry(1)}; 
XO (ak, b) = {x € X|Ey(ak > (6G x)) = EN (1), 
in(a* > (b> x)) = Fy (1), fu(a® > (6b x)) = fn(1)}; 
XO) (ak, b) = {x € X|iy(ak S (b > x)) = EN (1), 
in (ak <> (b> x)) = En (1), fu(a* © (b > x)) = fu (1)}; 
x (ak, b) = {x € X|En(ak > (b > x)) = Fy(1), 


in (ak —_> (b —> x)) = IN 1 LIN 
XO (a) = {x € X|Ey(a) C Fy (2x), 
in(a) 2 in(x), fry(@) 2 frr(x)}- 


where “a” appears "k” times, "*” represents any binary operation "+" or "+" on X, 


ak x (bx x) =a (ax(---(a se nb 


oS 


ak + (b> x)) =a (a> (--- (a> (BO x))---)); 
ake> (b> x))=a9 (@9(---(@ (b> x))---)); 
ak > (b+ x)) =a (a (--- (a (b> x))-+-)); 
akes (box) =a (€0 (-:: (a9 (6b x))---)) 


Theorem 3. Let N = {(x,fy(x),in(x), fw(x))|x € X} be a neutrosophic hesitant fuzzy set on X. If N 
satisfies the following conditions: 

(1) ty(x) C tn (1), n(x @ y) = En (x) UtN(y), Vx,y € X; 

(2) Iy(x) D iy (Lin (ey) = in (x) Min (y), Wey © X; 

(3) f(x) 2 fu (1), fn(* > y) = fv) 9 f(y), Vy © &; 
then x (ak, b) = X,kEN. 


Proof. By Proposition 1, we can obtain Vx € X, 


Thus, x € xX (ak, b), XC x (ak, b). 
Conversely, it is easy to check that X ©) (a‘,b) CX 
Finally, we can obtain X = xe ) (ak, b). 


Corollary 1. Let N = {(x,fn(x),in(x), fu (x))|x € X} be a neutrosophic hesitant fuzzy set on X. If N 
satisfies the following conditions: 
(1) n(x) € tn (1), En (x > y) = tn (x) Uin(y), Wx, € X; 
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(2) in (x) Di 
2 In(y), Vary € X; 


(3) fry (x 


(1),in (x > y) = in(x) Nin(y), Very € X; 
) yn 
then XO (ak, b) = 


1 
Fy (1), frr(x > y) = fin (x 
X,kEN. 

Theorem 4. Let N = {(x,fn(x),in(x), fu (x))|x € X} be a neutrosophic hesitant fuzzy set on X. N satisfies 
the following conditions: 


(1) fy (1) 2 En (x), in (1) C ty 
(2)x 9 y=1> Ey(x) C Ey 


IfVa,b,c € X,k € N,b <c, then X ea e x oe 


Proof: Let x € x ) (ak, c). Ifb < c, by Proposition 1, we can obtain: 


Similarly, we can obtain: 


That is, x € XV) (ak, b), X@ (akc) C XO (ak, b). 


Corollary 2. Let N = {(x,fy(x),in(x), fy(x))|x € X} bea neutrosophic hesitant fuzzy set on X. N satisfies 


the following conditions: 
(1) ty(1) D tn(x), in (1) Cin x), Fy (1) C fu(x (x), Vx € X; 
f ) 


( 
(2)x >y=1> In(x ) C tn(y), in x > in(y), fn(x ) D> fn(y), Vx,y € X. 
If a,b,c € X,k EN, b <c, then XO) (ak, c 


The following example shows that x ) (a*,b) may not be a filter of X. 


Example 4. Let X = {a,b,c,d,1} with two binary operations in Tables 3 and 4. 


Table 3. —. 
>la|lbjcjdii1 
a|j/1l/1}1}]1]1 
b}d{/1/1)/1)1 
c |d}c}1]1)}1 
d|clec{lc}]1/1 
1 |a}|bicj|ldj1 

Table 4. >. 
+> )albj|c}dii1 
a/ijd/1/1]1 
b }d}1);1)}1)1 
c |}d/|dj}1]1)/1 
d c|/bj}c}1)/1 
1 a|b|\|}c|dj}1 


Then, (X;—,<,1) is a pseudo-BCI algebra. Let: 
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then x, d) = {a,c,d,1} is not a filter of X. Sincec + b=ce€ x (c,d), but b ¢ xO (e,d). 


Theorem 5. Let N = {(x,in(x),in(x), fu(x))|x © X} be a neutrosophic hesitant fuzzy set on X. Let X 
be a type-2 positive implicative pseudo-BCK algebra. If functions ty (x),in(x) and fx (x) are injective, then 
x) (ak, b) is a filter of X for alla,b € X,k EN. 


Proof. (1) If X is a pseudo-BCK algebra, then by Definition 1 and Proposition 1, we can obtain 
1€ XO (ak,b). 

(2) Let x,y € X with x, x+yex (gk _b). Thus, ak 3 (bx) =1,ak G (bo (x 4 y)) =1. 
Since functions fy, in and fy are injective, by Definition 5, we have: 


En(1) = En(a* > (b > (x > y))) 
= fy(a¥ > ((b > x) > (b> y))) 
= Fy ((a® > (b> x)) > (a > (b> y))) 
= fy(1 > (a* > (b> y))) 
= ty(a* > ((b > y)) 


Similarly, we can obtain iy (a* > ((b @ y)) = in(1), fu(a® © ((b © y)) = fx(1). Thus, we have 
y € XO (ak, b). 
(3) Similarly, let x,y € X with x,x Oo y € x (a*,b); we have y € x (a*,b). 


This means that X\?) (ak, b) is a filter of X for all a,b € X,k EN. 


Theorem 6. Let N = {(x,fy(x),in(x), fw(x))|x € X)} be a neutrosophic hesitant fuzzy set on X. Let X be 
a type-2 positive implicative pseudo-BCK algebra. If functions tn (x),in(x) and f(x) satisfy the following 
identifies: Vx,y € X, 
(1) Ey(x) C Ev(1), n(x) > in(1), Fl) 2 fiv()s 
(2) n(x > y) = En(x) NEN(y), in( =) 
(3) Ey(x > y) = Ey (x) MN EN(y), in (x Y) = in (x) 
then x (a‘, b) is a filter of X for alla,b € X,k EN. 


in (y), f(x > y) = fin) U fx); 
in (y), fx(x > y) = frr(x) U fy); 


Proof. (1) If X is a pseudo-BCK algebra, by Definition 1 and Proposition 1, 1 € X @) (gk 7D): 
(2) Let x,y € X with x,x + y € XO (ak, b). We have fy (ak (b> x)) = Fy (1), In(ak Oo (b 
(x — y))) = fy (1). By Definition 5, we have: 


Similarly, we can obtain iy(a* — (b @ y)) = in(1), fu(a® @ (b @ y)) = fr (1). Thus, we have 
x) k 

y © Xx’ (a",b). 
(3) Similarly, let x,y € X with x,x oy € x (a*,b); we have y € x (a*,b). 
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This means that X\)) (ak, b) is a filter of X for all a,b € X,k EN. 


Theorem 7. Let N = {(x,fn(x X),t in (x), fx (x))|x € X)} be a neutrosophic hesitant fuzzy set on X and F be 
a filter of X. If functions tn (x),in(x) and f(x) are injective, then U x (a‘,b) = F foralla,b€ F,kKEN. 


Proof. (1) Let x € Ux (a*,b). ny Definition 12, we have fy(a 
Ey (1),in(a — (a! — (b + x))) =in(1), fu(a > (a! > (0 > x) 


+ (a1 = (b + x))) = 


)) = fn (1). Since F is a filter of 
X and fy, in, fx are injective, thus we can obtain a > (a‘~1 > (b > x)) =1anda‘! > (b> x) EF. 
Continuing, we can obtain b > x € F. Since b € F, thus x € F,U x@ (ak, b) CF. 
(2) Let x € F. Whena = 1,b = x, wecan obtain fy (1k > (x > x)) = Ey(1k G (x G x)) =in(I 


Similarly, we have iy(1* > (x > x)) = iy(1k @ (x @ x)) = in(1), fu(1k — (x > x)) = fu (Ik Oo 
(x x)) = fy(1). Thus, we have F C UX“) (ak, b). 
This means that J x (ak, b) =F foralla,be F,keEN. 


Theorem 8. Let N = {(x,fn(x),in(x), fu (x))|x € X)} be a neutrosophic hesitant fuzzy set on X. 

(1) gx (a a) isa filter of X, then N satisfies: Vx,y € X, 

(i) Ey(a) © En(x > y) M1 En(x),in(@) 2 in(x > y) Vin(x), fu(@) 2 f(x > y) U f(x) > 
Ey(a) C En(y),in(a) 2 in(y),fu(@) 2 fry); - - - - 

(ii) Ey(a) C Ene  y) MEn(2),iy(a) 2 In(x @ y) Uin(x), Fula) 2 fale @ y)U fivlx) > 
Ey (a) C En(y),in(@) 2 in(y), fx(@) 2 fry). - - - 

(2) If N satisfies Conditions (i), (ii) and Ey (x) C tn(1),in(x) D in (1), f(x) D frr(1) for all x,y € X, 
then x©) (a) is a filter of X. 


> iy(e + y)Uin(2), f(a) 2 
Since X ) (a) is a filter, thus we can have 


— 


Proof. (1) (i) Let x,y € X with fy(a) C Ey(x > y) N#N(x),in(a) D 
fn(x > y) U fn (x); we have x € XO (q x aye x Sq a). 
y € Xy(a), F(a) C Ew(y) in (a) 2 in(y),fiv(a) 2 fiv(y). 

(ii) Similarly, we know that (ii) is correct. 

(2) Since Ey (x Ig in (1),in(x) D iy(1), f(x) D frv(1) forall x € X,thus1 € X0)(a). Let x,y € X 
with x,x > y € x Ma a); we can obtain f(a) C ty(x),fn(a) C tn(x > y),in(a) D in(x),in(a) D 
in(x > y), fw(a) D> frn(x), fw(a) > fu(x > y). By Condition (i), we have fy(a) C tn(y),in(a) 2D 
in(y), fn(a) 2 frn(y). Thus, we can obtain y € xe Sq ). Similarly, let x,y € X with x,x  y € xO(q yy 
by Condition (1)(ii); we can obtain y € XO (q ). 

This means that X Sq ) is a filter of X. 


4. Neutrosophic Hesitant Fuzzy Filters of Pseudo-BCI Algebras 


In the following, let X be a pseudo-BCI algebra, unless otherwise specified. 


Definition 13. ([22]) A hesitant fuzzy set A = {(x,h,(x))|x € X} is called a hesitant fuzzy pseudo-filter 
(briefly, hesitant fuzzy filter) of X if it satisfies: 

(HEF1) ha(x) C ha(1), Vx € X; 

(HFF2) ha(x) Nha(x > y) Cha(y), Vx,y € X; 

(HFF3) ha(x) Nha(x — y) Cha(y), Vx,y € X. 


Definition 14. A neutrosophic hesitant fuzzy set N = {(x,ty(x),in(x),f(x))|x € X} is called a 
neutrosophic hesitant fuzzy pseudo-filter (neutrosophic hesitant fuzzy filter) of X if it satisfies: 

(NHFF1) tn(x) C fy(1),in(x) D in(1), fu(x) D fr(1), Wx € X; 

(NHFF2) Fy(x + y) NEv(x) © Ev(y),in(x + y) Uin(x) 2 in(y), fue > y) U fin(x) 2 fly), 
Vx,y € X; 
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(NHFF3) fy (x > y) NEn(x) C En(y),in(x @ y) Uin(x) 2 in(y), fu(x > y) U f(x) 2 fry), 
Vx,y € X. 


A neutrosophic hesitant fuzzy set N = {(x,fn(x),in(x), fn(x))|x © X)} is called a neutrosophic 
hesitant fuzzy closed filter of X if it is a neutrosophic hesitant fuzzy filter such that: 


Ey (* 1) 2 ty (%),in(@ > 1) Cin (%), fu(& > 1) C f(z). 


Example 5. Let X = {a,b,c,d,1} with two binary operations in Tables 5 and 6. Then, (X;-,<,1) is 
a pseudo-BCI algebra. Let: 


N = {(1, [0,1], (0, 5], (0, 791), (4, (0, £1, (0, $1, 10, 31), (6, 10, 3 
[0, 5], [0, 4]), (4, (0, 31), [0, 1, [0, 5])}- 


Then, N is a neutrosophic hesitant fuzzy filter of X. 


Table 5. >. 
(> falbi[c{d]i 
ra fifilili{i 
fe felifilila 
[ae ae] el ae 
[a foleleliti 
| 1 jalbi[eclad{i 

Table 6. <>. 
+]lalbi[cla[i] 
a f{ijifili|i| 
bp fa@i{[ijililii 
c[bibl{ild|i| 
d[ajlb[cl1]1} 
1f[ajblel[d]1] 


Theorem 9. Let N = {(x,tn(x),in(y), f(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then, N 
is a neutrosophic hesitant fuzzy filter of X if and only if it satisfies the following conditions: Vx € X, H;,, Hj 


'N 
A fy ue hesitant fuzzy filters of X. 


y 


Proof. Necessity: If N is a neutrosophic hesitant fuzzy filter: 

(1) Obviously, Hj, is a hesitant fuzzy filter of X. 

(2) By Definition 14, we have (1 — iy (x)) C (1 —in(1)), 1 — (in (x) Uin(x > y)) = (1-in(x)) IN 
(1 —iy(x > y)) C (1—in(y)); similarly, by Definition 14, we have (1 —in(x))N (1 —in(x © y)) C 
(1 —iy(y)). Thus, H;, is hesitant fuzzy filter of X. 

(3) Similarly, we have that H is is a hesitant fuzzy filter of X. 

Sufficiency: If H;,., H;,,, H;, are hesitant fuzzy filters of X. It is easy to prove that Ey (x), in(x), 
f(x) satisfies Definition 14. Therefore, N = {(x,fy(x),in(x), f(x))|x € X} is a neutrosophic 
hesitant fuzzy filter of X. 


Theorem 10. Let N = {(x,fy(x),in(x), fr(x))|x € X} be a neutrosophic hesitant fuzzy set on X. Then, 
the following are equivalent: 


(1) N = {(x, Fy (x), in(x), fv (x))|x € X} is a neutrosophic hesitant fuzzy filter of X; 
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(2) VA, A2,A3 € P([0,1]), the nonempty hesitant fuzzy level sets Hj, (Ai), H;, (Az), Hj, (A3) are filters 
of X, where P([0,1]) is the power set of [0,1], 


(Ai) ={x € X|Ai € En(x)}; 
Hj, (Az) ={x € X|Ag C 1 —in(x)}; 
Hy (A3) ={x € X|A3 C1 — frur(x)}. 


Proof. (1)=>(2) (i) Suppose Hj, (A1) 4 ©. Let x € Hj, (Az), then Ay C fyy(x). Since N is a neutrosophic 
hesitant fuzzy filter of X, by Definition 14, we have A; C tn(x) C fy(1). Thus, 1 € Hy, (A1). 

Let x,y € X with x,x + y © Hj, (Ar), then Ay C tn(x),A1 © Ey(x > y). Since N is 
a neutrosophic hesitant fuzzy filter of X, by Definition 14, we have A; C fy(x > y) NEN(x) C En(y). 
Thus y € H;, (A1). Similarly, let x,y € X with x,x — y € H;, (Ay). We have y € H;, (Ai). 

Thus, we can obtain that Hj, (A1) isa filter of X. 

(ii) Suppose H; (Az) # ©. Let x € Hj (Az), then Az C 1— in(x). Since N is a neutrosophic 
hesitant fuzzy filter of X, we have iy(1) C iy(x). Thus, Ay C 1 —in(x) C1 —in(1), 1 © Hy (Ad). 

Let x,y € X with x,x + y © Hj (Ag), then Az C 1—in(x),A2 C 1—in(x > y). Since N is 
a neutrosophic hesitant fuzzy filter of X, we have in(x > y) Uiy(x) D in(y). Thus, 1 — (iy(x > 
y) Uin(2)) = (1 —in(x > y)) (1 in (a) C 1 —in(y)), Az C 1 —in(y)),¥ © Hy (Az)- Similarly, 
let x,y € X with x,x — y € Hj, (Az). We have y € Hj, (A). 

Thus, we can obtain that H;, (Az) isa filter of X. 

(iii) We have that H - (A3) is a filter of X. The progress of proof is similar to (ii). 

(2)=+(1) Suppose H;, (A1) # ©, Hy, (A2) # ©, Hy (As) # @ for alll Ay, Az,A3 € P((0, 1). 

(i’) Let x € X with fy(x) = yy. Let Ay = py. Since Hj, (A1) is a filter of X, we have 1 € H;, (A1). 
Thus, Ay = 41 = E(x) C tn (1). 

Let x,y € X with fy(x) = pi, fn (x > y) = pig. Let yO fg = Ay. Since Hj, (Az) is a filter of X for 
all Ay € P((0,1]), we have y € Hj, (A1). Thus, Ay = E(x) N En (x > y) C En(y). 

Similarly, let x,y € X with fy(x) = p,in(x @ y) = uy. We can obtain in(x @ y) N E(x) C 
En(y). 7 

(ii’) Let x € X with iy (x) = pr. Let Ag = 1 — py. Since Hj, (Az) isa filter of X for all Ap € P([0,1]), 
we have 1 € H;, (Az), Az C1 —in(1). Thus, 1 — Az = 2 = in(x) D in (1). 

Let x,y € X with iy (x) = pi2,in(x > y) = ps. Let (1 — pa) (1 — pos) = Az. Since Hz (Az) isa 
filter of X for all Ay € P((0,1]), we have y € H; (Az),A2 C 1—in(y). Thus, Ay = (1— 2) N (1 — ps) = 
(1 u(x) M (1 iu(x + y)) =1 — Gin(x) Uin(x > 9) C (1 — ivy), w(x) Uiw(x > y) Din(y). 

Similarly, let x,y € X with iy (x) = p2,in(x — y) = M5; we have in (x) Uin(x © y) D in(y). 

(iii’) Similarly, we can obtain fy(x) D fy(1),fn(x)U fu(x > y) D Fry), fr(x) U 
fu(x > y) 2 funy). ; - 

Therefore, N = {(x,f(x),in(x), f(x))|x € X} is a neutrosophic hesitant fuzzy filter of X. 


Definition 15. N = {(x,fy(x),in(x), fy(x))|x € X} is a neutrosophic hesitant fuzzy set on X. Define a 
neutrosophic hesitant fuzzy set N* = {(x,%,(x), ix (x), fry(x)) |x © X} by: 


ts, Ey (x), x € Hy, (Ar) 
fyex =e m(oap)ar | i xv ¢ Hy (i) 
in(x), x€ Hi, (Az) 


iy x Pe@ A ar | 1—@, x ¢ Hj (Ag) 


fn(x), xE Hy, (As) 


fy: X ==> P([0,1]),x 1-93, x € Hy (Az) 
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where A1,A2,A3, 91, 92,93 € P([0,1]), gp: © A1,~2 © Az, 93 C Az. Then, N* is called a generated 
neutrosophic hesitant fuzzy set by hesitant fuzzy level sets H;, (Ai), Hj, (Az) and H i (A3). 


Theorem 11. Let N = {(x,fy(x),in(x), fy(x))|x € X} bea neutrosophic hesitant fuzzy filter of X. Then, 
N* is a neutrosophic hesitant fuzzy filter of X. 


Proof. (1) If N is a neutrosophic hesitant fuzzy filter of X, by Theorem 10, we know that 
Hz (Aq), ele (A2), Ay, (A3) are filters of X. Thus, 1 € Hj, (A1),1 € ee (A2),1 E Ay (As), Eth) = 
Iw (1) 2 (x), FL) = iy) C F(x), FAL) = Fv) © Fela), We € X 

(2) (i) Let x,y € X with x,x + y € Hj, (A1). By Theorem 9, Theorem 10 and Definition 15, we 
know Aq C fy(x > y) NEN(x) = En(x > y) NEN (x) C En(y) = FEY(y). 

Let x,y € X with x,x — y € H; (Az). By Theorem 9, Theorem 10 and Definition 15, we know 
Aa © (1 Fy(x > y)) A —FA(@)) = (Liv y)) VL Ew(x)) = 1 — (ie y) Uin(@)) C1 
in(y) = 1 — Fy (y). Thus, we have 1 — Ay D 1h) (x > y) Vix (x) = in(x >y) Uin (x) 2 inly) = ty(y). 

Similarly, let x,y € X with x,x > y € Hj, (As); we have 1— A3 D f(x > y) Ufx (x) = fu (x > 
y)U f(x) 2 fn'y) = fry). 

(ii) Let x,y € X with x ¢ Hj, (Ai) or x > y € Hj, (Ay). By Definition 15, we have t(x) = ¢} or 
FX, (x — y) = 91. Thus, we can obtain fx, (x) NEY (x > y) = 91 C Fy). 

Let x,y ¢ X with x ¢ H; (Az) or x > y € H; (Az). By Definition 15, we have x(x) = 1— 2 or 
ix (x + y) = 1 - @. Since 1 — Ap C 1 — gp; thus, we can obtain i4,(x) Uit,(x > y) =1— g2 D FR (y). 

Similarly, let x,y € X with x ¢ Ay, (As) orx > y¢ Ay, (As); we have f*(x)U f*(x > y) = 
1— 93 2 f*ly). ete Soy Sanaa ere ; 

(3) We can obtain f(x) N P(x @ y) C Fy), B(x) UP (x OG y) Di*(y), fr(x) U fF (xO y) D 
f*(y). The process of proof is similar to (2). 


Thus N* is a neutrosophic hesitant fuzzy filter of X. 


Theorem 12. Let N = {(x,fy(x),in(x), fw(x))|x € X} bea neutrosophic hesitant fuzzy filter of X. Then, 
N satisfies the following properties, /x,y,z € X, 

(1) x Sy = n(x) C En(y),in(x) 2 in), fu) 2 frn(y)s 

(2) En(x > z) D tn(x > (yO z)) NEN(y), EN(X CO Zz) D EN(x OS (y > z)) NEN(y); 

in(x + z) Cin(x > (y > z)) Uin(y), in(x @ z) Ci, n(x + (y > z))Uin(y ye 

w(x > 2) © f(x > (¥ > 2)) U fv), fr (* > fee S fu(x > (y > 2)) U funy); 

6) Fu((s 9) 9) 2 Fula) Fv 
in((x + y) > y) 

fu((x > 9) oy) 


iv(), f(x) U f(z) 


in (2) C E(u), iy(x) Uin(@) 
MOMEC OO 


n(2) S 

z<xo y= En(x) NEN(z) C En(y), in(x) UV in(z) 
Proof. (1) Let x,y € X with x < y. By Proposition 1, we know x > y = 1 (orx — y = 1). If N is 
a neutrosophic hesitant fuzzy filter of X, by Definition 14, we have fy (x) = fy(1) Nin (x) = En (x > 
y) NEn(x) C tn (y) (Ey (%) = Ev(1) NE (x) = E(x > y) 1 E(x) C En(y)). Thus, Ey (x) C En (y)- 

Similarly, we have in (x) > in(y), f(x) 2 f(y). 

(2) By Proposition 1, Definition 14, we know, Vx,y,z € X, 
(x > Y¥> 2) NENly), 


(x (y > z))N tnly). 


En (x + z) D En(y @ (x > z)) NEn(y) = tn 
tn(x 3 z) D En(y > (x @ z)) ON EN(y) = tn 


Similarly, we have, Vx,y,z € X: 


in(x 4 Zz) C in(x > (y@ z)) Uin(y), in(x © Zz) 


c 
fru(x > 2) € fue > (y¥ > 2) U fn ly), fru 2 > y) S fru(® > (y > 2)) Uf). 
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(3) By Definition 1 and Definition 14, with regard to the function fy (x), we can obtain, Vx, y € X, 


in((x > y) @ y) DEn(x > (x > y) @ y)) ENC) 
= tn((x > y) 2 (x > y)) NEN(e) 
= fy (1) NEN (x) 
iN a) 


Similarly, we have fy ((x — y) > y) D En(x). 
With regard to the function in (x), we can obtain, Vx,y € X, 


Similarly, we have iy((x  y) > y) C in(x). 
Similarly, with regard to the function f(x), we can obtain fy ((x > y) @ y) C f(x), fu((x 


y) > y) © fu(x). 
(4) Let x,y,z € X with z < x + y. By Remark 1 and Definition 14, we can obtain: 


2 
hed, 
=) 
e 
& 
I 
s 
R 


| 
Shh 
Z 2 
R eR 


pores aan ON, | ie “—— gree a eX 
Re & 
C 


Ee 

a 

C 

Zr 

x 

I Inn 
Mr so" 


I 
Ee 
z 
. 


IU IU 
2 > 
R 


o 
< 


Similarly, we can obtain fy (x) U f(z) > fn(y)- 
Let x,y,z € X withz < x © y. We can obtain fy (x) Nfy(z) C En(y), in(x) Uin(z) D in(y), 
fn(x) U f(z) 2 f(y). The process of the proof is similar to the above. 


Theorem 13. A neutrosophic hesitant fuzzy set N = {(x,tn(x),in(x),fn(x))|x € X)} is a 
neutrosophic hesitant fuzzy filter of X if and only if hesitant fuzzy sets Hj, H;,,H hy satisfy the following 
conditions, respectively. 

(1) tn(x) C tn (1), tN (x > (y @ z)) NEN(y) C EN(x > z), EN(x OC (y > z)) NEN(Y) C En(x 
Zz), Vx,y,z € X; 

(2) iy(x) 2 iy), in (x > (y  2)) Uin(y) 2 in(x > 2),In(e @ (y > 2) Uinly) Dine GO 
Zz), Vx,y,z € X; 
8) Fux) 2 find), fxle + (Y 2) U fly) 2 five > 2) fle O (Y > 2) Ufvly) 2 
fn(x © 2), Vx,y,z € X. 


Proof. Necessity: By Theorem 9, Theorem 12 and Definition 14, (1)~(3) holds. 

Sufficiency: (1) Vx, y,z € X, by Proposition 1, we can obtain fy (y) = iy(1 > y) Din(1 
y) NEn(x) = Eve y) Niv(x) and fy(y) = Eyl y) 2 Ev( S (x > y)) Nin(x) = 
y) N tn (x). We have in(x) 2 in(1) for all x € X. Thus, H;, is a hesitant fuzzy filter of X. 

(2) Vx,y,z € X, by Proposition 1, we can obtain iy(y) =in(1 > y) C in(1 > (x © y)) Uin(x) = 
in (x > y) Uin(x); thus, we have (1 —in(x @ y))M (1 —in(x)) C (1 —in(y)). 


( 
( 


ey 


> (x 
En (x 3 
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Similarly, we can have (1 — iy (x > y)) MN (1 —in(x)) C (1 -in(y)). 

It is easy to obtain (1 —iy(x)) C (1 — fy(1)) for all x € X. Thus, H;, is a hesitant fuzzy filter 
of X. 

(3) We have that H;, is a hesitant fuzzy filter of X. The process of the proof is similar (2). 

Therefore, yy Hz, fy are hesitant fuzzy filters of X. By Theorem 9, we know that N is 
a neutrosophic hesitant fuzzy filter of X. 


Theorem 14. Let N = {(x,tn(x),in(x), fu(x))|x € X)} be a neutrosophic hesitant fuzzy filter of X. Then: 


n e n 
ea = tn(y) 2 


wheren € N, 
n 
TL te 9 y= 80> (Ha > (1 4 9) -~)). 


Proof. If N is a neutrosophic hesitant fuzzy filter of X: 
(i) By Theorem 12, we know that fy (x1) C tn (y),in (x1) > in(y), frr( 
(ii) By Theorem 12, we know that fn(x2) C tn (x1 ») > 
f(xy = y) for n = 2. By Definition 14, we have En (x1) ial En( 1 RS y) C n(y), in (x1) U in (x4 = 
y) 2 in’), f(t) U fxr > y) 2 frv(y). Thus, fy (x1) NM En(%2) © t(y),in (21) Uin(%2) 2 
in (y), fn (1) U fn (x2) 2 f(y). 


J 
(iii) Suppose that the above formula is true for n = j; thus, ou Xoy=1, Vxj, “++ ,X,y € X, 


tad 
oS 
at 
IU 
2 
ra 
Ss 
bal 
S 
ot 
= 
I 


Ty 3s a 7 te ‘s 
and we can obtain () ty (x,) C tn(y), U in(xz) 2 in(y), U fu (xx) 2 fu (y). Therefore, suppose that 
k=1 


k=1 k=1 
jt+l j+1_ . jt+1_ 7 
i xp > y = 1, VXj41,-++ x1 € X, then we have Aa tn (xz) C tn (x1 > YU in (x) D in(%1 > 


fr. 2 P 
y), U fu (xk) 2 fu (x1 > y). By Definition 14, we can obtain: 
k=2 


En (y) 2 tn(%1) NEw (x1 > y) 2 En (01) (NEN (Xe) = f En (Xx), 


@ 2 5 e j+1_ j+1 
in(y) © in(%1) Uin(%1 > y) Cin(x1) UCU tn(xe)) = U tn (xe), 


7 J os 3 jt+1 jt+1 
funy) © fn(x1) U fu (%1 > y) © fn (a1) U (U. fv(a%)) - U fx), 


which complete the proof. 


Corollary 3. Let N = {(x,t#y(x),in(x), fu(x)))|x € X)} be a neutrosophic hesitant fuzzy filter of X. Then: 
n 7 n s n . 2 n 
Ui tety= 1 tny) 2 A fva)in(y) SU tn (re), fy) SU fv). 
where "*” represents any binary operation "—" or "—+" on X,n EN, 


TD ake y =n rae (Gr #y)-)): 


Theorem 15. Let N = {(x,tn(x),in(x), fu(x))|x € X)} be a neutrosophic hesitant fuzzy filter of X and X 
be a pseudo-BCK algebra, then N is a neutrosophic hesitant fuzzy subalgebra of X. 
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Proof. If N = {(x,fy(x),in(x), f(x))|x € X)} is a neutrosophic hesitant fuzzy filter of X, then we 
can obtain Vx,y € X, 


Ey (x > y) 2 iIn(y > (x > y)) NEN(y) 
= En(x > (yy) OEn(y) 
= Fy(x + 1) NFn(y) 

2 tn (x) NEN(y). 

in(x > y) Cin(y > (x > y)) Uin(y) 
= in(x > (y¥ > y)) Uin(y) 
= in(x > 1) Uin(y) 

C in(x) Uin(y) 
fu(x > y) C fuly @ (x > y)) UF) 
U fx(y) 


Similarly, we can obtain Fy(x © y) D ty(x) NEN(y),in(x © y) C in(x) Uin(y), fu(x @ y) C 
fn(x) U fx(y). Thus, N is a neutrosophic hesitant fuzzy subalgebra of X. 


Theorem 16. Let N = {(x,fn(x),in(x), fu (x))|x € X)} be a neutrosophic hesitant fuzzy closed filter of X. 
Then, N is a neutrosophic hesitant fuzzy subalgebra of X. 


Proof. The process of proof is similar to Theorem 15. 


If N = {(x, fy (x),in(x), f(x))|x € X)} is a neutrosophic hesitant fuzzy subalgebra of X, then 
N may not be a neutrosophic hesitant fuzzy filter of X. 


Example 6. Let X = {a,b,c,d,1} with two binary operations in Tables 1 and 2. Then, (X;—,,1) is 
a pseudo-BCI algebra. N is a neutrosophic hesitant fuzzy subalgebra of X. However, N is not a neutrosophic 


hesitant fuzzy filter of X. Since #(b + a) NE(b) = [3,4], F(a) = [3, 4], we cannot obtain E(b > a) NE(b) C 
t(a). 


Definition 16. N = {(x,fy(x),in(x), f(x))|x € oe . a seis hesitant fuzzy set on X. Define a 
{(x, 


neutrosophic hesitant fuzzy set N‘*") = pe”) (x x), ih ie Dx x), fae TC: ))|x € X} by Va,b € X, 


i”) | x => P((0, }),*4 Pr, + box=Lasboxal 
Wo, otherwise : 

i) : x =» P((0, lh 7 b>x=Las box) =], 
4, otherwise : 


ts, a>r(box)=Lac(box)=1; 


Aw) SX — P([ 
fy: an %, otherwise : 


where 1, 2, 03, Pa, Ws, Wo € P([0,1]), 1 D 2,3 C Yas C Yo. Then, N‘%) is called a generated 
neutrosophic hesitant fuzzy set. 


A generated neutrosophic hesitant fuzzy set N‘*") may not be a neutrosophic hesitant fuzzy filter 
of X. 
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Example 7. Let X = {a,b,c,d,1} with two binary operations in Tables 1 and 2. Then, (X;—,<,1) is 
a pseudo-BCI algebra. N is a neutrosophic hesitant fuzzy set of X. However, N‘*») is not a neutrosophic 
hesitant fuzzy filter of X. Since #°)(a + b)N #0) (a) = [0,1], #)(b) = [4,3], we cannot obtain 
7) q+ 6) AEC) (a) C #0")(B), 


Theorem 17. Let X be a pseudo-BCK algebra. If X is a type-2 positive implicative pseudo-BCK algebra, then 
N(“>) is a neutrosophic hesitant fuzzy filter of X for alla,b € X. 


Proof. If X is a pseudo-BCK algebra, (1) by Definition 1 and Proposition 1, we can obtain a — (b > 
= i b)(4) = p(4b) (4) Aad) (4 Hab) F(ab) (4) 
1) = 1 (a> (6 1) = 2). Ey) = 1 2 EN (2), IN) = $3 S tN (), fy) = 5S 
fo” (x) for all x € X. 
(2) (i) Let x,y € X witha > (b> x) Alorac (box) Flora— (b> (x > y)) Flor 
as (b> (x > y)) € 1. Thus, we can obtain: 


FA” (x) MEY’ (x > y) = ho CAV (y), Fy?) (x) DE (x Sy) = fh C cI): 


yn 
>(a,b ~(a,b a,b a,b a,b 
Axe () Vin") (> y) = a 2 ogni ounccn = a 2 yy a 
Fy) UPN > y) = Yo DIN) IN” @)UFN” (x 9) = 6 2 FY). 
(ii) Let x,y € X witha > (b > x) = 1,40 (bO x) =1landa-> (b> (x > y)) = 1, 
a> (b> (x @ y)) =1. Then, by Proposition 1 and Definition 4, we can obtain: 


g(a) (a> (b— y)) 
(1 (a (b> y))) 

=) (a (b> x)) 4 (a (b> y))) 
=i") (a  ((b > x) > (bo y))) 
<1) (q ey (b> (sy) 

=1) (1) 

ee a—(b-y)) 

=" 1+} (> (b> y))) 

=") (a > (b + x)) 6 (a (by) 


Therefore, we can obtain, 
HO) (y) = py = FE) (x) MEO” (x 5 y), Fy) = hr = (x) NE (2 Gy). 
Similarly, we can obtain, 
NO) = t= iN \(x)U We 9 DFMO) = 9 = NUN So 
Fey) = os = FO (x) Ue > y), AY WW) = bs = PO) U A (eG y). 


This means that N(“”) is a neutrosophic hesitant fuzzy filter of X. 


Example 8. Let X = {a,b,c,d,1} with two binary operations in Tables 7 and 8. Then, (X;—,<+,1) is 
a type-2 positive implicative pseudo-BCI algebra. Let N be a neutrosophic hesitant fuzzy set. We take b,c as 
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an example; thus, we have {b,c,d,1} satisfyd + (c > x) =1,d 9 (c G x) = 1. Let , = [0.1,04], 
h2 = [0.2,0.3], 3 = [0.4,0.5], ba = [0.3,0.6], 5 = [0.2, 0.8], Po = [0.1,0.9], 


N@) = {(1, 1, Ws, 5), (a, Pr, Pa, Po), (0, Pr, Ws, Ps), (C Pr, Ps, Ps), (2, Pr Ps, ps) } = 
{(1, [0.1,0.4], [0.4, 0.5], [0.2, 0.8]), (a, [0.2, 0.3], [0.3, 0.6], [0.1,0.9]), (b, [0.1, 0.4], [0.4, 0.5], [0.2,0.8]), 
(c, [0.1, 0.4], [0.4, 0.5], [0.2, 0.8]), (d, (0.1, 0.4], [0.4, 0.5], [0.2, 0.8]) }. 


Then, we can obtain that N\4) is a neutrosophic hesitant fuzzy filter of X. 


Table 7. >. 
>}la}b|c}]dii1 
a 1/}bj}c}dii1 
bjas}1i}s}1i{]1iji1 
c lald|1}]dii1 
dja|b/e/}1}1 
1 a|b|c|dj/1 

Table 8. <>. 

+ l/al|bjco;d}1 
a 1}/bj}cjldjJ1 
b }al/1i{i{}1i}i1 
Cc a|}d|{1/d}/1 
d a|}b|c/}1]}1 
1 a|}b|c|}d}/1 


Theorem 18. Let N = {(x,fy(x),i(x), f(x))|x € X} be a neutrosophic hesitant fuzzy filter of X. Then, 


X©) (a) = {x|Ey(a) C En(x),in (a) D in(x), f(a) D fr (x)} is a filter of X for all a € X. 


Proof. (1) Let x,y € X with x,x > y € X})(a). Then, we have fy(a) C #n(x),fw(a) C tN(x > y). 
Since N = {(x,t#n(x),in(x), fu (x))|x € X} is a neutrosophic hesitant fuzzy filter, thus we have 
ae a) © Exy(x) NEN(x — y) C En(y) C Fy(1). Similarly, we can get iy(a) D in(x) Ui(x + y) D 
in(y) 2 in(1), frr(@) 2 frn(x) U fn(x > y) 2 f(y) 2 frv(1). 
(2) Similarly, let x,y € X withx,x 4 y € x®) (a); we have ty (a) C En(x)NEy(x @ y) CEn(y) C 
En (1), in(a) 2 in(x) Uin(x > y) 2 in(y) 2 in (1), f(a) 2 frn(x) U f(x > y) 2 f(y) 2 fr(1). 
This means that X ° ) (a) satisfies the conditions of Definition 2 (F1), (F2) and (F3); X ° ) (a) isa filter 


of X. 


Example 9. Let X = {a,b,c,d,1} with two binary operations in Tables 5 and 6. Then, (X;—,<,1) is 
a pseudo-BCI algebra. Let: 


N = {(1, [0,1], (0, 3], [0, zp] 


a lice 


5. Conclusions 


In this paper, the neutrosophic hesitant fuzzy set theory was applied to pseudo-BCI algebra, 
and the neutrosophic hesitant fuzzy subalgebras (filters) in pseudo-BCI algebras were developed. 
The relationships between neutrosophic hesitant fuzzy subalgebras (filters) and hesitant fuzzy 
subalgebras (filters) was discussed, and some properties were demonstrated. In future work, different 
types of neutrosophic hesitant fuzzy filters will be defined and discussed. 
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A Classical Group of Neutrosophic Triplet 
Groups Using {Z2p, *} 


Vasantha Kandasamy W.B., llanthenral Kandasamy, Florentin Smarandache 


W.B. Vasantha Kandasamy, Illanthenral Kandasamy, Florentin Smarandache 
(2018). A Classical Group of Neutrosophic Triplet Groups Using (Z2p, X). 
Symmetry 10, 194; DOI: 10.3390/sym10060194 


Abstract: In this paper we study the neutrosophic triplet groups for a € Z2, and prove this collection 
of triplets (a, neut(a), anti(a)) if trivial forms a semigroup under product, and semi-neutrosophic 
triplets are included in that collection. Otherwise, they form a group under product, and it is of 
order (p — 1), with (p + 1,p +1, p + 1) as the multiplicative identity. The new notion of pseudo 
primitive element is introduced in Z2p analogous to primitive elements in Zp where p is a prime. 
Open problems based on the pseudo primitive elements are proposed. Here, we restrict our study to 
Zp and take only the usual product modulo 2p. 


Keywords: neutrosophic triplet groups; semigroup; semi-neutrosophic triplets; classical group of 
neutrosophic triplets; S-semigroup of neutrosophic triplets; pseudo primitive elements 


1. Introduction 


Fuzzy set theory was introduced by Zadeh in [1] and was generalized to the Intuitionistic Fuzzy 
Set (IFS) by Atanassov [2]. Real-world, uncertain, incomplete, indeterminate, and inconsistent data 
were presented philosophically as a neutrosophic set by Smarandache [3], who also studied the notion 
of neutralities that exist in all problems. Many [4—7] have studied neutralities in neutrosophic algebraic 
structures. For more about this literature and its development, refer to [3-10]. 

It has not been feasible to relate this neutrosophic set to real-world problems and the engineering 
discipline. To implement such a set, Wang et al. [11] introduced a Single-Valued Neutrosophic Set 
(SVNS), which was further developed into a Double Valued Neutrosophic Set (DVNS) [12] and a Triple 
Refined Indeterminate Neutrosophic Set (TRINS) [13]. These sets are capable of dealing with the real 
world’s indeterminate data, and fuzzy sets and IFSs are not. 

Smarandache [14] presents recent developments in neutrosophic theories, including the neutrosophic 
triplet, the related triplet group, the neutrosophic duplet, and the duplet set. The new, innovative, 
and interesting notion of the neutrosophic triplet group, which is a group of three elements, was 
introduced by Florentin Smarandache and Ali [10]. Since then, neutrosophic triplets have been a field of 
interest that many researchers have worked on [15-22]. In [21], cancellable neutrosophic triplet groups 
were introduced, and it was proved that it coincides with the group. The paper also discusses weak 
neutrosophic duplets in BCI algebras. Notions such as the neutrosophic triplet coset and its connection 
with the classical coset, neutrosophic triplet quotient groups, and neutrosophic triplet normal subgroups 
were defined and studied by [20]. 

Using the notion of neutrosophic triplet groups introduced in [10], which is different from 
classical groups, several interesting structural properties are developed and defined in this paper. 
Here, we study the neutrosophic triplet groups using only {Z2,, x }, p is a prime and the operation x 
is product modulo 2p. The properties as a neutrosophic triplet group under the inherited operation x 
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is studied. This leads to the definition of a semi-neutrosophic triplet. However, it has been proved 
that semi-neutrosophic triplets form a semigroup under x, but the neutrosophic triplet groups, which 
are nontrivial and are not semi-neutrosophic triplets, form a classical group of neutrosophic triplets 
under x. 

This paper is organized into five sections. Section 2 provides basic concepts. In Section 3, 
we study neutrosophic triplets in the case of Z2,, where p is an odd prime. Section 4 defines the 
semi-neutrosophic triplet and shows several interesting properties associated with the classical group 
of neutrosophic triplets. The final section provides the conclusions and probable applications. 


2. Basic Concepts 


We recall here basic definitions from [10]. 


Definition 1. Consider (S, x) to be a nonempty set with a closed binary operation. S is called a neutrosophic 
triplet set if for any x € S there will exist a neutral of x called neut (x), which is different from the algebraic 
unitary element (classical), and an opposite of x called anti (x), with both neut (x) and anti (x) belonging to S 
such that 

x *neut (x) = neut (x)*x=x 


and 
x * anti (x) = anti (x)*x = neut (x). 


The elements x, neut (x), and anti(x) are together called a neutrosophic triplet group, denoted by 
(x,neut (x) ,anti (x)). 


neut (x) denotes the neutral of x. x is the first coordinate of a neutrosophic triplet group and not 
a neutrosophic triplet. y is the second component, denoted by neut (x), of a neutrosophic triplet if 
there are elements x and z € S such thatx xy =y*x =xandx*z=zx*x=y. Thus, (x,y,z) is the 
neutrosophic triplet. 

We know that (neut (x) ,neut (x) ,neut (x)) is a neutrosophic triplet group. Let {S,*} be the 
neutrosophic triplet set. If (S, *) is well defined and for all x,y € S,x*y € S,and (x*y)*zZ = x*(y *Z) 
for all x,y,z € S, then {S, *} is defined as the neutrosophic triplet group. Clearly, {S,*} is not a group 
in the classical sense. 

In the following section, we define the notion of a semi-neutrosophic triplet, which is different 
from neutrosophic duplets and the classical group of neutrosophic triplets of {Zp, x }, and derive 
some of its interesting properties. 


3. The Classical Group of Neutrosophic Triplet Groups of {Z2,, X } and Its Properties 


Here we define the classical group of neutrosophic triplets using {Z2), x }, where p is an odd 
prime. The collection of all nontrivial neutrosophic triplet groups forms a classical group under the 
usual product modulo 2p, and the order of that group is p — 1. We also derive interesting properties of 
such groups. 

We will first illustrate this situation with some examples. 


Example 1. Let S = {Zz2, x} be the semigroup under x modulo 22. Clearly, 11 and 12 are the only 
idempotents or neutral elements of Zy. The idempotent 11 € Zoo yields only a trivial neutrosophic triplet 
(11,11,11) for 11 x 21 = 11, where 21 is a unit in Z29. The other nontrivial neutrosophic triplets associated 
with the neutral element 12 are H = {(2,12,6),(6,12,2), (4, 12,14) , (14, 12,4) , (16, 12, 20) , (20, 12,16), 
(12,12, 12), (10,12,10) , (8, 12,18), (18,12,8)}. It is easily verified that {H, x} is a classical group of order 
10 under component-wise multiplication modulo 22, with (12, 12,12) as the identity element. (12,12,12) x 
(12,12,12) = (12,12,12) product modulo 22. Likewise, 


(2,12,6) x (2,12,6) = (4,12, 14), 
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and (2,12,6) x (4,12,14) = (8,12, 18); 
(2,12,6) x (8,12,18) = (16,12, 20), 
and (2,12,6) x (16,12,20) = (10, 12,10) ; 
(10,12, 10) x (2,12,6) = (20,12, 16), 
and (2,12,6) x (20,12,16) = (18, 12,8); 
(2,12,6) x (18, 12,8) = (14,12,4), 
and (2,12,6) x (14,12,4) = (6,12,2); 
(6,12,2) x (2,12,6) = (12,12,12), 
and (2,12,6)'° = (12, 12,12). 


Thus, H is a cyclic group of order 10. 


Example 2. Let S = {Z4, x} be the semigroup under product modulo 14. The neutral elements or idempotents 
of Z14 are 7 and 8. The neutrosophic triplets are 


H = {(2,8,4), (4,8,2), (6,8,6) , (10,8, 12) , (12, 8, 10) , (8,8,8)}, 


associated with the neutral element 8. H is a classical group of order 6. Clearly, 


(10,8,12) x (10,8,12) = (2,8,4), 
(10,8, 12) x (2,8,4) = (6,8,6), 
(10,8,12) x (6,8,6) = (4,8,2), 

(10,8,12) x (4,8,2) = (12,8, 10), and 

(10,8,12) x (12,8,10) = (8,8,8). 


Thus, H is generated by (10,8, 12) as (10,8,12)° = (8,8, 8), and (8, 8,8) is the multiplicative identity of 
the classical group of neutrosophic triplets. 


Example 3. Let S = {Z3, x} be the semigroup under product modulo 38. 19,20 € Z3g are the idempotents 
of 238. 


H = {(2,20, 10), (10, 20,2) , (4,20,24) , (24,20,4) , (20,20, 20) , (8, 20,12), 
(12, 20,8) , (16, 20, 6) , (6,20, 16) , (32,20, 22) , (22, 20,32) , (18,20, 18), 
(34, 20, 14) , (14, 20, 34) , (26, 20, 28) , (28, 20, 26) , (30, 2036) , (36, 20,30) } 


is the classical group of neutrosophic triplets with (20,20, 20) as the identity element of H. 

In view of all these example, we have the following results. 
Theorem 1. Every semigroup {Z2p, x }, where p is an odd prime, has only two idempotents: p and p + 1. 
Proof. Clearly, p is a prime of the form 2n + 1 in Zp. 


p? = (2n+1)? =4n?+4n+1 
=4n?+2n+2n+1 


=4n?+2n+p 
=2n(2n+1)+p 
=2np+p 

=i: 
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Thus, p is an idempotent in Z2». Consider p +1 € Zap : 


(p+1)? = p*+2p4+1 
=p?+1 


Spl as:. pe Sp: 


Thus, p and p + 1 are the only idempotents of Z2,. In fact, Zz, has no other nontrivial idempotent. 

Let x € Zo» be an idempotent. This implies that x must be even as all odd elements other than p are 
units. 

Let x = 2n (where n is an integer), and 2 <n < p—1such that x? = 4n* = x = 2n, which implies 
that 2n (2n — 1) = 0. 

This is zero only if 2n — 1 = pas 2n — 1is odd. Otherwise, 2n = 0, which is not possible, as n 
is even and n is not equal to 0, x 4 0,so 2n —1 = p. That is, x = 2n = p +1 is the only possibility. 
Otherwise, x = 0, which is a contradiction. 


Thus, Zz, has only two idempotents, p and p +1. 


Theorem 2. Let G = {Z2p, x }, where p is an odd prime, be the semigroup under x, product modulo 2p. 


1. Ifa € Zp, has neut (a) and anti (a), then a is even. 


2. The only nontrivial neutral element is p +1 for all a, which contributes to neutrosophic triplet groups 
in G. 


Proof. Let a in G be such that a x neut (a) = a if ais odd and a # p. Then a7! exists in Zy, and we 
have neut (a) = 1, but neut (a) 4 1 by definition. Hence the result is true. 

Further, we know neut (a) x neut (a) = neut (a), that is neut (a) is an idempotent. This is possible 
if and only ifa = p+1or p. 

Clearly, a = p is ruled out because ap = 0 for all even a in Zz», hence the claim. 


Thus, neut (a) = p +1 is the only neutral element for all relevant a in Zp. 


Definition 2. Let {Z2p, x } be the semigroup under multiplication modulo 2p, where p is an odd prime. 
H = {(a,neut (a) ,anti (a)) ja € 2Zay \ {O}}. {H, x} is the collection of all neutrosophic triplet groups. H 
has the multiplicative identity (p +1, p+1,p +1) under the component-wise product modulo 2p. H is defined 
as the classical group of neutrosophic triplets. 


We have already given examples of them. It is important to mention this definition is valid only 
for Zz» under the product modulo 2p where p is an odd prime. 


Example 4. Let S = {Z46, x } be the semigroup under product modulo 46. Let 


H = {(24,24,24) , (2,24,12) , (12,24,2) , (4,24, 6) , (6,24,4) , (8,24, 26), 

(26, 24,8) , (16, 24,36) , (36, 24, 16) , (32,24, 18) , (18, 24,32) , (22,24, 22), 

(10, 24,30) , (14, 24,28) , (28,24, 14) , (30,24, 10) , (20,24, 38) , (38,24, 20), 
(34, 24,44) , (44, 24,34) , (40,24, 42) , (42,24, 40)} 


be the classical group of neutrosophic triplets, with (24,24, 24) as the identity under x. 0 (H) = 22. 
In view of all of this, we have to define the following for Z2p. 
Definition 3. Let {Zzp», x} be the semigroup under product modulo 2p, where p is an odd prime. Let 


K = {2,4,...,2p — 2} be the set of all even elements of Zzy. Forp+1¢K,xxp+1l=xVx eK. 
There also exists a y € K such that y?~! = p +1. We define this y as the pseudo primitive element of K C Zp. 
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Note: We can define pseudo primitive elements only for Z2, where p is an odd prime and not for 
any Z,, where 71 is an even integer that is analogous to primitive elements in Zp, where p is a prime. 
We will illustrate this situation with some examples. 


Example 5. Let {Z¢, x} be the modulo semigroup. For K = {2,4}, 2 is the pseudo primitive element of K C Ze. 


Example 6. Let {Zy4,x} be the modulo semigroup under product x, modulo 14. Consider K = 
{2,4,6,8,10,12} C Z44. Then 10 is the pseudo primitive element of K C Z44. 


Example 7. Let {Z34, x } be the semigroup under product modulo integer 34. 10 is the pseudo primitive 
element of K = {2,4,6,8, 10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30,32} C Z34. 

Similarly, for {Z3g, x }, 10 is the pseudo primitive element of K = 2Zsg \ {0} C Zag. 

However, in the case of Zo, Zs5g, and Z6, 2 is the pseudo primitive element for these semigroups. 


We leave it as an open problem to find the number of such pseudo primitive elements of 
K = {2,4,6,...,2(p —1)} of Zap. 
We have the following theorem. 


Theorem 3. Let S = {Zop, x } be the semigroup under product modulo 2p, where p is an odd prime. 


1. K= {2,4,...,2p—2} C Zyy has a pseudo primitive element x € K with x?—' = p +1, where p + 1is 
the multiplicative identity of K. 

2. Kisacyclic group under x of order p — 1 generated by that x, and p +1 is the identity element of K. 

3. Sis a Smarandache semigroup. 


Proof. Consider Zp, where p is an odd prime. Let K = {2,4,6,...,2p—2} C Zap. For any x € K, 
(p +1)x = px + x = x ispx = 0(mod 2p), where x is even. Thus, p + 1 is the identity element of Zp. 
There is a x € K such that x?~! = p +1 using the principle of 2p = 0, where x is even. This x is the 
pseudo primitive element of K. 

This x € K proves part (2) of the claim. 

Since K is a group under x and K C {Zop, x }, by the definition of Smarandache semigroup [4], 
S is an S-semigroup, so (3) is true. 


Next, we prove that the following theorem for our research pertains to the classical group of 
neutrosophic triplets and their structure. 


Theorem 4. Let S = {Z2p, x } be the semigroup. Then 
H = {(a,neut(a),anti(a)) |a € 2Zay \ {OF}, 
is the classical group of neutrosophic triplets, which is cyclic and of the order p — 1. 


Proof. Clearly, from the earlier theorem, K = 2Z2y \ {0} is a cyclic group of the order p —1, and p +1 
acts as the identity element of K. 

H = {(a,neut(a),anti(a)) |a € K} is a neutrosophic triplet groups collection and neut(a) = p+1 
acts as the identity and is the unique element (neutral element) for all a € K. 

(neut(a),neut(a),neut(a)) = (p+1,p+1,p+1) acts as the unique identity element of every 
neutrosophic triplet group h in H. 

Since K C Zp, \ {0} is a cyclic group of order p — 1 with p + 1 as the identity element of K, 
we have H = {(a,neut (a) , anti (a)) |a € K}, to be cyclic. If x € K is such that x?~! = p +1, then that 
neutrosophic triplet group element (x, p + 1,anti(x)) in H will generate H as a cyclic group of order 
p—1asa x anti(a) = neut(a). 
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Hence, H is a cyclic group of order p — 1. 


Next, we proceed to describe the semi-neutrosophic triplets in the following section. 


4. Semi-Neutrosophic Triplets and Their Properties 


In this section, we define the notion of semi-neutrosophic triplet groups and trivial neutrosophic 
triplet groups and show some interesting results. 


Example 8. Let {Z26, x } = S be the semigroup under product modulo 26. 

We see that 13 € Zy¢ is an idempotent, but 13 x 25 = 13, where 25 is a unit of Za. Therefore, for this 
25, we cannot find anti(13), but 13 x 13 = 13 is an idempotent, and (13,13, 13) is a neutrosophic triplet 
group. We do not accept it as a neutrosophic triplet, as it cannot yield any other nontrivial triplet other than 
(13,13, 13). 


Further, the authors of [10] defined (0,0,0) as a trivial neutrosophic triplet group. 
Definition 4. Let S = {Zpp, x} be the semigroup under product modulo 2p. p € Zap is an idempotent 
of Zzp. However, p is not a neutrosophic triplet group as p x (2p—1) = 2p—p = p. Hence, 


(p,neut(p),anti(p)) = (p,p,p) is defined as a semi-neutrosophic triplet group. 


Proposition 1. Let S = {Zpy,x} be the semigroup under product modulo 2p. (p,p,p) is the 
semi-neutrosophic triplet group of Zap. 


Proof. This is obvious from the definition and the fact p? = p in Zp under product modulo 2p. 


Example 9. Let S = {Z4¢, x } be the semigroup under product modulo 46. T = { (23,23, 23) ,(0,0,0)} is the 
semi-neutrosophic triplet group and the zero neutrosophic triplet group. Clearly, T is a semigroup under x, and 
T is defined as the semigroup of semi-neutrosophic triplet groups of order two as (23,23,23) x (23,23,23) = 
(23, 23,23). K = {(a,neut (a) ,anti(a)) |a € 2Z4g \ {0} = {2,4,6,8, 10,12, 14, 16,...,42,44}} is a classical 
group of neutrosophic triplets. 


Let P = (KUT) = KUT. For every x € K and for every y € T,x x y=y x x = (0,0,0). 

Thus, P is a semigroup under product, and P is defined as the semigroup of neutrosophic triplets. 

Further, we define T as the annihilating neutrosophic triplet semigroup of the classical group of 
neutrosophic triplets. 


Definition 5. Let S = {Zy, x}, where p is an odd prime, be the semigroup under product modulo 
2p. Let K = {(a,neut (a) ,anti(a))|a € 2Zzy \ {0}, x} be the classical group of neutrosophic triplets. 
Let T = {(p,p,p),(0,0,0)} be the semigroup of semi-neutrosophic triplets (as a minomer, we call the trivial 
neutrosophic triplet (0,0,0) as a semi-neutrosophic triplet). Clearly, (TUK) = TUK = P is defined as the 
semigroup of neutrosophic triplets with o (P) =o0(T)+o0(K) =p—-14+2=p+1. 

Further, T is defined as the annihilating semigroup of the classical group of neutrosophic triplets K. 


We have seen examples of classical group of neutrosophic triplets, and we have defined and 
studied this only for Zz, under the product modulo 2p for every odd prime p. 
In the following section, we identify open problems and probable applications of these concepts. 


5. Discussions and Conclusions 


This paper studies the neutrosophic triplet groups introduced by [10] only in the case of {Z2p, x }, 
where p is an odd prime, under product modulo 2p. We have proved the triplets of Z2, are contributed 
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only by elements in 2Z2, \ {0} = {2,4,...,2p — 2}, and these triplets under product form a group of 
order p — 1, defined as the classical group of neutrosophic triplets. 

Further, the notion of pseudo primitive element is defined for elements K; = 2Zpy \ {O} = 
{2,4,6,...,2p —2} © Zp. This Kj is a cyclic group of order p — 1 with p + 1 as its multiplicative 
identity. Based on this, 

K = {(a,neut(a),anti(a)) |a € Ky, x} 


is proved to be a cyclic group of order p — 1. 
We suggest the following problems: 


1. How many pseudo primitive elements are there in { Zp, x }, where p is an odd prime? 
Can {Z,, x}, where n is any composite number different from 2p, have pseudo primitive 
elements? If so, which idempotent serves as the identity? 


For future research, one can apply the proposed neutrosophic triplet group to SVNS and develop 
it for the case of DVNS or TRINS. These neutrosophic triplet groups can be applied to problems 
where neut(a) and anti(a) are fixed once a is chosen, and vice v ersa. It can be realized as a special 
case of Single Valued Neutrosophic Sets (SVNSs) where neutral is always fixed. For every a in Ky, 
the other factor anti(a) is automatically fixed, thereby eliminating the arbitrariness in determining 
anti(a); however, there is only one case in which a = anti(a). The set 2Zy \ {0} can be used to model 
this sort of problem and thereby reduce the arbitrariness in determining anti(a), which is an object of 
future study. 


Abbreviations 
The following abbreviations are used in this manuscript: 


SVNS Single Valued Neutrosophic Set 

DVNS Double Valued Neutrosophic Set 

TRINS _ Triple Refined Indeterminate Neutrosophic Set 
IFS Intuitionistic Fuzzy Set 
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Commutative falling neutrosophic ideals 
in BCK-algebras 


Young Bae Jun, Florentin Smarandache, Mehmat Ali Oztiirk 


Young Bae Jun, Florentin Smarandache, Mehmat Ali Ozturk (2018). Commutative falling neutrosophic 
ideals in BCK-algebras. Neutrosophic Sets and Systems 20, 44-53 


Abstract: The notions of a commutative (€, €)-neutrosophic ideal 
and a commutative falling neutrosophic ideal are introduced, and 
several properties are investigated. Characterizations of a commu- 
tative (€, €)-neutrosophic ideal are obtained. Relations between 
commutative (€, €)-neutrosophic ideal and (€, €)-neutrosophic 
ideal are discussed. Conditions for an (€, €)-neutrosophic ideal to 


be a commutative (€, €)-neutrosophic ideal are established. Rela- 
tions between commutative (€, €)-neutrosophic ideal, falling neu- 
trosophic ideal and commutative falling neutrosophic ideal are con- 
sidered. Conditions for a falling neutrosophic ideal to be commuta- 
tive are provided. 


Keywords: (commutative) (€, €)-neutrosophic ideal; neutrosophic random set; neutrosophic falling shadow; (commutative) falling neutrosophic ideal. 


1 Introduction 


Neutrosophic set (NS) developed by Smarandache [!1, 12, 
13] is a more general platform which extends the concepts 
of the classic set and fuzzy set, intuitionistic fuzzy set and 
interval valued intuitionistic fuzzy set. | Neutrosophic set 
theory is applied to various part which is refered to the 
site http://fs.gallup.unm.edu/neutrosophy.htm. Jun, Borumand 
Saeid and Oztiirk studied neutrosophic subalgebras/ideals in 
BCK/BCT-algebras based on neutrosophic points (see [1], [6] 
and [10]). Goodman [2] pointed out the equivalence of a fuzzy 
set and a class of random sets in the study of a unified treatment 
of uncertainty modeled by means of combining probability and 
fuzzy set theory. Wang and Sanchez [| 6] introduced the theory of 
falling shadows which directly relates probability concepts with 
the membership function of fuzzy sets. The mathematical struc- 
ture of the theory of falling shadows is formulated in [17]. Tan et 
al. [14, 15] established a theoretical approach to define a fuzzy 
inference relation and fuzzy set operations based on the theory of 
falling shadows. Jun and Park [7] considered a fuzzy subalgebra 
and a fuzzy ideal as the falling shadow of the cloud of the sub- 
algebra and ideal. Jun et al. [8] introduced the notion of neutro- 
sophic random set and neutrosophic falling shadow. Using these 
notions, they introduced the concept of falling neutrosophic sub- 
algebra and falling neutrosophic ideal in BC K/BCI-algebras, 
and investigated related properties. They discussed relations be- 
tween falling neutrosophic subalgebra and falling neutrosophic 
ideal, and established a characterization of falling neutrosophic 
ideal. 


In this paper, we introduce the concepts of a commutative (€, 
€)-neutrosophic ideal and a commutative falling neutrosophic 
ideal, and investigate several properties. We obtain characteri- 


zations of a commutative (€, €)-neutrosophic ideal, and discuss 
relations between a commutative (€, €)-neutrosophic ideal and 
an (€, €)-neutrosophic ideal. We provide conditions for an (€, 
€)-neutrosophic ideal to be a commutative (€, €)-neutrosophic 
ideal, and consider relations between a commutative (€, €)- 
neutrosophic ideal, a falling neutrosophic ideal and a commu- 
tative falling neutrosophic ideal. We give conditions for a falling 
neutrosophic ideal to be commutative. 


2 Preliminaries 
A BCK/BCI-algebra is an important class of logical algebras 


introduced by K. Iséki (see [3] and [4]) and was extensively in- 
vestigated by several researchers. 


By a BCI-algebra, we mean a set X with a special element 0 
and a binary operation * that satisfies the following conditions: 
(D) (Way, 2 € X) (((a*y) * (w* z)) *(z*y) = 0), 
(I) (Vz,y € X) (ax (a@*xy)) ky =O), 
(ID) (Va € X) (axa =0), 
(IV) (Vaz,yEX)(axy=0,y*xx=0 > r=y). 
Ifa BCI-algebra X satisfies the following identity: 
(V) (Va € X) (0x2 =0), 


then X is called a BC K-algebra. Any BCK/BCI-algebra X 
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satisfies the following conditions: 


(Va € X)(xx0=2), (2.1) 

LOY > URES Y*Z 
(Ve,y2ex)( SEU 2 oereure |, (2.2) 
(2.3) 


(Va,y,2 €X)((wxy)*z=(x*z)*y), 
((a * z 


(Va,y,2 € X) )*(yxz) Say) (2.4) 


where x < y if and only if x * y = 0. A nonempty subset S of a 
BCK/BCtT-algebra X is called a subalgebra of X ifuxyeES 
for all x,y € S. A subset I of a BCK/BCI-algebra X is called 
an ideal of X if it satisfies: 


OeT, 
(V~aEe X)(VyeT(axyel > vel). 


(235) 
(2.6) 
A subset I of a BC'K-algebra X is called a commutative ideal 
of X if it satisfies (2.5) and 
(axy)*ezET,zeIl > xx(yx(yxaz)) el (2.7) 
forall z,y,z € X. 


Observe that every commutative ideal is an ideal, but the con- 
verse is not true (see [9]). 


We refer the reader to the books [5, 9] for further information 
regarding BC K / BC I-algebras. 


For any family {a; | i € A} of real numbers, we define 


Vai |7 € A} := sup{a; | i € A} 
and 
/\fai | i € A} = inf {a; | i € A}. 
If A = {1,2}, we will also use a; V az and a; A az instead of 
Vi{a; | i € A} and A{a; | i € A}, respectively. 


Let X be a non-empty set. A neutrosophic set (NS) in X (see 
[12]) is a structure of the form: 


A:= {(x; Ap(2), Ay(e), Ap(a)) | @ € X} 


where Ar : X — [0,1] is a truth membership function, 
A; : X — [0,1] is an indeterminate membership function, and 
Ay : X — [0,1] is a false membership function. For the sake of 
simplicity, we shall use the symbol A = (Ar, Ar, Ar) for the 
neutrosophic set 


A:= {("; Ar(x), Ar(x), Ar(x)) |x € X}. 


Given a neutrosophic set A = (Ar, Ay, Ar) inaset X, a, € 
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(0, 1] and y € [0, 1), we consider the following sets: 


Te(A; a) := {x € X | Ar(x) > a}, 
Te(A; 8) = {x € X | Ar(x) 2 GB}, 
Fe(A;7) = {aw € X | Ap(x) < 7}. 


We say Te(A;a), Ie (A; 3) and Fe(A; 7) are neutrosophic €- 
subsets. 

A neutrosophic set A = (Ar,A;, Ar) in a BCK/BCI- 
algebra X is called an (€, €)-neutrosophic subalgebra of X (see 
[6]) if the following assertions are valid. 


xe Te(A;az), y € Te(A; ay) 
=> exyeTe(Ajaz Aay), 
az € Ie(A; Bx), y € Le(A; By) 
> z*y € Ie(A; Bz A By), 
oe Fe(A; 72), y € Fe(A; vy) 
=> oxy © Fe(Ajya V Vy) 


(Va,y € X) (2.8) 


for all az, Ay, Bz, By € (0, 1] and yz, Yy € [0, 1). 

A neutrosophic set A = (Ar,Arz, Ar) in a BCK/BCI- 
algebra X is called an (€, €)-neutrosophic ideal of X (see [10]) 
if the following assertions are valid. 


x€ Te(Ajar) > 0€ Te(A; az) 
a € Ie(A; Br) => 0 € Ic(A; Be) 
xe Fe(Ajyax) => 0€ Fe(Ajs 7x) 


(Va € X) (2.9) 


and 


cxy €Te(Asaz), y € Te (A; ay) 
=> © €T.(A;a, Aa,) 

a*y € Ie(A; Be), y € Te (A; By) 
=> £€1e(A; Bz A By) 

oxy € Fe(A;yex), y € Fe(A; yy) 
=> 2 Fe(Ajyz V Jy) 


(Va,y € X) (2.10) 


for all az, Ay, Bz, By € (0, 1] and yz, 7, € [0, 1). 


In what follows, let X and P(X) denote a BCK/BCI- 
algebra and the power set of X, respectively, unless otherwise 
specified. 


For each x € X and D € P(X), let 


z:={C € P(X) |r€ Cth, (2.11) 


and 


D:= {@| a € D}. (2.12) 
An ordered pair (P(X),8) is said to be a hyper-measurable 
structure on X if B is a o-field in P(X) and X C B. 


Given a probability space (0,4, P) and a hyper-measurable 
structure (P(X), 6) on X, a neutrosophic random set on X (see 
[8]) is defined to be a triple € := (€7, €r, €r) in which €7, €; and 
€p are mappings from 2 to P(X) which are A-G6 measurables, 
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that is, 


&p'(C) = {wr €2| Er(wr) CCH EA 

7 *(C) = {wr €2.| Ex(wr) CECH EA 

ee (C) = {wr EQ | Ep(wp) € Ch EA 
(2.13) 


(VC € B) 


Given a neutrosophic random set € := (&r, €7,€) on X, con- 
sider functions: 


Hr: X > [0,1], cr + Plwr | er € Er(wr)), 
Hy :X 3 (0, 1], LTR P(wry | ZrE €1(w7)), 
Hp: X > (0,1), cp 0 1—Plwp | op € Ep(wp)). 


Then H := (Hr, Hy, Hp) is a neutrosophic set on X, and we 
call it a neutrosophic falling shadow (see [8]) of the neutrosophic 
random set € := (€7,&r,€r), and € := (&7,&r, €r) is called a 
neutrosophic cloud (see [8]) of H:= (Hr, Hy, Hr). 

For example, consider a probability space (Q,A,P) = 
({0, 1], A, m) where A is a Borel field on [0, 1] and m is the usual 
Lebesgue measure. Let H:= (Hr, Hy, Hr) be a neutrosophic 
set in X. Then a triple € := (7, £7, €r) in which 


Ep: [0,1] = P(X),ar T-(H; Q), 
é1: 0,1] + P(X), 8 Te(H; 8), 
ép : [0,1] + P(X), y+ Fe(H;7) 


is a neutrosophic random set and € := (&7,€7,€r) is a neu- 
trosophic cloud of A := (Hr, Hr, Hr). We will call € := 
(Er, €r, €r) defined above as the neutrosophic cut-cloud (see [8]) 
of H = (Hr, Hy, Hr). 

Let (,.A, P) be a probability space and let € := (7,1, €r) 
be a neutrosophic random set on X. If €r(wr), €;(wy) and 
€r(wp) are subalgebras (resp., ideals) of X for allwr, wy, wr € 
Q, then the neutrosophic falling shadow H := (Hr, H,,H F) 
of € := (€7,&r,€r) is called a falling neutrosophic subalgebra 
(resp., falling neutrosophic ideal) of X (see [8]). 


3 Commutative (€, €)-neutrosophic 
ideals 


Definition 3.1. A neutrosophic set A = (Ar,A;,Ap) in a 
BCK-algebra X is called a commutative (€, €)-neutrosophic 
ideal of X if it satisfies the condition (2.9) and 


(cx y)*z€ Te(Ajaz), z € Te(A; ay) 

=> xx (y*(y*x)) € Te(Aj az A ay) 
(x*y)*z€ Ic(A; Bx), z © Ie (A; By) 

= xx (y*(y*a)) € Ie(A; Gz A By) 
(x*y)*z€ Fe(Aj; yx), 2 © Fe(Aj yy) 

=> xx (yx (y*x)) € Fe(A; ye V yy) 


(3.1) 
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forall x,y,z € X, Az, dy, Bx, By € (0,1) and ya, yy, € [0,1). 


Example 3.2. Consider a set X = {0,1,2,3} with the binary 
operation * which is given in Table |. 


ce 


Table 1: Cayley table for the binary operation “x 


* 0 1 2 3 
0 0 0 0 0 
1 1 0 0 1 
2 2 1 0 2 
3 3 3 3 0 


Then (X;%,0) is a BC'K-algebra (see [9]). Let A = 
(Ar, Ay, Ar) be a neutrosophic set in X defined by Table 2 


Table 2: Tabular representation of A = (Ar, A;, Ar) 


xX Ar(x) Aj(2) Ar(2) 
0 0.7 0.9 0.2 
1 0.3 0.6 0.8 
2 0.3 0.6 0.8 
3 0.5 0.4 0.7 


It is routine to verify that A = (Ar, A;, Ar) is a commutative 
(€, €)-neutrosophic ideal of X. 


Theorem 3.3. For a neutrosophic set A = (Ar, Ar1,Ar) ina 
BC K-algebra X, the following are equivalent. 


(1) The non-empty €-subsets Te(A; a), Ie(A; 3) and Fe(A; 7) 
are commutative ideals of X for all a, 8 € (0,1) andy € 
(0, 1). 


(2) A= (Ar, Ar, Ar) satisfies the following assertions. 


Ar(0) = Ar(z) 
A;(0) > Ar(z) 
Ap(0) < Ap(x) 


(Vr € X) (3.2) 


and forall x,y,z © X, 


(353) 


Proof. Assume that the non-empty €-subsets Te(A;a), 
I-(A;) and Fe(A;7) are commutative ideals of X for all 
a, 3 € (0,1) and y € [0,1). If Ar(0) < Ar(a) for some a € X, 
then a € Te(A;Ar(a)) and 0 ¢ Te(A;Ar(a)). This is a 
contradiction, and so Ar(0) > Ar(x) for all « € X. Similarly, 
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Ar(0) > Ar(x) for all a € X. Suppose that Ar (0) > Ap(a) for 
some a € X. Thena € Fe(A; Ar(a)) and0 ¢ Fe(A; Ar(a)). 
This is a contradiction, and thus Ar(0) < Ap(zx) for all x € X. 
Therefore (3.2) is valid. Assume that there exist a,b,c € X such 
that 

Ar(ax (b* (bx a))) < Ar((a* b) xc) A Ar(c). 


Taking a := Ar((a* b) *c) A Ar(c) implies that (a * b) *c € 
Te(A;a) and c € Te(A;a) but a * (b* (bx a)) € Te(A; a), 
which is a contradiction. Hence 


Ar (x * (y* (y*x))) = Ar((x * y) *2z) A Ar(z) 
for all x,y, z € X. By the similar way, we can verify that 
Ar(x * (y * (y * x))) 2 Ar(( *y) * 2) A Ar(z) 
for all x, y, z € X. Now suppose there are x, y, z € X such that 
Ap(a * (y* (y*))) > Ar((a *y) * z) V Ar(2) = 1- 


Then (axy)*z € Fe(A;y) and z € Fe(A;7) but rx(yx(yxx)) ¢ 
F(A; 7), a contradiction. Thus 


Ap(a * (y* (y*2))) S Ar((a *y) * z) V Ar(z) 


forall z,y,z€ X. 


Conversely, let A = (Ar, Ay, Ar) be a neutrosophic set in X 
satisfying two conditions (3.2) and (3.3). Assume that T-(A; a), 
I-(A; 8) and Fe(A; +) are nonempty for a, 3 € (0,1] and y € 
(0,1). Leta € Te(A;a), a € Ie(A; 8) and u € Fe(A;7) 
for a, € (0,1) and y € [0,1). Then A7(0) > Ar(ax) > a, 
A,(0) = Aj;(a) = B, and Ar(0) < Ap(u) < y by (3.2). It 
follows that 0 € Te(A; a), 0 € Ie (A; G) and 0 € Fe(A;7). Let 
a,b,c € X be such that (a*b)*c € Te(A; a) andc € Te(A; a) 
for a € (0, 1]. Then 


Ar(ax (b* (bx a))) > Ar((a*b) xc) A Ar(c) >a 


by (3.3), and so a x (b* (b* a)) € Te(Asa). If (a@ xy) *z € 
Ie(A; 8) and z € Ie(A; 8) for all x,y,z € X and @ € (0,1], 
then A;((x x y) * z) > Band A;(z) > G3. Hence the condition 
(3.3) implies that 


Ar(x * (y* (y *x))) = Ar((w *y) #2) A Ar(z) > B, 
that is, x * (y * (y * x)) € Ie(A; @). Finally, suppose that 
(a *y) xz © Fe(A;7) and z € Fe(A;7) 


for all x,y, z © X and y € (0, 1]. Then Ar((a * y) * z) < yand 
Apr(z) <4, which imply from the condition (3.3) that 


Apr(a * (y* (y*2))) < Ar((a *y) *z) V Ar(z) <7. 


Hence x * (y* (y* x)) € Fe(A;y). Therefore the non-empty €- 


Collected Papers, IX 


subsets Te (A; a), Ie (A; 3) and Fe (A; y) are commutative ideals 
of X for all a, 8 € (0, 1] and y € (0, 1). 


Theorem 3.4. Let A = (Ar, Ar, Ar) be a neutrosophic set in 
a BCK-algebra X. Then A = (Ar, Ar, Ar) is a commutative 
(€, €)-neutrosophic ideal of X if and only if the non-empty neu- 
trosophic €-subsets Te(A;a), Ie(A; 3) and Fe(A;) are com- 
mutative ideals of X for all a, 3 € (0,1] and y € [0,1). 


Proof. Let A = (Ar,Ar, Ar) be a commutative (€, €)- 
neutrosophic ideal of X and assume that T-(A; a), I< (A; 3) and 
Fe(A;7) are nonempty for a, 3 € (0,1] and y € [0,1). Then 
there exist x,y,z € X such that z € Te(A;a), y € Ie(A; 8) 
and z € Fe(A;~7). It follows from (2.9) that 0 € Te(A;a), 
0 € Ie(A; GZ) and 0 € Fe(A;7). Let x,y, z,a,b,c,u,v,w © X 
be such that 


(x*y)*z€ Te(A;a), 2 € Te(A; a), 
(ax b) xc € Te(A; 8), c € Te (A; 8), 
(uxv)*w € Fe(A;7), w € Fe(A;7). 


Then 
xx (y*(y*x)) € Te(A;aNa) =Te(A;a), 
ax (bx (bx a)) € Ie(A; BAB) = Ie(A; 8), 
ux (ux (u*u)) € Fe(A;yV 7) = Fe(A;7) 
by (2.10). Hence the non-empty neutrosophic €-subsets 


Te(A; a), Ie(A; G) and Fe(A; 7) are commutative ideals of X 
for all a, 3 € (0,1] and y € (0,1). 

Conversely, let A = (Ar, A;, Ar) be a neutrosophic set in X 
for which T-(A; a), I-(A;) and Fe(A;y) are nonempty and 
are commutative ideals of X for all a, 8 € (0,1) and y € [0, 1). 
Obviously, (2.9) is valid. Let v,y,z € X and az,ay € (0,1) 
be such that (x * y) * z € Te(A; az) and z € Te(A;a,). Then 
(x xy) * 2 © Te(A;q) and z € Te (A; a) where a = az A ay. 
Since Te (A; a) is a commutative ideal of X, it follows that 


x*(y*(y*2)) € Te(A; a) = Te(A; ae A ay). 


Similarly, if (2 * y) * z © Ie(A; G,) and z € I¢(A; G,) for all 
x,y,z € X and Bz, By € (0, 1], then 


x * (y*(y*a)) € Te(Aj Be A By). 


Now, suppose that (vx*y)*z € Fe(A; 7a) and z € Fe(A; yy) for 
all x,y,z € X and yz, 7y € [0,1). Then (x * y) * z € Fe(A;7) 
and z € Fe(A;y) where y = yz V yy. Hence 


x*(y*(y*ax)) © Fe(A;y) = Fe(Aj Ye V Wy) 


since Fe(A;) is a commutative ideal of X. Therefore A = 
(Ar, Ar, Ar) is a commutative (€, €)-neutrosophic ideal of X. 


Corollary 3.5. Let A = (Ar, Ar, Ar) be a neutrosophic set in 
a BCK-algebra X. Then A = (Ar,Ar, Ar) is a commuta- 
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tive (€, €)-neutrosophic ideal of X if and only if it satisfies two 
conditions (3.2) and (3.3). 


Proposition 3.6. Every commutative (€, €)-neutrosophic ideal 
A= (Ar,Ar, Ar) ofa BCK-algebra X satisfies: 


xx*xy € Te(A;a) 

=> x*(y*(y*x)) € Te(Aja) 
xx*xy € Ie(A; () 

=> xx (y* (y*a)) € Ie(A; 8) 
rey € Fe(A;7) 

=> xx (y*(y*ax)) € Fe(A;7) 


forall a, 8 € (0,1] andy € [0,1). 


(Va,y € X) (3.4) 


Proof. It is induced by taking z = 0 in (3.1). 


Theorem 3.7. Every commutative (€, €)-neutrosophic ideal of 
a BCK-algebra X is an (€, €)-neutrosophic ideal of X. 


Proof. Let A (Ar, Ar, Ar) be a commutative (€, €)- 
neutrosophic ideal of a BC’ K-algebra X. Assume that 


zy € Te(A;az), y € Te(A; ay), 
a*b€ Ie(A; Ba), 6 € Te (A; Ao), 
cx*xd € Fe(A;¥c), d € Fe(A; ya) 


for all x, y,a,b,c,d € X. Using (2.1), we have 
(axO)xy=axye Te(A;az), 
(ax 0)*b=axbe Ie(A; f,), 
(cx0)*d=cxd € Fe(A;%). 
It follows from (3.1), (2.1) and (V) that 


gr=xx0=2*(0*(0*z)) € Te(Ajaz A ay), 
a=a*x0=ax(0*«(0*a)) € Ie(A; Ba A Bo), 
c=c*x*0=cx (0*(0*«c)) € Fe(Aj% V Ya). 


Therefore A = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of 
Xx, 


The converse of Theorem 3.7 is not true as seen in the follow- 
ing example. 


Example 3.8. Consider a set X = {0,1,2,3,4} with the binary 


operation *« which is given in Table 3 


66? 


Table 3: Cayley table for the binary operation “x 


* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 1 0 0 
2 2 2 0 0 0 
3 3 3 3 0 0 
4 4 4 4 3 0 
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Then (X;%,0) is a BC'K-algebra (see [9]). Let A 
(Ar, Ar, Ar) be a neutrosophic set in X defined by Table 4 


Table 4: Tabular representation of A = (Ar, A;, Ar) 


XxX Ar(x) Aj(x) Ar(2z) 
0 0.66 0.77 0.27 
1 0.55 0.45 0.37 
2 0.33 0.66 0.47 
3 0.33 0.45 0.67 
4 0.33 0.45 0.67 


Routine calculations show that A = (Ar, Ar, Ar) is an (€, €)- 
neutrosophic ideal of X. But it is not a commutative (€, €)- 
neutrosophic ideal of X since (2 « 3) «0 € Te(A;0.6) and 0 € 
Te (A;0.5) but 2 * (3 * (3 * 2)) ¢ Te(A;0.5 A 0.6), (1 * 3) * 
2 € I<(A;0.55) and 2 € I¢(A;0.63) but 1 * (3 «(3 *1)) ¢ 
I-(A; 0.55 A 0.63), and/or (2 * 3) x0 € Fe(A; 0.43) and 0 € 
F< (A; 0.39) but 2 * (3 * (3 * 2)) ¢ Fe(A; 0.43 V 0.39). 


We provide conditions for an (€, €)-neutrosophic ideal to be 
a commutative (€, €)-neutrosophic ideal. 


Theorem 3.9. Let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic 
ideal of a BC’ K-algebra X in which the condition (3.4) is valid. 
Then A = (Ar, Ar, Ar) is a commutative (€, €)-neutrosophic 
ideal of X. 


Proof. Let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal 
of X and x,y,z € X be such that (x * y) * z € Te(A; az) and 
z€T.(A; ay) foraz,ay € (0,1). Then rey € Te(A; ag Ady) 
since A = (Ar, Ay, Ap) is an (€, €)-neutrosophic ideal of X. 
It follows from (3.4) that x * (y * (y* w)) € Te(A;az A ay). 
Similarly, if (a * y) * z € I¢(A; Gz) and z € Ic(A; G,), then 
xx (y*(y*ax)) € Ie(A; Gz A By). Let a,b,c € X and ya, € 
(0,1) be such that (a * b) *c € Fe(A; ya) and c € Fe(A; Ya). 
Then a * b € Fe(A;¥a V Yo), which implies from (3.4) that 
ax (bx (b*a)) © Fe(A; 7a V Wo). Therefore A = (Ar, Ar, Ar) 
is a commutative (€, €)-neutrosophic ideal of X. 


Lemma 3.10. Every (€, €)-neutrosophic ideal A 
(Ar, Ar, Ar) ofa BCK-algebra X satisfies: 


y,z€Te(A;a) > te Te(A;a) 
y,z2€1e(A;B) > x € I¢(A;£) 
gee Pel Ay) = 2 e Fel Ary) 


(3.5) 


for all a, B € [0,1), 7 € (0,1) and x,y,z € X witha xy < z. 
Proof. For any a, € (0,1), y € (0,1] and x,y,z € X with 
uxy <2, lety,z € Te(A;a), y,z € Ie(A;8) and y,z € 
F(A; 7). Then 


(z*y)*z=06€ Te(Aja) N1e(A; 8) Fe(A; 7) 
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by (2.9). It follows from (2.10) that 


are ” 


Table 5: Cayley table for the binary operation 
a*y € Te(Aj a) 9 Te(A; 8) 9 Fe(A;7) 


* 0 1 2 3 4 

0 0 0 0 0 0 

and so that i ; ; ; : ; 
gz € Te(A;a) MN Te (A; B) N Fe(A; 2 2 1 0 2 2 

e(Apa) Mle( Ap Br fet Ay). ; : : : ; : 

Thus (3.5) is valid. 4 4 4 4 4 0 


Theorem 3.11. In a commutative BC K-algebra, every (€, €)- 
neutrosophic ideal is a commutative (€, €)-neutrosophic ideal. 


Proof. Let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal 
of acommutative BC K-algebra X. Let x,y, z € X be such that Neutrosophic random set on X which is given as follows: 


(wy) #2 € Te(Ayia) M Te(As Be) 0 Fe( Aste) (0.3) fre [0.025 

0,4} if t € (0.25, 0.55), 

and Gr: (0,1) > P(X), >) sq'1 01 itt © [0.55,0.85), 
{0,3,4} if € [0.85, 1], 


ZE Te(A; Qy) a Ie(A; B,) Fe (A; oy) 
for dz, Qy, Bx, By € (0, 1] and yz,7¥y € [0,1). Note that 


(x * (y* (y*a))) * (ay) * 2) *2 
= ((a * (y * (y* @))) * z) * ((w*y) * 2) 


1,2} if t € [0,0.45), 
3} if t € [0.45,0.75), 
4}. aft] 10.75, 1), 


< (x « (y * (y*@))) *(e*y) me 
x * (x *y)) * (y* (y*a)) {0} if t € (0.9, 1], 
- {0,3} if t € (0.7, 0.9], 
€r : (0,1) > P(X), coe {0,4} if t € (0.5, 0.7], 
by (2.3), (2.4) and (IID, which implies that ee 52,3} if t € (0.3, 0.5], 
if t € (0, 0.3]. 


(x * (y* (y*a))) * ((@*y) * 2) Sz. 


Then €r(t), €7(t) and €p(t) are commutative ideals of X for 


It follows from Lemma 3.10 that all t € [0,1]. Hence the neutrosophic falling shadow H = 
(Hr, Hy, Hr) of € := (Er, €7, €) is a commutative falling neu- 
*« (y * (y* x)) € Te(Aj ag) N Ie (Aj Bz) N Fe(A; Ya). trosophic ideal of X, and it is given as follows: 
Therefore A = (Ay,A;,Apr) is a commutative (€, €)- 1 if x =0, 
neutrosophic ideal of X. ~ 0.3 ifae {1,2}, 
BOS a: ApS. 
0.45 if#=4, 


4 Commutative falling neutrosophic 


ideals ; 1 if € {0,1,2}, 
Definition 4.1. Let (Q,.A, P) be a probability space and let € := Hila) 7 a _ 7 
(€r,€1,€r) be a neutrosophic random set on a BC'K-algebra : 

X. Then the neutrosophic falling shadow H := (Hr,H1,Hr) ana 

of € := (Er, &1, €r) is called a commutative falling neutrosophic 

ideal of X if Ep(wr), €r(w7) and E(w) are commutative ideals 7 0 if x = 0, 

of X forall wr, wr,wr € 2. Hr(“)=4 0.5 ifze {1,2,4}, 
0.3 ifa=3. 


Example 4.2. Consider a set X = {0,1, 2,3, 4} with the binary 

operation *« which is given in Table 5 

Then (X;*,0) is a BC K-algebra (see [9]). | Consider Given a probability space (Q, A, P), let H := (Hr, Hy, Hr) 
(Q,A,P) = ((0,1],A,m) and let € := (€7,&r,€r) be a neu- be a neutrosophic falling shadow of a neutrosophic random set 
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€:= (&7,&7,€r). For x € X, let 


Q(z; Er) = {wr ED | a € Ep(wr)}, 
Q(x; Er) = {wr €0| @ € Ex(wr)}, 
O(a; €r) = {wr €D| a € Er(wr)}. 


Then Q(a; &r), O(a; €7), O(a; Er) € A (see [8]). 


Proposition 4.3. Let H := (Hr, H,,Hp) be a neutrosophic 
falling shadow of the neutrosophic random set € := (r,&1,€F) 
ona BCK-algebra X. If H := (Hr, H,, Hr) is a commutative 
falling neutrosophic ideal of X, then 


OQ((x * y) * 2; Er) N Q(z; Er) 

C Q(x * (y * (y * x); Er) 
Q((x * y) * 2; Er) NO(z; Er) 

C O(a * (y * (y *x)); Er) 
Q((x * y) * 25 Er) Nz; Er) 

C Q(x * (y * (y * x); Er) 


(4.1) 


and 
y*x));Er) € O((x *y) * 2; Er) 


( ca 
ee ee a ale 
Q ( C O(a * y) * 2; Er) 


(4.2) 


forall x,y,z © X. 


Proof. Let 


wr € O(a *y) * z;Er) Nz; Er), 
wr € O((a * y) * 23€r) N Q(z; Er), 
wp € O(a * y) * 2; Er) N O(z; Ev) 


for all x,y,z € X. Then 


(a * y) * z € Ep(wr) and z € p(w), 
(a * y) * z © Er(wy) and z € Er(wy), 
(xx y) * 2 © Ep(wp) and z € Ep(wrp). 


Since €p(wr), Er(wr) and €-(w yr) are commutative ideals of X, 
it follows from (2.7) that 


x*(y* (y*2)) € Er(wr) NEr(wr) N Err) 


and so that 


wr € O(a * (y * (y* z)); Er), 
wr € Q(x * (y * (y * 2)); Er), 
wr € O(a * (y* (y* 2)); EF). 


Hence (4.1) is valid. Now let 


wr € O(a * (y * (y * x)); Er), 
wr € O(x * (y * (y* x); Er), 
wp € Q(x * (y * (y * z)); Er) 
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for all x,y, z € X. Then 
* (y* (y* @)) € Er(wr) N €r(wr) N Er(wr). 


Note that 


((x * y) * z) * (x * (y* (y* z))) 
= ((u*y) * (uw (y* (y*z)))) ¥2 
< ((y* (y*x)) *y)* z= ((y*y) * 
= (0*«(y*x))*z=0*«2=0, 


which yields 


(y*2))*2 


(a y) * 2) * (x * (y * (y * x))) 
=O0€E &p(wr) M E(w) M Ep(wp). 


Since r(wr), €r(wr) and €r(wy) are commutative ideals and 
hence ideals of _X, it follows that 


(z*y) *z € Er(wr) N Er(wr) NEr(wr). 
Hence 


wr € O((x *y) * 2; Er), 
wr € X((x * y) * 2; Er), 
wp € O(a * y) * 2; EF). 


Therefore (4.2) is valid. 


Given a probability space (©, A, P), let 


F(X) :={f | f:Q— X is a mapping}. (4.3) 
Define a binary operation ® on F(X) as follows: 
(Vw € 2) (Ff ® g)() = fw) * gv) (4.4) 


for all f,g € F(X). Then (F(X); @,0) is a BCK/BCI- 
algebra (see [7]) where 0 is given as follows: 


6:0 - X,wr 0. 


For any subset A of X and gr, gr, ge € F(X), consider the 
followings: 


Ad, = {wr €2| gr(wr) € A}, 
Ad := {wr € Q| gr(wr) € A}, 
Ad, = {wp €Q| gr(wr) € A} 


and 


Er : 2 P(F(X)), wr {gr € F(X) | gr(wr) € A}, 
£5: Q 4 P(F(A)), wre {or © F(X) | gr(wr) € A}, 
Ep: Q > P(F(X)), wr {or € F(X) | gr(wr) € A}. 


Then A¥,, AZ, AZ, € A (see [8]). 
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Theorem 4.4. [f K is a commutative ideal of a BC K-algebra 
X, then 


Erwr) = {gr € F(X) | gr(wr) € K}, 
Er(wr) = {gr € F(X) | gr(wr) € K}, 
Er(wr) = {gr € F(X) | gr(wr) € K} 


are commutative ideals of F(X). 


Proof. Assume that K is acommutative ideal of a BC K-algebra 
X. Since (wr) =0€ K, @(wr) =0€ K and O(wr) =0E K 
for all wr, wy, wr € , we have @ € E7(wr), 6 € Er(wy) and 
0 € Ep(wer). Let fr, gr, hr € F(X) be such that 

(fr ® gr) ® hr € Er(wr) and hr € Er(wr). 


Then 


(fr(wr) * gr(wr)) *hr(wr) = ((fr ® gr) ®hr)(wr) eK 


and hr(wr) € K. Since K is a commutative ideal of X, it 
follows from (2.7) that 


(fr ® (gr ® (gr ® fr)))(wr) 

= fr(wr) * (gr(wr) * (grwr) * frwr))) € K, 
that is, fr ® (gr ® (gr ® fr)) © &r(wr). Hence Er(wr) is a 
commutative ideal of F(X). Similarly, we can verify that €;(wy) 


is a commutative ideal of F(X). Now, let fr, gr, hr € F(X) 
be such that (fr ®gr)@®hpr € €r(wp) andhp € €r(wr). Then 


(fr(wr) * gr(wr)) *hr(wr) 
=((fr ®gr) @®hr)(wr) eK 


and hr(wr) € K. Then 


(fr ® (gr ® (gr ® fr))) (wr) 
= fr(wr) * (gr(wr) * (grr) * fr(wr))) € K, 


and so fr ® (gr ® (gr ® fr)) € €r(wr). Hence Er(wp) isa 
commutative ideal of ¥(X). This completes the proof. 


Theorem 4.5. If we consider a probability space (Q,A,P) = 
([0, 1], A, m), then every commutative (€, €)-neutrosophic ideal 
of a BC K-algebra is a commutative falling neutrosophic ideal. 
Proof. Let H := (H7,H;,Hp) be a commutative (€, € 
)-neutrosophic ideal of X. Then Te(H;a), Ic(H;3) and 
F.(H;7) are commutative ideals of X for all a, 3 € (0, 1] and 
7 € [0,1). Hence a triple € := (&r, €r, €) in which 


ér : [0,1] + P(X), a+ Te(H;a), 
€r: [0,1] > P(X), B+ Ie(H; 8), 
ép : [0,1] > P(X), y+ Fe(H;7) 


is a neutrosophic cut-cloud of H:= (Hr, H,,H Fr). Therefore 
HT := (Hr, Hy, Hr) is acommutative falling neutrosophic ideal 
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of X. 


The converse of Theorem 4.5 is not true as seen in the follow- 
ing example. 


Example 4.6. Consider a set X = {0,1,2,3,4} with the binary 
operation « which is given in Table 6 


ee 


Table 6: Cayley table for the binary operation “x 


* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 1 0 1 
2 2 2 0 0 2 
3 3 2 1 0 3 
4 4 4 4 4 0 


Then (X;%*,0) is a BC'K-algebra (see [9]). Consider 
(Q,A,P) = ([0,1],A,m) and let € := (€7,&7,€r) be a neu- 
trosophic random set on X which is given as follows: 


{0,1} if t € [0,0.2), 
{0,2} if t € [0.2,0.55), 
fr: [01> P(X), ©) fo itt © [0.55,0.75), 
{0,1,2,3} ift € (0.75, 1), 
{0,1} if t € [0,0.34), 
{0,4} if t € [0.34,0.66), 
€:0,1J> P(X), >) fy1 4 itt © [0.66,0.78), 
x if t € (0.78, 1], 
and 
{0} if t € (0.87, 1], 
{0,2} if t € (0.76, 0.87], 
r: [0,1] 2 P(X), ca 2 {0,4} if t € (0.58,0.76], 
{0,2,4} if t € (0.33, 0.58}, 
x if t € (0, 0.33]. 


Then €7(t), €;(t) and €p(t) are commutative ideals of X for 
all t € [0,1]. Hence the neutrosophic falling shadow H := 
(Hr, Hr, Hp) of € := (Er, €1, €r) is a commutative falling neu- 
trosophic ideal of X, and it is given as follows: 


1 ife=0, 
; 045 ife=1, 
fip(w)=2 08 ife=2, 
0.25 ife=3, 
0.2 ife=4, 
1 ifz=0, 
, 0.68 ife=1, 
Hi(®)=9 999 ifx € {2,3}, 
0.66 ife—4, 
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and 
0 if x = 0, 
mina{ ae Heb) 
0.24 if*=4. 
But H := (Hr,H,,Hp) is not a commutative (€, €)- 


neutrosophic ideal of X since 
(3 * 4) *2 € Te(H;0.4) and 2 € Te(H; 0.6), 


but 3 * (4* (4*3)) =3 ¢ Te(A;0.4). 


We provide relations between a falling neutrosophic ideal and 
a commutative falling neutrosophic ideal . 


Theorem 4.7. Let (Q,A,P) be a probability space and let 
H := (Hr, Hy, Hp) be a neutrosophic falling shadow of a neu- 
trosophic random set € := (€7,€1,€) on a BCK-algebra. If 
H := (Hr, Hr, Hp) is a commutative falling neutrosophic ideal 
of X, then it is a falling neutrosophic ideal of X. 


Proof, Let H := (Hr, Hy, Hy) be a commutative falling neu- 
trosophic ideal of a BC K-algebra X. Then p(w), €r(wy) and 
€r(wp) are commutative ideals of X for all wr, wy, wr € Q. 
Thus r(wr), €(w7) and €(w pr) are ideals of X for all wr, wy, 
wre € Q. Therefore H := (Hr, Hr, Hr) is a falling neutro- 
sophic ideal of X. 


The following example shows that the converse of Theorem 
4.7 is not true in general. 


Example 4.8. Consider a set X = {0, 1, 
operation * which is given in Table 7 


2,3,4} with the binary 


“cc ye? 


Table 7: Cayley table for the binary operation 


* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 0 1 0 
2 2 1 0 2 0 
3 3 3 3 0 3 
4 4 4 4 4 0 
Then (X;%,0) is a BCK-algebra (see [9]). Consider 


(Q, A, P) = ([0, 1], A, m) and let : = (Er, €1, Er) be a neu- 
trosophic random set on X which is given as follows: 


{0,3} if t € [0,0.27), 
ér: [0,1] > P(X), «> 2 {0,1,2,3}  ift © [0.27,0.66), 
{0,1,2,4} if t € [0.67, 1], 
{0,3} if t € [0,0.35), 
10,1) SPR); oof ae 
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and 
{0} if t € (0.84, 1], 
{0,3} if t € (0.76, 0.84], 
bee dr). a {0,1,2,4} if t € (0.58, 0.76], 
x if t € [0, 0.58]. 


Then €r(t), €r(t) and €r(t) are ideals of X for all ¢ € [0,1]. 
Hence the neutrosophic falling shadow H:= (Hr, H,,H F) of 
€ := (&r,&1,€&r) is a falling neutrosophic ideal of X. But it 
is not a commutative falling neutrosophic ideal of X because if 

€ [0,0.27), 6 € [0,0.35) and y € (0.76, 0.84], then E-(a) = 
{0,3}, €r(G) = {0,3} and €-(y) = {0,3} are not commutative 
ideals of X respectively. 


Since every ideal is commutative in a commutative BC K- 
algebra, we have the following theorem. 


Theorem 4.9. Let (9,.A,P) be a probability space and let 
H := (Hy, Hy, Hp) be a neutrosophic falling shadow of a neu- 
trosophic random set € := (Er, €1,€r) ona commutative BCK- 
algebra. If H := (Hr, Hz, Hp) is a falling neutrosophic ideal 
of X, then it is a commutative falling neutrosophic ideal of X. 


Corollary 4.10. Let (0,.A,P) be a probability space. For any 
BC K-algebra X which satisfies one of the following assertions 


(Va,yEX\(u<y > r<yx(y*2a)), (4.5) 
(Va,yEX)\(a<y > r=yx(y*2)), (4.6) 
(Va,y © X)(x«(x*xy) =y*(yx(ax(xxy)))), (47) 
(Va,y,zEX)(r,y<zzxyszxr >a<y), (48) 
(Va,y,zEX)(a<z,z*ey<zxr > x<y), (4.9) 


let H := (Hp, Hy, Hp) be a neutrosophic falling shadow of 
a neutrosophic random set € := (r,€1,€r) on X. if H := 
(Hr, fy, Hr) is a falling neutrosophic ideal of X, then it is a 
commutative falling neutrosophic ideal of X. 
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On Neutrosophic Crisp Topology via N-Topology 


Riad K. Al-Hamido, T. Gharibah, S. Jafari, F. Smarandache 


Riad K. Al-Hamido, T. Gharibah, S. Jafari, Florentin Smarandache (2018). On Neutrosophic Crisp 
Topology via N-Topology. Neutrosophic Sets and Systems 23, 96-109 


Abstract. In this paper, we extend the neutrosophic crisp topological spaces into N— 
neutrosophic crisp topological spaces (Nnc-topological space). Moreover, we introduced new 
types of open and closed sets in N—neutrosophic crisp topological spaces. We also present Nnc- 
semi (open) closed sets, Nnc-preopen (closed) sets and Nnc-a-open (closed) sets and investigate 


their basic properties. 


Keywords: N,--topology, N—neutrosophic crisp topological spaces, Nnc-semi (open) closed 


sets, Nnc-preopen (closed) sets, Nnc-a-open (closed) sets, Nncint(A), Nnccl(A). 


Introduction 


The concept of non-rigid (fuzzy) sets introduced in 1965 by L. A. Zadeh [11] which revolu- 
tionized the field of logic and set theory. Since the need for supplementing the classical two- 
valued logic with respect to notions with rigid extension engendered the concept of fuzzy set. 
Soon after its advent, this notion has been utilized in different fields of research such as, deci- 
sion-making problems, modelling of mental processes, that is, establishing a theory of fuzzy 
algorithms, control theory, fuzzy graphs, fuzzy automatic machine etc., and in general topolo- 
gy. Three years after the presence of the concept of fuzzy set, Chang [3] introduced and de- 


veloped the theory of fuzzy topological spaces. Many researchers focused on this theory and 
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they developed it further in different directions. Then another new notion called intuitionistic 
fuzzy set was established by Atanassov [2] in 1983. Coker [4] introduced the notion of intui- 
tionistic fuzzy topological space. F. Smarandache introduced the concepts of neutrosophy 
and neutrosophic set ([7], [8]). A. A. Salama and S. A. Alblowi [5] introduced the notions of 
neutrosophic crisp set and neutrosophic crisp topological space. In 2014, A.A. Salama, F. 
Smarandache and V. Kroumov [6] presented the concept of neutrosophic crisp topological 
space (NCTS). W. Al-Omeri [1] also investigated neutrosophic crisp sets in the context of neu- 
trosophic crisp topological Spaces. The geometric existence of N -topology was given by M. 
Lellis Thivagar et al. [10], which is a nonempty set equipped with N-arbitrary topologies. The 
notion of Nn-open (closed) sets and N-neutrosophic topological spaces are introduced by M. Lellis 
Thivagar, S. Jafari,V. Antonysamy and V. Sutha Devi. [9] 

In this paper, we explore the possibility of expanding the concept of neutrosophic crisp 
topological spaces into N-neutrosophic crisp topological spaces (Nnc-topological space). 
Further, we develop the concept of open (closed) sets, semiopen (semiclosed) sets, preopen 
(preclosed) sets and a-open (a-closed) sets in the context of N-neutrosophic crisp topological 


spaces and investigate some of their basic properties. 
1.Preliminaries 
In this section, we discuss some basic definitions and properties of N -topological spaces and 


neutrosophic crisp topological spaces which are useful in sequel. 


Definition 1.1. [6] Let X be a non-empty fixed set. A neutrosophic crisp set (NCS) A is an 


object having the form 4A ={A, 4,, 4,}, where A,, A, and A, are subsets of X satisfying 
A, NA, = ¢, 4, 14, = ¢ and, 114, =¢. 


Definition 1.2. [6] Types of NCSs_ ¢, and X,, in X are as follows: 
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1. @, may be defined in many ways as an NCS as follows: 


1. py, =(¢,¢, X )or 
2. dy =(¢,X,X)or 
3. by =(¢,X,¢) or 


4. b, =(9.4,9). 


2. X,, may be defined in many ways as an NCS, as follows: 


1. X,, =(X,¢,¢)or 
2. X, =(X,X,¢) or 
3A (Xe). 


Definition 1.3. [6] Let X be a nonempty set, and the NCSs A and B be in the form 


A = {A;,A2,A3},B = {B1,B2,B3}-Then we may consider two possible definitions for sub- 


set A CB which may be defined in two ways: 


lA CRSA CB, A, CB, and BCA, 
1A CBSA, CBB, GA ane Bo A, 


Definition 1.4. [6] Let X be a non-empty set and the NCSs A and B in the form 
A = {A, A,, A}, B = {B,, B,, B,}. Then: 


1. A{\B may be defined in two ways as an NCS as follows: 


i) ANB =(4,0B,,4,OB,,A,UB;) 
i) ANB =(A,O8B,,4, VUB,,A,UB;). 


2. AUB may be defined in two ways as an NCS, as follows: 


i) AUB =(4,VB,,4A,0B,,4,08B;) 
li) AUB =(A,VUB,,A,UB,,A,OB;). 


Definition 1.5. [6] A neutrosophic crisp topology (NCT) on a non-empty set X is a 


family  ofneutrosophic crisp subsets in X satisfying the following axioms: 
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lei X,-EF, 
2. A {\A, €T, for any A, and A, €T. 
SL ACeEL Via Edy els 


The pair (X, I’) is said to be a neutrosophic crisp topological space (NCTS) in X. Moreover, 
the elements in I are said to be neutrosophic crisp open sets (NCOS). A neutrosophic crisp 
set F is closed (NCCS) if and only if its complement F* is an open neutrosophic crisp set. 
Definition 1.6. [6] Let X be a non-empty set, and the NCSs A be in the form 

A = {A, A,, A}. Then A° may be defined in three ways as an NCS: 

i) AS =< A’, AS, AS >or 

ii) A° =< A,, A,, A, >or 

iii) A® =< A,, Aj, A, >. 

2.Nnc-Topological Spaces 


In this section, we introduce N—neutrosophic crisp topological spaces (Nnc-topological space) 
and discuss their basic properties. Moreover, we introduced new types of open and closed sets 


in the context of N,--topological spaces. 


Definition 2.1: Let X be a non-empty set. Then ncT1, ncT2, ..., netN are N-arbitrary crisp topolo- 


gies defined on X and the collection 


N 
Nt={GCX :G=(| JA,)U() B,)eN,t, A,B, 6, 7} 
nc 1 i=l i ne 1 Ll ne 1 


i=l 
is called Nnc-topology on X if the following axioms are satisfied: 


l. & .Xy EN, T. 


2. Ua, EN .t forall {G,}",éEN,.T. 


i=l 
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ae ()G, EN _.t forall {G,}"_,€N,,t. 


i=l 
Then (X, Nnct) is called Nnc-topological space on X. The elements of Nnct are known as 


Nne-open (Nne- OS) sets on X and its complement is called Nne-closed (Nne- CS) sets on X. 


The elements of X are known asNnc-sets (Nne- S) on X. 


Remark 2.2: Considering N = 2 in Definition 2.1, we get the required definition of bi- 
neutrosophic crisp topology on X. The pair (X, 2nct) is called a bi-neutrosophic crisp topolog- 


ical space on X. 


Remark 2.3: Considering N = 3 in Definition 2.1, we get the required definition of tri- 
neutrosophic crisp topology on X. The pair (X, 3nct) is called a tri-neutrosophic crisp topolog- 


ical space on X. 


Example 2.4: 


X= {1, 2,3, 4}, ne" — {py X y 2 A}, ne™2 = {hy X yy ; Bh 7; = {hy X yt 
A=< {35,1245 > B =< th, {2}, 12,3} > 
AUB =< {1,3}, {2,4}, 0 >,4 OB =< ©, {2}, {1,2,3} >, Then we get 


3.7 ={Oy .X 7,4A,8B,AUB,A OB} 
which is a tri-neutrosophic crisp topology on X. The pair (X, 3nct) is called a tri-neutrosophic 
crisp topological space on X. 


Example 2.5: 


X= {1,2,3,4}, ne "1 = {py X y > A}, ne®2 = {hy X y ,B} 
A=< {3} {24,1 > B =< th, (2h, {2,3} >, 
AUB=< {1,3}, {2,44,0>,4 AB =< ©, {2}, {12,3} >, Then 


2. ={Oy,Xy,4,B,A UB,A OB} 
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which is a bi-neutrosophic crisp topology on X. The pair (X, 2nct) is called a bi-neutrosophic 
crisp topological space on X. 
Definition 2.6: Let(X, Nnct) bea Nnc-topological spaceonX and A be an Nne-set 


on _X then the Nncint(A) and N,-cl(A) are respectively defined as 

(i) Nncint(A) = U {G: GG A and Gis a Nnc-open set in X }. 

(ii) Nnecl(A) = {F: A © F and F is a Ny--closed set in X }. 
Proposition 2.7: Let (X, Nnct) be any Nnc-topological space. If A and B are any 


two Nne-sets in (X, NncT), $0 the Nne-closure operator satisfies the following 


properties: 
(i) A S Nnecl(A). 


(ii) AGB> Nnccl(A) CNnccl(B). 
(iii) Naccl(A UB) = Nnccl(A) U Nuccl(B). 
Proof 


(i) Nnecl(A)=N {G:G isa Nnc-closed set in. X and A © G }. Thus, A © Nyccl(A). 


(ii) Nnccl(B)=N {G: Gis a Nnc-closed set in X andBEG}AN{G: 
G isa N,--closed set in X¥ and A © G } D2 N,-cl(A). Thus, Nnccl(A) 


CNnccl(B). 


(iii) Nnccl(A U B) =N{G: Gis a Ne-closed set in X and 4 U BE G}= 
(N{G : Gisa N,--closed set in X and A © G})U(N{G: G isa Nac- 
closed set in-X¥ and B © G})= Nnccl(A) VU Naccl(B). Thus, Nnecl(A U 


B) = Nnccl(A) U Nynecl(B). 
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Proposition 2.8: Let (X, Nnct) be any Nnc-topological space. If A and B are any 
two Nne-sets in (X, Nnct ), then the Nncint(A) operator satisfies the following 


properties: 
(i) Nncint(A) GA. 
(ii) A&B > Nyacint(A) SNncint(B). 
(iii) Nncint(A NB) = Nneint(A) N Nncint(B). 
(iv) (Nnccl(A))° = Nneint(A). 


(Vv) (Nneint(A))° = Nnecl(A)’. 


(i) Nncint(A)=U {G: G is an Nnc-open set in X and GCA }. Thus, Nncint(A) S A. 


(ii) Nncint(B)=U {G: G isa Nnc-open set in X¥ andGEB}DULG: 
G is an Nnc-open set in X and G GA } 2D N,-int(A). Thus, 


(iii) Nncint(A NB) = U{G: Gis an Nnc-open set in X¥ and AN B2G} 
=(U{G: Gis a Nnc-open set in X and A 2 G})N(U{G: Gisan 
Nnc-open set in_X and B 2 G})= Nycint(A) N Nncint(B). Thus, 


Nneint(A NB) = Nncint(4) O Nncint(B). 


(iv) NncCl(A) = {G: G is an N,--closed set in XY and A © G}, (Nnccl(A))° = U{G* : G* 
Nne-open set ee AS D G*} = Nycint(A)*. Thus, (Nnecl(A))° = Nncint(A). 

(v) Nneint(A) =U {G: G isan N,--open set in-X and A 2 G}, (Nncint(A))© = N {GS : GS 
a Nne-closed = in X and A° D G*} = Nnccl(A)°. Thus, (Nncint(A))* = Nnecl(A)’. 
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Proposition 2.9: 

Let (X, Nnet ) be any Nnc-topological space. If A is a Nne-sets in (X, Nnct), the fol- 
lowing properties are true: 

(1) Nnccl(A) = A iff A is a Nnc-closed set. 

(ii) Nncint(A) = A iff A is a Nnc-open set. 

(111) Nnccl(A) is the smallest Nnc-closed set containing A. 

(iv) Nncint(A) is the largest Nnc-open set contained in A. 


Proof: (1), (ii), (iii) and (iv) are obvious. 


3.New open setes in Nnc--Topological Spaces 


Definition 3.1: Let (X, Nnct) be any Nnc-topological space. Let A be an Nnc-set in 
(X, Nnct). Then A is said to be: 

(i) A Nnc-preopen set (Nne-P-OS) if AS Nnrcint(Nnccl(A)). The complement of an Nnc- 
preopen set is called an Nnc-preopen set in X. The family of all Nnc-P-OS (resp. Nnc- 
P-CS) of X is denoted by (NnePOS(X)) (resp. NnePCS ). 

(ii) An Nnc-semiopen set (Nne-S-OS) if AS Nnecl(Nncint(A)). The complement of a 
Nnc~semiopen set is called a Nic-semiopen set in X. The family of all Nnc-S-OS 
(resp. Nne-S-CS) of X is denoted by (NncPOS(X)) (resp. NncPCS ). 

(111) A Nnc-at-open set (Nnc-a0-OS) if AS Nncint (Nnccl(Nncint(A))). The complement 
of a Nnc-at-open set is called a Nnc-a-open set in X. The family of all Nnc-a-OS 


(resp. Nne-at-CS) of X is denoted by (NneaOS(X)) (resp. NncaCS ). 
Example 3.2: 


XxX = {a,b,c,d}, ne" 1 = {hy AX y 2 A}, ne™2 = {hy X yy , B} 
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A =< {a}, {b}, {c} >, B =< {a}, {b,d}, {c} >, then we have2,.7={©, ,X ,,A,B} 


which is a bi-neutrosophic crisp topology on X. Then the pair (X, 2nct) is a bi-neutrosophic 
crisp topological space on X. If H =< {a,b}, {c},{d}>,then H is a Nnc-P-OS but not Nac-a- 
OS. It is clear that H® is a Nnc-P-CS. A is a Nnc-S-OS. It is clear that A° is a Nne-S-CS. A is a 
Nne-@-OS. It is clear that A° is a Nnc-a-CS. 

Definition 3.3: Let (X, Nnct ) be a Nnc-topological space on X and A be a Nnc-set 

on X then 

(1) Nnc-P-int(A) = U {G: G © A and G is a Nnc-P-OS in X}. 

(ii) = Nne-P-cl(A) =M {F: A © F and F is a Nne-P-CS in X}. 

(iii) = Nnc-S-int(A) = U {G: G © A and G is a Nnc-S-OS in X}. 

(iv)  Nnc-S-cl(A) =M {F: A & F and F is a Nne-S-CS in X}. 


(v)  Nne-a-int(A) = U {G: G © A and Gis a Nnc-a-OS in X}. 


(vi) Nnc-a-cl(A) = {F: A © F and F is a Nnc-a-CS in X}. 


In Proposition 3.4 and Proposition 3.5, by the notion Nnc-k-cl(A)( Nnc-k-int(A)), 
we mean Nne-P-cl(A)( Nnc-P-int(A)) (if k = p ), Nne-S-cl(A)( Nnc-S-int(A)) (if k = S) 
and Nne-t-cl(A)( Nne-o-int(A)) (if k = a). 

Proposition 3.4: Let (X, Nnct) be any Nnc-topological space. If A and B are any two 
Nne-Sets in (X, Nnct), then the Nnc-S-closure operator satisfies the following proper- 
ties: 

(i) A & Nne-k-cl(A). 

(ii) = Nne-k-int(A) © A. 


(iii) AGB> Nne-k-cl(A)& Nne-k-cl(B). 
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(iv) A&B>Nno-k-int(A) & Nne-k-int(B). 

(v) = Nne-k-cl (A U B) = Nne-k-cl(A)UNne-k-cl(B). 

(vi) — Nnc-k-int (A M B) = Nne-k-int(A) M Nne-k-int(B). 

(vil) (Nne-k-cl(A))° = Nne-k-cl(A)’. 

(viii) (Nne-k-int(A))° = Nne-k-int(A)°. 

Proposition 3.5: 

Let (X, Niet) be any Nnc-topological space. If A is an Nnc-sets in (X, Nnct). Then the 
following properties are true: 

(i) Nne-k-cl(A)= A iff A is a Nnc-k-closed set. 

(ii) Nnc-k-int(A)= A iff A is a Nnc-k-open set. 

(111) Nne-k-cl(A) is the smallest N,--k-closed set containing A. 

(iv) Nnc-k-int(A) is the largest Nn--k-open set contained in A. 

Proof: (i), (ii), (iii) and (iv) are obvious. 

Proposition 3.6: 

Let (X, Nnct) be a Nnc-topological space on X. Then the following statements hold 
in whcih the equality of each statement are not true: 

(1) Every Nne- OS (resp. Nne- CS) is a Nnc-a-OS (resp. Nnc-a-CS). 

(11) Every Nne-a-OS (resp. Nne-a-CS) is a Nne-S-OS (resp. Nnc-S-CS). 

(111) Every Nne-a-OS (resp. Nne-a-CS) is a Nnc-P-OS (resp. Nnc-P-CS). 

Proposition 3.7: 

Let (X, Nnct) be a Nnc-topological space on X, then the following statements hold, 
and the equality of each statement are not true: 

(1) Every Nne-OS (resp. Nne-CS) is a Nne-S-OS (resp. Nne-S-CS). 


(11) Every Nne-OS (resp. Nnc-CS) is a Nnc-P-OS (resp. Nnc-P-CS). 
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Proof. 

(i) Suppose that A is a Nnc-OS. Then A=N,-int(A), and so A&N,-cl(A)= 
Nnccl(Nncint(A)). so that A is a Nnc-S-OS. 

(11) Suppose that A is a Nne-OS. Then A=N,,int(A), and since A&N,-cl(A) so 


A=Nycint(A) © Nacint(Nnccl(A)). so that A is a Nnc-P-OS. 


Proposition 3.8: 

Let (X, Nnct) be a Nne-topological space on X and A a Nne-set on X. Then A is an 
Nne-@-OS (resp. Nne-at-CS) iff A is a Nnc-S-OS (resp. Nne-S-CS) and Nnc-P-OS 
(resp. Nnc-P-CS). 

Proof. The necessity condition follows from the Definition 3.1. Suppose that A is 
both a Nnc-S-OS and a Nne-P-OS. Then AS Nnccl(Nncint(A)) , and hence Nnccl(A)S 
Naccl(Nnccl(Nncint(A)))= Nnccl(Nncint(A)). 

It follows that AS Nncint(Nnccl(A))& Nncint(Nnccl(Nncint(A))) , so that A is a Nnc-a- 
OS. 

Proposition 3.9: 

Let (X, Nnct) be an Nne-topological space on X and A an Nne-set on X. Then A is an 
Nnc-a-CS iff A is an Nne-S-CS and Nne-P-CS. 

Proof. The proof is straightforward. 

Theorem 3.10: 

Let (X, Nnct) be a Nnc-topological space on X and A a Nnac-set on X. If B is a Nuc- 
S-OS such that B GAE Nacint(Nnccl (A)), then A is a Nnc-a-OS . 


Proof. Since B is a Nn-S-OS, we have B © Nocint(Nnccl (A)) . Thus, A © 


Nncint(Nnccel (B))& Nacint(Nncel (Nnecl (Nacint( (B))))E Nncint(Nncel (Nncint( (B)))) 
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© Nacint(Nncel (Nncint( (A)))) and therefore A is a Nnc-a-OS. 

Theorem 3.11: 

Let (X, Nnct ) be an Nnc-topological space on X and A be an Npc-set on X. Then 
AENneaOS(X)) iff there exists an Nnc- OS H such that HEAS Nncint (Nnccl (A)). 
Proposition 3.12: 

The union of any family of NneaOS(X) is a NnewOS(X). 

Proof. The proof is straightforward. 


Remark 3.13: 


The following diagram shows the relations among the different types of weakly 


neutrosophic crisp open sets that were studied in this paper: 


Diagram (3.1) 


Conclusion 


In this work, we have introduced some new notions of N-neutrosophic crisp open 


(closed) sets called Nnc-semi (open) closed sets, Nnc-preopen (closed) sets, and Nnc-a-open 
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(closed) sets and studied some of their basic properties in the context of neutrosophic crisp 
topological spaces. The neutrosophic crisp semi-a-closed sets can be used to derive a new de- 
composition of neutrosophic crisp continuity. 
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Neutrosophic Rare a-Continuity 


R. Dhavaseelan, S. Jafari, R. M. Latif, F. Smarandache 


R. Dhavaseelan, S. Jafari, R. M. Latif, Florentin Smarandache (2018). Neutrosophic 
Rare a-Continuity. New Trends in Neutrosophic Theory and Applications ll, 336-344 


ABSTRACT 
In this paper, we introduce the concepts of neutrosophic rare a-continuous, neutrosophic 
rarely continuous, neutrosophic rarely pre-continuous, neutrosophic rarely semi-continuous 


are introduced and studied in light of the concept of rare set in neutrosophic setting. 


KEYWORDS: Neutrosophic rare set; neutrosophic rarely a-continuous; neutrosophic rarely 
pre-continuous; neutrosophic almost a-continuous; neutrosophic weekly a-continuous; neu- 


trosophic rarely semi-continuous. 


1 INTRODUCTION AND PRELIMINARIES 


The study of fuzzy sets was initiated by Zadeh (1965). Thereafter the paper of Chang (1968) 
paved the way for the subsequent tremendous growth of the numerous fuzzy topological 
concepts. Currently Fuzzy Topology has been observed to be very beneficial in fixing many 
realistic problems. Several mathematicians have tried almost all the pivotal concepts of 
General Topology for extension to the fuzzy settings. In 1981, Azad gave fuzzy version of the 
concepts given by Levine 1961; 1963 and thus initiated the study of weak forms of several 
notions in fuzzy topological spaces. Popa (1979) introduced the notion of rare continuity as a 
generalization of weak continuity (Levine, 1961) which has been further investigated by Long 
and Herrington (1982) and Jafari (1995; 1997). Noiri (1987) introduced and 
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investigated weakly a-continuity as a generalization of weak continuity. He also introduced 
and investigated almost a-continuity (Noiri, 1988). The concepts of Rarely a-continuity 
was introduced by Jafari (2005). The concepts of fuzzy rare a-continuity and intuitionistic 
fuzzy rare a-continuity were introduced by Dhavaseelan and Jafari (n.d.-b, n.d.-c). After the 
advent of the concepts of neutrosophy and neutrosophic set introduced by Smarandachethe 
(1999; 2002), the concepts of neutrosophic crisp set and neutrosophic crisp topological spaces 
were introduced by Salama and Alblowi (2012). 

The purpose of the present paper is to introduce and study the concepts of neutrosophic 
rare a-continuous functions, neutrosophic rarely continuous functions, neutrosophic rarely 
pre-continuous functions and neutrosophic rarely semi-continuous functions in light of the 


concept of rare set in a neutrosophic setting. 


Definition 1.1. Let X be a nonempty fixed set. A neutrosophic set [briefly NS] A is an object 
having the form A = {(z, u,(x),o0,(@), 7,(v)) : & © X}, where w,(z),0,(x) and y,(x) which 
represents the degree of membership function (w,(x)), the degree of indeterminacy (namely 
o ,(«)) and the degree of nonmembership (7, (x)), respectively, of each element x € X to the 
set A. 


Remark 1.1. (1) A neutrosophic set A = {(r,,(2),0,(2),y,(2)) : « € X} can be 
identified to an ordered triple (w,,0,,7,) in ]O~,1*[ on X. 


(2) For the sake of simplicity, we shall use the symbol A = (,,0,, y,) for the neutrosophic 
set A= {(x,1,(2),0,(2),74(2)) 12 € X}. 


Definition 1.2. Let X be a nonempty set and the neutrosophic sets A and B in the form 
AS {(z, #4(2), 0,4 (%), Y4(2)) LE oe B= {{X, fy (X), 0, (2X), ¥_(2)) :LE a Then 


(a) AC Biff u(x) <1, (0), 04(0) < 7,2) and 7, (2) > 7, (2) for all « € X; 
(b) A= Biff AC Band BCA; 

(c) A= {(w,74(0),04(@), 4 (@)) : © € X}; [complement of A] 

(d) ANB= {(x,44(2) Au(2),0,(2) Ao, (2), 74(2) V Y9(2)) s@ € X}; 

(c) AUB = {(2,p1,(2) V Up(2),04(2) V o5(2),74() Ap (a) 1 @ € XI; 

(f) [JA = {(w,u4(a),04(2), 1 — 14 (0)) : @ € X}; 

(g) QA ={(0,1—74(2),04(2), 74 (0)) 12 € X}. 

Definition 1.3. Let {A;:i © J} be an arbitrary family of neutrosophic sets in X. Then 
(a) (Ai = {(x, Atta, (a), Ao, (), Vg, (2) 1 @ € X}; 


(b) UA = {@, Vita, (@); Von, (2), N74, (@)) 2 @ © XF. 
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Since our main purpose is to construct the tools for developing neutrosophic topological 


spaces, we must introduce the neutrosophic sets 0,, and 1, in X as follows: 
Definition 1.4. 0, = {(v,0,0,1):a2¢€X} and 1, = {(x,1,1,0):a2¢€ X}. 


Definition 1.5. (Dhavaseelan & Jafari, n.d.-a) A neutrosophic topology (briefly NT) on a 


nonempty set X is a family T of neutrosophic sets in X satisfying the following axioms: 
QOvlhred, 
(ii) GiN G2 € T for any Gi,G2 € T, 
(iii) UG; € T for arbitrary family {G; |i € A} CT. 


In this case the ordered pair (X,7') or simply X is called a neutrosophic topological space 
(briefly NTS) and each neutrosophic set in T is called a neutrosophic open set (briefly NOS). 
The complement A of a NOS A in X is called a neutrosophic closed set (briefly NCS) in X. 


Definition 1.6. (Dhavaseelan & Jafari, n.d.-a) Let A be a neutrosophic set in a neutro- 
sophic topological space X. Then 

Nint(A) = U{G | G is a neutrosophic open set in X and G C A} is called the neutro- 
sophic interior of A; 

Ncl(A) = (){G | G is a neutrosophic closed set in X and G D A} is called the neutro- 


sophic closure of A. 


Definition 1.7. (Dhavaseelan & Jafari, n.d.-a) Let X be a nonempty set. If r,t,s be 
real standard or non standard subsets of |O~,1*[, then the neutrosophic set x,4,, is called a 


neutrosophic point(briefly NP )in X given by 


(is) eae, 


(0,0, 1), ifr # Lp 


Lrt,s(Lp) = 
for x, € X is called the support of x,.4,,, where r denotes the degree of membership value , 
t the degree of indeterminacy and s the degree of non-membership value of 2,.;,5. 


Definition 1.8. (Dhavaseelan & Jafari, n.d.-b) An intuitionistic fuzzy set R is called intu- 
itionistic fuzzy rare set if [Fint(R) = On. 


Definition 1.9. (Dhavaseelan & Jafari, n.d.-b) An intuitionistic fuzzy set R is called intu- 
itionistic fuzzy nowhere dense set if [Fint(/F'cl(R)) = On. 


2 MAIN RESULTS 


Definition 2.1. A neutrosophic set A in a neutrosophic topological space (X, 7’) is called 
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1) a neutrosophic semiopen set (briefly NSOS) if A C Ncl(Nint(A)). 

2) a neutrosophic a open set (briefly NaOS) if A C Nint(Ncl(Nint(A))). 

3) a neutrosophic preopen set (briefly NPOS) if A C Nint(Ncl(A)). 

4) a neutrosophic regular open set (briefly NROS) if A = Nint(Ncl(A)). 

5) a neutrosophic semipreopen or ( open set (briefly NGOS) if A C Nel( Nint(Ncl(A))). 


A neutrosophic set A is called a neutrosophic semiclosed set, neutrosophic a-closed set, neu- 
trosophic preclosed set, neutrosophic regular closed set and neutrosophic 3-closed set (briefly 
NSCS, NaCS, NPCS, NRCS and NGCS, resp.), if the complement of A is a neutrosophic 
semiopen set, neutrosophic a-open set, neutrosophic preopen set, neutrosophic regular open 


set, and neutrosophic (-open set, respectively. 


Definition 2.2. Let a neutrosophic set A of a neutrosophic topological space (X, 7). Then 
neutrosophic a-closure of A (briefly Ncl,(A)) is defined as Ncl,(A) = (\{K]| K is a neutro- 
sophic a closed set in X and A C K}. 


Definition 2.3. (Jun & Song, 2005) Let a neutrosophic set A of a neutrosophic topological 
space (X, 7’). Then neutrosophic a interior of A (briefly Nint,(A)) is defined as Nint,(A) = 
{| & is a neutrosophic a open set in X and K C A}. 


Definition 2.4. A neutrosophic set R is called neutrosophic rare set if Nint(R) = 0 


N° 


Definition 2.5. A neutrosophic set R is called neutrosophic nowhere dense set if 
Nint(Nel(R)) =0,. 


Definition 2.6. Let (X,7) and (Y,S) be two neutrosophic topological spaces. A function 
f : (X,T) - (Y, S) is called 


(i) neutrosophic a-continuous if for each neutrosophic point x,4,, in X and each neutro- 
sophic open set G in Y containing f(x,.,), there exists a neutrosophic a open set U 
in X such that f(U) < G. 


(ii) neutrosophic almost a-continuous if for each neutrosophic point x,4,, in X and each 
neutrosophic open set G containing f(z,.,,), there exists a neutrosophic a open set U 
such that f(U) < Nint(Ncl(G)). 


(iii) neutrosophic weakly a-continuous if for each neutrosophic point 2,4, in X and each 
neutrosophic open set G containing f(,+,,), there exists a neutrosophic a open set U 
such that f(U) < Ncl(G). 


Definition 2.7. Let (X,T) and (Y,S) be two neutrosophic topological spaces. A function 
f : (X,T) > (Y, S) is called 
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(i) neutrosophic rarely a-continuous if for each neutrosophic point z,.,, in X and each 
neutrosophic open set G' in (Y,S) containing f(x,1), there exist a neutrosophic rare 
set R with GNM Ncl(R) = 0, and neutrosophic a open set U in (X,7T) such that 
YL eue. 


(ii) neutrosophic rarely continuous if for each neutrosophic point x,4,, in X and each 
neutrosophic open set G in (Y,S) containing f(x,4,,), there exist a neutrosophic rare set 
Rwith GA Ncl(R) = 0, and neutrosophic open set U in (X,7) such that f(U) < GUR. 


(iii) neutrosophic rarely precontinuous if for each neutrosophic point x,4,, in X and each 
neutrosophic open set G in (Y,5S') containing f(x,.,,), there exist a neutrosophic rare 
set R with GN Ncl(R) = 0 
f(UU) <GUR. 


and neutrosophic preopen set U in (X,7) such that 


N 


(iv) neutrosophic rarely semi-continuous if for each neutrosophic point 2,4, in X and each 
neutrosophic open set G in (Y,S) containing f(2,4,,), there exist a neutrosophic rare 
set R with GNM Ncl(R) = 0, and neutrosophic semiopen set U in (X,7) such that 
fG) <= Gu R. 


Example 2.1. Let X = {a,b,c}. Define the neutrosophic sets A, B and C as follows: 
A= (x, (4 b f\(e b (6 b NBS (a b ae b c) (2 b c)\ and 


0° 0° 1 0’? Oo? 1 1°1°0 1° 0’ 0 1° 0’ 0 Ov 1? 1 
C= Vas 2, £), (4, 2 er a ale Then T = (On legey and S = 10 s6 WiegiAy ts, AN By 


are neutrosophic topologies on X. Let (X,7) and (X,S') be neutrosophic topological spaces. 
Define f : (X,T) > (X,S) as a identity function. Clearly f is neutrosophic rarely a- 


continuous. 


Proposition 2.1. Let (X,7) and (Y,5') be any two neutrosophic topological spaces. For a 
function f : (X,T) — (Y,9) the following statements are equivalents: 


(i) The function f is neutrosophic rarely a-continuous at x,4, in (X,T). 


(ii) For each neutrosophic open set G containing f(x,4,,), there exists a neutrosophic a 
open set U in (X,T) such that Nint(f(U) AG) =0,. 


(iii) For each neutrosophic open set G containing f(x,4,,), there exists a neutrosophic a 
open set U in (X,7) such that Nint(f(U)) < Ncel(G). 


(iv) For each neutrosophic open set G in (Y,S) containing f(2,2,,), there exists a neutro- 
sophic rare set R with GN Ncl(R) = 0, such that 2,4, € Ninta(f7'(GU R)). 


(v) For each neutrosophic open set G in (Y,S) containing f(2,4,,), there exists a neutro- 
sophic rare set R with Nel(G)N R=0,, such that x,4, € Nint,(f7~'(Ncl(G) U R)) 


(vi) For each neutrosophic regular open set G in (Y,S) containing f (2,1), there exists a 
neutrosophic rare set R with Ncl(G) R =0,, such that 2,4, € Ninta(f7'(GU R)) 
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Proof. (i) = (ii) Let G be a neutrosophic open set in (Y,S) containing f(z,4,). By 
f(Zrts5) € G < Nint(Ncl(G)) and Nint(Ncl(G)) containing f(z,4,,), there exists a neu- 
trosophic rare set R with Nint(Ncl(G)) MN Ncl(R) = 0, and a neutrosophic a open set 
U in (X,T) containing z,,, such that f(U) < Nint(Ncl(G)) UR. We have Nint(f(U) 9 


G)Nint(G) < Nint(Ndl(G) UR) (Nel(G)) < Nel(G) U Nint(R)N (Nel(G)) = 0,. 

(it) = (zi7) Obvious. 

(iii) = (i) Let G be a neutrosophic open set in (Y, S$) containing f(x,2,,). Then by (iii), 
there exists a neutrosophic a-open set U containing x,,, such that Nint(f(U) < Ncl(G). 
We have f(U) = (f(U)N (Nint(f(O)))) UNint(f(U)) < (fF) 9 (Nint(f(O)))) UNel(G) = 
(f (U)A(Nint(f(U))))UGU(Nel(G)NG) = (f U)A(Nint(f(U)))NG)UGU(Nel(G)NG). Set 
R, = f(U)A(Nint(f(U)))NG and Ry = Nel(G)NG. Then R, and Rp are neutrosophic rare 
sets. More R = R,U Ry is a neutrosophic set such that Ncl(R)NG =0, and f(U) < GUR. 


This show that f is neutrosophic rarely a-continuous. 


(i) = (iv) Suppose that G be a neutrosophic open set in (Y, S) containing f(z,4,,). Then 
there exists a neutrosophic rare set R with GN Ncl(R) = 0, and U be a neutrosophic a-open 
set in (X,T)) containing z,4,, such that f(U) < GUR. It follows that 7,4, € U < f7'(GUR). 
This implies that 2,4, € Ninta(f~'(GU R)). 

(iv) = (v) Suppose that G be a neutrosophic open set in (Y,5S) containing f (2,15). 
Then there exists a neutrosophic rare set R with GM Ncl(R) = 0, such that 2,4, € 
Nint.(f-1(GU R)). Since GN Nel(R) = 0,,R < G, where G = (Nel(G)) U (Nel(G) NG). 
Now, we have R < RU(Nel(G))U(Ncl(G)NG). Now, Ry = RN(Ncl(G)). It follows that R; 
is a neutrosophic rare set with Ncl(G)M R,; = 0,. Therefore z,4, € Nint,(f~'(G@UR)) < 
Ninta(f~'(GU Rj)). 

(v) = (vi) Assume that G be a neutrosophic regular open set in (Y, S) containing f(2;4,5). 
Then there exists a neutrosophic rare set R with Ncl(G) MR = 0, such that r,,, € 
Ninta(f~!(Nel(G) U R)). Now Ry = RU(Nel(G) UG). It follows that R, is a neutrosophic 
rare set and (GM Ncl(Ri)) =0,. Hence rp4,5 € Ninta(f~!(Nel(G) U R)) = Nint,(f7'(G@U 
(Nel(G) NG)) U R) = Nint.(f-1(G U R1)). Therefore z,.4, € Nints(f-(G U R,)). 

(vi) = (ii) Let G be a neutrosophic open set in (Y, 5’) containing f(x,4). By f(%rt,5) € 
G < Nint(Nd(G)) and the fact that Nint(Ncl(G)) is a neutrosophic regular open in (Y, 9), 
there exists a neutrosophic rare set R and Nint(Ncl(G)) 1 Ncl(R) =0,, such that x4, € 
Nint.(f~1(Nint(Nel(G)) U R). Let U = Nint,(f~'(Nint(Ncl(G)) U R). Hence U is a 
neutrosophic a-open set in (X, 7’) containing x,,,, and therefore f(U) < Nint(Ncl(G))UR. 
Hence, we have Nint(f(U) NG) =0,. 


Proposition 2.2. Let (X,7) and (Y,S) be any two neutrosophic topological space. Then 
a function f : (X,T) — (Y,S) is a neutrosophic rarely a-continuous if and only if f~'(G) < 
Nint.(f~'(G U R)) for every neutrosophic open set G in (Y,S'), where R is a neutrosophic 
rare set with Ncl(R) 1G =0,. 
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Proof. Suppose that G be a neutrosophic rarely a-open set in (Y,5) containing f(2,-4,5). 
Then GM Nel(R) = 0, and U be a neutrosophic a-open set in (X,T) containing 2,4,., 
such that f(U) < GUR. It follows that 2,4, € U < f~'(@UR). This implies that 
f-'(G) < Ninta(f-(GU R)). 


Definition 2.8. A function f : (X,T) — (Y,S) is neutrosophic Ja-continuous at 2;.21,5 
in (X,7) if for each neutrosophic open set G in (Y,S) containing f(z,1,,), there exists a 
neutrosophic a-open set U containing x,,,, such that Nint(f(U)) < G. 

If f has this property at each neutrosophic point z,1 in (X,7), then we say that f is 


neutrosophic Ja-continuous on (X,T). 


Example 2.2. Let X = {a,b,c}. Define the neutrosophic sets A and B as follows: 

A= (Z, (; i a Ge 7 ae ee ie 1) and B= (2, ea Pi a (Go a a ce e aye Then T= 
{0,,1,,A} and S = {0,,1,, B} are neutrosophic topologies on X. Let (X,T) and (X,S) 
be neutrosophic topological spaces. Let f : (X,7) + (X,S) as defined by f(a) = f(b) = b 


and f(c) = c is neutrosophic Ja-continuous. 


Proposition 2.3. Let (Y,S) be a neutrosophic regular space. Then the function f : 
(X,7) — (Y,S) is neutrosophic Ja continuous on X if and only if f is neutrosophic rarely 


a-continuous on X. 


Proof. = It is obvious. 
<= Let f be neutrosophic rarely a-continuous on (X,7T). Suppose that f(7,145) € G, where 
G is a neutrosophic open set in (Y,5') and a neutrosophic point 2,1, in X. By the neu- 
trosophic regularity of (Y,S), there exists a neutrosophic open set G, in (Y,S) such that 
G containing f(x,1) and Ncl(G) < G. Since f is neutrosophic rarely a-continuous, then 
there exists a neutrosophic a open set U, such that Nint(f(U)) < Ncl(G,). This implies 
that Nint(f(U)) < G which means that f is neutrosophic Ja-continuous on X. 


Definition 2.9. A function f : (X,T) — (Y,S) is called neutrosophic pre-a-open if for 


every neutrosophic a-open set U in X such that f(U) is a neutrosophic a-open in Y. 


Proposition 2.4. If a function f : (X,7) — (Y,S) is a neutrosophic pre-a-open and 


neutrosophic rarely a-continuous then f is neutrosophic almost a-continuous. 


Proof. suppose that a neutrosophic point z,,, in X and a neutrosophic open set G in Y, 
containing f(«,,,). Since f is neutrosophic rarely a-continuous at 2,4, then there exists a 
neutrosophic a-open set U in X such that Nint(f(U)) C Ncl(G). Since f is neutrosophic 
pre-a-open, we have f(U) in Y. This implies that f(U) C Nint(Ncl(Nint(f(U)))) Cc 


Nint(Ncl(G)). Hence f is neutrosophic almost a-continuous. 


For a function f : X > Y, the graph g: X > X x Y of fis defined by g(x) = (2, f(z)), 
for each x € X. 
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Proposition 2.5. Let f : (X,T) — (Y,S) be any function. If the g: X > X x Y of f is 


neutrosophic rarely a-continuous then f is also neutrosophic rarely a-continuous. 


Proof. Suppose that a neutrosophic point x,;, in X and a neutrosophic open set W in 
Y, containing g(2,+,,). It follows that there exists neutrosophic open sets Ly and V in X 
and Y respectively, such that (225, f(%rts)) € lx x V C W. Since f is neutrosophic 
rarely a-continuous, there exists a neutrosophic a-open set G such that Nint(f(G)) Cc 
Ncl(V). Let EF =1x NG. It follows that E be a neutrosophic a-open set in X and we have 
Nint(g(E)) C Nint(1x x f(G)) C lx x Nd(V) C Ncl(W). Therefore g is neutrosophic 


rarely a-continuous. 
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ABSTRACT 


In this paper we introduce the concepts of neutrosophic upper and neutrosophic lower semi- 


continuous multifunctions and study some of their basic properties. 


KEYWORDS: Neutrosophic topological space, semi-continuous multifunctions. 
1 INTRODUCTION 


There is no doubt that the theory of multifunctions plays an important role in functional 
analysis and fixed point theory. It also has a wide range of applications in economic 
theory, decision theory, non-cooperative games, artificial intelligence, medicine and 
information sci-ences. Inspired by the research works of Smarandache (1999; 2001; 
2007), we introduce and study the notions of neutrosophic upper and neutrosophic lower 
semi-continuous mul-tifunctions in this paper. Further, we present some characterizations 
and properties of such notions. 


2 PRELIMINARIES 


Throughout this paper, by (X,7) or simply by X we will mean a topological space in the 
classical sense, and (Y,7,) or simply Y will stand for a neutrosophic topological space as 
defined by Salama and Alblowi (2012). 


Definition 1. Smarandache (1999, 2001, 2007) Let X be a non-empty fixed set. A neutro- 
sophic set A is an object having the form A =< x, a(x), 04(2), a(x) >, where wa(x), o4(x) 
and y4(x) are represent the degree of member ship function, the degree of indeterminacy, and 


the degree of non-membership, respectively of each element x € X to the set A. 


Definition 2. (Salama & Alblowi, 2012) A neutrosophic topology on a nonempty set X is 


a family T of neutrosophic subsets of X which satisfies the following three conditions: 
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1. O,1 €7, 

2. Ifg,her, theirgANh er, 

3. If fi © 7 for eachi € I, then Vier fi € T- 

The pair (X,7) is called a neutrosophic topological space. 


Definition 3. Members of r are called neutrosophic open sets, denoted by NO(X ), and com- 
plement of neutrosophic open sets are called neutrosophic closed sets, where the complement 


of a neutrosophic set A, denoted by A°, is 1— A. 


Neutrosophic sets in Y will be denoted by 4,7, 6, p, etc., and although subsets of X will 
be denoted by A, B,U,V, etc. A neutrosophic point in Y with support y € Y and value 
a(0 < a < 1) is denoted by y,. A neutrosophic set \ in Y is said to be quasi-coincident 
(q-coincident) with a neutrosophic set , denoted by Aqu, if and only if there exists y © Y 
such that A(y)+p(y) > 1. A neutrosophic set A of Y is called a neutrosophic neighbourhood 
of a fuzy point y, in Y if there exists a neutrosophic open set in Y such that ya € p< X. 
The intersection of all neutrosophic closed sets of Y containing 4 is called the neutrosophic 
closure of A and is denoted by Cl(A). The union of all neutrosophic open sets contained 
in \ is called the neutrosophic interior of A and is denoted by Int(\). The family of all 
open sets of a topological space X is denoted by O(X) and O(X,x) denoted the family 
{A € O(X)|x € A}, where z is a point of X. 


Definition 4. Let (X,7) be a topological space in the classical sense and (Y,™|) be an neu- 
trosophic topological space. F': (X,T) > (Y,7™) is called a neutrosophic multifunction if and 


only if for each x € X,F (x) is a neutrosophic set in Y. 


Definition 5. For a neutrosophic multifunction F : (X,T) > (Y,71), the upper inverse 
F'*(X) and lower inverse F~(A) of a neutrosophic set X in Y are defined as follows: 
Ft(A) = {a € X|F (a) < A} and F-()\) = {2 € X|F (az) qh}. 


Lemma 1. For a neutrosophic multifunction F : (X,T) > (Y,71), we have F-(1 — A) = 
X — F*(A), for any neutrosophic set XinY. 
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Definition 5. For a neutrosophic multifunction F : (X,T) > (Y,71), the upper inverse 
F'*(X) and lower inverse F~(A) of a neutrosophic set X in Y are defined as follows: 
Ft(\) = {x € X|F (a) < A} and F-(A) = {a € X|F(az)qA}. 


Lemma 1. For a neutrosophic multifunction F : (X,T) > (Y,71), we have F-(1 — A) = 
X — F*(A), for any neutrosophic set X in Y. 


3. NEUTROSOPHIC SEMICONTINUOUS MULTI-— 
FUNCTIONS 


Definition 6. A neutrosophic multifunction F : (X,7) + (Y,71) is said to be 


1. neutrosophic upper semicontinuous at a point x € X if for each X © NO(Y) containing 
F(a) (therefore, F(x) < 2), there exists U € O(X,x) such that F(U) < A (therefore 
UcFTtT())). 


2. neutrosophic lower semicontinuous at a point x € X if for each X © NO(Y) with 
F(x)qA, there exists U € O(X,x) such that U C F(A). 


3. neutrosophic upper semicontinuous (neutrosophic lower semicontinuous) if it is neutro- 


sophic upper semicontinuous (neutrosophic lower semicontinuous) at each point x € X. 


Theorem 1. The following assertions are equivalent for a neutrosophic multifunction F : 
(X, T) =r eg T1): 


1. F is neutrosophic upper semicontinuous; 


2. For each point x of X and each neutrosophic neighbourhood X of F(x), FT(A) is a 


neighbourhood of x; 


3. For each point x of X and each neutrosophic neighbourhood X of F(x), there exists a 
neighbourhood U of x such that F(U) < A; 


4. Ft(X) € O(X) for oeach A € NO(Y); 
5. F~(6) is a closed set in X for each neutrosophic closed set 6 of Y; 
6. CIF ()) C FO (Cl()) for each neutrosophic set of Y. 


Proof. (1)=(2) Let « € X and wp be a neutrosophic neighbourhood of F(a). Then there 
exists 4 € NO(Y) such that F(x) < » < p, By (1), there exists U € O(X,x) such that 
F(U) < X. Therefore x € U C Ft() and hence F't(j) is a neighbourhood of x. 

(2)=(3) Let x € X and X\ be a neutrosophic neighbourhood of F(x). Put U = Ft(\). Then 
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by (2), U is neighbourhood of x and F(U) = VV F(a) <A. 
xEU 


(3)=(4) Let X € NO(Y), we want to show that Ft(A) € O(X). So let « € F*(A). 
Then there exists a neighbourhood G of x such that F(G) < A. Therefore for some U € 
O(X,x),U CG and F(U) < X. Therefore we get x € U C Ft(X) and hence F'*(A) € O(X). 
(4)=-(5) Let 6 be a neutrosophic closed set in Y. So, we have X\F~(6) = Ft(1—0) € O(X) 
and hence F’ (6) is closed set in X. 

(5)=(6) Let yw be any neutrosophic set in Y. Since Cl(jz) is neutrosophic closed set in Y, 
F~(Cl(z)) is closed set in X and F~ (yu) C F-(Cl(y)). Therefore, we obtain Cl(F(y)) C 
F-(Cl(y)). 

(6)=(1) Let z € X and A € NO(Y) with F(z) < A. Now F7(1—A) = {x € X|F(x)q(1—-A)}. 
So, for x not belongs to F’ (1—A). Then, we must have F'(x)h(1—.) and this implies F(x) < 
1—(1—) =) which is true. Therefore x ¢ F (1 — X) by (6), « € Cl(F (1 —))) and there 
exists U € O(X,x) such that UNF (1—A) = 0. Therefore, we obtain F(U) = VV F(x) <A. 


xEeU 


This proves F' is neutrosophic upper semicontinuous. 


Theorem 2. The following statements are equivalent for a neutrosophic multifunction F : 
(X, T) ue (Y, 71): 


1. F is neutrosophic lower semicontinuous; 


2. For each X € NO(Y) and each x € F(A), there exists U € O(X,x) such that U C 
F(A); 


3. F-(X) € O(X) for every X€ NO(Y). 

4. F'*(6) is a closed set in X for every neutrosophic closed set 6 of Y; 
5. Cl(F*(u)) C Ft(Cl(z)) for every neutrosophic set of Y; 

6. F(CI(A)) < CI(F(A)) for every subset A of X; 


Proof. (1)=(2) Let A € NO(Y) and x € F(A) with F(x)qX. Then by properties—1, there 
exists U € O(X, x) such that U C F7()). 

(2)=(3) Let AX € NO(Y) adn x € F(A). Then by (2), there exists U € O(X,x) such 
that U C F(X). Therefore, we have x € U C ClInt(U) C ClInt(F7(A)) and hence 
F-(A) € O(X). 

(3)=>(4) Let 6 be a neutrosophic closed in Y. So we have X\Ft(d) = F7(1 —6) € O(X) 
and hence F't+ (0) is closed set in X. 

(4)=(5) Let yw be any neutrosophic set in Y. Since Cl(jz) is neutrosophic closed set in Y, 
then by (4), we have F'*(Cl(1)) is closed set in X and F't() C F'*(Cl(y)). Therefore, we 
obtain Cl(F't(u)) C Ft(Cl(p)). 

(5)=>(6) Let A be any subset of X. By (5), Cl(A) C ClFT(F(A)) C FT(CI(F(A))). 
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Therefore we obtain Cl(A) C F*(ClF(A)). This implies that F'(Cl(A)) < ClF(A). 
(6)=>(5) Let « be any neutrosophic set in Y. By (6), F(ClF*(u)) < Cl(F(Ft(w))) and 
hence Cl(F't(u)) C F*(CIF(F'*()))) C Ft(Cl(w)). Therefore Cl(F't(y)) C FT(Cl(p)). 
(5)=(1) Let « € X and \ € NO(Y) with F(x)qX. Now, Ft(1—A) = {4 € X| F(x) < 1-A}. 
So, for x not belongs to F’+(1—), then we have F(x) £ 1—. and this implies that F(x)qA. 
Therefore, x ¢ F+(1—X). Since 1—A is neutrosophic closed set in Y, by (5), « ¢ Cl(F'*(1—A)) 
and there exists U € O(X,) such that 0 =UN FTt(1—A) =UN(X\F7())). Therefore, 


we obtain U C F(A). This proves F’ is neutrosophic lower semicontinuous. 


Definition 7. For a given neutrosophic multifunction F : (X,T) — (Y,71), @ neutrosophic 
multifunction Cl(F’) : (X,7) > (Y,71) is defined as (C1 F)(x) = Cl F(x) for each x € X. 


We use Cl F' and the following Lemma to obtain a characterization of lower neutrosophic 


semicontinuous multifunction. 


Lemma 2. /f F': (X,7) > (Y,7) is a neutrosophic multifunction, then (C1F)~(A) = F(A) 
for each X € NO(Y). 


Proof. Let X € NO(Y) and x € (CIF)~(A). This means that (Cl F)(x)q\. Since A € 


NO(Y), we have F(a)qA and hence x € F(A). Therefore (Cl F’)~ a )C F(A) — — — («). 
Conversely, let x € F(A) since A € NO(Y) then F(ax)gA C (C1F)(x)qA and hence 
€ (CIF )~(A). Therefore F(A) C (CLF)7~(A) — — — —(*x). 


From (*) and (**), we get (C1F’)~“(A) = F(A). 


Theorem 3. A neutrosophic multifunction F : (X,T) > (Y,71) is neutrosophic lower semi- 


continuous if and only if CLF : (X,T) > (Y,71) is neutrosophic lower semicontinuous. 


Proof. Suppose F' is neutrosophic lower semicontinuous. Let A € NO(Y) and F'(a)qX. This 
means that x € F(X). Then there exists U € O(X,x) such that U C F(A). Therefore, we 
have x € U C Int(U) C Int F-()) and hence F(A) € O(X). Then by Lemma 2, we have 
U C F(A) = (CIF) (A) and (Cl F) (A) € O(X), and hence (Cl F’)(x)qX. Therefore Cl F is 
fuzy lower semicontinuous. Conversely, suppose Cl F’ is neutrosophic lower semicontinuous. 
If for each A € NO(Y) with (Cl F)(x)qA and x € (CIF) (A) then there exists U € O(X, x) 
such that U C (Cl F)" (A). By Lemma 2 and Theorem 2, we have U C (CIF (A)) = F()) 


and F(X) € O(X). Therefore F’ is neutrosophic lower semicontinuous. 


Definition 8. Given a family {F; : (X,7) > (Y,a) :i € I} of neutrosophic multifunctions, 

we define the union ve F;, and the intersection a F;, as follows: Vi (AST) = (Yo); 
I 

(v Fy(0) = vy F(x) and AF: (X,T) > iyo). OMG) S RE. 

ier tel wel wel 


Theorem 4. /f F; : X — Y are neutrosophic upper semi-continuous multifunctions for 


. n . . . . . > 
i= 1,2,...,n, then V F; is a neutrosophic upper semi-continuous multifunction. 
i€l 
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Proof. Let A be a neutrosophic open set of Y. We will show that (Vv Fy)t(A) ={r@ ex: 
ve 


V F(z) Cc A} is open in X. Let ¢ € (V Fi)*(A). Then Fj(z) C A for i = 1,2,...,n. Since 

ie ie 

Fi, : X — Y is neutrosophic upper semi-continuous multifunction for 7 = 1,2,...,n, then 

there exists an open set U, containing x such that for all z € U,, F;(z) C A. Let U = Oo Ue: 
ve 


Then U Cc (Vv F,)+(A). Thus, (Vv F;)*+(A) is open and hence v F; is a neutrosophic upper 
LE LE te 


a 
semi-continuous multifunction. 


Lemma 3. Let {A;}ic; be a family of neutrosophic sets in a neutrosophic topological space 
X. Then a neutrosophic point x is quasi-coincident with VA; if and only if there exists an 
io € I such that xqAj,. 


Theorem 5. Jf F; : X — Y are neutrosophic lower semi-continuous multifunctions for 


. n . . . . . . 
i=1,2,...,n, then V F; ts a neutrosophic lower semi-continuous multifunction. 
ie] 


Proof. Let A be a neutrosophic open set of Y. We will show that (Vv Fy) (A) ={r@ eX: 
ve 

(Vv F;)(x)qA} is open in X. Let x € (V F;,)~ (A). Then (Vv F;)(x)qA and hence Fig(a)gA 

t€ te te 


for an 79. Since F; : X — Y is neutrosophic lower semi-continuous multifunction, there 


exists an open set U, containing x such that for all z € U, Fio(z)qA. Then (Vv F;)(z)qA and 
ve 


hence U C (V F)-(A). Thus, (Vv F;)~ (A) is open and hence VE, is a neutrosophic lower 
ve ve ve 


semi-continuous multifunction. 


Theorem 6. Let F': (X,7) > (Y,o) be a neutrosophic multifunction and {U; : i € I} be an 


open cover for X. Then the following are equivalent: 
1. F, = Fiy, is a neutrosophic lower semi-continuous multifunction for alli € I, 
2. F is neutrosophic lower semi-continuous. 


Proof. (1) = (2): Let « € X and A be a neutrosophic open set in Y with « € F(A). Since 
{U; : i © I} is an open cover for X, then x € Ujo for an io € I. We have F(x) = Fio(x) and 
hence x € Fij(A). Since Fiy,o is neutrosophic lower semi-continuous, there exists an open 
set B= GNU in Ujo such that « € B and F(A) NU, = Fiy,(A) D B = GN Usp, where 
G is open in X. We have r € B= GNU C Fig. o(A) = F(A) NU C F(A). Hence, F is 
neutrosophic lower semi-continuous. 

(2) => (1): Let « € X and x € U;. Let A be a neutrosophic open set in Y with F;(x)qA. 
Since F’ is lower semi-continuous and F(z) = Fj(x), there exists an open set U containing 
x such that U Cc F(A). Take B=U;NU. Then B is open in U; containing x. We have 


BC F(A). Thus F; is a neutrosophic lower semi-continuous. 


Theorem 7. Let F: (X,7) > (Y,c) be a neutrosophic multifunction and {U;:1€ I} be an 


open cover for X. Then the following are equivalent: 
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1. F;, = Fiy, is a neutrosophic upper semi-continuous multifunction for alli € I, 


2. F is neutrosophic upper semi-continuous. 


Proof. It is similar to that of Theorem 6. 


Remark 8. A subset A of a topological space (X,T) can be considered as a neutrosophic set 


with characteristic function defined by 


A(a) = 1 af2eA 
ome ee ae 


Let (Y,o) be a neutrosophic topological space. The neutrosophic sets of the form A x B with 
AétandB€a form a basis for the product neutrosophic topology T x o on X x Y, where 
for any (%,y) €X x Y, (Ax B)(x,y) = min{ A(x), B(y)}. 


Definition 9. For a neutrosophic multifunction F: (X,T) > (Y,o), the neutrosophic graph 
multifunction Gp: X + X x Y of F is defined by Gr(x) = x1 x F(x) for everyx Ee X. 


Theorem 9. [f the neutrosophic graph multifunction Gr of a neutrosophic multifunction 
F : (X,7) — (Y,¢@) is neutrosophic lower semi-continuous, then F is neutrosophic lower 


semi-continuous. 


Proof. Suppose that Gr is neutrosophic lower semi-continuous and « € X. Let A be a 
neutrosophic open set in Y such that F'(a#)qA. Then there exists y € Y such that (F'(x))(y)+ 
A(y) > 1. Then (Gpr(x))(z, y) +(X x A)(z,y) = (F(z))(y) + Aly) > 1. Hence, Gr(x)q(X x 
A). Since G'p is neutrosophic lower semi-continuous, there exists an open set B in X such that 
x € Band Gpr(b)q(X x A) for all b € B. Let there exists by) € B such that F'(b))gA. Then for 
ally € Y, (F'(bo))(y)+A(y) < 1. For any (a,c) € X x Y, we have (Gr(bo)) (a, c) C (F'(b0)) (©) 
and (X x A)(a,c) C A(c). Since for all y € Y, (F'(bo))(y) + A(y) < 1, (Gr(bo))(a,c) + 
(X x A)(a,c) < 1. Thus, Gr(bo)q(X x A), where bo € B. This is a contradiction since 


G'p(b)q(X x A) for all b € B. Hence, F' is neutrosophic lower semi-continuous. 


Theorem 10. /f the neutrosophic graph multifunction Gr of a neutrosophic multifunction 
F: X + Y is neutrosophic upper semi-continuous, then F' is neutrosophic upper semi- 


continuous. 


Proof. Suppose that Gp is neutrosophic upper semi-continuous and let x € X. Let A be 
neutrosophic open in Y with F(a) C A. Then Gr(x) C X x A. Since Gr is neutrosophic 
upper semi-continuous, there exists an open set B containing x such that Gr(B) C X x A. 
For any b € B and y € Y, we have (F'(b))(y) = (Gr(b))(b, y) C (X x A)(b,y) = Aly). Then 
(F'(b))(y) C A(y) for all y € Y. Thus, F(b) C A for any b € B. Hence, F' is neutrosophic 


upper semi-continuous. 
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Theorem 11. Let F : (X,7) > (Y,c) be a neutrosophic multifunction. Then the following 


are equivalent: 
1. F is neutrosophic lower semi-continuous, 


2. For any x € X and any net (x;)ice7 converging to x in X and each neutrosophic open 
set B inY with x € F-(B), the net (x;)ie7 is eventually in F~(B). 


Proof. (1) = (2): Let (#;) be a net converging to x in X and B be any neutrosophic open 
set in Y with « € F(B). Since F is neutrosophic lower semi-continuous, there exists an 
open set A C X containing x such that A C F(B). Since x; > 2, there exists an index 
io € I such that x; € A for every i > ip. We have x; € A C F(B) for all i > ip. Hence, 
(xj )ier is eventually in F~(B). 

(2) = (1): Suppose that F' is not neutrosophic lower semi-continuous. There exists a point 
x and a neutrosophic open set A with « € F~(A) such that B Z F(A) for any open set 
Bc X containing x. Let x; € B and x; ¢ F(A) for each open set B C X containing x. 
Then the neighborhood net (#;) converges to x but (2;)jc7 is not eventually in F(A). This 


is a contradiction. 


Theorem 12. Let F : (X,7T) > (Y,c) be a neutrosophic multifunction. Then the following 


are equivalent: 
1. F is neutrosophic upper semi-continuous, 


2. For anyx € X and any net (x;) converging to x in X and any neutrosophic open set 
BinY with x € F*(B), the net (a;) is eventually in F*(B). 


Proof. The proof is similar to that of Theorem 11. 


Theorem 13. The set of all points of X at which a neutrosophic multifunction F : (X,T) > 
(Y,o) is not neutrosophic upper semi-continuous is identical with the union of the frontier 


of the upper inverse image of neutrosophic open sets containing F(x). 


Proof. Suppose F' is not neutrosophic upper semi-continuous at x € X. Then there exists 
a neutrosophic open set A in Y containing F(x) such that AN (X\F*(B)) 4 @ for every 
open set A containing xz. We have x € Cl(X\F*(B)) = X\Int(Ft(B)) and « € F*(B). 
Thus, x € F'rr(F'*(B)). Conversely, let B be a neutrosophic open set in Y containing F'() 
with x € Fr(F*(B)). Suppose that F’ is neutrosophic upper semi-continuous at x. There 
exists an open set A containing x such that A C F't(B). We have x € Int(F'*(B)). This is 


a contradiction. Thus, F’ is not neutrosophic upper semi-continuous at x. 


Theorem 14. The set of all points of X at which a neutrosophic multifunction F : (X,T) > 
(Y,o) is not neutrosophic lower semi-continuous is identical with the union of the frontier 


of the lower inverse image of neutrosophic closed sets which are quasi-coincident with F(x). 
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Proof. It is similar to that of Theorem 13. 


Definition 10. A neutrosophic set X of a neutrosophic topological space Y is said to be 
neutrosophic compact relative to Y if every cover {Aasaca of A by neutrosophic open sets of 
Y has a finite subcover {A;}"_, of X. 


Definition 11. A neutrosophic set X of a neutrosophic topological space Y is said to be 
neutrosophic Lindelof relative to Y if every cover {Xabaca of X by neutrosophic open sets of 


Y has a countable subcover {XAn}nen Of A. 


Definition 12. A neutrosophic topological space Y is said to be neutrosophic compact if xy 


(characteristic function of Y ) is neutrosophic compact relative to Y. 


Definition 13. A neutrosophic topological space Y is said to be neutrosophic Lindelof if xy 


(characteristic function of Y ) is neutrosophic Lindelof relative to Y . 


Definition 14. A neutrosophic multifunction F : (X,7) — (Y,7) ts said to be punctually 
neutrosophic compact (resp. punctually neutrosophic Lindelof) if for each x € X,F (x) is 


neutrosophic compact (resp. neutrosophic Lindelof). 


Theorem 15. Let the neutrosophic multifunction F : (X,t) > (Y,™) be a neutrosophic 
upper semicontinuous and F is punctually neutrosophic compact. If A is compact relative to 


X, then F(A) is neutrosophic compact relative to Y. 


Proof. Let {Aq|a@ € A} be any cover of F(Z) by neutrosophic copen sets of Y. We claim 
that F(A) is neutrosophic compact relative to Y. For each x € A, there exists a finite subset 
A(z) of A such that F(x) < U{Agla € A(az)}. Put A(z) = U{A,|a € A(xz)}. Then F(x) < 
A(x) € NO(Y) and there exists U(x) € O(X, x) such that F(U(x)) < A(x). Since {U(x)|x € 
A} is an open cover of A there exists a finite number of A, say, 21, %2,..,%, such that 
A C U{U(a;)|¢ = 1,2,..,.n}. Therefore we obtain F(A) < F(U U(2)) < OU F(U(2)) < 


U A(t) < U( i Si This shows that F(A) is neutrosophic compact relative to Y. 
Vw wl ae xy 


Theorem 16. Let the neutrosophic multifunction F : (X,T) > (Y,™) be a neutrosophic 
upper semicontinuous and F is punctually neutrosophic Lindelof. If A 1s Lindelof relative to 
X, then F(A) is neutrosophic Lindelof relative to Y. 


Proof. The proof is similar to that of Theorem 15 


420 


Florentin Smarandache (author and editor) Collected Papers, IX 


REFERENCES 


Abdel-Basset, M., Mohamed, M., Smarandache, F., & Chang, V. (2018). Neutrosophic Association Rule Mining 
Algorithm for Big Data Analysis. Symmetry, 10(4), 106. 

Abdel-Basset, M., & Mohamed, M. (2018). The Role of Single Valued Neutrosophic Sets and Rough Sets in Smart 
City: Imperfect and Incomplete Information Systems. Measurement. Volume 124, August 2018, Pages 
47-55 

Abdel-Basset, M., Gunasekaran, M., Mohamed, M., & Smarandache, F. A novel method for solving the fully 
neutrosophic linear programming problems. Neural Computing and Applications, 1-11. 

Abdel-Basset, M., Manogaran, G., Gamal, A., & Smarandache, F. (2018). A hybrid approach of neutrosophic sets 
and DEMATEL method for developing supplier selection criteria. Design Automation for Embedded 
Systems, 1-22. 

Abdel-Basset, M., Mohamed, M., & Chang, V. (2018). NMCDA: A framework for evaluating cloud computing 
services. Future Generation Computer Systems, 86, 12-29. 

Abdel-Basset, M., Mohamed, M., Zhou, Y., & Hezam, I. (2017). Multi-criteria group decision making based on 
neutrosophic analytic hierarchy process. Journal of Intelligent & Fuzzy Systems, 33(6), 4055-4066. 

Abdel-Basset, M.; Mohamed, M.; Smarandache, F. An Extension of Neutrosophic AHP—SWOT Analysis for 
Strategic Planning and Decision-Making. Symmetry 2018, 10, 116. 


Salama, A., & Alblowi, S. (2012). Neutrosophic set and neutrosophic topological spaces. 
IOSR Journal of Mathematics (IOSR-JM), 3(4), 31-35. 

Smarandache, F. (1999). Neutrosophy: A unifying field in logics: Neutrosophic logic. neu- 
trosophy, neutrosophic set, neutrosophic probability. Rehoboth: American Research 
Press. 

Smarandache, F. (Ed.). (2001). Neutrosophy , neutrosophic logic, set, probability, and 
statistics. University of New Mexico, Gallup, NM 87301, USA: University of New 
Mexico, Gallup. 

Smarandache, F’. (2007). A unifying field in logics: Neutrosophic logic. neutrosophy, neutro- 


sophic set, neutrosophic probability. ProQuest Information & Learning. 


421 


Florentin Smarandache (author and editor) Collected Papers, IX 


On the Classification of Bol-Moufang Type 
of Some Varieties of Quasi Neutrosophic 
Triplet Loop (Fenyves BCl-Algebras) 


Témitopé Gbolahan Jaiyéola, Emmanuel llojide, Memudu Olaposi Olatinwo, 
Florentin Smarandache 
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Abstract: In this paper, Bol-Moufang types of a particular quasi neutrosophic triplet loop (BCI- 
algebra), chritened Fenyves BCI-algebras are introduced and studied. 60 Fenyves BClI-algebras are 
introduced and classified. Amongst these 60 classes of algebras, 46 are found to be 
associative and 14 are found to be non-associative. The 46 associative algebras are shown to be 
Boolean groups. Moreover, necessary and sufficient conditions for 13 non-associative algebras to be 
associative are also obtained: p-semisimplicity is found to be necessary and sufficient for a Fs, 
Fs, Fyg and Fs5 algebras to be associative while quasi-associativity is found to be necessary and 
sufficient for Fj9, Fs2, Fs, and F9 algebras to be associative. Two pairs of the 14 non-associative 
algebras are found to be equivalent to associativity (52 and Fs5, and Fs5 and Fs9). Every BCI- 
algebra is naturally an F5, BCl-algebra. The work is concluded with recommendations based on 
comparison between the behaviour of identities of Bol-Moufang (Fenyves’ identities) in 
quasigroups and loops and their behaviour in BCI-algebra. It is concluded that results of this 
work are an initiation into the study of the classification of finite Fenyves’ quasi neutrosophic 
triplet loops (FQNTLs) just like various types of finite loops have been classified. This research 
work has opened a new area of research finding in BCl-algebras, vis-a-vis the emergence of 540 
varieties of Bol-Moufang type quasi neutrosophic triplet loops. A ‘Cycle of Algebraic Structures’ 
which portrays this fact is provided. 


Keywords: quasigroup; loop; BCI-algebra; Bol-Moufang; quasi neutrosophic loops; Fenyves identities 


1. Introduction 


BCK-algebras and BCI-algebras are abbreviated as two B-algebras. The former was raised in 1966 
by Imai and Iseki [1], Japanese mathematicians, and the latter was put forward in the same year by 
Iseki [2]. The two algebras originated from two different sources: set theory and propositional calculi. 

There are some systems which contain the only implicational functor among logical functors, 
such as the system of weak positive implicational calculus, BCK-system and BCI-system. Undoubtedly, 
there are common properties among those systems. We know that there are close relationships 
between the notions of the set difference in set theory and the implication functor in logical systems. 
For example, we have the following simple inclusion relations in set theory: 


(A=B)=(A=Q0C=—2 ASGA=By ce 
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These are similar to the propositional formulas in propositional calculi: 


~Poge(q4eneyorn), po (pra 4q), 


which raise the following questions: What are the most essential and fundamental properties of these 
relationships? Can we formulate a general algebra from the above consideration? How will we find 
an axiom system to establish a good theory of general algebras? Answering these questions, K.Iseki 
formulated the notions of two B-algebras in which BCI-algebras are a wider class than BCK-algebras. 
Their names are taken from BCK and BCI systems in combinatory logic. 

BCI-Algebras are very interesting algebraic structures that have generated wide interest among 
pure mathematicians. 


1.1. BCl-algebra, Quasigroups, Loops and the Fenyves Identities 

We start with some definitions and examples of some varieties of quasi neutrosophic triplet loop. 
Definition 1. A triple (X,*,0) is called a BCI-algebra if the following conditions are satisfied for any 
x,y,z © X: 
i; Useg sexe) eeey) =o 


2. x*0=4%; 
3. x*xy=Oandyxx=0>>x=y. 


We call the binary operation * on X the multiplication on X, and the constant 0 in X the zero 
element of X. We often write X instead of (X, *,0) for a BCI-algebra in brevity. Juxtaposition xy will at 
times be used for x * y and will have preference over * ie., xy *Z = (x *Y) *Z. 


Example 1. Let S be a set. Let 2° be the power set of S, — the set difference and © the empty set. Then 
(28; —,@®) isa BCI-algebra. 


Example 2. Suppose (G, -,e) is an abelian group with e as the identity element. Define a binary operation * on 
G by putting x * y = xy~'. Then (G, *,e) is a BCI-algebra. 


Example 3. (Z,—,0) and (R— {0},+,1) are BCI-algebras. 


Example 4. Let S be a set. Let 2° be the power set of S, A the symmetric difference and © the empty set. Then 
(2°, A,@) is a BCI-algebra. 


The following theorems give necessary and sufficient conditions for the existence of a BCI-algebra. 


Theorem 1. (Yisheng [3]) 
Let X be a non-empty set, * a binary operation on X and 0 a constant element of X. Then (X,*,0) isa 
BClI-algebra if and only if the following conditions hold: 


1, (ey) (eer) je eey) =D; 

2, (xx (x*y))*y =0; 

3. x*x=0; 

4. xxy=Oandy*x =Oimplyx =y. 

Definition 2. A BCI-algebra (X, *,0) is called a BCK-algebra if 0 * x = 0 for all x € X. 


Definition 3. A BCI-algebra (X,*,0) is called a Fenyves BCI-algebra if it satisfies any of the identities of 
Bol-Moufang type. 


The identities of Bol-Moufang type are given below: 
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Fu: xy *zx = (xy * z)x Fay: yx * xz = (yx *x)z 

Fy: xy * zx = (x * yz)x (Moufang identity) Fao: yx *xZ = (y *xXX)z 

Fa: xy * zx = x(y * ZX) Fag: yx *xZ = y(xXX * Z) 

Fy: xy *zx = x(yz * x) (Moufang identity) Faq: yx * xz = y(x * xz) 

Fs: (xy *z)x = (x * yz)x Fas: (yx * x)z = (y *xx)z 

Fe: (xy * z)x = x(y * zx) (extra identity) P36: (yx * x)z = y(xx * z) (RC identity) 
Fy: (xy *z)x = x(yz * x) F37: (yx * x)z = y(x * xz) (C identity) 
Fe: (x *yz)x = x(y * zx) Fag: (y * xx)z = y(xx *Z) 

Fo: (x * yz)x = x(yz * x) Fs9: (y* xx)z = y(x * xz) (LC identity) 
Fig: x(y * zx) = x(yz * x) Fag: y(xx * Zz) = y(x * xz) 

Fis xy = yen Fay: xx * yZ = (x * xy)z (LC identity) 
Fig: xy * xz = (x * yx)z Fag: xx yz = (xx * y)z 

Fig: xy * xz = x(yx * Z) (extra identity) Fag: xx * yZ = x(x * yZ) 

Fyat xy * xz = x(y * x2) Fag: xx * yZ = x(xy * Z) 

Fis: (xy * x)z = (x * yx)z Fas: (x « xy)z = (xx *y)z 

Fig: (xy * x)z = x(yx *Z) Fag: (x * xy)z = x(x * yz) (LC identity) 
Fiz: (xy * x)z = x(y * xz) (Moufang identity) Faz: (x * xy)z = x(xy *Z) 

Fig: (x * yx)z = x(yx *Z) Fag: (xx * y)z = x(x * yz) (LC identity) 
Fyo: (x * yx)z = x(y * xz) (left Bol identity) Fag: (xx * y)z = x(xy *Z) 

Foo: x(yx * Zz) = x(y * xz) Feo: x(x * yz) = x(xy *Z) 

Foyt yx * zx = (yx * Z)x Foy: yz * xx = (yz* x)x 

Foo: yx * zx = (y * xz)x (extra identity) Foot yz* xx = (y *zx)x 

Fog: yx * ZX = y(xZ* Xx) Fsgt yz * xx = y(zx * x) (RC identity) 
Fog: yx * zx = y(x * ZX) Fog: yz * xx = y(z* xx) 

Fos: (yx *z)x = (y *xz)x Fos: (yz *x)x = (y *zx)x 

Fog: (yx * Z)x = y(xz * x) (right Bol identity) Foe: (yz * x)x = y(zx * x) (RC identity) 
Foz: (yx * z)x = y(x * zx) (Moufang identity) Fs7: (yz * x)x = y(z * xx) (RC identity) 
Fog: (y * xz)x = y(xz * x) Fog: (y * zx)x = y(zx * x) 

Fog: (y * xz)x = y(x * ZX) Fso: (y * zx)x = y(z* xx) 

Fag: y(xz * x) = y(x * zx) Feo: y(zx * x) = y(z* xx) 


Consequent upon this definition, there are 60 varieties of Fenyves BCI-algebras. Here are some 
examples of Fenyves’ BCI-algebras: 


Example 5. Let us assume the BCI-algebra (G, *,e) in Example 2. Then (G, *,e) is an Fg-algebra, Fy9-algebra, 
Foo-algebra, F39-algebra, F4g-algebra, F52-algebra, F54-algebra, Fs9-algebra. 


Example 6. Let us assume the BCI-algebra (2 —,@) in Example 1. Then 2, —,@) is an F3-algebra, 
Fs-algebra, Fy1-algebra, Fy9-algebra, F4p-algebra, Fyg-algebra, Fs4-algebra and Fs5-algebra. 


Example 7. The BCI-algebra (2°, A,®) in Example 4 is associative. 


Example 8. By considering the direct product of the BCI-algebras (G, *,e) and (2°,—,®) of Example 2 and 
Example 1 respectively, we have a BCI-algebra (c x 25, (x, —), (e, 2)) which is a Fy9-algebra and a F4g-algebra. 


Remark 1. Direct products of sets of BCI-algebras will result in BCI-algebras which are F,-algebra for 
distinct 1's. 


Definition 4. A BCI-algebra (X,*,0) is called associative if (x x y) *z = x * (y *Z) forall x,y,z € X. 


Definition 5. A BCI-algebra (X,*,0) is called p-semisimple if 0 « (0* x) =x forallx eX. 


424 


Collected Papers, IX 


Florentin Smarandache (author and editor) Collected Papers, IX 


Theorem 2. (Yisheng [3]) Suppose that (X,*,0) is a BCI-algebra. Define a binary relation < on X by which 
x < y ifand only if x xy = 0 for any x,y € X. Then (X,<) is a partially ordered set with 0 as a minimal 
element (meaning that x < O implies x = 0 for any x € X). 


Definition 6. A BCI-algebra (X,*,0) is called quasi-associative if (x * y) *z <x * (y *2Z) forall x,y,z € X. 


The following theorems give equivalent conditions for associativity, quasi-associativity and 
p-semisimplicity in a BCI-algebra: 


Theorem 3. (Yisheng [3]) 
Given a BCI-algebra X, the following are equivalent x,y,z € X: 


1. X is associative. 
2.0*x =x. 
3. xey=y*xxVx,y EX. 


Theorem 4. (Yisheng [3]) 
Let X be a BCI-algebra. Then the following conditions are equivalent for any x,y,z,u € X: 


. X is p-semisimple 

. (xxy) * (Ze uU) = (xX*Z) * (Y* UL). 

Ox (y*xx) = xy. 

. (exy) * (x*Z) =H ZHKY. 

.Z*xX =zxy implies x = y. (the left cancellation law i.e., LCL) 
. x*Y = 0 implies x = y. 


Doak WN HR 


Theorem 5. (Yisheng [3]) 
Given a BCI-algebra X, the following are equivalent for all x,y € X: 


1. X is quast-associative. 

2. x * (Oxy) = 0 implies x xy =0. 
3. Oxx =0* (0* x). 

4, (Oxx)*x =0. 


Theorem 6. (Yisheng [3]) 
A triple (X,*,0) is a BCI-algebra if and only if there is a partial ordering < on X such that the following 
conditions hold for any x,y,z € X: 


1. (x*y) *(x*Z) < zy; 
2. xx (x*y) Sy; 
3. x*y = 0 ifand only ifx < y. 


Theorem 7. (Yisheng [3]) 
Let X be a BCI-algebra. X is p-semisimple if and only if one of the following conditions holds for any 
x,y,z © X: 
1. x*zZ=y*z implies x = y. (the right cancellation law i.e., RCL) 
2. (y*x)*(z¥*xX) =y*z. 
3, (xy) * (x*2z) = 0% (yz). 


Theorem 8. (Yisheng [3]) 
Let X be a BCI-algebra. X is p-semisimple if and only if one of the following conditions holds for any x,y € X: 


1.x*(Oxy)=y. 
2. 0*«x=0 x=0. 
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Theorem 9. (Yisheng [3]) Suppose that (X,x*,0) is a BCI-algebra. X is associative if and only if X is 
p-semisimple and X is quasi-associative. 


Theorem 10. (Yisheng [3]) Suppose that (X,*,0) is a BCI-algebra. Then (x * y) *z = (x *z) «yy for all 
x,y,z © X. 


Remark 2. In Theorem 9, quasi-associativity in BCI-algebra plays a similar role to that which weak associativity 
(i.e., the F; identities) plays in quasigroup and loop theory. 


We now move on to quasigroups and loops. 


Definition 7. Let L be a non-empty set. Define a binary operation (-) on L. If x-y € L for all x,y € L, (L,-) 
is called a groupoid. If in a groupoid (L,-), the equations: 


a-x=b and y:a=b 


have unique solutions for x and y respectively, then (L,-) is called a quasigroup. If in a quasigroup (L, -), there 
exists a unique element e called the identity element such that for allx € L,x-e =e-x =x, (L,-) is called 
a loop. 


Definition 8. Let (L,-) be a groupoid. 
The left nucleus of L is the set Na(L,-) = Na(L) = {a € L:ax-y=a-xyV x,y € L}. 
The right nucleus of L is the set Np(L,-) = No(L) = {ae L:y-xa=yx-aV x,y €L}. 
The middle nucleus of L is the set Ni (L,-) =N,(L) ={aeL:ya-x=y-axV¥ x,y €L}. 
The nucleus of L is the set N(L,-) = N(L) = Nj(L,-) NNp(L,-) ON, (L,-). 
The centrum of L is the set C(L,-) = C(L) = {a € L: ax =xaVx € L}. 
The center of L is the set Z(L,-) = Z(L) (L,-) NC(L,:). 


In the recent past, and up to now, identities of Bol-Moufang type have been studied on the 
platform of quasigroups and loops by Fenyves [4], Phillips and Vojtechovsky [5], Jaiyeola [6-8], 
Robinson [9], Burn [10-12], Kinyon and Kunen [13] as well as several other authors. 

Since the late 1970s, BCI and BCK algebras have been given a lot of attention. In particular, 
the participation in the research of polish mathematicians Tadeusz Traczyk and Andrzej Wronski 
as well as Australian mathematician William H. Cornish, in addition to others, is causing this 
branch of algebra to develop rapidly. Many interesting and important results are constantly 
discovered. Now, the theory of BCI-algebras has been widely spread to areas such as general 
theory which include congruences, quotient algebras, BCI-Homomorphisms, direct sums and direct 
products, commutative BCK-algebras, positive implicative and implicative BCK-algebras, derivations 
of BCl-algebras, and ideal theory of BCI-algebras ([1,14-17]). 


1.2. BCI-Algebras as a Quasi Neutrosophic Triplet Loop 


Consider the following definition. 


Definition 9. (Quasi Neutrosophic Triplet Loops (QNTL), Zhang et al. [15]) 
Let (X, *) be a groupoid. 


1. If there exist b,c € X such thata*b = aanda+*c = b, then ais called an NT-element with (r-r)-property. 
If every a € X is an NT-element with (r-r)-property, then, (X, *) is called a (r-r)-quasi NTL. 

2. If there exist b,c € X such thata*b =aandc xa = b, then a is called an NT-element with (r-l)-property. 
If every a € X is an NT-element with (r-l)-property, then, (X,*) is called a (r-l)-quasi NTL. 

3. If there exist b,c € X such that b* a = aandc*a =D, then a is called an NT-element with (I-l)-property. 
If every a € X is an NT-element with (I-l)-property, then, (X, *) is called a (I-l)-quasi NTL. 
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4. If there exist b,c € X such thatb*a =aandax*c = b, then a is called an NT-element with (I-r)-property. 
Tf every a € X is an NT-element with (l-r)-property, then, (X,*) is called a (1-r)-quasi NTL. 

5. If there exist b,c € X such thattaxb = bxa = aandaxc = b, then a is called an NT-element 
with (lr-r)-property. If every a € X is an NT-element with (lr-r)-property, then, (X,*) is called a 
(Ir-r)-quasi NTL. 

6. If there exist b,c € X such thattaxb = bxa = aandcxa = b, then a is called an NT-element 
with (Ir-l)-property. If everya € X is an NT-element with (lr-l)-property, then, (X,*) is called a 
(Ir-1)-quasi NTL. 

7. If there exist b,c € X such thata*xb = aandaxc = cxa = b, then a is called an NT-element 
with (r-Ir)-property. If every a € X is an NT-element with (r-lr)- property, then, (X,*) is called a 
(r-Ir)-quasi NTL. 

8. If there exist b,c € X such thatb*a = aandaxc = cx*a = b, then a is called an NT-element 
with (I-lr)-property. If everya € X is an NT-element with (l-lr)-property, then, (X,*) is called a 
(I-Ir)-quasi NTL. 

9. If there exist b,c € X such thataxb =b*a =aanda*c=cxa=bD, then a is called an NT-element 
with (Ir-Ir)-property. If every a € X is an NT-element with (Ir-lr)-property, then, (X,*) is called a 
(Ir-Ir)-quasi NTL. 


Consequent upon Definition 9 and the 60 Fenyves identities F;, 1 < i < 60, there are 60 
varieties of Fenyves quasi neutrosophic triplet loops (FQNTLs) for each of the nine varieties of 
QNILs in Definition 9. Thereby making it 540 varieties of Fenyves quasi neutrosophic triplet loops 
(FONTLs) in all. A BCI-algebra is a (r-r)-QNT, (r-1)-ONTL and (r-lr)-ONTL. Thus, any F; BCI-algebra, 
1 <i < 60 belongs to at least one of the following varieties of Fenyves quasi neutrosophic triplet 
loops: (r-r)-QNTL, (r-l)-QNTL and (r-lr)-ONTL which we refer to as (r-r)-FONTL, (1-l)-FONTL 
and (r-Ir)-FQNTL respectively. Any associative QNTL will be called quasi neutrosophic triplet 
group (QNTG). 

The variety of quasi neutrosophic triplet loop is a generalization of neutrosophic triplet group 
(NTG) which was originally introduced by Smarandache and Ali [19]. Neutrosophic triplet set (NTS) 
is the foundation of neutrosophic triplet group. New results and developments on neutrosophic triplet 
groups and neutrosophic triplet loop have been reported by Zhang et al. [18,20,21], and Smarandache 
and Jaiyéola [22,23]. 

It must be noted that triplets are not connected at all with intuitionistic fuzzy set. Neutrosophic 
set [24] is a generalization of intuitionistic fuzzy set (a generalization of fuzzy set). In Intuitionistic 
fuzzy set, an element has a degree of membership and a degree of non-membership, and the deduction 
of the sum of these two from 1 is considered the hesitant degree of the element. These intuitionistic 
fuzzy set components are dependent (viz. [25-28]). In the neutrosophic set, an element has three 
independent degrees: membership (truth-t), indeterminacy (i), and non-membership (falsity-f), 
and their sum is up to 3. However, the current paper utilizes the neutrosophic triplets, which are 
not defined in intuitionistic fuzzy set, since there is no neutral element in intuitionistic fuzzy sets. 
In a neutrosophic triplet set (X,*), for each element x € X there exists a neutral element denoted 
neut(x) € X such that x * neut(x) = neut(x) * x = x, and an opposite of x denoted anti(x) € X 
such that anti(x) *x = x *anti(x) = neut(x). Thus, the triple (x,neut(x),anti(x)) is called a 
neutrosophic triplet which in the philosophy of ‘neutrosophy’, can be algebraically harmonized 
with (t,i, f) in neutrosophic set and then extended for neutrosophic hesitant fuzzy [29] set as proposed 
for (t,i, f )-neutrosophic structures [30]. Unfortunately, such harmonization is not readily defined in 
intuitionistic fuzzy sets. 


Theorem 11. (Zhang et al. [18]) A (r-Ir)-QNTG or (I-Ir)-QNTG is a NTG. 


This present study looks at Fenyves identities on the platform of BCI-algebras. The main objective 
of this study is to classify the Fenyves BCI-algebras into associative and non-associative types. It will 
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also be shown that some Fenyves identities play the roles of quasi-associativity and p-semisimplicity , 
vis-a-vis Theorem 9 in BCI-algebras. 


2. Main Results 


We shall first clarify the relationship between a BCI-algebra, a quasigroup and a loop. 


Theorem 12. 


1. ABClalgebra X is a quasigroup if and only if it is p-semisimple. 
2. A BClalgebra X is a loop if and only if it is associative. 
3. Anassociative BCI algebra X is a Boolean group. 


Proof. We use Theorem 3, Theorem 7 and Theorem 4. 


1. From Theorems 7 and 4, p-semisimplicity is equivalent to the left and right cancellation laws, 
which consequently implies that X is a quasigroup if and only if it is p-semisimple. 

2. One of the axioms that a BCI-algebra satisfies is x * 0 = x for all x € X. So, 0 is already the right 
identity element. Now, from Theorem 3, associativity is equivalent to 0 * x = x for all x € X. So, 
0 is also the left identity element of X. The conclusion follows. 

3. Ina BCl-algebra, x * x = 0 for all x € X. And 0 is the identity element of X. Hence, every element 
is the inverse of itself. 


Lemma 1. Let (X, *,0) be a BCI-algebra. 


1. 0€ No(X). 
0 € Nj(X),N,(X) implies X is quasi-associative. 
3. If0 € N\(X), then the following are equivalent: 


iS 


(a) X is p-semisimple. 

(b) xy =Oy-x forall x,y € L. 

(c) xy =O0x-y forall x,y € L. 
4, If0 © N\(X) or0 € N,,(X), then X is p-semisimple if and only if X is associative. 
If0 € N(X), then X is p-semisimple if and only if X is associative. 
6. If (X,*,0) is a BCK-algebra, then 


y 


(a) O€ N,(X). 
(b) 0 € N,(X) implies X is a trivial BCK-algebra. 


7. The following are equivalent: 


(a) XX is associative. 

(b) x €N)(X) forall x € X. 
(c) x € No(X) forall x € X. 
(d) x €N,(X) forall x € X. 
(ec) O€ aay 
(f) x €C(X) forall x € X. 
(g) x € Z(X) forall x € X. 
(h) O€ Z(X). 

(i) X isa (Ir-r)-QNTL. 

(ij)  X isa (Ir-l)-QNTL. 

(k) =X isa (Ir-lr)-QNTL 


8. If (X,*,0) is a BCK-algebra and 0 € C(X), then X is a trivial BCK-algebra. 


Proof. This is routine by simply using the definitions of nuclei, centrum, center of a BCl-algebra and 


QNTL alongside Theorems 3-10 appropriately. 
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Remark 3. Based on Theorem 11, since an associative BCI-algebra is a (r-Ir)-QNTG, then, an associative 
BCI-algebra is a NTG. This corroborates the importance of the study of non-associative BCI-algebra i.e., 
weak associative laws (F;j-identities) in BCI-algebra, as mentioned earlier in the objective of this work. 


Theorem 13. Let (X,*,0) be a BCI-algebra. If X is any of the following Fenyves BCI-algebras, then X 
is associative. 


1. F,-algebra 11. Fy4-algebra 21. Fo¢6-algebra 31. F37-algebra 41. Fso-algebra 
2. Fy-algebra 12. F,5-algebra 22. Fo7-algebra 32. F3g-algebra 
3. Fy-algebra 13. Fy6-algebra 23. Fog-algebra 33. Fyg-algebra 42. Fsy-algebra 
4. Fe-algebra 14. Fy7-algebra 24. F39-algebra 34, Fy,-algebra 
5. Fy-algebra 15. Fyg-algebra 25. F31-algebra 35. F43-algebra 43. Fs3-algebra 
6. Fo-algebra 16. Foo-algebra 26. F3-algebra 36. Fy4-algebra 44. Fs-algebra 
7. Fyo-algebra 17. Fo2-algebra 27. F33-algebra 37. Fy5-algebra 
8. Fy,-algebra 18. Fy3-algebra 28. F34-algebra 38. Fy7-algebra 45. Fsg-algebra 
9. Fi-algebra 19. Fo4-algebra 29. F35-algebra 39. Fyg-algebra 
10. F,3-algebra 20. Fo5-algebra 30. F3¢-algebra 40. Fyg-algebra 46. Feo-algebra 
Proof. 


1. Let X be an F,-algebra. Then xy * zx = (xy * z)x. With z = y, we have xy * yx = (xy * y)x which 
implies xy * yx = (xy *x)y = (xx *y)y = (0* y)y = 0 * (y * y) (since 0 € N)(X); this is achieved 
by putting y = x in the F, identity) = 0 * 0 = 0. This implies xy * yx = 0. Now replacing x with y, 
and y with x in the last equation gives yx * xy = 0 implying that x + y = y * x as required. 

2. Let X be an Fo-algebra. Then xy * zx = (x * yz)x. With y = z, we have xz * zx = (x *2zz)x = 
(x*0)*x =x * x =0 implying that xz * zx = 0. Now replacing x with z, and z with x in the last 
equation gives zx * xz = 0 implying that x * z = z * x as required. 

3. Let X bea Fy-algebra. Then, xy * zx = x(yz* x). Put y = x and z = 0, then you get 0 * 0x = x 
which means X is p-semisimple. Put x = 0 and y = 0 to get 0z = 0 * 0z which implies that X is 
quasi-associative (Theorem 5). Thus, by Theorem 9, X is associative. 

4. Let X be an Fe-algebra. Then, (xy * z)x = x(y*zx). Put x = y = 0 to get 0z = 0 * 0z which 
implies that X is quasi-associative (Theorem 5). Put y = 0 and z = x, then we have 0* x = x. 
Thus, X is associative. 

5. Let X be an Fy-algebra. Then (xy *z)x = x(yz* x). With z = 0, we have xy*x = x(y* x). 
Put y = x in the last equation to get xx * x = (x * xx) implying 0 * x = x. 

6. Let X be an Fo-algebra. Then (x * yz)x = x(yz * x). With z = 0, we have (x *y) *x = x(y*X). 
Put y = x in the last equation to get (x * x)x = x(x * x) implying 0 * x = x. 

7. Let X be an Fyo-algebra. Then, x(y * zx) = x(yz* x). Put y = x =z, then we have x * 0x = 0. So, 
0x = 0 = x =0. which means that X is p-semisimple (Theorem 8(2)). Hence, X has the LCL by 
Theorem 4. Thence, the Fig identity x(y * zx) = x(yz * x) => y* zx = yz * x which means that X 
is associative. 

8. Let X be an Fy;-algebra. Then xy * xz = (xy * x)z. With y = 0, we have x * xz = xx *z. Putz =x 
in the last equation to get x = 0 * x as required. 

9. Let X be an Fip-algebra. Then xy * xz = (x * yx)z. With z = 0, we have xy *x =x * yx. Puty =x 
in the last equation to get xx * x = x * xx implying 0 * x = x as required. 

10. Let X be an Fy3-algebra. Then xy * xz = x(yx * z). With z = 0, we have (x * y)x = x * yx which 
implies (x * x)y = x * yx which implies 0 * y = x * yx. Put y = x in the last equation to get 
0* x = x as required. 

11. Let X be an Fyy-algebra. Then xy * xz = x(y * xz). With z = 0, we have xy *x = x* yx. Puty =x 
in the last equation to get 0 * x = x as required. 

12. Let X be an Fi5-algebra. Then (xy * x)z = (x * yx)z. With z = 0, we have (xy * x) = (x * yx). 
Put y = x in the last equation to get 0 * x = x as required. 

13. Let X be an Fi¢-algebra. Then (xy * x)z = x(yx *z). With z = 0, we have (xy * x) = (x * yx). 
Put y = x in the last equation to get 0 * x = x as required. 
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14. Let X be an Fi7-algebra. Then (xy * x)z = x(y * xz). With z = 0, we have (xy * x) = x(y * x). 
Put y = x in the last equation to get 0 * x = x as required. 

15. Let X be an Fyg-algebra. Then (x * yx)z = x(yx * z). With y = 0, we have (x * Ox)z = x(Ox * z). 
Since 0 € N,(X) and 0 € N,(X), (these are obtained by putting x = 0 and x = y respectively 
in the F,g-identity), the last equation becomes (x0 * x)z = x(0* xz) = x0 * xz = x * xz which 
implies 0 * z = x * xz. Put x = z in the last equation to get 0 * z = z as required. 

16. This is similar to the proof for Fj9-algebra. 

17. Let X be an Fy-algebra. Then yx * zx = (y * xz)x. Put y = x,z = 0, then Ox = 0 * Ox which 
implies that X is quasi-associative. By Theorem 10, the Fy2 identity implies that yx * zx = yx * xz. 
Substitute x = 0 to get yz = y * 0z. Now, put y = z in this to get z *0z = 0. So,0z =O > z=0. 
Hence, X is p-semisimple (Theorem 8(2)). Thus, by Theorem 9, X is associative. 

18. Let X be an Fy3-algebra. Then yx *« zx = y(xz * x). With z = 0, we have yx « Ox = y(x * x) which 
implies yx * 0x = y. Since 0 € N,(X), (this is obtained by putting z = x in the F)3-identity), 
the last equation becomes (yx * 0) * x = y which implies (yx * x) = y. Put x = y in the last 
equation to get 0 « y = y as required. 

19. Let X be an Fo4-algebra. Then yx * zx = y(x *zx). With z = 0, we have yx * Ox = y(x * Ox). 
Since 0 € N,(X),(this is obtained by putting x = 0 in the F4-identity), the last equation becomes 
((yx)0 * x) = y(x0 * x) which implies yx * x = y. Put y = x in the last equation to get 0 * y = y 
as required. 

20. Let X be an Fy5-algebra. Then (yx *z)x = (y * xz)x. Put x = 0, then yz = y * 0z. Substitute z = y, 
then y * Oy = 0. So, Oy = 0 > y = 0. Hence, X is p-semisimple (Theorem 8(2)). Hence, X has the 
RCL by Theorem 7. Thence, the Fs identity (yx * z)x = (y * xz)x implies yx * z = y * xz. Thus, 
X is associative. 

21. Let X bean Fy¢-algebra. Then (yx * z)x = y(xz * x). With z = 0, we have yx * x = y. Put x = yin 
the last equation to get 0 * y = y as required. 

22. Let X be an Fo7-algebra. Then (yx * z)x = y(x * zx). Putz = x = y, then Ox « x = 0 which implies 
X is quasi-associative. Put x = 0 and y = z to get z * 0z = 0. So, 0z = 0 + z = 0. Hence, X is 
p-semisimple (Theorem 8(2)). Thus, by Theorem 9, X is associative. 

23. Let X bean Fog-algebra. Then (y * xz)x = y(xz * x). With z = 0, we have yx *x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

24. The proof of this is similar to the proof for Fyg-algebra. 

25. Let X be an F3;-algebra. Then yx * xz = (yx * x)z. By Theorem 10, the F3; identity becomes F5 
identity which implies that X is associative. 

26. Let X be an F39-algebra. Then yx * xz = (y * xx)z. With z = 0, we have yx *x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

27. Let X be an F33-algebra. Then yx * xz = y(xx *z). With z = 0, we have yx *x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

28. Let X be an F34-algebra. Then yx * xz = y(x * xz). With z = 0, we have yx *x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

29. Let X bean F35-algebra. Then (yx * x)z = (y * xx)z. With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

30. Let X bean F36-algebra. Then (yx * x)z = y(xx * z). With z = 0, we have yx *x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

31. Let X bean F37-algebra. Then (yx * x)z = y(x * xz). With z = 0, we have yx * x = y. Put x = yin 
the last equation to get 0 * y = y as required. 

32. Let X be an F3g-algebra. Then, yz = y * Oz. Putz = y, then y * Oy = 0. So, Oy = 0 > y = 0. Hence, 
X is p-semisimple (Theorem 8(2)). Now, put y = x, then xz = x * 0z. Now, substitute x = 0 to get 
0z = 0 * Oz which means that X is quasi-associative. Thus, by Theorem 9, X is associative. 

33. Let X be an Fyg-algebra. By the Fyg identity, y x 0z = y(x * xz). Putz = x = y to get 0 * Ox = 0. So, 
Ox =0 > x =0. Hence, X is p-semisimple (Theorem 8(2)). Thus, X has the LCL by Theorem 4. 
Thence, the Fyg identity y(xx * z) = y(x * xz) becomes 0 * z = x * xz. Substituting z = x, we get 
0x = x which means that X is associative. 


430 


Florentin Smarandache (author and editor) Collected Papers, IX 


34. Let X be an Fy-algebra. Then xx * yz = (x * xy)z. With z = 0, we haveO xy = x* xy. Puty = x 
in the last equation to get 0 * x = x as required. 

35. Let X be an Fyg-algebra. Then xx * yz = x(x * yz). Withz = 0, we have 0*y = x(x xy). Putx =y 
in the last equation to get 0 * y = y as required. 

36. Let X be an Fyy-algebra. Then xx * yz = x(xy *z). Withz = 0, we have0*y = x(x xy). Putx = y 
in the last equation to get 0 * y = y as required. 

37. Let X be an Fys-algebra. Then (x * xy)z = (xx * y)z. With z = 0, we have x x xy =O xy. Putx =y 
in the last equation to get 0 * y = y as required. 

38. Let X be an Fy7-algebra. Then (x * xy)z = x(xy *z). With y = 0, we have 0 *z = x(x *z). Put 
x = z in the last equation to get 0 * z = z as required. 

39. Let X be an Fyg-algebra. Then (xx * y)z = x(x * yz). With z = 0, we have O*y = x*xy. Putx =y 
in the last equation to get 0 * y = y as required. 

40. Let X bean F4g-algebra. Then (xx * y)z = x(xy * z). With y = 0, we have 0 *z = x * xz. Putx =z 
in the last equation to get 0 * z = z as required. 

41. This is similar to the proof for Fig-algebra. 

42. Let X bean Fs)-algebra. Then yz * xx = (yz * x)x. With z = 0, we have y = (y* x)x. Put x = yin 
the last equation to get 0 + y = y as required. 

43. Let X be an Fs3-algebra. Then yz * xx = y(zx * x) which becomes yz = y(zx * x). Put z = x to 
get yx = y x Ox. Substituting y = x, we get x * 0x = 0. So, Ox = 0 = x = 0, which means that X 
is p-semisimple (Theorem 8(2)). Now, put y = 0 in yx = y * Ox to get Ox = 0 * Ox. Hence, X is 
quasi-associative. Thus, X is associative. 

44. Let X bean Fs7-algebra. Then (yz * x)x = y(z * xx). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 + y = y as required. 

45. Let X be an Fsg-algebra. Then (y * zx)x = y(zx*x). Put y = x = z to get xxOx = 0. So, 
Ox = 0 = x = 0, which means that X is p-semisimple (Theorem 8(2)). Now, put z = x,y = 0 to 
get Ox = 0 * Ox. Hence, X is quasi-associative. Thus, X is associative. 

46. Let X be an Feo-algebra. Then y(zx x x) = y(z* xx). Puty = x = z to get xxOx = 0. So, 
0x = 0 = x =0, which means that X is p-semisimple (Theorem 8(2)). Hence, X has the LCL by 
Theorem 4. Thence, the Fig identity becomes zx * x = z * xx. Now, substitute z = x to get Ox = x. 
Thus, X is associative. 


Corollary 1. Let (X,*,0) be a BCI-algebra. If X is any of the following Fenyves’ BCI-algebras, then (X, *) is 
a Boolean group. 


1. F,-algebra 11. Fy4-algebra 21. Fy¢-algebra 31. F37-algebra 41. F5o-algebra 
2. Fy-algebra 12. F,5-algebra 22. F7-algebra 32. F3g-algebra 

3. Fy-algebra 13. Fye-algebra 23. Fog-algebra 33. Fyo-algebra 42. F51-algebra 
4. Fe-algebra 14. Fy7-algebra 24. F39-algebra 34. Fy,-algebra i cies 
5. Fy-algebra 15. Fyg-algebra 25. F31-algebra 35. Fa3-algebra es Ma le 
6. Fo-algebra 16. Fo9-algebra 26. F39-algebra 36. Fy4-algebra 44. Fsy-algebra 
7. Fyo-algebra 17. Fo2-algebra 27. F33-algebra 37. F45-algebra 

8. Fy,-algebra 18. Fy3-algebra 28. F34-algebra 38. F47-algebra 45. Fsg-algebra 
9. Fy2-algebra 19. Fog-algebra 29. F35-algebra 39. F4g-algebra 

10. F,3-algebra 20. Fo5-algebra 30. F36-algebra 40. Fyg-algebra 46. Feq-algebra 


Proof. This follows from Theorems 12 and 13. 


Theorem 14. Let (X,*,0) bea BCI-algebra. 


1. Let X be an F3-algebra. X is associative if and only if x(x * zx) = xz if and only if X is p-semisimple. 
2. Let X be an Fs-algebra. X is associative if and only if (xy * x)x = yx. 

3. Let X be an Fy,-algebra. X is associative if and only if (yx * x)x = x *y. 

4, Let X be an Fyp-algebra. X is associative if and only if X is p-semisimple. 
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5. Let X bean Fs5-algebra. X is associative if and only if |(y * x) * x] *x =x *y. 


6. (a) Xisan Fs-algebra and p-semisimple if and only if X is associative. 

(b) Let X be an Fg-algebra. X is associative if and only if x(y * zx) = yz. 
7. Let X bean Fy9-algebra. X is associative if and only if quasi-associative. 
8. X is an F39-algebra and obeys y(x * xz) = zy if and only if X is associative. 
9. Let X be a Fye-algebra. X is associative if and only if 0(0 * Ox) = x. 


10. (a) Xisan Fsp-algebra and Fs5-algebra if and only if X is associative. 
(b) X is an Fsp-algebra and obeys (y * zx)x = zy if and only if X is associative. 
(c) X isan Fs5-algebra and p-semisimple if and only if X is associative. 
(d) Let X be an F59-algebra. X is associative if and only if X is quasi-associative. 
11. (a) Xisan Fs9-algebra and Fs5-algebra if and only if X is associative. 
(b) X is an Fsp-algebra and obeys (y * zx)x = zy if and only if X is associative. 
(c) Let X be a Fs¢-algebra. X is associative if and only if X 1s quasi-associative. 
(d) Let X be an Fs9-algebra. X is associative if and only if X is quasi-associative. 


Proof. 


1. Suppose X is a F3-algebra. Then, xy * zx = x(y*zx). Put y = x to getO*zx = x(x * zx). 
Substituting x = 0, we have 0z = 0 * 0z which means X is quasi-associative. Going by Theorem 9, 
X is associative if and only if X is p-semisimple. Furthermore, by Theorem 4(3) and 0 * zx = 
x(x * zx), an F3-algebra X is associative if and only if xy = x(x * zx). 

2. Suppose X is associative. Then 0* x = x. X is F; implies (xy *z)x = (x * yz)x. With z = x, 
we have (xy * x)x = (x * yx)x => (xy*x)x = (x*x)yx => (xy *x)x =O% yx => (xy *x)x = yx 
as required. Conversely, suppose (xy *x)x = yx. Put z = x in (xy *z)x = (x * yz)x to get 
(xy*x)x = (x* yx)x => (xy*x)x = (x¥x)yx > (xy*x)x = O* yx => yx = 0 * yx (since 
(xy * x)x = yx). So, X is associative. 

3. Suppose X is associative. Then x * y = y* x. X is Fy implies yx * zx = (yx *z)x. With z = x, 
we have (yx * x)x = y* x = x *y as required. Conversely, suppose (yx * x)x = x*y. Putz =x 
in Fy; to get (yx *x)x = y*x.So,x*y = y * x as required. 

4. Suppose X is associative. Then 0 *z = z. X is Fy implies xx * yz = (xx *y)z. With y = 0, 
we have 0 « 0z = 0* z = z as required. Conversely, suppose 0 * 0z = z. Put y = 0 in Fy to get 
0*0z =0*z. So,0* z = zas required. 

5. Suppose X is associative. Then x * y = y * x. X is F55 implies [(y * z) * x] «x = [y * (z* x)] * x. 
With z = x, we have [(y * x) *x] «x = y*x = x * yas required. Conversely, suppose [(y * x) * 
x] *x =xx«y. Putz = x in Fs to get yx x = [(y* x) *x] *xX =x xy. So, y*x =x * yas required. 


The proofs of 6 to 11 follow by using the concerned Fj and F; identities (plus p-simplicity by Theorem 12 
in some cases) to get an Fy which is equivalent to associativity by Theorem 13 or which is not equivalent 
to associativity by 1 to 5 of Theorem 14. 


3. Summary, Conclusions and Recommendations 


In this work, we have been able to construct examples of Fenyves’ BCI-algebras. We have also 
obtained the basic algebraic properties of Fenyves’ BCI-algebras. Furthermore, we have categorized 
the Fenyves’ BCI-algebras into a 46 member associative class (as captured in Theorem 13). Members 
of this class include Fi, Fh, Fy, Fe, Fy, Fo, Fyo, Fy, Fy, Fy3, Fia, Fis, Fro, Fy, Fig, Fy, Fo, Fo3, Fo4, Fos, Fy, 
Fo7, Fog, F30, F31, F32, Fs3, Fsa, F35, F36, F37, F38, Fao, Fai, Fa3, Faa, Fas, Faz, Fas, Fag, F50, F51, F53, F57, Fse, 
Feg-algebras; and a 14 member non-associative class. Those Fenyves identities that are equivalent to 
associativity in BCI-algebras are denoted by V in the fifth column of Table 1. For those that belong 
to the non-associative class, we have been able to obtain conditions under which they would be 
associative (as reflected in Theorem 14). This class includes F3, Fs, Fg, F19, Fo1,F29, F39 , Faz, Fae, Fs2, Fsa, 
Fs5, Fs¢, F59-algebras. In Table 1 which summarizes the results, members of this class are identified by 
the symbol ‘f’. 

Other researchers who have studied Fenyves’ identities on the platform of loops, namely Phillips 
and Vojtechovsky [5], Jaiyeola [6], Kinyon and Kunen (2004) found Moufang (Fo, F4, Fi7, Fo7), extra 
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(Fe, Fis, F22), Fo, Fis, left Bol (Fi9), right Bol (F26), Moufang (F4, Foz), Fs, Fss, F36, C (F3z), Fas, F39, Fao, 
LC(F39, Fy, Fyg, Fg), Fy, Fy3, Fys, Fs, RC(F36, Fs3, Fr6, Fs57), Fea, and Feo Fenyves’ identities not to be 
equivalent to associativity in loops. Interestingly, in our study, some of these identities, particularly 
the extra identity (Fe, F13, Fo2), Fz, Fo, Fis, Fi7, right Bol (Fy6), Moufang (Fy, Fo7), F30, F35, F3g, Fao, 
RC (F36, F53, F57), C (F37), LC (Fa, Fg), Fy3, Fys, Fs and Feo have been found to be equivalent to 
associativity in BCI-algebras. In addition, the aforementioned researchers found F, F3, Fs, F7, Fs, 
Fior Fit, Pia, Fis, Fig, Fis, Foor Fai, Fos, Foa, Fos, Fos, Foo, Fair Fao, Fas, Fsa, Fas, Faz, Fao, Foo, Foo, Fos, 
Fsg and Fs9 identities to be equivalent to associativity in loops. We have also found some (fy, Fig, 
Fi, Fy, Fis, Fie, Fis,F20, Fos, Foa, Fos, Fos, F31, F32, F33, Fas, Faz, Fag, Foo, F5g) of these identities to 
be equivalent to associativity in BCI-algebras while some others (F3, Fs, Fg, Fao, Fo1, Fo9,F55, Fs9) 
were not equivalent to associativity in BCl-algebras. 
In loop theory, it is well known that: 


e A loop is an extra loop if and only if the loop is both a Moufang loop and a C-loop. 
e A loop is a Moufang loop if and only if the loop is both a right Bol loop and a left Bol-loop. 
e A loop is a C-loop if and only if the loop is both a RC-loop and a LC-loop. 


In this work, we have been able to establish (as stated below) somewhat similar results for a few 
of the Fenyves’ identities in a BCI-algebra X: 


e X isan F-algebra and F,-algebra if and only if X is associative, for the pairs: 1 = 52, j = 55, 
i= 59, j =55. 


Fenyves [31], and Phillips and Vojtéchovsky [32,33] found some of the 60 F; identities to be 
equivalent to associativity in quasigroups and loops (i.e., groups), and others to describe weak 
associative laws such as extra, Bol, Moufang, central, flexible laws in quasigroups and loops. Their 
results are summarised in the second, third and fourth columns of Table 1 with the use of Vv. In this 
paper, we went further to establish that 46 Fenyves’ identities are equivalent to associativity in 
BCI-algebras while 14 Fenyves’ identities are not equivalent to associativity in BCI-algebras. These 
two categories are denoted by V and f in the fifth column of Table 1. 

After the works of [31-33], the authors in [34-38] did an extension by investigating and classifying 
various generalized forms of the identities of Bol-Moufang types in quasigroups and one sided/two 
sided loops into associative and non-associative categories. This answered a question originally posed 
in [39] and also led to the study of one of the newly discovered generalized Bol-Moufang types of loop 
in Jaiyéola et al. [40]. While all the earlier mentioned research works on Bol-Moufang type identities 
focused on quasigroups and loop, this paper focused on the study of Bol-Moufang type identities 
(Fenyves’ identities) in special types of groupoids (BCI-algebra and quasi neutrosophic triplet loops) 
which are not necessarily quasigroups or loops (as proved in Theorem 12). Examples of such well 
known varieties of groupoids were constructed by Ilojide et al. [41], e.g., Abel-Grassmann’s groupoid. 

The results of this work are an initiation into the study of the classification of finite Fenyves’ quasi 
neutrosophic triplet loops (FQNTLs) just like various types of finite loops have been classified (e.g., 
Bol loops, Moufang loops and FRUTE loops). In fact, a library of finite Moufang loops of small order is 
available in the GAPS-LOOPS package [42]. It will be intriguing to have such a library of FONTLs. 

Overall, this research work (especially for the non-associative F;’s) has opened a new area of 
research findings in BCI-algebras and Bol-Moufang type quasi neutrosophic triplet loops as shown in 
Figure 1. 
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Table 1. Characterization of Fenyves Identities in Quasigroups, Loops and BCI-Algebras by Associativity. 


Fenyves F,=ASS F, # ASS Quassigroup f+ BCI 


Identity Inaloop Inaloop => Loop => ASS 
Fy v v v 
Fy v v v 
F3 v v a 
Fy v v 
Bs v ft 
Fe v v v 
Fy v v 
Eg v ft 
Fy v v 
Fig v v 
Fy v v v 
Fip v v v 
Fig v v v 
Fig v v 
Fis v v 
Fig v v 
Fy v v v 
Fig v v v 
Fig v t 
Fy v v 
Foy v v ft 
Foo v v v 
Fy3 v v 
Fog v v 
Fos v v 
Fy6 v v 
Foz v v v 
Fog v v v 
Fy9 v t 
Fao v v 
Fay v v v 
Fy9 v v v 
Fy v v 
Fyq v v 
Py5 v v 
Fy6 v v 
Faz v v 
Fag v v v 
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Table 1. Cont. 


Fenyves F,=ASS F, # ASS Quassigroup f+ BCI 


Identity Inaloop Inaloop = Loop => ASS 
F39 v t 
Fag v v 
Fay v v v 
Fy v t 
Fag v Vv 
Fag v “4 
Fs v v 
Fy6 v se 
Faz v Vv "4 
Fag v v 
Fg v v 
Fr9 v 4 
P51 v Vv 
Fp v Bs 
Fs3 v v v 
F54 v cf 
Fr5 v Bs 
F56 v + 
P57 v v 
Fg v 4 4 
Fs9 v i 
Feo v Vv 

Sao Varieties of Quaa 


Neutrosophic Triplet 
14 Varieties of BCI-Algebras Loops (Fenyves NTLs) Types of Groups 
(Fenyves Algebras) (exponent n, simple,...) 
Boolean Group 


Associativity —— 2 Ixl=2 
p-semisimplicity Associativity 
Associativity 
H * 
BCI-Conditions Quasigroup ——  Associativity 
Unique A 
| Solvability \ 
| Groupoid Associativity 


Varieties of 


Quasigroups 
Associativity _ 


— Associativity, —— 


Varieties of Loops 
(Bol, Moufang, extra, 
central, Frute) 


Figure 1. New Cycle of Algebraic Structures. 
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Abstract: In this paper, we design and develop a new class of linear algebraic codes defined as soft 
linear algebraic codes using soft sets. The advantage of using these codes is that they have the ability 
to transmit m-distinct messages to m-set of receivers simultaneously. The methods of generating 
and decoding these new classes of soft linear algebraic codes have been developed. The notion of 
soft canonical generator matrix, soft canonical parity check matrix, and soft syndrome are defined to 
aid in construction and decoding of these codes. Error detection and correction of these codes are 
developed and illustrated by an example. 


Keywords: linear algebraic code; soft set theory; soft linear algebraic code; soft communication; soft 
syndrome; soft codewords; soft generator matrix 


1. Introduction 


Shannon [1,2] published an historic paper that marked the beginning of both error correcting 
codes and information theory. Since then, several researchers have developed and designed codes 
like BCH codes [3,4], self-dual codes [5], maximum distance codes [6], Hamming distance of linear 
codes [7], and codes over Zm [8,9]. However fuzzy codes and distance properties was developed 
by [10]. For literature used in this paper on coding theory, see Reference [11]. 

In this paper, we define soft linear codes using soft sets. Soft sets [12] are generalization of fuzzy 
sets introduced in [13]. Fuzzy sets work on membership degree whose range varies from Reference 
[0, 1] and soft sets deal with uncertainty in a parametric way. Thus, a soft set is a parameterized family 
of sets and the boundary of the set depends on the parameters. Since then, soft sets [14] have been 
developed to neutrosophic soft sets [15], soft neutrosophic groups [16], soft neutrosophic algebraic 
structures, and their generalization [17-20]. Relationship among soft sets and fuzzy sets was studied in 
Reference [20,21]. Here, for the first time, soft set theory has been used in the construction of algebraic 
codes, which we choose to call as soft algebraic linear codes. 

This paper is organized into six sections. Section 1 is introductory in nature. All basic concepts 
to make this paper a self-contained one are given in Section 2. Section 3 introduces the new notion 
of algebraic soft codes and defines and describes some related properties of them. Soft parity check 
matrix and soft generator matrix are introduced in Section 3. Section 4 describes decoding, error 
detection and error correction of the soft linear algebraic codes. Section 5 gives the soft communication 
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model and brings out the difference between the linear algebraic codes and soft linear algebraic codes. 
Section 6 gives the conclusions based on our study and probable future research for any researcher. 


2. Fundamental Notions 


In this section the basic concepts needed to make this paper a self-contained one is given. 
This section is divided into two subsections. Section 2.1 describes the basic concepts about the 
linear algebraic codes and their related properties and Section 2.2 gives the definition and a few 
properties of soft sets. 


2.1. Algebraic Linear Codes and Their Properties 


All the basic concepts, definition and properties of algebraic linear codes are taken from 
Reference [11]. The fundamental algebraic structure used in the definition of linear algebraic codes 
are vector spaces and vector subspaces defined over a finite field F. Throughout this paper, we only 
consider the finite field Z> = {0, 1}, the finite field of characteristic two. We use F to denote Z. 


Definition 1. Let V be a set of elements on which a binary operation called addition, ‘+’ is defined. Let F be a 
field. An operation product or multiplication, denoted by ’.’, between the elements in F and the elements in V is 
defined. The set V is called a vector space over the field F if it satisfies the following conditions: 


1. Visacommutative group under addition. 
2. For any element a in F and any element v in V, a.v = v.a is in V. 
Distributive law: For any u and v in V and for any a,b € F 


a(u+v)=a.u+a.v; (a+ b).0=a.0 + b.v. 


4. Associative law: For any v in V and any a and b in F; (a.b).v = a.(b.v). 

5. Let 1 be the unit element of F. Then for any v in V, 1.0 = v and 0.0 = 0 for 0 € F and ‘0’ is the zero vector of 
V. We call a proper subset U of V (U C V) to be a vector subspace of V over F if U itself is a vector space 
over F. 


Definition 2. A block code of length n with 2 codewords is called a linear code, denoted by C (n, k), if and only 
if its 2 codewords form a k-dimensional subspace of the vector space V" of all the n tuples over the field GF(2). 
The method for generating these C(n, k) codes using the generator matrix G is as follows. G is given in the following: 


800 801 802 «++ — 8 0,n-1 
GH = on 812 +++  81n-1 
S8k-1,0 S8k-1,1 8k-1,2 S8k-1n-1 


ge Z) =F; forO <i <k—1and0 <j <n —1. Consider u = (ug uy ... Up_y), the message to be encoded, 
the corresponding codeword v is given by v = u.G. Every codeword v in C (n, k) is a linear combination of k codewords. 


The error detection and error correction of these codes is given in Reference [11]. If the generator 
matrix G in the standard form is G = (A; I x «), then parity check matrix H can be got in the standard 
form as H = (Iy_x x nk; A’). The generator matrix can be in any other form, and then the parity check 
matrix can be found out by the usual methods given in Reference [11]. 

The syndrome of the received codeword y, denoted by s(y) = yH! is obtained from the parity check 
matrix H. Thus, the parity check matrix H of a code helps to detect the error from the received word. 
The error correcting capacity of a code depends on the metric that is used over the code. The most 
basic metric, namely the Hamming metric of the code is defined as follows: 
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Definition 3. For any two vectors x = (x1... Xn) and y =(y1... Yn) in V", the n dimensional vector space 
over the field F = Z>, the Hamming distance d(x, y) and the Hamming weight w(x) are defined as follows: 


A(x, y) = xxi Ayu xi Ex; yi € yl 


w(x) = | fxj:x; 4 0; x; € x} I. 


Definition 4. The minimum distance dyin of a code C(n, k) is defined as 


Admin = min d(x,y). 
xYEC 
x#y 


The coset leader method used for error correction, makes use of the standard array for syndrome 
decoding as described in Reference [11]. 


2.2. Soft Set Theory 


The soft set theory which is a generalization of fuzzy set theory was proposed by Reference [12]. 
While this part X concerns to an inceptive domain, P(X) is the power set of X, V is called a set of 
parameters, or D C V. The soft set theory defined by Reference [12] is given below. 


Definition 5. The set (f, D) is said to be a soft set of X where a mapping of f is given by f:D —> P(X). 
In other words, a soft set over X is a parameterized family of subsets of the universe X. For d € D, f(d) can 
be considered as the set of d-elements of the soft set (f, D), or as the set of d-approximate elements of the soft set. 
Let (f, D) and (g, E) be two soft sets over X, (f, D) is called a soft subset of (g, E) if D C E and f(s) € g(s), 
forall s € D. This relationship is denoted by (f, D) C (g, E). Similarly, (f, D) is called a soft superset of (g, E) 
if (g, E) is a soft subset of (f, D) which is denoted by (f, D) D () (g, E). If (f, D) © (g, E) and (g, E) € (f, D), 
the two soft sets are said to be equal. 


3. Algebraic Soft Linear Codes and Their Properties 


In this section the concept of soft linear code and algebraic soft linear code of type 1 are proposed 
and notion of soft generator matrix and soft parity check matrix are introduced. 


Definition 6. Let F = Zp; be the field of characteristic two. Let) W=F x... x F =F", bea vector space over 
the field F of dimension m. P(W) be the power set of W. (f, D) is said to be a soft algebraic linear code over F if 
and only if f(d) is a linear algebraic code of W for all d € D; D C V, where V is the set of parameters. 


It is to be noted that not all vector subspaces of W, forms a linear algebraic code. Further, the soft 
algebraic linear code does not in general include all linear algebraic codes of W. 


Example 1. Let W = F? be a vector space over the field F. (f, D) is a soft linear code over W where f(D) = {f(d,), 
fldz)} with 
f(dy) = {000, 111} and f(d2) = {000, 110, 101, 011}. 


Clearly {000, 111} and {000, 110, 101, 011} are linear algebraic codes. {{000, 000}, {000, 110}, {000, 101}, 
{000, 011}, {111, 000}, {111, 110}, {111, 101}, and {111, 011}} is the set of soft codewords of (f, D). There are 8 
soft codewords for the soft code (f, D). 


In view of this example we define soft codeword as follows: 


440 


Florentin Smarandache (author and editor) Collected Papers, IX 


Definition 7. Let W=F x ... x F=F", be a vector space over the field F of dimension m. P(W) be the power 
set of W. (f, D) be a soft algebraic linear code over F. Let f(D) = {f(d1), ... , f(dy)} where each f(d;); 1 <i<tisa 
linear algebraic code of W. Each t-tuple {x1, x2,... , X¢}; x; € fldj); 1 <i < tis defined as the soft codeword of the 
soft algebraic code (f, D). We have | f(dy)| x If(dz)|x ... x If(d)| number of soft codewords for this (f, D). 


In the above example, the soft dimension (f, D) = {1, 2}, that is the number of linearly independent 
codewords of the linear algebraic code associated with f(d,) and f(d2), respectively. 
We have the following definition in view of this. 


Definition 8. Let W = F™, be a vector space over the field F of dimension m. (f, D) be a soft algebraic linear 
code over F. Let f(D) = {f(d1), ... , f(dt)} where each f(d;); 1 <i < t is a linear algebraic code of W. Here each 
f(d;) € f(D) is a linear algebraic code and dimension of f(d;) is n; where n; is the number of linear independent 
elements of f(d;). The soft dimension of (f, D) = {n1,... , nt} and the number of soft codewords of (f, D) is | f(d1) | 
x Ifldz)| x... x Ifldt) |wherel <i <t. 


Definition 9. Let (f, D) be the same as in above Definition 8. (f, D) is called soft code of type 1, if the dimension 
of (f, D) = {nz, N2,..., Np} is such that ny = nz =... = ny. 


In the following we give an example of soft code of type 1. 
Example 2. Let (f, D) be a soft code in W=F x ... x F =F? over the field F. Consider 


(dz) = (00000, 11111, 10110, 01001}, 
f(dz) = (00000, 11111, 11001, 00110}, 
f(d3) = (00000, 11111, 00111, 11000}, and 
f(da) = (00000, 11111, 11100, 00011}. 


The soft dimension of (f, D) is {2, 2, 2, 2}. Hence (f, D) is a soft code of type 1. 


Theorem 1. Every soft algebraic linear code of type 1 is trivially a soft algebraic linear code but the converse is 
not true. 


Proof. The result follows from the definition of soft code of type 1. For the converse, result follows 
from Example 1, where the dimensions of f(d,) and f(d2) are different. 


Now we proceed on to define the soft generator matrix for soft linear algebraic code (f, D). 


Definition 10. Let (f, D) be a soft linear algebraic code as in Definition 8, where f(D) = {f(d1), ... , f(d;)}. 
We know that associated with each f(d;) we have an algebraic code of dimension nj. Let Gj; 1 <i < t be the 
generator matrix associated with this algebraic code associated with f(d;). Then we define the soft generator 
matrix Ge as the t-matrix given by Gs = [Gz|Gzl ... |G]. If the each generator matrix G; of the soft generator 
matrix G, is represented in the standard form then the soft generator matrix G, is known as soft canonical 
generator matrix and is denoted by Gs*. 


Example 3. The soft generator matrix of the soft linear code of type 1 given in Example 2 is as follows: 


1 0) Ae AG 11001 00 1 4 4 1 2.1. 00 
6.= [64 Galcsieu = || § 100 ale G44 Al 10 le 001 ‘| 


where G; is the generator matrix of the algebraic code associated with f(d;); i = 1, 2, 3, 4; clearly this Gg is not the 
soft canonical generator matrix. 
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The following example gives the soft canonical generator matrix for the soft linear code. 
Example 4. Suppose (f, D) be a soft code over W = F?, where 


(dz) = (00000, 10010, 01001, 00110, 11011, 10100, 01111, 11101}; 
(dz) = (00000, 11111, 10110, 01001} 


are algebraic linear codes with standard generator matrix G1 and Gz where 


1 0 1 0 

1 1 1 
G@=l5 5990 /@={o1001 
0 1 1 0 


The soft canonical generator bi-matrix of (f, D) is: 


elf} Od. 4 a E 


0 
: 0100 1 
0 


ne) 
ne a) 
ROR, 
oro 
eS 
SSS | 


Now we proceed onto to define soft parity check matrix and soft canonical parity check matrix 
for a soft linear algebraic code. 


Definition 11. Consider (f, D) as in Definition 8. Let f(D) = {f(d1), ... , f(d;)} where each f(d;) is linear algebraic 
code, let Hj (1 <i < t) be the parity check matrix associated with each linear algebraic code. Then Hg = {H | H2| 
. | Hy} is the soft parity check matrix associated with the soft linear algebraic code. 
Tf each H; is taken in the standard form then the corresponding soft parity check matrix H is defined as the 
soft canonical parity check matrix of the soft algebraic linear code. 


Now, in the following section, we give a method to determine soft errors in received codewords 
and how the soft error corrections are carried out. 


4. Soft Linear Algebraic Decoding Algorithms 


During transmission over any medium, the transmitted codeword can get corrupted with errors. 
The process of identifying these errors from the received codeword is known as error detection and the 
process of correcting the errors and obtaining the correct codeword is known as error correction. In this 
section, we introduce the notion the soft decoding algorithm, error detection, and error correction for 
soft linear algebraic codes. The method of soft syndrome decoding is proposed. 

First, we proceed on to define the notion of coset and soft coset leader. The definition of coset and 
coset leader for any linear algebraic code can be had from Reference [11]. 

We now define the coset leaders as elements in each of the cosets with the least weight. For any 
code, C = C(n, k) is as follows as the algebraic code is a subspace of W so is a subgroup of W. 


Coset Leaders Codewords as cosets of C Syndromes 


eg = 0 Xp winy Xp s=0 
ey ey + X41, ..-, 01 + Xm e,H! 
ep Co + X41, .--, Cot Xm eoH! 

T 

ep Cy t+ X41, -.-, Cp + Xm eypH 


where e;’s are coset leaders. Syndrome of e;, s(e;) = eH"; 0 <i < t. 
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His the parity check matrix of the linear algebraic code C. The coset leader method is used for 
error correction by making use of the standard array for syndrome decoding [11]. 


Definition 12. Let (f, D) be the soft linear code as given in Definition 8. Let Hs = (H1|H2! ... | Ht) be the 
soft parity check matrix of (f, D). Suppose y is the received soft message, the soft syndrome of y is defined as s(y) 
= y HI; if s(y) 4 (0) then we say the soft codeword has soft error. 


Now, we proceed on to analogously describe the syndrome decoding method for soft linear 
algebraic codes. 

Let W = F” bea vector space of dimension n over F = Zp. Let (f, D) be a soft algebraic code with 
f(D) = (f(d4), ... ,f(dt)) where each f(d;); 1 <i < t; is a linear algebraic code over W. Any soft codeword 
in (f, D) will be of the form x = (x1, x2,... ,X+) where x; € f(d;) and x; = (y\,...,y!,,) a m-tuple for which 
it will have k; message symbols; 1 <i <t. 

If z is a received message we have to first find out if z has any error and if z has error we have to 
correct it. Now to check for error we find the soft syndrome s(z) = zH! = z(H{| H7|...|H/) where 
each H; is the parity check matrix of the linear algebraic code associated with f(dj); 1 <i<t. 

If s(z) 4 (0) we have an error. This error is defined as the soft error and s(z) is defined as soft 
syndrome of the soft codeword z received. This procedure of finding out whether the received soft 
codeword is correct or not; it is termed as soft error detection. 

Now, we proceed on to correct the soft error as s(z) 4 (0); some soft error has occurred during 
transmission. We can build an analogous table for error correction or standard array for soft syndrome 
decoding. Soft coset leaders in the case of soft codes will be carried out in an analogous way, which 
will be described by an example. 


Example 5. Let (f, D) be a soft code defined in Example 1. The soft parity check matrix of (f, D) be 


H = (on) aa) | § ' We 1 1}: 


The transpose of H is as follows, 


1 0 1 
Hi = i i 1 
01 1 


And the soft coset leaders of (f, D) are 


€g = {000, 000}, e, = {100, 100}, ep = {010, 010} and e3 = {001, 001} 


The Table 1 of soft syndrome decoding is as follows: 


Table 1. Soft Syndrome Coding. 


Soft Coset Leaders Soft Codewords as Cosets of (f, D) Soft Syndromes 
_ 000, 000}, (000, 110}, {000, 101}, {000, 011}, T 
eo 10, O00) 111, 000}, {111, 110}, {111, 101}, {111, 011} ep (00,0) 
100, 100}, (100, 010}, {100, 001}, {100, 111}, 


e1 = {100, 100} e,H! = {10, 1} 


011, 100 
010, 010 
101, 010 
001, 001 
110, 001 


, (010, 100}, {010, 111}, {010, 001}, 
, {101, 100}, {101, 111}, {101, 001} 
, (001, 111}, {001, 100}, {001, 010}, 
, {110, 111}, {110, 100}, {110, 010} 


eoH! = {11,1} 


hA 
hd 
a 
, {111, 010}, {011, 001}, {011, 111} 
ez = {010, 010} 
hd 
HA 


eae we SS SS SS Se 


e3 = {001, 001} e3H! = {01,1} 
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Theorem 2. Suppose (f, D) be a soft linear algebraic code over a field F, given in Definition 8, any element 
received codeword, which has some error y = (y1,... , Yn); yi € W=F"; 1 <i < t; then there is a soft codeword 
nearest to y given by x = y + soft coset leader e; of the soft code (f, D). 


Proof. Let (f, D) be a soft linear algebraic code over a field F with H as the soft parity check matrix. 
Let y = (y1,... , yz) be the received codeword, we find the soft syndrome; 


s(y) = yH’ = (y... yi) | A] Hz|... HF] 


where s(y) = (0) implies that there is no error, so y is the correct codeword. If s(y) 4 (0), then we work 
as follows: First, we find all the soft linear algebraic coset of the soft linear algebraic code (f, D) for 
soft set-based syndrome decoding, and then find the appropriate soft linear algebraic coset leaders e; 
from the collection of coset leaders using the one analogues Table 1. Then, for all soft coset leaders 
we calculate the soft set-based syndrome and make a table of soft linear algebraic coset leaders with 
their soft set-based syndromes. For decoding a soft linear algebraic codeword y, we can merely find 
the soft set-based syndrome of the soft linear algebraic codeword and then compare soft coset leader 
syndrome with their soft set-based syndrome. After the comparison, we add the soft decoded word to 
the soft linear algebraic coset leader. Thus, y is soft decoded as x = y + @;; e; is the soft coset leader and 
x is the corrected word. 


5. Soft Set-Based Communication Transmission and Comparison of Soft Linear Algebraic Codes 
and Linear Algebraic Codes 


In this section, we propose a soft set-based communication transmission. The following proposed 
model comprises of a soft linear algebraic encoder that is an approximated collection of encoders. 
Hence, if (f, D) is a soft code; in D corresponding to each parameter d, in the soft encoder we have an 
encoder. Moreover, we have a soft linear algebraic decoder that is the collection of decoders; hence, 
to each parameter in D, we have a decoder in the soft linear algebraic decoder. In parameter set 
A = (a, ... , @m), there are m parameters. A soft set-based communication transmission reduces to 
classical communication transmission if we have m = 1. The model of soft set-based communication 
transmission is given in the following Figure 1. 


444 


Florentin Smarandache (author and editor) Collected Papers, IX 


Receiver 
Ri 


Receiver 
R2 


Receiver 
Rn 


Encoder 
wrt ai 
Encoder 
wrt a2 


Decoder 
wrt ai 
Decoder 
wrt a2 


Source 


Encoder Decoder 
wit am wrt au 


Soft Encoder Soft Decoder 


Figure 1. Soft Communication transmission model. 


The major difference among linear code and soft linear code is that for the soft linear code every 
soft code word has some attributes or concept, i.e., each soft code word is distinguished by some 
attributes, but the linear algebraic codes do not enjoy this property. Thus, one can work on the 
attributes of soft code words, for example an attribute “d;” can have some attribute that can trick the 
hackers. Therefore, the soft linear codes can be more secure as compared to the classical linear codes 
due to the parameterization. The soft linear codes have a different distinct structure. Soft linear code 
is a collection of subspaces, whereas a linear code is only one subspace. Each subspace relies on the 
set of parameters that are used. Hence, soft linear codes are more generalized in comparison to the 
linear codes. 

Linear codes can transfer only one message to a receiver whereas soft linear codes can 
simultaneously transmit m-well defined messages to m-set of receivers. The time taken for transmitting 
m-messages to m-receivers will take at least m unit of time in case of linear algebraic codes, whereas in 
case of soft algebraic codes the time taken will be only the time taken to transmit a single message, 
since the m-messages are transmitted simultaneously. The latest methodology makes use of bi-matrices 
and is more generalized uses with the perception of m-matrices. Clearly, this concept of soft algebraic 
code saves time. In soft decoding procedure, one can decode a set of code words (soft code word) at a 
time while it is not feasible in case of linear algebraic codewords decoding procedure. 


6. Conclusions 


There is an important role of algebraic codes in the minimization of data delinquency, which is 
generated by deficiencies, i.e., inference, noise channel, and crosstalk. In this paper, we have proposed 
the latest notions of soft linear algebraic codes for the first time by using the soft set. This latest class 
of codes can remit simultaneously m-messages to the m-people. Therefore, these new codes can save 
both time and economy. Soft parity check matrix (parity check m-matrix) and soft generator matrix 
(generator m-matrix) were defined. Decoding of soft linear codes was done using soft syndrome 
decoding techniques. The channel transmission is also illustrated. Finally, the major difference and 
comparison of soft linear codes with classical linear codes are presented. 

Even though the proposed code has some advantages over the classical ones, it still has limitations 
in dealing with the multichannel coding problem, rank metrics, etc. Therefore, for future study, 
we wish to implement neutrosophic soft sets in algebraic linear codes. Further introduction of soft 
code with rank metric [22] and construction of T-direct soft codes [23] may be helpful to tackle the 


multichannel coding problem, which is left for researchers in coding theory. The general case based on 
N-soft sets and others [24—36] will be developed as well. 
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Hypersoft Set. Neutrosophic Sets and Systems, 22, 168-170 


Abstract. In this paper, we generalize the soft set to the hypersoft set by transforming the function F into a multi-attribute 
function. Then we introduce the hybrids of Crisp, Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and Plithogenic Hypersoft Set. 


Keywords: Plithogeny; Plithogenic Set; Soft Set; Hypersoft Set; Plithogenic Hypersoft Set; Multi-argument Function. 


1 Introduction 


We generalize the soft set to the hypersoft set by transforming the function F into a multi-argument function. 

Then we make the distinction between the types of Universes of Discourse: crisp, fuzzy, intuitionistic fuzzy, 
neutrosophic, and respectively plithogenic. 

Similarly, we show that a hypersoft set can be crisp, fuzzy, intuitionistic fuzzy, neutrosophic, or plithogenic. 

A detailed numerical example is presented for all types. 


2 Definition of Soft Set [1] 


Let U be a universe of discourse, P(U) the power set of U, and A a set of attributes. Then, the pair (F, U), 
where 

F:A — P(U) (1) 
is called a Soft Set over U. 


3 Definition of Hypersoft Set 


Let U be a universe of discourse, P(U) the power set of U. 

Let ay, Qp,...,Ay, forn = 1, be n distinct attributes, whose corresponding attribute values are respectively the 
sets Ay,A2,...,An, with Aj N A; = @, fori # j, andi,j € {1,2,...,n}. 

Then the pair (F, A, X Az X ... X Ay), where: 

F:A, X A,X ...X A, — P(U) (2) 
is called a Hypersoft Set over U. 


4 Particular case 
For n = 2, we obtain the I—Soft Set [2]. 


5 Types of Universes of Discourses 


5.1. A Universe of Discourse Uc is called Crisp if Vx € Uc, x belongs 100% to Uc, or x’s membership (7;) 
with respect to Uc is 1. Let’s denote it x(1). 

5.2. A Universe of Discourse U; is called Fuzzy if Vx € U,;, x partially belongs to U,, or T, © [0,1], where 
T,, may be a subset, an interval, a hesitant set, a single-value, etc. Let’s denote it by x(T;,). 

5.3. A Universe of Discourse U,; is called Intuitionistic Fuzzy if Vx € U;,, x partially belongs (7;,) and 
partially doesn’t belong (F,) to U;,, or T,, F, & [0,1], where T,, and F, may be subsets, intervals, hesitant sets, 
single-values, etc. Let’s denote it by x(T,, F,). 

5.4. A Universe of Discourse Uy is called Neutrosophic if Vx € Uy, x partially belongs (T,,), partially its 
membership is indeterminate (J,,), and partially it doesn’t belong (F,) to Uy, where T,,, 1, F, & [0,1], may be 
subsets, intervals, hesitant sets, single-values, etc. Let’s denote it by x(T,, ly, Fy). 

5.5. A Universe of Discourse Up over a set V of attributes’ values, where V = {v,,12,...,V,},n = 1, is 
called Plithogenic, if Vx € Up, x belongs to Up in the degree d2(v;) with respect to the attribute value v;, for all 
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i € {1,2, ..., n}. Since the degree of membership d2(v;) may be crisp, fuzzy, intuitionistic fuzzy, or neutrosophic, 
the Plithogenic Universe of Discourse can be Crisp, Fuzzy, Intuitionistic Fuzzy, or respectively Neutrosophic. 

Consequently, a Hypersoft Set over a Crisp / Fuzzy / Intuitionistic Fuzzy / Neutrosophic / or Plithogenic Uni- 
verse of Discourse is respectively called Crisp / Fuzzy / Intuitionistic Fuzzy / Neutrosophic / or Plithogenic 
Hypersoft Set. 


6 Numerical Example 


Let U = {x1,X2,%3, x4} and a set M = {x,,x3} C U. 
Let the attributes be: a, = size, a2 = color, a3 = gender, a, = nationality, and their attributes’ values respec- 
tively: 

Size = A, ={small, medium, tall}, 

Color = Az ={white, yellow, red, black}, 

Gender = A3 ={male, female}, 

Nationality = A, ={American, French, Spanish, Italian, Chinese}. 
Let the function be: 
F:A, X A, X A3 X Ay — P(U). (3) 
Let’s assume: 

F ({tall, white, female, Italian}) = {x,, x3}. 

With respect to the set M, one has: 


6.1 Crisp Hypersoft Set 


F ({tall, white, female, Italian}) = {x,(1),x3(1)}, (4) 
which means that, with respect to the attributes’ values {tall, white, female, Italian} a// together, x, belongs 100% 
to the set M; similarly x3. 


6.2 Fuzzy Hypersoft Set 


F ({tall, white, female, Italian}) = {x,(0.6), x3(0.7)}, (5) 
which means that, with respect to the attributes’ values {tall, white, female, Italian} a// together, x, belongs 60% 
to the set M; similarly, x3 belongs 70% to the set M. 


6.3 Intuitionistic Fuzzy Hypersoft Set 


F ({tall, white, female, Italian}) = {x,(0.6, 0.1), x3 (0.7, 0.2)}, (6) 
which means that, with respect to the attributes’ values {tall, white, female, Italian} a// together, x, belongs 60% 
and 10% it does not belong to the set M; similarly, x; belongs 70% and 20% it does not belong to the set M. 


6.4 Neutrosophic Hypersoft Set 


F ({tall, white, female, Italian}) = {x, (0.6, 0.2, 0.1), x3(0.7, 0.3, 0.2)}, (7) 
which means that, with respect to the attributes’ values {tall, white, female, Italian} all together, x, belongs 60% 
and its indeterminate-belongness is 20% and it doesn’t belong 10% to the set M; similarly, x3 belongs 70% and 
its indeterminate-belongness is 30% and it doesn’t belong 20%. 


6.5 Plithogenic Hypersoft Set 


X4 (a2, (tall), dz, (white), d?, (female), dy, (Italian) ) ; 
F ({tall, white, female, Italian}) = ; (8) 
Xq (a2, (tall), dz, (white), d2, (female), d?, (Italian) ) 
where d? ,(@) means the degree of appurtenance of element x, to the set M with respect to the attribute value a, 
and similarly dp, (a) means the degree of appurtenance of element x, to the set M with respect to the attribute 
value a; where @ € {tall, white, female, Italian}. 

Unlike the Crisp / Fuzzy / Intuitionistic Fuzzy / Neutrosophic Hypersoft Sets [where the degree of appurte- 
nance of an element x to the set M is with respect to all attribute values tall, white, female, Italian together (as a 
whole), therefore a degree of appurtenance with respect to a set of attribute values], the Plithogenic Hypersoft Set 
is a refinement of Crisp / Fuzzy / Intuitionistic Fuzzy / Neutrosophic Hypersoft Sets [since the degree of appurte- 
nance of an element x to the set M is with respect to each single attribute value]. 

But the Plithogenic Hypersoft St is also combined with each of the above, since the degree of degree of appurte- 
nance of an element x to the set M with respect to each single attribute value may be: crisp, fuzzy, intuitionistic 
fuzzy, or neutrosophic. 
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7 Classification of Plithogenic Hypersoft Sets 


7.1 Plithogenic Crisp Hypersoft Set 


It is a plithogenic hypersoft set, such that the degree of appurtenance of an element x to the set M, with respect 
to each attribute value, is crisp: 

d°(a) = 0 (nonappurtenance), or 1 (appurtenance). 

In our example: 

F ({tall, white, female, Italian}) = {x,(1, 1, 1, 1), x3(1, 1, 1, 1)}. (9) 


7.2 Plithogenic Fuzzy Hypersoft Set 


It is a plithogenic hypersoft set, such that the degree of appurtenance of an element x to the set M’, with respect 
to each attribute value, is fuzzy: 

d2(a) € P([0, 1]), power set of [0, 1], 
where d2(-) may be a subset, an interval, a hesitant set, a single-valued number, etc. 

In our example, for a single-valued number: 

F ({tall, white, female, Italian}) = {x, (0.4, 0.7, 0.6, 0.5), x3(0.8, 0.2, 0.7, 0.7)}. (10) 


7.3 Plithogenic Intuitionistic Fuzzy Hypersoft Set 


It is a plithogenic hypersoft set, such that the degree of appurtenance of an element x to the set M’, with respect 
to each attribute value, is intuitionistic fuzzy: 

d°(a) € P([0, 1]7), power set of [0, 1]?, 
where similarly d2(@) may be: a Cartesian product of subsets, of intervals, of hesitant sets, of single-valued num- 
bers, etc. 

In our example, for single-valued numbers: 


Fall whitetemale talaga bes (0.4,0.3) (0.7,0.2) (0.6, 0.0) (0.5, 0.1) \ 


x3(0.8,0.1)(0.2,0.5)(0.7, 0.0)(0.7, 0.4) ip) 


7.4 Plithogenic Neutrosophic Hypersoft Set 


It is a plithogenic hypersoft set, such that the degree of appurtenance of an element x to the set M’, with respect 
to each attribute value, is neutrosophic: 

d2(a) € P([0, 1]*), power set of [0, 1], 
where d2(a) may be: a triple Cartesian product of subsets, of intervals, of hesitant sets, of single-valued numbers, 
etc. 

In our example, for single-valued numbers: 

, . _ (x_1 [(0.4,0.1, 0.3) (0.7, 0.0, 0.2) (0.6, 0.3, 0.0) (0.5, 0.2, aa 
BAtal walle female ltalian) ee [(0.8, 0.1, 0.1)(0.2, 0.4, 0.5)(0.7, 0.1, 0.0)(0.7,0.5,0.4)//. 1?) 


Conclusion & Future Research 


For all types of plithogenic hypersoft sets, the aggregation operators (union, intersection, complement, inclu- 
sion, equality) have to be defined and their properties found. 

Applications in various engineering, technical, medical, social science, administrative, decision making and 
so on, fields of knowledge of these types of plithogenic hypersoft sets should be investigated. 
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Neutrosophy (1995) is a new branch of philosophy that studies triads of the form (<A>, <neutA>, 
<antiA>), where <A> is an entity (i.e., element, concept, idea, theory, logical proposition, etc.), <antiA> 
is the opposite of <A>, while <neutA> is the neutral (or indeterminate) between them, i.e., neither 
<A> nor <antiA> [1]. 

Based on neutrosophy, the neutrosophic triplets were founded; they have a similar form: 
(x, neut(x), anti(x), that satisfy some axioms, for each element x in a given set [2-4]. 

The book Algebraic Structures of Neutrosophic Triplets, Neutrosophic Duplets, or Neutrosophic 
Multisets contains the successful invited submissions [5-56] to a special issue of Symmetry, 
reporting on state-of-the-art and recent advancements of neutrosophic triplets, neutrosophic duplets, 
neutrosophic multisets, and their algebraic structures—that have been defined recently in 2016, but 
have gained interest from world researchers, and several papers have been published in first rank 
international journals. 

The topics approached in the 52 papers included in this book are: neutrosophic sets; neutrosophic 
logic; generalized neutrosophic set; neutrosophic rough set; multigranulation neutrosophic rough 
set (MNRS); neutrosophic cubic sets; triangular fuzzy neutrosophic sets (TFNSs); probabilistic 
single-valued (interval) neutrosophic hesitant fuzzy set; neutro-homomorphism; neutrosophic 
computation; quantum computation; neutrosophic association rule; data mining; big data; oracle 
Turing machines; recursive enumerability; oracle computation; interval number; dependent 
degree; possibility degree; power aggregation operators; multi-criteria group decision-making 
(MCGDM); expert set; soft sets; LA-semihypergroups; single valued trapezoidal neutrosophic 
number; inclusion relation; Q-linguistic neutrosophic variable set; vector similarity measure; cosine 
measure; Dice measure; Jaccard measure; VIKOR model; potential evaluation; emerging technology 
commercialization; 2-tuple linguistic neutrosophic sets (2TLNSs); TODIM model; Bonferroni mean; 
aggregation operator; NC power dual MM (NCPDMM) operator; fault diagnosis; defuzzification; 
simplified neutrosophic weighted averaging operator; linear and non-linear neutrosophic number; 
de-neutrosophication methods; neutro-monomorphism,; neutro-epimorphism; neutro-automorphism; 
fundamental neutro-homomorphism theorem; neutro-isomorphism theorem; quasi neutrosophic 
triplet loop; quasi neutrosophic triplet group; BE-algebra; cloud model; Maclaurin symmetric mean; 
pseudo-BCI algebra; hesitant fuzzy set; photovoltaic plan; decision-making trial and evaluation 
laboratory (DEMATEL); Choquet integral; fuzzy measure; clustering algorithm; and many more. 

In the opening paper [5] of this book, the authors introduce refined concepts for neutrosophic 
quantum computing such as neutrosophic quantum states and transformation gates, neutrosophic 
Hadamard matrix, coherent and decoherent superposition states, entanglement and measurement 
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notions based on neutrosophic quantum states. They also give some observations using these 
principles, and present a number of quantum computational matrix transformations based on 
neutrosophic logic, clarifying quantum mechanical notions relying on neutrosophic states. The paper 
is intended to extend the work of Smarandache [57-59] by introducing a mathematical framework for 
neutrosophic quantum computing and presenting some results. 

The second paper [6] introduces oracle Turing machines with neutrosophic values allowed in the 
oracle information and then give some results when one is permitted to use neutrosophic sets and 
logic in relative computation. The authors also introduce a method to enumerate the elements of a 
neutrosophic subset of natural numbers. 

In the third paper [7], anew approach and framework based on the interval dependent degree 
for MCGDM problems with SNSs is proposed. Firstly, the simplified dependent function and 
distribution function are defined. Then, they are integrated into the interval dependent function 
which contains interval computing and distribution information of the intervals. Subsequently, the 
interval transformation operator is defined to convert SNNs into intervals, and then the interval 
dependent function for SNNs is deduced. Finally, an example is provided to verify the feasibility and 
effectiveness of the proposed method, together with its comparative analysis. In addition, uncertainty 
analysis, which can reflect the dynamic change of the final result caused by changes in the decision 
makers’ preferences, is performed in different distribution function situations. That increases the 
reliability and accuracy of the result. 

Neutrosophic triplet structure yields a symmetric property of truth membership on the left, 
indeterminacy membership in the center and false membership on the right, as do points of object, 
center and image of reflection. As an extension of a neutrosophic set, the Q-neutrosophic set is 
introduced in the subsequent paper [8] to handle two-dimensional uncertain and inconsistent situations. 
The authors extend the soft expert set to the generalized Q-neutrosophic soft expert set by incorporating 
the idea of a soft expert set to the concept of a Q-neutrosophic set and attaching the parameter 
of fuzzy set while defining a Q-neutrosophic soft expert set. This pattern carries the benefits of 
Q-neutrosophic sets and soft sets, enabling decision makers to recognize the views of specialists 
with no requirement for extra lumbering tasks, thus making it exceedingly reasonable for use in 
decision-making issues that include imprecise, indeterminate and inconsistent two-dimensional data. 
Some essential operations, namely subset, equal, complement, union, intersection, AND and OR 
operations, and additionally several properties relating to the notion of a generalized Q-neutrosophic 
soft expert set are characterized. Finally, an algorithm on a generalized Q-neutrosophic soft expert 
set is proposed and applied to a real-life example to show the efficiency of this notion in handling 
such problems. 

In the following paper [9], the authors extend the idea of a neutrosophic triplet set to 
non-associative semihypergroups and define neutrosophic triplet LA-semihypergroup. They discuss 
some basic results and properties, and provide an application of the proposed structure in football. 

Single valued trapezoidal neutrosophic numbers (SVTNNSs) are very useful tools for describing 
complex information, because of their advantage in describing the information completely, accurately 
and comprehensively for decision-making problems [60]. In the next paper [10], a method based on 
SVTNNs is proposed for dealing with MCGDM problems. Firstly, the new operation SVTNNs are 
developed for avoiding evaluation information aggregation loss and distortion. Then the possibility 
degrees and comparison of SVTNNs are proposed from the probability viewpoint for ranking 
and comparing the single valued trapezoidal neutrosophic information reasonably and accurately. 
Based on the new operations and possibility degrees of SVTNNs, the single valued trapezoidal 
neutrosophic power average (SVTNPA) and single valued trapezoidal neutrosophic power geometric 
(SVITNPG) operators are proposed to aggregate the single valued trapezoidal neutrosophic information. 
Furthermore, based on the developed aggregation operators, a single valued trapezoidal neutrosophic 
MCGDM method is developed. Finally, the proposed method is applied to solve the practical problem 
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of the most appropriate green supplier selection and the rank results compared with the previous 
approach demonstrate the proposed method’s effectiveness. 

After the neutrosophic set (NS) was proposed [58], NS was used in many uncertainty problems. 
The single-valued neutrosophic set (SVNS) is a special case of NS that can be used to solve real-word 
problems. The next paper [11] mainly studies multigranulation neutrosophic rough sets (MNRSs) 
and their applications in multi-attribute group decision-making. Firstly, the existing definition of 
neutrosophic rough set (the authors call it type-I neutrosophic rough set (NRSJ) in this paper) is 
analyzed, and then the definition of type-II neutrosophic rough set (NRSII), which is similar to 
NRSI, is given and its properties are studied. Secondly, a type-III neutrosophic rough set (NRSIII) is 
proposed and its differences from NRSI and NRSII are provided. Thirdly, single granulation NRSs are 
extended to multigranulation NRSs, and the type-I multigranulation neutrosophic rough set (MNRSJ) is 
studied. The type-II multigranulation neutrosophic rough set (MNRSII) and type-II multigranulation 
neutrosophic rough set (MNRSIII) are proposed and their different properties are outlined. Finally, 
MNRSIII in two universes is proposed and an algorithm for decision-making based on MNRSIII is 
provided. A car ranking example is studied to explain the application of the proposed model. 

Since language is used for thinking and expressing habits of humans in real life, the 
linguistic evaluation for an objective thing is expressed easily in linguistic terms/values. However, 
existing linguistic concepts cannot describe linguistic arguments regarding an evaluated object in 
two-dimensional universal sets (TDUSs). To describe linguistic neutrosophic arguments in decision 
making problems regarding TDUSs, the next article [12] proposes a Q-linguistic neutrosophic variable 
set (Q-LNVS) for the first time, which depicts its truth, indeterminacy, and falsity linguistic values 
independently corresponding to TDUSs, and vector similarity measures of Q-LNVSs. Thereafter, a 
linguistic neutrosophic MADM approach by using the presented similarity measures, including the 
cosine, Dice, and Jaccard measures, is developed under Q-linguistic neutrosophic setting. Lastly, 
the applicability and effectiveness of the presented MADM approach is presented by an illustrative 
example under Q-linguistic neutrosophic setting. 

In the following article [13], the authors combine the original VIKOR model with a triangular fuzzy 
neutrosophic set [61] to propose the triangular fuzzy neutrosophic VIKOR method. In the extended 
method, they use the triangular fuzzy neutrosophic numbers (TFNNs) to present the criteria values in 
MCGDM problems. Firstly, they summarily introduce the fundamental concepts, operation formulas 
and distance calculating method of TFNNs. Then they review some aggregation operators of TFNNs. 
Thereafter, they extend the original VIKOR model to the triangular fuzzy neutrosophic environment 
and introduce the calculating steps of the TFNNs VIKOR method, the proposed method which is more 
reasonable and scientific for considering the conflicting criteria. Furthermore, a numerical example 
for potential evaluation of emerging technology commercialization is presented to illustrate the new 
method, and some comparisons are also conducted to further illustrate advantages of the new method. 

Another paper [14] in this book aims to extend the original TODIM (Portuguese acronym 
for interactive multi-criteria decision making) method to the 2-tuple linguistic neutrosophic fuzzy 
environment [62] to propose the 2TLNNs TODIM method. In the extended method, the authors 
use 2-tuple linguistic neutrosophic numbers (2TLNNs) to present the criteria values in multiple 
attribute group decision making (MAGDM) problems. Firstly, they briefly introduce the definition, 
operational laws, some aggregation operators, and the distance calculating method of 2TLNNs. Then, 
the calculation steps of the original TODIM model are presented in simplified form. Thereafter, they 
extend the original TODIM model to the 2TLNNs environment to build the 2TLNNs TODIM model, 
the proposed method, which is more reasonable and scientific in considering the subjectivity of the 
decision makers’ (DMs’) behaviors and the dominance of each alternative over others. Finally, a 
numerical example for the safety assessment of a construction project is proposed to illustrate the 
new method, and some comparisons are also conducted to further illustrate the advantages of the 
new method. 
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The power Bonferroni mean (PBM) operator is a hybrid structure and can take the advantage 
of a power average (PA) operator, which can reduce the impact of inappropriate data given by the 
prejudiced decision makers (DMs) and Bonferroni mean (BM) operator, which can take into account 
the correlation between two attributes. In recent years, many researchers have extended the PBM 
operator to handle fuzzy information. The Dombi operations of T-conorm (TCN) and T-norm (TN), 
proposed by Dombi, have the supremacy of outstanding flexibility with general parameters. However, 
in the existing literature, PBM and the Dombi operations have not been combined for the above 
advantages for interval-neutrosophic sets (INSs) [63]. In the following paper [15], the authors define 
some operational laws for interval neutrosophic numbers (INNs) based on Dombi TN and TCN and 
discuss several desirable properties of these operational rules. Secondly, they extend the PBM operator 
based on Dombi operations to develop an interval-neutrosophic Dombi PBM (INDPBM) operator, an 
interval-neutrosophic weighted Dombi PBM (INWDPBM) operator, an interval-neutrosophic Dombi 
power geometric Bonferroni mean (INDPGBM) operator and an interval-neutrosophic weighted Dombi 
power geometric Bonferroni mean (INWDPGBM) operator, and discuss several properties of these 
aggregation operators. Then they develop a MADM method, based on these proposed aggregation 
operators, to deal with interval neutrosophic (IN) information. An illustrative example is provided to 
show the usefulness and realism of the proposed MADM method. 

The neutrosophic cubic set (NCS) is a hybrid structure [64], which consists of INS [63] (associated 
with the undetermined part of information associated with entropy) and SVNS [60] (associated with 
the determined part of information). NCS is a better tool to handle complex DM problems with INS 
and SVNS. The main purpose of the next article [16] is to develop some new aggregation operators 
for cubic neutrosophic numbers (NCNs), which is a basic member of NCS. Taking the advantages 
of Muirhead mean (MM) operator and PA operator, the power Muirhead mean (PMM) operator is 
developed and is scrutinized under NC information. To manage the problems upstretched, some new 
NC aggregation operators, such as the NC power Muirhead mean (NCPMM) operator, weighted NC 
power Muirhead mean (WNCPMM) operator, NC power dual Muirhead mean (NCPMM) operator 
and weighted NC power dual Muirhead mean (WNCPDMM) operator are proposed and related 
properties of these proposed aggregation operators are conferred. The important advantage of the 
developed aggregation operator is that it can remove the effect of awkward data and it considers the 
interrelationship among aggregated values at the same time. Finally, a numerical example is given to 
show the effectiveness of the developed approach. 

Smarandache defined a neutrosophic set [57] to handle problems involving incompleteness, 
indeterminacy, and awareness of inconsistency knowledge, and have further developed neutrosophic 
soft expert sets. In the next paper [17] of this book, this concept is further expanded to 
generalized neutrosophic soft expert set (GNSES). The authors then define its basic operations of 
complement, union, intersection, AND, OR, and study some related properties, with supporting 
proofs. Subsequently, they define a GNSES-ageregation operator to construct an algorithm for a 
GNSES decision-making method, which allows for a more efficient decision process. Finally, they 
apply the algorithm to a decision-making problem, to illustrate the effectiveness and practicality of the 
proposed concept. A comparative analysis with existing methods is done and the result affirms the 
flexibility and precision of the proposed method. 

In the next paper [18], the authors define the neutrosophic valued (and generalized or G) metric 
spaces for the first time. Besides, they determine a mathematical model for clustering the neutrosophic 
big data sets using G-metric. Furthermore, relative weighted neutrosophic-valued distance and 
weighted cohesion measure are defined for neutrosophic big data set [65]. A very practical method for 
data analysis of neutrosophic big data is offered, although neutrosophic data type (neutrosophic big 
data) are in massive and detailed form when compared with other data types. 

Bol-Moufang types of a particular quasi neutrosophic triplet loop (BCI-algebra), christened 
Fenyves BCI-algebras, are introduced and studied in another paper [19] of this book. 60 Fenyves 
BCI-algebras are introduced and classified. Amongst these 60 classes of algebras, 46 are found to 
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be associative and 14 are found to be non-associative. The 46 associative algebras are shown to be 
Boolean groups. Moreover, necessary and sufficient conditions for 13 non-associative algebras to be 
associative are also obtained: p-semisimplicity is found to be necessary and sufficient for a F3, F5, F42, 
and F55 algebras to be associative while quasi-associativity is found to be necessary and sufficient 
for F19, F52, F56, and F59 algebras to be associative. Two pairs of the 14 non-associative algebras are 
found to be equivalent to associativity (F52 and F55, and F55 and F59). Every BCI-algebra is naturally 
a F54 BCl-algebra. The work is concluded with recommendations based on comparison between 
the behavior of identities of Bol-Moufang (Fenyves’ identities) in quasigroups and loops and their 
behavior in BCI-algebra. It is concluded that results of this work are an initiation into the study of 
the classification of finite Fenyves’ quasi neutrosophic triplet loops (FQNTLs) just like various types 
of finite loops have been classified. This research work has opened a new area of research finding in 
BCl-algebras, vis-a-vis the emergence of 540 varieties of Bol-Moufang type quasi neutrosophic triplet 
loops. A ‘cycle of algebraic structures’ which portrays this fact is provided. 

The uncertainty and concurrence of randomness are considered when many practical problems 
are dealt with. To describe the aleatory uncertainty and imprecision in a neutrosophic environment 
and prevent the obliteration of more data, the concept of the probabilistic single-valued (interval) 
neutrosophic hesitant fuzzy set is introduced in the next paper [20]. By definition, the probabilistic 
single-valued neutrosophic hesitant fuzzy set (PSVNHFS) is a special case of the probabilistic interval 
neutrosophic hesitant fuzzy set (PINHFS). PSVNHFSs can satisfy all the properties of PINHFSs. 
An example is given to illustrate that PINHFS compared to PSVNHFS is more general. Then, 
PINHFS is the main research object. The basic operational relations of PINHFS are studied, and 
the comparison method of probabilistic interval neutrosophic hesitant fuzzy numbers (PINHFNs) is 
proposed. Then, the probabilistic interval neutrosophic hesitant fuzzy weighted averaging (PINHFWA) 
and the probability interval neutrosophic hesitant fuzzy weighted geometric (PINHFWG) operators 
are presented. Some basic properties are investigated. Next, based on the PINHFWA and PINHFWG 
operators, a decision-making method under a probabilistic interval neutrosophic hesitant fuzzy 
circumstance is established. Finally, the authors apply this method to the issue of investment options. 
The validity and application of the new approach is demonstrated. 

Competition among different universities depends largely on the competition for talent. Talent 
evaluation and selection is one of the main activities in human resource management (HRM) which is 
critical for university development [21]. Firstly, linguistic neutrosophic sets (LNSs) are introduced to 
better express multiple uncertain information during the evaluation procedure. The authors further 
merge the power averaging operator with LNSs for information aggregation and propose a LN-power 
weighted averaging (LNPWA) operator and a LN-power weighted geometric (LNPWG) operator. 
Then, an extended technique for order preference by similarity to ideal solution (TOPSIS) method 
is developed to solve a case of university HRM evaluation problem. The main contribution and 
novelty of the proposed method rely on that it allows the information provided by different DMs to 
support and reinforce each other which is more consistent with the actual situation of university HRM 
evaluation. In addition, its effectiveness and advantages over existing methods are verified through 
sensitivity and comparative analysis. The results show that the proposal is capable in the domain of 
university HRM evaluation and may contribute to the talent introduction in universities. 

The concept of a commutative generalized neutrosophic ideal in a BCK-algebra is proposed, and 
related properties are proved in another paper [22] of this book. Characterizations of a commutative 
generalized neutrosophic ideal are considered. Also, some equivalence relations on the family of all 
commutative generalized neutrosophic ideals in BCK-algebras are introduced, and some properties 
are investigated. 

Fault diagnosis is an important issue in various fields and aims to detect and identify the faults of 
systems, products, and processes. The cause of a fault is complicated due to the uncertainty of the 
actual environment. Nevertheless, it is difficult to consider uncertain factors adequately with many 
traditional methods. In addition, the same fault may show multiple features and the same feature 
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might be caused by different faults. In the next paper [23], a neutrosophic set based fault diagnosis 
method based on multi-stage fault template data is proposed to solve this problem. For an unknown 
fault sample whose fault type is unknown and needs to be diagnosed, the neutrosophic set based on 
multi-stage fault template data is generated, and then the generated neutrosophic set is fused via the 
simplified neutrosophic weighted averaging (SNWA) operator. Afterwards, the fault diagnosis results 
can be determined by the application of defuzzification method for a defuzzying neutrosophic set. 
Most kinds of uncertain problems in the process of fault diagnosis, including uncertain information 
and inconsistent information, could be handled well with the integration of multi-stage fault template 
data and the neutrosophic set. Finally, the practicality and effectiveness of the proposed method are 
demonstrated via an illustrative example. 

The notions of neutrosophy, neutrosophic algebraic structures, neutrosophic duplet and 
neutrosophic triplet were introduced by Florentin Smarandache [57]. In another paper [24] of this 
book, some neutrosophic duplets are studied. A particular case is considered, and the complete 
characterization of neutrosophic duplets are given. Some open problems related to neutrosophic 
duplets are proposed. 

In the next paper [25], the authors provide an application of neutrosophic bipolar fuzzy sets 
applied to daily life’s problem related with the HOPE foundation, which is planning to build 
a children’s hospital. They develop the theory of neutrosophic bipolar fuzzy sets, which is a 
generalization of bipolar fuzzy sets. After giving the definition they introduce some basic operation of 
neutrosophic bipolar fuzzy sets and focus on weighted aggregation operators in terms of neutrosophic 
bipolar fuzzy sets. They define neutrosophic bipolar fuzzy weighted averaging (NBFWA) and 
neutrosophic bipolar fuzzy ordered weighted averaging (NBFOWA) operators. Next they introduce 
different kinds of similarity measures of neutrosophic bipolar fuzzy sets. Finally, as an application, the 
authors give an algorithm for the multiple attribute decision making problems under the neutrosophic 
bipolar fuzzy environment by using the different kinds of neutrosophic bipolar fuzzy weighted /fuzzy 
ordered weighted aggregation operators with a numerical example related with HOPE foundation. 

In the following paper [26], the authors introduce the concept of neutrosophic numbers from 
different viewpoints [57-65]. They define different types of linear and non-linear generalized 
triangular neutrosophic numbers which are very important for uncertainty theory. They introduce the 
de-neutrosophication concept for neutrosophic number for triangular neutrosophic numbers. This 
concept helps to convert a neutrosophic number into a crisp number. The concepts are followed by two 
applications, namely in an imprecise project evaluation review technique and a route selection problem. 

In classical group theory, homomorphism and isomorphism are significant to study the 
relation between two algebraic systems. Through the next article [27], the authors propose 
neutro-homomorphism and neutro-isomorphism for the neutrosophic extended triplet group (NETG) 
which plays a significant role in the theory of neutrosophic triplet algebraic structures. Then, they 
define neutro-monomorphism, neutro-epimorphism, and neutro-automorphism. They give and prove 
some theorems related to these structures. Furthermore, the Fundamental homomorphism theorem 
for the NETG is given and some special cases are discussed. First and second neutro-isomorphism 
theorems are stated. Finally, by applying homomorphism theorems to neutrosophic extended triplet 
algebraic structures, the authors have examined how closely different systems are related. 

It is an interesting direction to study rough sets from a multi-granularity perspective. In rough set 
theory, the multi-particle structure was represented by a binary relation. The next paper [28] considers 
a new neutrosophic rough set model, multi-granulation neutrosophic rough set (MGNRS). First, the 
concept of MGNRS on a single domain and dual domains was proposed. Then, their properties and 
operators were considered. The authors obtained that MGNRS on dual domains will degenerate into 
MGNKRS ona single domain when the two domains are the same. Finally, a kind of special multi-criteria 
group decision making (MCGDM) problem was solved based on MGNRS on dual domains, and an 
example was given to show its feasibility. 
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As a new generalization of the notion of the standard group, the notion of the NTG is derived 
from the basic idea of the neutrosophic set and can be regarded as a mathematical structure describing 
generalized symmetry. In the next paper [29], the properties and structural features of NTG are studied 
in depth by using theoretical analysis and software calculations (in fact, some important examples in 
the paper are calculated and verified by mathematics software, but the related programs are omitted). 
The main results are obtained as follows: (1) by constructing counterexamples, some mistakes in the 
some literatures are pointed out; (2) some new properties of NTGs are obtained, and it is proved 
that every element has a unique neutral element in any neutrosophic triplet group; (3) the notions of 
NT-subgroups, strong NT-subgroups, and weak commutative neutrosophic triplet groups (WCNTGs) 
are introduced, the quotient structures are constructed by strong NT-subgroups, and a homomorphism 
theorem is proved in weak commutative neutrosophic triplet groups. 

The aim of the following paper [30] is to introduce some new operators for aggregating 
single-valued neutrosophic (SVN) information and to apply them to solve the multi-criteria 
decision-making (MCDM) problems. The single-valued neutrosophic set, as an extension and 
generalization of an intuitionistic fuzzy set, is a powerful tool to describe the fuzziness and 
uncertainty [60], and MM is a well-known aggregation operator which can consider interrelationships 
among any number of arguments assigned by a variable vector. In order to make full use of the 
advantages of both, the authors introduce two new prioritized MM aggregation operators, such as 
the SVN prioritized MM (SVNPMM) and SVN prioritized dual MM (GVNPDMM) under an SVN set 
environment. In addition, some properties of these new aggregation operators are investigated and 
some special cases are discussed. Furthermore, the authors propose a new method based on these 
operators for solving the MCDM problems. Finally, an illustrative example is presented to testify the 
efficiency and superiority of the proposed method by comparing it with the existing method. 

Making predictions according to historical values has long been regarded as common practice 
by many researchers. However, forecasting solely based on historical values could lead to inevitable 
over-complexity and uncertainty due to the uncertainties inside, and the random influence outside, 
of the data. Consequently, finding the inherent rules and patterns of a time series by eliminating 
disturbances without losing important details has long been a research hotspot. In the following 
paper [31], the authors propose a novel forecasting model based on multi-valued neutrosophic sets 
to find fluctuation rules and patterns of a time series. The contributions of the proposed model 
are: (1) using a multi-valued neutrosophic set (MVNS) to describe the fluctuation patterns of a time 
series, the model could represent the fluctuation trend of up, equal, and down with degrees of truth, 
indeterminacy, and falsity which significantly preserve details of the historical values; (2) measuring 
the similarities of different fluctuation patterns by the Hamming distance could avoid the confusion 
caused by incomplete information from limited samples; and (3) introducing another related time 
series as a secondary factor to avoid warp and deviation in inferring inherent rules of historical values, 
which could lead to more comprehensive rules for further forecasting. To evaluate the performance 
of the model, the authors explore the Taiwan Stock Exchange Capitalization Weighted Stock Index 
(TAIEX) as the major factor, and the Dow Jones Index as the secondary factor to facilitate the predicting 
of the TAIEX. To show the universality of the model, they apply the proposed model to forecast the 
Shanghai Stock Exchange Composite Index (SHSECI) as well. 

The new notion of a neutrosophic triplet group (NTG) proposed by Smarandache is a new 
algebraic structure different from the classical group. The aim of the next paper [32] is to further 
expand this new concept and to study its application in related logic algebra systems. Some new 
notions of left (right)-quasi neutrosophic triplet loops and left (right)-quasi neutrosophic triplet groups 
are introduced, and some properties are presented. As a corollary of these properties, the following 
important result are proved: for any commutative neutrosophic triplet group, its every element has a 
unique neutral element. Moreover, some left (right)-quasi neutrosophic triplet structures in BE-algebras 
and generalized BE-algebras (including Cl-algebras and pseudo Cl-algebras) are established, and the 
adjoint semigroups of the BE-algebras and generalized BE-algebras are investigated for the first time. 
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In a neutrosophic triplet set, there is a neutral element and antielement for each element. In the 
following study [33], the concept of neutrosophic triplet partial metric space (NTPMS) is given and 
the properties of NIPMS are studied. The authors show that both classical metric and neutrosophic 
triplet metric (NTM) are different from NTPM. Also, they show that NIPMS can be defined with each 
NTMS. Furthermore, the authors define a contraction for NTPMS and give a fixed point theory (FPT) 
for NTPMS. The FPT has been revealed as a very powerful tool in the study of nonlinear phenomena. 

Another paper [34] of this book presents a modified Technique for Order Preference by Similarity 
to an Ideal Solution (TOPSIS) with maximizing deviation method based on the SVNS model [60]. 
A SVNS is a special case of a neutrosophic set which is characterized by a truth, indeterminacy, 
and falsity membership function, each of which lies in the standard interval of [0,1]. An integrated 
weight measure approach that takes into consideration both the objective and subjective weights of the 
attributes is used. The maximizing deviation method is used to compute the objective weight of the 
attributes, and the non-linear weighted comprehensive method is used to determine the combined 
weights for each attributes. The use of the maximizing deviation method allows our proposed method 
to handle situations in which information pertaining to the weight coefficients of the attributes are 
completely unknown or only partially known. The proposed method is then applied to a multi-attribute 
decision-making (MADM) problem. Lastly, a comprehensive comparative studies is presented, in 
which the performance of our proposed algorithm is compared and contrasted with other recent 
approaches involving SVNSs in literature. 

One of the most significant competitive strategies for organizations is sustainable supply chain 
management (SSCM). The vital part in the administration of a sustainable supply chain is the 
sustainable supplier selection, which is a multi-criteria decision-making issue, including many 
conflicting criteria. The valuation and selection of sustainable suppliers are difficult problems due 
to vague, inconsistent, and imprecise knowledge of decision makers. In the literature on supply 
chain management for measuring green performance, the requirement for methodological analysis of 
how sustainable variables affect each other, and how to consider vague, imprecise and inconsistent 
knowledge, is still unresolved. The next research [35] provides an incorporated multi-criteria 
decision-making procedure for sustainable supplier selection problems (SSSPs). An integrated 
framework is presented via interval-valued neutrosophic sets to deal with vague, imprecise and 
inconsistent information that exists usually in real world. The analytic network process (ANP) is 
employed to calculate weights of selected criteria by considering their interdependencies. For ranking 
alternatives and avoiding additional comparisons of analytic network processes, the TOPSIS is used. 
The proposed framework is turned to account for analyzing and selecting the optimal supplier. 
An actual case study of a dairy company in Egypt is examined within the proposed framework. 
Comparison with other existing methods is implemented to confirm the effectiveness and efficiency of 
the proposed approach. 

The concept of interval neutrosophic sets has been studied [63] and the introduction of a new 
kind of set in topological spaces called the interval valued neutrosophic support soft set is suggested in 
the next paper [36]. The authors also study some of its basic properties. The main purpose of the paper 
is to give the optimum solution to decision-making in real life problems the using interval valued 
neutrosophic support soft set. 

In inconsistent and indeterminate settings, as a usual tool, the NCS containing single-valued 
neutrosophic numbers [60] and interval neutrosophic numbers [64] can be applied in decision-making 
to present its partial indeterminate and partial determinate information. However, a few researchers 
have studied neutrosophic cubic decision-making problems, where the similarity measure of NCSs is 
one of the useful measure methods. For the following work [37] in this book, the authors propose the 
Dice, cotangent, and Jaccard measures between NCSs, and indicate their properties. Then, under an 
NCS environment, the similarity measures-based decision-making method of multiple attributes is 
developed. In the decision-making process, all the alternatives are ranked by the similarity measure 
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of each alternative and the ideal solution to obtain the best one. Finally, two practical examples are 
applied to indicate the feasibility and effectiveness of the developed method. 

In real-world diagnostic procedures, due to the limitation of human cognitive competence, a 
medical expert may not conveniently use some crisp numbers to express the diagnostic information, 
and plenty of research has indicated that generalized fuzzy numbers play a significant role in describing 
complex diagnostic information. To deal with medical diagnosis problems based on generalized fuzzy 
sets (FSs), the notion of single-valued neutrosophic multisets (GVNMs) [60] is firstly used to express the 
diagnostic information [38]. Then the model of probabilistic rough sets (PRSs) over two universes is 
applied to analyze SVNMs;, and the concepts of single-valued neutrosophic rough multisets (6VNRMs) 
over two universes and probabilistic rough single-valued neutrosophic multisets (PRSVNMs) over two 
universes are introduced. Based on SVNRMs over two universes and PRSVNMs over two universes, 
single-valued neutrosophic probabilistic rough multisets (GVNPRMs) over two universes are further 
established. Next, a three-way decision model by virtue of SVNPRMs over two universes in the context 
of medical diagnosis is constructed. Finally, a practical case study along with a comparative study are 
carried out to reveal the accuracy and reliability of the constructed three-way decisions model. 

The next article [39] is based on new developments on a NTG and applications earlier introduced 
in 2016 by Smarandache and Ali. NTG sprang up from neutrosophic triplet set X: a collection of triplets 
(b,neut(b),anti(b)) for an b€X that obeys certain axioms (existence of neutral(s) and opposite(s)). Some 
results that are true in classical groups are investigated in NTG and shown to be either universally 
true in NTG or true in some peculiar types of NTG. Distinguishing features between an NTG and 
some other algebraic structures such as: generalized group (GG), quasigroup, loop, and group are 
investigated. Some neutrosophic triplet subgroups (NTSGs) of a neutrosophic triplet group are studied. 
Applications of the neutrosophic triplet set, and our results on NTG in relation to management and 
sports, are highlighted and discussed. 

Neutrosophic cubic sets [64] are the more generalized tool by which one can handle imprecise 
information in a more effective way as compared to fuzzy sets and all other versions of fuzzy sets. 
Neutrosophic cubic sets have the more flexibility, precision and compatibility to the system as compared 
to previous existing fuzzy models. On the other hand, the graphs represent a problem physically in 
the form of diagrams and matrices, etc., which is very easy to understand and handle. Therefore, the 
authors of the subsequent paper [40] apply the neutrosophic cubic sets to graph theory in order to 
develop a more general approach where they can model imprecise information through graphs. One of 
very important futures of two neutrosophic cubic sets is the R-union that R-union of two neutrosophic 
cubic sets is again a neutrosophic cubic set. Since the purpose of this new model is to capture the 
uncertainty, the authors provide applications in industries to test the applicability of the defined model 
based on present time and future prediction which is the main advantage of neutrosophic cubic sets. 

Thereafter, another paper [41] presents a deciding technique for robotic dexterous hand 
configurations. This algorithm can be used to decide on how to configure a robotic hand so it can grasp 
objects in different scenarios. Receiving as input from several sensor signals that provide information 
on the object’s shape, the DSmT decision-making algorithm passes the information through several 
steps before deciding what hand configuration should be used for a certain object and task. The 
proposed decision-making method for real time control will decrease the feedback time between 
the command and grasped object, and can be successfully applied on robot dexterous hands. For 
this, the authors have used the Dezert-Smarandache theory which can provide information even on 
contradictory or uncertain systems. 

The study [42] that follows introduces simplified neutrosophic linguistic numbers (SNLNs) to 
describe online consumer reviews in an appropriate manner. Considering the defects of studies on 
SNLNs in handling linguistic information, the cloud model is used to convert linguistic terms in 
SNLNs to three numerical characteristics. Then, a novel simplified neutrosophic cloud (SNC) concept 
is presented, and its operations and distance are defined. Next, a series of simplified neutrosophic 
cloud aggregation operators are investigated, including the simplified neutrosophic clouds Maclaurin 
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symmetric mean (SNCMSM) operator, weighted SNCMSM operator, and generalized weighted 
SNCMSM operator. Subsequently, a MCDM model is constructed based on the proposed aggregation 
operators. Finally, a hotel selection problem is presented to verify the effectiveness and validity of our 
developed approach. 

In recent years, typhoon disasters have occurred frequently and the economic losses caused by 
them have received increasing attention. The next study [43] focuses on the evaluation of typhoon 
disasters based on the interval neutrosophic set theory. An interval neutrosophic set (INS) [63] is a 
subclass of a NS [57]. However, the existing exponential operations and their aggregation methods are 
primarily for the intuitionistic fuzzy set. So, this paper mainly focus on the research of the exponential 
operational laws of INNs in which the bases are positive real numbers and the exponents are interval 
neutrosophic numbers. Several properties based on the exponential operational law are discussed in 
detail. Then, the interval neutrosophic weighted exponential aggregation (INWEA) operator is used to 
aggregate assessment information to obtain the comprehensive risk assessment. Finally, a multiple 
attribute decision making (MADM) approach based on the INWEA operator is introduced and applied 
to the evaluation of typhoon disasters in Fujian Province, China. Results show that the proposed new 
approach is feasible and effective in practical applications. 

In the coming paper [44] of this book, the authors study the neutrosophic triplet groups for ac¢Z2p 
and prove this collection of triplets (aneut(a),anti(a)) if trivial forms a semigroup under product, and 
semi-neutrosophic triplets are included in that collection. Otherwise, they form a group under product, 
and it is of order (p—1), with (p+1,p+1,p+1) as the multiplicative identity. The new notion of pseudo 
primitive element is introduced in Z2p analogous to primitive elements in Zp, where p is a prime. 
Open problems based on the pseudo primitive elements are proposed. The study is restricted to Z2p 
and take only the usual product modulo 2p. 

Fuzzy graph theory plays an important role in the study of the symmetry and asymmetry 
properties of fuzzy graphs. With this in mind, in the next paper [45], the authors introduce new 
neutrosophic graphs called complex neutrosophic graphs of type 1 (abbr. CNG1). They then present a 
matrix representation for it and study some properties of this new concept. The concept of CNG1 is an 
extension of the generalized fuzzy graphs of type 1 (GFG1) and generalized single-valued neutrosophic 
graphs of type 1 (GSVNG1). The utility of the CNG1 introduced here is applied to a multi-attribute 
decision making problem related to Internet server selection. 

The purpose of the subsequent paper [46] is to study new algebraic operations and 
fundamental properties of totally dependent-neutrosophic sets and totally dependent-neutrosophic 
soft sets. Firstly, the in-coordination relationships among the original inclusion relations 
of totally dependent-neutrosophic sets (called type-1 and typ-2 inclusion relations in this 
paper) and union (intersection) operations are analyzed, and then type-3 inclusion relation of 
totally dependent-neutrosophic sets and corresponding type-3 union, type-3 intersection, and 
complement operations are introduced. Secondly, the following theorem is proved: all totally 
dependent-neutrosophic sets (based on a certain universe) determined a generalized De Morgan 
algebra with respect to type-3 union, type-3 intersection, and complement operations. Thirdly, 
the relationships among the type-3 order relation, score function, and accuracy function of totally 
dependent-neutrosophic sets are discussed. Finally, some new operations and properties of totally 
dependent-neutrosophic soft sets are investigated, and another generalized De Morgan algebra induced 
by totally dependent-neutrosophic soft sets is obtained. 

In the recent years, school administrators often come across various problems while teaching, 
counseling, and promoting and providing other services which engender disagreements and 
interpersonal conflicts between students, the administrative staff, and others. Action learning is 
an effective way to train school administrators in order to improve their conflict-handling styles. In 
the next paper [47], a novel approach is used to determine the effectiveness of training in school 
administrators who attended an action learning course based on their conflict-handling styles. To 
this end, a Rahim Organization Conflict Inventory II (ROCI-II) instrument is used that consists of 
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both the demographic information and the conflict-handling styles of the school administrators. The 
proposed method uses the neutrosophic set (NS) and support vector machines (SVMs) to construct 
an efficient classification scheme neutrosophic support vector machine (NS-SVM). The neutrosophic 
c-means (NCM) clustering algorithm is used to determine the neutrosophic memberships and then a 
weighting parameter is calculated from the neutrosophic memberships. The calculated weight value 
is then used in SVM as handled in the fuzzy SVM (FSVM) approach. Various experimental works 
are carried in a computer environment out to validate the proposed idea. All experimental works are 
simulated ina MATLAB environment with a five-fold cross-validation technique. The classification 
performance is measured by accuracy criteria. The prediction experiments are conducted based on 
two scenarios. In the first one, all statements are used to predict if a school administrator is trained or 
not after attending an action learning program. In the second scenario, five independent dimensions 
are used individually to predict if a school administrator is trained or not after attending an action 
learning program. According to the obtained results, the proposed NS-SVM outperforms for all 
experimental works. 

The notions of the neutrosophic hesitant fuzzy subalgebra and neutrosophic hesitant fuzzy filter 
in pseudo-BCI algebras are introduced, and some properties and equivalent conditions are investigated 
in the next paper [48]. The relationships between neutrosophic hesitant fuzzy subalgebras (filters) 
and hesitant fuzzy subalgebras (filters) are discussed. Five kinds of special sets are constructed by 
a neutrosophic hesitant fuzzy set, and the conditions for the two kinds of sets to be filters are given. 
Moreover, the conditions for two kinds of special neutrosophic hesitant fuzzy sets to be neutrosophic 
hesitant fuzzy filters are proved. 

To solve the problems related to inhomogeneous connections among the attributes, the authors 
of the following paper [49] introduce a novel multiple attribute group decision-making (MAGDM) 
method based on the introduced linguistic neutrosophic generalized weighted partitioned Bonferroni 
mean operator (LNGWPBM) for linguistic neutrosophic numbers (LNNs). First of all, inspired by the 
merits of the generalized partitioned Bonferroni mean (GPBM) operator and LNNs, they combine 
the GPBM operator and LNNs to propose the linguistic neutrosophic GPBM (LNGPBM) operator, 
which supposes that the relationships are heterogeneous among the attributes in MAGDM. In addition, 
aimed at the different importance of each attribute, the weighted form of the LNGPBM operator 
is investigated. Then, the authors discuss some of its desirable properties and special examples 
accordingly. Finally, they propose a novel MAGDM method on the basis of the introduced LNGWPBM 
operator, and illustrate its validity and merit by comparing it with the existing methods. 

Based on the multiplicity evaluation in some real situations, the next paper [50] firstly introduces 
a single-valued neutrosophic multiset (SVNM) as a subclass of neutrosophic multiset (NM) to express 
the multiplicity information and the operational relations of SVNMs. Then, a cosine measure between 
SVNMs and weighted cosine measure between SVNMs are presented to measure the cosine degree 
between SVNMs;, and their properties are investigated. Based on the weighted cosine measure of 
SVNMs, a multiple attribute decision-making method under a SVNM environment is proposed, in 
which the evaluated values of alternatives are taken in the form of SVNMs. The ranking order of 
all alternatives and the best one can be determined by the weighted cosine measure between every 
alternative and the ideal alternative. Finally, an actual application on the selecting problem illustrates 
the effectiveness and application of the proposed method. 

Rooftop distributed photovoltaic projects have been quickly proposed in China because of policy 
promotion. Before, the rooftops of the shopping mall had not been occupied, and it was urged to 
have a decision-making framework to select suitable shopping mall photovoltaic plans. However, a 
traditional MCDM method failed to solve this issue at the same time, due to the following three defects: 
the interactions problems between the criteria, the loss of evaluation information in the conversion 
process, and the compensation problems between diverse criteria. In the subsequent paper [51], an 
integrated MCDM framework is proposed to address these problems. First of all, the compositive 
evaluation index is constructed, and the application of DEMATEL method helped analyze the internal 
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influence and connection behind each criterion. Then, the interval-valued neutrosophic set is utilized 
to express the imperfect knowledge of experts group and avoid the information loss. Next, an extended 
elimination et choice translation reality (ELECTRE) III method is applied, and it succeed in avoiding 
the compensation problem and obtaining the scientific result. The integrated method used maintained 
symmetry in the solar photovoltaic (PV) investment. Last but not least, a comparative analysis using 
Technique for Order Preference by Similarity to an Ideal Solution (TOPSIS) method and VIKOR method 
is carried out, and alternative plan X1 ranks first at the same. The outcome certified the correctness 
and rationality of the results obtained in this study. 

In the next paper [52], by utilizing the concept of a neutrosophic extended triplet (NET), the 
authors define the neutrosophic image, neutrosophic inverse-image, neutrosophic kernel, and the 
NET subgroup. The notion of the neutrosophic triplet coset and its relation with the classical coset are 
defined and the properties of the neutrosophic triplet cosets are given. Furthermore, the neutrosophic 
triplet normal subgroups, and neutrosophic triplet quotient groups are studied. 

The following paper [53] in the book proposes novel skin lesion detection based on neutrosophic 
clustering and adaptive region growing algorithms applied to dermoscopic images, called NCARG. 
First, the dermoscopic images are mapped into a neutrosophic set domain using the shearlet transform 
results for the images. The images are described via three memberships: true, indeterminate, and 
false memberships. An indeterminate filter is then defined in the neutrosophic set for reducing the 
indeterminacy of the images. A neutrosophic c-means clustering algorithm is applied to segment the 
dermoscopic images. With the clustering results, skin lesions are identified precisely using an adaptive 
region growing method. To evaluate the performance of this algorithm, a public data set (ISIC 2017) is 
employed to train and test the proposed method. Fifty images are randomly selected for training and 
500 images for testing. Several metrics are measured for quantitatively evaluating the performance 
of NCARG. The results establish that the proposed approach has the ability to detect a lesion with 
high accuracy, 95.3% average value, compared to the obtained average accuracy, 80.6%, found when 
employing the neutrosophic similarity score and level set (NSSLS) segmentation approach. 

Every organization seeks to set strategies for its development and growth and to do this, it must 
take into account the factors that affect its success or failure. The most widely used technique in 
strategic planning is SWOT analysis. SWOT examines strengths (S), weaknesses (W), opportunities 
(O), and threats (T), to select and implement the best strategy to achieve organizational goals. The 
chosen strategy should harness the advantages of strengths and opportunities, handle weaknesses, 
and avoid or mitigate threats. SWOT analysis does not quantify factors (i.e., strengths, weaknesses, 
opportunities, and threats) and it fails to rank available alternatives. To overcome this drawback, 
the authors of the next paper [54] integrate it with the analytic hierarchy process (AHP). The AHP is 
able to determine both quantitative and the qualitative elements by weighting and ranking them via 
comparison matrices. Due to the vague and inconsistent information that exists in the real world, they 
apply the proposed model in a neutrosophic environment. A real case study of Starbucks Company is 
presented to validate the model. 

Big Data is a large-sized and complex dataset, which cannot be managed using traditional data 
processing tools. The mining process of big data is the ability to extract valuable information from 
these large datasets. Association rule mining is a type of data mining process, which is intended to 
determine interesting associations between items and to establish a set of association rules whose 
support is greater than a specific threshold. The classical association rules can only be extracted from 
binary data where an item exists in a transaction, but it fails to deal effectively with quantitative 
attributes, through decreasing the quality of generated association rules due to sharp boundary 
problems. In order to overcome the drawbacks of classical association rule mining, the authors of the 
following research [55] propose a new neutrosophic association rule algorithm. The algorithm uses 
a new approach for generating association rules by dealing with membership, indeterminacy, and 
non-membership functions of items, conducting to an efficient decision-making system by considering 
all vague association rules. To prove the validity of the method, they compare the fuzzy mining and 


462 


Florentin Smarandache (author and editor) Collected Papers, IX 


the neutrosophic mining [65]. The results show that the proposed approach increases the number of 
generated association rules. 

The INS is a subclass of the NS and a generalization of the interval-valued intuitionistic fuzzy 
set (IVIFS), which can be used in real engineering and scientific applications. The last paper [56] in 
the book aims at developing new generalized Choquet aggregation operators for INSs, including the 
generalized interval neutrosophic Choquet ordered averaging (G-INCOA) operator and generalized 
interval neutrosophic Choquet ordered geometric (G-INCOG) operator. The main advantages of the 
proposed operators can be described as follows: (i) during decision-making or analyzing process, the 
positive interaction, negative interaction or non-interaction among attributes can be considered by the 
G-INCOA and G-INCOG operators; (ii) each generalized Choquet aggregation operator presents a 
unique comprehensive framework for INSs, which comprises a bunch of existing interval neutrosophic 
aggregation operators; (iii) new multi-attribute decision making (MADM) approaches for INSs are 
established based on these operators, and decision makers may determine the value of A by different 
MADM problems or their preferences, which makes the decision-making process more flexible; (iv) a 
new clustering algorithm for INSs are introduced based on the G-INCOA and G-INCOG operators, 
which proves that they have the potential to be applied to many new fields in the future. 
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Intelligence and Neuroscience 10(3), 117-123 


Abstract 
We introduce now for the first time the neutrosophic hedge algebras as an extension of 
classical hedge algebras, together with an application of neutrosophic hedge algebras. 


1. Introduction 

The classical hedge algebras deal with linguistic variables. In neutrosophic environment we 
have introduced the neutrosophic linguistic variables. We have defined neutrosophic partial 
relationships between single-valued neutrosophic numbers. Neutrosophic operations are used in 
order to aggregate the neutrosophic linguistic values. 


2. Materials and Methods 
We introduce now, for the first time, the Neutrosophic Hedge Algebras, as extension of 
classical Hedge Algebras. 


Let's consider a Linguistic Variable: 
with Dom(x) as the word domain of x, whose each element is a word (label), or string of 
words. 


Let A be an attribute that describes the value of each element x € Dom(x), as follows: 
A: Dom(x) > [0,1]. (1) 

A(x) is the neutrosophic value of x with respect to this attribute: 

A(x) = (trys tes fe), (2) 

where ty, iy, fy € [0,1], such that 


— ty, means the degree of value of x; 
i, means the indeterminate degree of value of x; 
— f, means the degree of non-value of x. 


We may also use the notation: x(t,, i,, f,). 

A neutrosophic partial relationship <,y on Dom(x), defined as follows: 

X{tyy bx fic) Su Wty, by, fy), (3) 

if and only if t, < t,, andi, = iy, fr = fy. 

Therefore, (Dom(x), <j) becomes a neutros-ophic partial order set (or neutrosophic poset), 
and <y is called a neutrosophic inequality. 

Let C = {0,w, 1} bea set of constants, C C Dom(x), where: 


— 0-=the least element, or 0(9 11); 
— w= the neutral (middle) element, or W(95,0.5,0.5); 
— and | = the greatest element, or 1/10). 


Let G be a word-set of two neutrosophic generators, G C Dom(x), qualitatively a negative 
primary neutrosophic term (denoted g™), and the other one that is qualitatively a positive primary 
neutrosophic term (denoted g*), such that: 
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0<y 9° SnwsnQ* Sw 1, (4) 
or transcribed using the neutrosophic com-ponents: 


9(0,1,1) SNF (tg-ig-.fg-) SN M0.5,0.5,0.5) 


sige 
a < 
Sv 9g (EgtilgtS gt) +N 1(1,0,0)» 


where 


- OSt,- $0.5 < t+ < 1 (here there are classical inequalities) 
- 12i,-2052i,+ 2 0, and 
- 12/f,-2052f,+ 20. 


Let H c Dom(x) be the set of neutrosophic hedges, regarded as unary operations. Each 
hedge hEH is a functor, or comparative particle for adjectives and adverbs as in the natural 
language (English). 

h:Dom(x)—Dom(x) 

x— h(x). (5) 

Instead of h(x) one easily writes hx to be closer to the natural language. 

By associating the neutrosophic components, one has: 

h(t _hi_h,f.h) x_(t_x,i_x,f.x). 

A hedge applied to x may increase, decrease, or approximate the neutrosophic value of the 
element x. 

There also exists a neutrosophic identity IEDom(x), denoted I (0,0,0) that does not hange 
on the elements: 

I_(0,0,0) x_(t_x,i_x,f._x). 

In most cases, if a hedge increases / decreases the neutrosophic value of an element x 
situated above the neutral element w, the same hedge does the opposite, decreases / increases the 
neutrosophic value of an element y situated below the neutral element w. 


And reciprocally. 

If a hedge approximates the neutrosophic value, by diminishing it, of an element x situated 
above the neutral element w, then it approximates the neutrosophic value, by enlarging it, of an 
element y situated below the neutral element w. 

Let's refer the hedges with respect to the upper part (LI), above the neutral element, since for 
the lower part (L) it will automatically be the opposite effect. 

We split de set of hedges into three disjoint subsets: 

H_L“+ = the hedges that increase the neutrosophic value of the upper elements; 

H_LI”- = the hedges that decrease the neutrosophic value of the upper elements; 

H_U“~ = the hedges that approximate the neutrosophic value of the upper elements. 


Notations: Let x = x,; Uw Ux,, where x,, cons-titutes the upper element set, while x, the lower 
element subset, w the neutral element. x,, and x, are disjoint two by two. 


3. Operations on Neutrosophic Components 
Let (t4, ty, f,), (te, iz, fo) neutrosophic numbers. 


Then: 

_ (tp +tyift, +t, <1; 
itt =| Lift, +t, > 1; Ao) 
and 
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Co, 0,if tt; —t, < 0; 
2 ee > 0. (7) 
Similarly for i, and f;: 
. , _ fi tinifii tin <1; 
i t+in={ Lifi; +i, >1; (8) 


‘ - 0, if i, — i, < 0; 
1 le Se ie. > 0. (9) 
and 
_fitfrifith <1; 
fith=| eo es (10) 
ms 0,if fi —fe <0; 
f~ fe = th -RIR OF > 0. a1) 


4. Neutrosophic Hedge-Element Operators 
We define the following operators: 


4.1. Neutrosophic Increment 


Hedge |T| Element = (t,t, fi) [1] (tz, tz, fo) = (te + tie — i fo — fad, 
(12) 
meaning that the first triplet increases the second. 


4.2. Neutrosophic Decrement 


Hedge || Element = (¢,, i, ft) [U] (ta, to, fo) = (tz — tie + i, fo + fi), 
(13) 


meaning that the first triplet decreases the second. 
4.3. Theorem 1 


The neutrosophic increment and decrement operators are non-commutattive. 


5. Neutrosophic Hedge-Hedge Operators 

Hedge [t] Hedge = (ty, ty fa) 1] (te, i, fo) = (tt + tat + te fi + fr) 
(14) 

Hedge |L| Hedge = (ty, ix, f:) LL] (ta, iz, fo) = (tr — ta, ty — ts fi — fo) 
(15) 


6. Neutrosophic Hedge Operators 

Let xy (tx, be) fe) € Dom(x) i.e. x, is an upper element of Dom(x), and 
a Ai(tn, tnt fre) © Hd, 

- hi(tnz, tna fag) © Ao, 

= Aittnz,tns, fag) © Ao, 

then hj applied to x,, gives 

(hi xu) tay bey feu) LU] (tripe tngy Frnt) 

and hy applied to x,, gives 

hox uty) bey fey) LY ths ing fas) 

and hij applied to x,, gives 


(hg xy) bx, bey Fens) LT tazs tne, Faz). 
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Now, let x, (ty, ix, fe, ) € Dom(x,), i.e. x, is a lower element of Dom(x). Then, hi 
applied to x, gives: 


AG xp (toy bey» fe.) (tnt tnt fas) 
and hy applied to x; gives: 
hx (tees bes fre) (tas. tng faz), 


and hy applied to x, gives: 


hgx, (tx, lyp fet) (tho, Ung faz). 
In the same way, we may apply many increasing, decreasing, approximate or other type of 
hedges to the same upper or lower element 


+ po v + 
hi, toy ht oon hi; 


generating new elements in Dom(x). 
The hedges may be applied to the constants as well. 


6.1. Theorem 2 

A hedge applied to another hedge wekeans or stengthens or approximates it. 
6.2. Theorem 3 

If hi € Hi and x, € Dom(x,,), then hix,, = x). 

If hg € Hj and x, € Dom(x,,), then hox, = xy. 

If hi € Hf and x, € Dom(x,), then hiix, Sy x,.- 

If hy € Hy and x, € Dom(x,), then hjx, =y x;,. 


6.3. Converse Hedges 


Two hedges h, and h, € H are converse to each other, if Vx € Dom(x), hix <y x is 
equivalent to hax >y x. 


6.4. Compatible Hedges 


Two hedges h, and hz € H are compatible, if Vx € Dom(x), h,x <n x is equivalent to 
hx <n XxX: 


6.5. Commutative Hedges 


Two hedges h, and hz € H are commutative, if Vx € Dom(x), hyh2x = hzh,x. Otherwise 
they are called non-commutative. 


6.6. Cumulative Hedges 


If hf, and hz, € H*, then two neutrosophic edges can be cumulated into one: 

+ i + . = + . . 
ht, (tnt stat fz) hoy Cnt tng» Png.) = Atay (tag tnt Frnt) (tng, tng» Pag.) 
(16) 
Similarly, ifhy,, and hz, € H”, then we can cumulate them into one: 
Ay, (thy » tng,» fnz,,) ha, Ming» tng» fag.) = Naa, Ata,» tag Sz) EN Mtg,» tng, faz, )- 
(17) 
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Now, if the two hedges are converse, hy, and hy;,,, but the neutrosophic components of the 
first (which is actually a neutrosophic number) are greater than the second, we cumulate them into 
one as follows: 


h3, = (hina) tne tng Fret) LY (tg tng Sng, (18) 


But, if the neutrosophic components of the second are greater, and the hedges are com- 
mutative, we cumulate them into one as follows: 


hg, = (htho,) tng,» tng, faz) (tht tng» Faz) (19) 


7. Neutrosophic Hedge Algebra 


NHA = (x,G,C,H UI,<y) constitutes an abstract algebra, called Neutrosophic Hedge 
Algebra. 


7.1. Example of a Neutrosophic Hedge Algebra tT 

Let G = {Small, Big} the set of generators, repres-ented as neutrosophic generators as 
follows: 

Small(o3,0.6,0.7)» Bi9(0.7,0.2,0.3): 

Let H = {Very, Less} the set of hedges, repres-ented as neutrosophic hedges as follows: 

Veryo.1,0.1,0.1)» LESS (0,1,0.2,0.3)> 

where Very € Hj; and Less € Hy. 

x is a neutrosophic linguistic variable whose domain is G at the beginning, but extended by 
generators. 

The neutrosophic constants are 

C= {0,0,1,1) Medium s,05,0.5)» 111,00}. 

The neutrosophic identity is Ig 9,0). 

We use the neutrosophic inequality <,, and the neutrosophic increment / decrement 
operators previously defined. 


Let's apply the neutrosophic hedges in order to generate new neutrosophic elements of the 
neutrosophic linguistic variable x. 

Very applied to Big [upper element] has a positive effect: 

Very(o.1,0.1,0.1)Bi9(0.7,0.2,0.3) = Very Big) (o.7+0.1,0.2-0.1,03-0.1) = Very Big)(o8,0.1,02): 

Then: 

Veryvo.1,0.1,0.1) Very Big) (0.9,0.1,0.2) = (Very Very Big) (0.9,0,0.1)- 

Very applied to Small [lower element] has a negative effect: 

Very(o.1,0.1,0.1) SMAll(o.3,0.6,0.7) = Very Small) (o.3-0.1,0.6+0.1,0.7+0.1) = 


-4,U./,U. 


If we compute (Very Very) first, which is a neutrosophic hedge-hedge operator: 


Very(o.1,0.1,0.1)VeTY(0.1,0.1,0.1) = Very Very) (0.1+0.1,0.1+0.1,0.1+0.1) = 
(Very Very) o.2,0.2,0.2)» 
and we apply it to Big, we get: 
(Very Very) o.2,0.2,0.2)Pi9(0.7,0.2,0.3) = Very Very Big)(o.7+0.2,0.2-0.2,0.3-0.2) 
= Very Very Big)(o.9,0,0.1), 
So, we get the same result. 
Less applied to Big has a negative effect: 
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Less (o.1,0.2,0.3)Bt9(0.7,0.2,0.3) = (Less Big) 0.7-0.,0.2+0.2,03) = (Less Big) 0.6,0.4,0.6): 
Less applied to Small has a positive effect: 


WV0,U. 


The set of neutrosophic hedges H is enriched through the generation of new neutrosophic 
hedges by combining a hedge with another one using the neutrosophic hedge-hedge operators. 

Further, the newly generated neutrosophic hedges are applied to the elements of the 
linguistic variable, and more new elements are generated. 

Let's compute more neutrosophic elements: 

VLB = Very(o.1,0.1,0.1) LSS (0.1,0.2,0.3)Bt9(0.7,0.2,0.3) 
ery ese Di cs0.0.}tho10203)[0}070203) 

= (Very Less Big) (.140.1,0.140.2,0.1+0.3)[K0.7,0.2,0.3) 
= (Very Less Big)(o.7-0.2,0.2-0.3,0.3-0.4) = Very Less Big) (95,0,0) 


DT Pe OS A IN Se A 


eB EPG OE” NAO OPE 8 Ne a EASE Us 
-4,0.7,0. 
DIR RPO NG DOU LP NAAN LN LUPO NYO, 
-1,0.6,0. 


eL,U.L,U.d pm (ULL, U2, Sp nen 4S, U.G,U.S PO FAULT, ULL, OL) FA 4O4U, 


-1,U.2,U. 


= (Less Absolute Maximum) .g 1,0.2,0.3)[0]1,0,0) 


»i,U. 


= (Less Absolute Maximum) ,9.9,9.2,0.3) 


SPs phd fied a Ae Be OB Be we OR CAE NIA Py ae OE At PR ONES Se a ode A AL 


-1,U.0,U. 


7.2. Theorem 4 

Any increasing hedge hi;;,¢) applied to the absolute maximum cannot overpass the absolute 
maximum. 

Proof: 


hii 1(1,0,0) = (h1)(14¢,0-i,0-f) 
= (h1) (10,0) = 1(1,0,0): 


7.3. Theorem 5 

Any decreasing hedge hi, i) applied to the absolute minimum cannot pass below the 
absolute minimum. 

Proof: 


Area) LL] (01,1) = (hO)(0-t,144,14f) 
= (ho) o,1,1 = 0(0,1,1): 


8. Diagram of the Neutrosophic Hedge Algebra t 
1(1,0,0) ABSOLUTE MAXIMUM 


VVB(o.9,.0,.0.1) Very Very Big 
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+-7,U.2,U. 


VB (o.8,0.1,0.2) Very Big 

Big (o.7,0.2,0.3) 

VM.o.6,0.4,0.4) Very Medium 
LV(0.5,0.4,0.6) Less Big 
VLB(o.5,0,0) Very Less Big 


-0,U.5,U. 


M 0.5,0.5,0.5) MEDIUM 
LM (o.4,0.7,0.) Less Medium 


LS(0.4,0.4,0.4) Less Small 
Small(o3,0.6,0.7) 

VS(0.2,0.7,08) Very Small 
LAMinio.1,0.8,0.7) Less Absolute Minimum 


Oona ABSOLUTE MINIMUM 


9. Conclusions 

In this paper, the classical hedge algebras have been extended for the first time to 
neutrosophic hedge algebras. With respect to an attribute, we have inserted the neutrosophic 
degrees of membership / indeterminacy / nonmembership of each generator, hedge, and constant. 
More than in the classical hedge algebras, we have introduced several numerical hedge operators: 
for hedge applied to element, and for hedge combined with hedge. An extensive example of a 
neutrosophic hedge algebra is given, and important properties related to it are presented. 
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Neutrosophic quadruple ideals in neutrosophic 
quadruple BCl-algebras 


G. Muhiuddin, Florentin Smarandache, Young Bae Jun 


G. Muhiuddin, Florentin Smarandache, Young Bae Jun (2019). Neutrosophic quadruple 
ideals in neutrosophic quadruple BCl-algebras. Neutrosophic Sets and Systems 25, 161-173 


Abstract: In the present paper, we discuss the Neutrosophic quadruple q-ideals and (regular) neutrosophic quadruple 
ideals and investigate their related properties. Also, for any two nonempty subsets U and V of a BCI-algebra S, 
conditions for the set N@Q(U, V) to be a (regular) neutrosophic quadruple ideal and a neutrosophic quadruple q-ideal 
of a neutrosophic quadruple BCI-algebra NQ(S) are discussed. Furthermore, we prove that let U, V, I and J be ideals 
of a BCI-algebra S such that J C Uand JC V. If Iand Jare q-ideals of S, then the neutrosophic quadruple (U, V )- 
set NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(5). 


Keywords: neutrosophic quadruple BCK/BCI-number, neutrosophic quadruple BCK/BCI-algebra, (regular) neutro- 
sophic quadruple ideal, neutrosophic quadruple g-ideal. 


1 Introduction 


To deal with incomplete, inconsistent and indeterminate information, Smarandache introduced the notion of 
neutrosophic sets (see ([{1], [2] and [3]). In fact, neutrosophic set is a useful mathematical tool which extends 
the notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy set. Neutrosophic 
set theory has useful applications in several branches (see for e.g., [4], [5], [6] and [7]). 

In [8], Smarandache considered an entry (i.e., a number, an idea, an object etc.) which is represented by a 
known part (a) and an unknown part (b7, cl, dF’) where T,, J, F' have their usual neutrosophic logic meanings 
and a, b, c, d are real or complex numbers, and then he introduced the concept of neutrosophic quadruple num- 
bers. Neutrosophic quadruple algebraic structures and hyperstructures are discussed in [9] and [10]. Recently, 
neutrosophic set theory has been applied to the BCK/BCI-algebras on various aspects (see for e.g., [11], [12] 
[13], [14], [15], [16], [17], [18], [19] and [20].) Using the notion of neutrosophic quadruple numbers based on 
a set, Jun et al. [21] constructed neutrosophic quadruple BCK/BCI-algebras. They investigated several prop- 
erties, and considered ideal and positive implicative ideal in neutrosophic quadruple BCK-algebra, and closed 
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ideal in neutrosophic quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI- 
algebra, they considered sets NQ(U, V) which consists of neutrosophic quadruple BCK/BCI-numbers with a 
condition. They provided conditions for the set NQ(U, V ) to be a (positive implicative) ideal of a neutrosophic 
quadruple BCK-algebra, and the set NQ(U, V) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. 
They gave an example to show that the set {0} is not a positive implicative ideal in a neutrosophic quadru- 
ple BCK-algebra, and then they considered conditions for the set {0} to be a positive implicative ideal in a 
neutrosophic quadruple BCK-algebra. Muhiuddin et al. [22] discussed several properties and (implicative) 
neutrosophic quadruple ideals in (implicative) neutrosophic quadruple BC Kk -algebras. 

In this paper, we introduce the notions of (regular) neutrosophic quadruple ideal and neutrosophic quadru- 
ple q-ideal in neutrosophic quadruple BCI-algebras, and investigate related properties. Given nonempty sub- 
sets A and B of a BCI-algebra S, we consider conditions for the set NQ(U, V) to be a (regular) neutrosophic 
quadruple ideal of N@(S’) and a neutrosophic quadruple q-ideal of NQ(S). 


2 Preliminaries 


We begin with the following definitions and properties that will be needed in the sequel. 
A nonempty set S with a constant 0 and a binary operation * is called a BCI-algebra if for all x,y,z € S 
the following conditions hold ([23] and [24]): 


(1) (((a * y) * (w *z)) * (2 *y) = 0), 
(II) ((a * (a *y)) *y = 0), 
(il: (@ee=0), 
WV) @ey=942=0 > 2= 4), 
If a BCI-algebra S satisfies the following identity: 
(V) (Vz € S) (0x2 =0), 


then S is called a BCK-algebra. Define a binary relation < on X by letting x * y = 0 if and only if x < y. 
Then (.S, <) is a partially ordered set. 


Theorem 2.1. Let S be a BCK/BCI-algebra. Then following conditions are hold: 


(Va € S)(a*0=2), (2.1) 
(Va,y,2€ S\(e<sy > fez y*2z, ee y <2), (2.2) 
(V¥o,y,2e 5S) (oxy) #2= (rez) ey), (2.3) 
(V2,y,2€ 5) ((g*2)* (yee) See y) (2.4) 


where x < y if and only if x * y = 0. 
Any BClI-algebra S' satisfies the following conditions (see [25]): 


(Vz,y € S)(a* (ax (x*y))=ax¥y), (2.5) 
(Vz,y € S)(0* (oxy) = (0*2) «(0*y)), (2.6) 
(Ve, ge S\0e(0s (eey))=(0ey)+ (0 ea)). (2.7) 
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A nonempty subset A of a BCK/BCl-algebra S is called a subalgebra of S ifx*y € Aforallz,y¢ A.A 
subset J of a BCK/BCI-algebra S is called an ideal of S if it satisfies: 


OeT, (2.8) 
(Vee S)(Vyel)(axyel > rel). (2.9) 


An ideal J of a BCI-algebra S is said to be regular (see [26]) if it is also a subalgebra of S. 
It is clear that every ideal of a BCK-algebra is regular (see [26]). 
A subset I of a BCI-algebra S is called a q-ideal of S (see [27]) if it satisfies (2.8) and 


(Vz,y,z€S\(cx(yxz) el, yel > rezel). (2.10) 


We refer the reader to the books [25, 28] for further information regarding BCK/BClI-algebras, and to the 
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory. 
We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers. 


Definition 2.2 ({21]). Let S be a set. A neutrosophic quadruple S-number is an ordered quadruple (a, xT, y/, 
zF’) where a, x,y,z € S and T, J, F have their usual neutrosophic logic meanings. 


The set of all neutrosophic quadruple S-numbers is denoted by NQ(S), that is, 
NQ(S) := {(a, xT, yl, zF) | a,x,y,z € S}, 


and it is called the neutrosophic quadruple set based on S. If S is a BCK/BCI-algebra, a neutrosophic quadru- 
ple S-number is called a neutrosophic quadruple BCK/BCI-number and we say that NQ(.S)) is the neutrosophic 
quadruple BCK/BCI-set. 

Let S' be a BCK/BCI-algebra. We define a binary operation ® on NQ(S) by 


(a,27 of, 2F) @ (bul ol wr )=(axh,(eru)l,(geo)l, (eewP) 


for all (a,aT, yl, zF), (b,uT,vI,wF) € NQ(S). Given aj, a2,a3,a, € S, the neutrosophic quadruple 
BCK/BCI-number (a1, a2T, a3/, a,F’) is denoted by 4, that is, 


@ = (a1, d2T, a3I,a4F), 
and the zero neutrosophic quadruple BCK/BCI-number (0, 0T,, OJ, OF) is denoted by 0, that is, 
0 = (0,07, 01, 0F). 
We define an order relation “<<” and the equality “=” on NQ(S) as follows: 


rey oo, <y, fort = 1,2,3,4, 
2S) =e = 9, fort = 1,2 ,0,4 


for all z, y © NQ(S). It is easy to verify that “<” is an equivalence relation on NQ(S). 


Theorem 2.3 ({21]). If S is a BCK/BCI-algebra, then (NQ(S); ®, 0) is a BCK/BCI-algebra. 
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We say that (NQ(S);@,0) is a neutrosophic quadruple BCK/BCI-algebra, and it is simply denoted by 
NQ(S). 
Let S be a BCK/BCI-algebra. Given nonempty subsets A and B of S, consider the set 


NQU,V) := {(a,2T, yl, zF) € NQ(S)|a,c EU &y,z EV}, 


which is called the neutrosophic quadruple (U, V )-set. 
The set NQ(U, U) is denoted by NQ(U), and it is called the neutrosophic quadruple U-set. 


3 (Regular) neutrosophic quadruple ideals 

Definition 3.1. Given nonempty subsets U and V of a BCI-algebra S, if the neutrosophic quadruple (U, V)- 
set NQ(U,V) is a (regular) ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U,V) is a 
(regular) neutrosophic quadruple ideal of NQ(S). 


Question 1. If U and V are subalgebras of a BCI-algebra S, then is the neutrosophic quadruple (U, V )-set 
NQUU, V) a neutrosophic quadruple ideal of NQ(S)? 


The answer to Question | is negative as seen in the following example. 


Example 3.2. Consider a BCI-algebra S = {0, 1, a, b, c} with the binary operation *, which is given in Table |. 
Then the neutrosophic quadruple BCI-algebra V.Q(S') has 625 elements. Note that U = {0,a} and V = {0, b} 


oy 99 


Table 1: Cayley table for the binary operation “x 


aera rox 
ara rao 
arg OOF 
roa oe B/S 
eseoocrse 
Cea Fa a] 


are subalgebras of S. The neutrosophic quadruple (U, V)-set NQ(U, V) consists of the following elements: 


NQ(U,V) = {0, 1, 2,3, 4,5, 6, 7,8, 9, 10, 11, 12, 13, 14, 15} 


where 
0 = (0,07, 0/,0F), 1 = (0,07, 0, bF), 2 = (0, 0T, b/,0F), 
3 = (0,07, b1,bF), 4 = (0, aT, 01,0F), 5 = (0, aT, OF, bF), 
6 = (0,aT,bI,0F), 7 = (0,aT, bl, bF), 8 = (a, 0T, 01, 0F), 
9 = (a, 0T, OF, bF), 10 = (a, 0T, bI, OF), 11 = (a, OT, oF, bF), 


ee, 
Pro! 
I 


= (a, aT, OI, OF), 13 = (a, aT, OF, bF), 
14 = (a,aT,bI,0F), 15 = (a, aT, bl, bF). 
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If we take (1, aT, bJ,0F) € NQ(S), then (1, aT, bI,0F) ¢ NQ(U,V) and 
(1,aT, bI,0F) ®9=15 € NQ(U,V). 


Hence the neutrosophic quadruple (U, V )-set NQ(U, V) is not a neutrosophic quadruple ideal of NQ(S). 


We consider conditions for the neutrosophic quadruple (U, V )-set NQ(U, V) to be a regular neutrosophic 
quadruple ideal of NQ(S). 


Lemma 3.3 ((21]). Jf U and V are subalgebras (resp., ideals) of a BCI-algebra S, then the neutrosophic 
quadruple (U,V )-set NQ(U, V) is a neutrosophic quadruple subalgebra (resp., ideal) of NQ(S). 


Theorem 3.4. Let U and V be subalgebras of a BCI-algebra S' such that 
(Vz,y € S)(a € U(resp., V), y € U (resp, V) => yxa € U (resp., V)). (3.1) 


Then the neutrosophic quadruple (U, V )-set NQ(U, V) is a regular neutrosophic quadruple ideal of NQ(S). 
Proof. By Lemma 3.3, NQ(U, V) is a neutrosophic quadruple subalgebra of NQ(S). Hence it is clear that 


0 € NQ(U,V). Let @ = (1,227, v3I,24F) € NQ(S) and ¥ = (y1, yoT, ysl, yaF') € NQ(S) be such that 
y@®£ Ee NQU,V) andz € NQ(U,V). Then x; € U and x,; € V fori = 1,2 and j = 3,4. Also, 


Y OE = (yr, wel, ysl, ys) ® (1, oT, t31, r4F) 
= (yr * 21, (Yo * Za)T, (ys * U3)I, (ys * 4) F’) € NQUU,V), 


and so yy * #1 € U, yo * 2 € Ui, y3 * x3 € V and yy ¥ x, EV. If y ¢ NQ(U,V), then y; ¢ A ory; ¢ B for 
some i = 1,2 and j = 3,4. It follows from (3.1) that y; «2; ¢ U ory; «x; € V for some i = 1,2 and j = 3, 4. 
This is a contradiction, and so y € NQ(U,V). Thus NQ(U, V) is a neutrosophic quadruple ideal of NQ(S), 
and therefore NQ(U, V) is a regular neutrosophic quadruple ideal of NQ(S). 


Corollary 3.5. Let U be a subalgebra of a BCI-algebra S such that 


(Vz,yEeS\(2eU,y¢€U => yxx EV). (3.2) 


Then the neutrosophic quadruple U-set NQ(U) is a regular neutrosophic quadruple ideal of NQ(S). 


Theorem 3.6. Let U and V be subsets of a BCI-algebra S. If any neutrosophic quadruple ideal N Q(U,V) 
of NQ(S) satisfies 0 ® & € NQ(U,V) for all € NQ(U,V), then NQ(U,V) is a regular neutrosophic 
quadruple ideal of NQ(S). 


Proof. For any z,y € NQ(U,V), we have 
(4 @®%) @F=(F@%) @F-—O0@FE NQUU,V). 


Since NQ(U, V) is an ideal of NQ(S), it follows that z®y € NQ(U,V). Hence NQ(U, V) is a neutrosophic 
quadruple subalgebra of NQ(S), and therefore NQ(U, V ) is aregular neutrosophic quadruple ideal of NQ(S). 


Corollary 3.7. Let U be a subset of a BCI-algebra S. If any neutrosophic quadruple ideal NQ(U) of NQ(S) 
satisfies 0® & € NQ(U) for all € NQ(U), then NQ(U) is a regular neutrosophic quadruple ideal of 
NQ(S). 
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Theorem 3.8. Jf U and V are ideals of a finite BCI-algebra S, then the neutrosophic quadruple (U,V )-set 
NQUU,V) is a regular neutrosophic quadruple ideal of NQ(S). 


Proof. By Lemma 3.3, NQ(U, V) is a neutrosophic quadruple ideal of NQ(S). Since S is finite, NQ(S) is 
also finite. Assume that | VQ(S)| = n. For any element ¢ € NQ(U, V), consider the following n+ 1 elements: 


0,0@#,(0@%) @,--- ,(---((0®@Z)@z) ®---) @F. 


n-times 


Then there exist natural numbers p and g with p > q such that 


(---((0® Z)@Z) @---) ®@X =(---((0@ Z)@Z) @---) @F. 


p-times q-times 


Hence 


0 = ((---((0@ £)@Z) @---) ®@Z) @ ((---((0@ Z)@#) @---) @Z) 


ti ti 
= ((---((0®Z)@Z£) ®---) @Z)\@Z) @---) @F) @((---((0@Z)@*) @---) @Z) 
times p—qtimes q times 
= (---((0@Z)@Z) ®---)®% € NQUU,V). 
— q times 


Since NQ(U, V) is an ideal of NQ(S), it follows that 0 ®  € NQ(U,V). Therefore NQ(U, V) is a regular 
neutrosophic quadruple ideal of NQ(S') by Theorem 3.6. 


Corollary 3.9. If U is an ideal of a finite BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
regular neutrosophic quadruple ideal of NQ(S). 


4 Neutrosophic quadruple g-ideals 


Definition 4.1. Given nonempty subsets U and V of S, if the neutrosophic quadruple (U, V )-set NQ(U, V) 
is a q-ideal of a neutrosophic quadruple BCI-algebra NQ(S), we say NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S). 


Example 4.2. Consider a BCI-algebra S = {0,1,a} with the binary operation «, which is given in Table 2. 
Then the neutrosophic quadruple BCI-algebra N.Q(.S'}) has 81 elements. If we take U = {0,1} and V = {0, 1}, 
then 


is a neutrosophic quadruple q-ideal of NQ(S) where 
0 = (0,07, OF, OF), 1 = (0,07, 0F,1F), 2 = (0, OT, 11, OF), 
b= (0.00, IF ).4=] AT, 01 0F).5= 0,17, 011 PF), 
6=(0,17 11, 0F), 7= (0,17, 11,1F),8 = 0,07, 01, 0F), 
9 = (1,07, 0/,1F), 10 = (1,07, 17,0F), 11 = (1,07, 1/,1F), 


479 


Florentin Smarandache (author and editor) Collected Papers, IX 


oe 99 


Table 2: Cayley table for the binary operation “x 


* 0 1 a 
0 0 0 a 
1 1 0 a 
a a a 0 
12= (1,17, 07,07),13 =GAT 07, 1F'; 
14] (17, 17,0F), 15 = (0,17, 17, 1F), 


Theorem 4.3. For any nonempty subsets U and V of a BCI-algebra S, if the neutrosophic quadruple (U, V )-set 
NQUU, V) is a neutrosophic quadruple q-ideal of NQ(S), then it is both a neutrosophic quadruple subalgebra 
and a neutrosophic quadruple ideal of NQ(S). 


Proof. Assume that NQ(U,V) is a neutrosophic quadruple q-ideal of NQ(S). Since 0 € NQ(U,V), we 
have 0 € U and 0 € V. Let x,y,z € S be such that x * (yx z) € UNV andy € UNV. Then 
(y,yT, yl, yF) € NQUU,V) and 


(eel, ola) @((o,0T, oof )@ (4,21.21,2F )) 
=(n7! 21 ,2F) oss, (Veet wee ige oF) 
= (2% (ys 2)loe Wee)T (exo *e) we Ges) FP) Ee NOW,Y). 


Since NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S), it follows that 
(ez (ee al(erz)l, eee) = (eer, 21, oF) @ (2,27, 21,2) € NOW,V). 


Hence x * z € UNV, and therefore U and V are q-ideals of S. Since every q-ideal is both a subalgebra 
and an ideal, it follows from Lemma 3.3 that NQ(U,V) is both a neutrosophic quadruple subalgebra and a 
neutrosophic quadruple ideal of NQ(S). 


The converse of Theorem 4.3 is not true as seen in the following example. 


Example 4.4. Consider a BCI-algebra S = {0, a, b,c} with the binary operation «, which is given in Table 3. 


oe 99 


Table 3: Cayley table for the binary operation “x 


are OX 
are OO 
se ooale 
2 00 oo 
Ca eraQle 
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Then the neutrosophic quadruple BCI-algebra N@Q(S) has 256 elements. If we take A = {0} and B = {0}, 
then NQ(U,V) = {0} is both a neutrosophic quadruple subalgebra and a neutrosophic quadruple ideal of 
NQ(S). If we take % := (c, bT, OF, aF), Z := (a, bT, O01, cF) € NQ(S), then 
% ® (0@ 2) = (c, dT, 01, aF) ® (0 @ (a, dT, OI, cF)) 
= (c, bT, OI, aF) @ (c, bT, 01,aF) = 0 € NQ(U,V). 


But 


%@® Z = (c, bT, OL, aF) @ (a, bT, OF, cF) 
= (cx, (bx BYP, (0* 0), (a*0)F) 
= (b, 0T, 01,bF) ¢ NQ(U,V). 


Therefore NQ(U, V) is not a neutrosophic quadruple q-ideal of NQ(S). 


We provide conditions for the neutrosophic quadruple (U, V )-set NQ(U, V ) to be a neutrosophic quadruple 
q-ideal. 


Theorem 4.5. If U and V are q-ideals of a BCI-algebra S, then the neutrosophic quadruple (U,V )-set 
NQUU, V) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof, Suppose that U and V are q-ideals of a BCI-algebra S. Obviously, 0 € NQ(U,V). Let # = 
(a1, 027, x31,r4F), y = (yi, yoT, ysl, ysF’) and Z = (21, 227, 231, z4F') be elements of NQ(S) be such 
that z ® (y ® zZ) € NQ(U,V) andy € NQ(U,V). Then y; € A, y; € B fori = 1,2 and j = 3, 4, and 


E®(y ® Z) = (21, 0oT 231, 24F) ® ((y1, yoT, ysl, yak) ® (21, 2eT, 231, 24F)) 
= (21, C27, x31, 24’) ® (Yr * 21, (Yo * 22)T, (ya * 23) 1, (Ya * 24) F) 

= (21 * (Yr * 21), (Lo * (Yo * 22))T, (@3 * (Ys * 23))L, (G4 * (Ya * 24))F) 

E NQ(U,V), 


that is, x; * (y; * 2) € U and x; « (y; *z;) € B fori = 1,2 andj = 3, 4. It follows from (2.10) that x; * z; € U 
and x; * z; € V for? = 1,2 andj = 3,4. Thus 


£@® zZ = (x1 * 2%, (Xe * Z2)T, (x3 * 23), (44 * 24) F') € NQ(U,V), (4.1) 


and therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 


Corollary 4.6. If A is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
neutrosophic quadruple q-ideal of NQ(S). 


Corollary 4.7. [f {0} is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple (U,V )-set NQ(U, V ) 
is a neutrosophic quadruple q-ideal of NQ(S) for any ideals U and V of S. 


Corollary 4.8. [f {0} is a q-ideal of a BCI-algebra S, then the neutrosophic quadruple U-set NQ(U) is a 
neutrosophic quadruple q-ideal of NQ(S) for any ideal U of S. 
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Theorem 4.9. Let U and V be ideals of a BCI-algebra S such that 
(Vz,y,2€ S)\(ax(y*xz) Ee UNV => (xxy)*zEUNV). (4.2) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. It is clear that0 € NQ(U,V). Let @ = (21, 22T,23l,r4F), 9 = (y1,42T, y3l,ysF) and 2 = 
(21, 2aT, 231, z4F’) be elements of NQ(S’) be such that @ ® (Y¥ ® Z) € NQ(U,V) and y € NQ(U,V). Then 
yi, ¥2 © U,Y3, 44 € V and 


E® (y ® Z) = (21, LoT 7, 231, LaF) ® ((y1, yoT, ysl, ya’) ® (21, 2eT, 231, zaF)) 
= (01, 097, r31, 24F') ® (yr * 21, (Yo * Z2)T, (ys * 23)L, (ys * 24) F) 
= (21 * (Yr * 21), (Lo * (Yo * 22))T, (v3 * (Ys * 23)) LT, (G4 * (Ya * 24))F) 
Ee NQ(U,V), 
that is, x; * (y; * %;) € U and x; * (y; * z;) € V for? = 1,2 and j = 3,4. It follows from (2.3) and (4.2) that 
(x; * 2) * Ys = (4; * Ys) * % € U and (a; * z;) * yj; = (a; *y;) *z; € V for? = 1,2 andj = 3, 4. Since U and 
V are ideals of S, we have x; * z; € U and x; * z; € V fort = 1,2 and j = 3,4. Thus 


B® 2 = (wy * 21, (#2 ¥ )T, (ag ¥ 25)I, (v4 * x4) F) € NQUU,V), (4.3) 


and therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 
Corollary 4.10. Let U be an ideal of a BCI-algebra S' such that 


(Va,y,z2€ S)\(ax(y*xz)eU => (axy)*zeEU). (4.4) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.11. Let U and V be ideals of a BCI-algebra S such that 


(Va,yE S\(ax(Oxy) EUNV => xreyeEUNYV). (4.5) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 
Proof. Assume that x * (y * z) € UNV for all x, y, z € S. Note that 
((x * y)) * (0 * z)) * (a * (y * z)) = ((a * y) * (x * (y * z))) * (0 * 2) 
< ((y*2) 9) *(0¥2) 
=(0*z)*(0xz)=0EUNV 
Thus (x * y) * (0* z) € UNV since U and V are ideals of S. It follows from (4.9) that (2 *y)*z E UNV. 
Using Theorem 4.9, NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 
Corollary 4.12. Let U be an ideal of a BCI-algebra S such that 


(Vz,yeE S\(ax(Oxy) EU > xreyeEU). (4.6) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
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Theorem 4.13. Let U and V be ideals of a BCI-algebra S such that 
(Va,yEeS\(fxeUnUu => rxyeUnv). (4.7) 


Then the neutrosophic quadruple (U, V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. Assume that x * (y* z) € UN V andy € UNV forall x,y,z € S. Using (2.3) and (4.7), we get 
(a *z)*(y*z) = (a¥(y*z))*z ECUNV andy*xz € UNV. Since U and V are ideals of S, it follows that 
xx*xz€ UNV. Hence U and V are q-ideals of S, and therefore NQ(U, V) is a neutrosophic quadruple q-ideal 
of NQ(S) by Theorem 4.5. 


Corollary 4.14. Let U be an ideal of a BCI-algebra S' such that 


(Vz,yEeS\(nxeU > reyEeU). (4.8) 


Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.15. Let U,V,I and J be ideals of a BCI-algebra S such that I C U and J CV. If I and J are 
q-ideals of S, then the neutrosophic quadruple (U,V )-set NQ(U, V) is a neutrosophic quadruple q-ideal of 
NQ(S). 
Proof. Let x,y, z € S' be such that x « (0 * y) Ee UNV. Then 

(ox (ee (Oeg))) + Oey) =(oe Oey) ee Oey) =—Oe Ty 
by (2.3) and (III). Since J and J are q-ideals of S, it follows from (2.3) and (2.10) that 

(x *y) * (a * (O*y)) = (ax (x * O¥y))) *yEINICUNV 


Since U and V are ideals of S, we have x xy € UM V. Therefore NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S) by Theorem 4.11. 


Corollary 4.16. Let U and I be ideals of a BCI-algebra S such that I © U. If I is a q-ideal of S, then the 
neutrosophic quadruple U-set N@Q(U) is a neutrosophic quadruple q-ideal of NQ(S). 


Theorem 4.17. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J © V and 


(Vz,y,2€ S)\(ax(y*xz)EINd => (axy)ezeEIn J). (4.9) 


Then the neutrosophic quadruple (U,V )-set NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S). 
Proof. Let x,y, z € S' be such that x * (yx z) Ee 1N Jandy € 10 J. Then 
(vez)xy=(xey)ezeInd 


by (2.3) and (4.9). Since J and J are ideals of S, it follows that x * z € IM J. This shows that J and J are 
q-ideals of S. Therefore NQ(U, V) is a neutrosophic quadruple q-ideal of NQ(S) by Theorem 4.15. 


Corollary 4.18. Let U and I be ideals of a BCI-algebra S such that I C U and 


(Va,y,2€ S)\(ax(yxz) el => (axy)*xzeEl). (4.10) 
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Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 

Theorem 4.19. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J © V and 
(Va,yEeS\(relINdT > rxyelIn J). (4.11) 

Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. By the proof of Theorem 4.13, we know that J and J are q-ideals of S. Hence NQ(U, V) is a neutro- 
sophic quadruple g-ideal of NQ(S) by Theorem 4.15. 


Corollary 4.20. Let U and I be ideals of a BCl-algebra S such that I C U and 
(Vz,yEeS\(cel > xeyel). (4.12) 
Then the neutrosophic quadruple A-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Theorem 4.21. Let U,V, I and J be ideals of a BCI-algebra S such that I C U, J © V and 
(Vz,yeES\(ax(Oxy)EeINJ > rxyeIn J). (4.13) 
Then the neutrosophic quadruple (U,V )-set NQ(U, V ) is a neutrosophic quadruple q-ideal of NQ(S). 


Proof. Assume that x*(y*z) € [NJ For all x,y, z € S. Then (a*y)*z € IMJ by the proof of Theorem 4.11. 
It follows from Theorem 4.17 that neutrosophic quadruple (U, V)-set NQ(U, V) is a neutrosophic quadruple 
q-ideal of NQ(S). 


Corollary 4.22. Let U and I be ideals of a BCI-algebra S such that I C U and 

(Vz,yES\(ax (Oxy) el > xrxyel). (4.14) 
Then the neutrosophic quadruple U-set NQ(U) is a neutrosophic quadruple q-ideal of NQ(S). 
Future Work: Using the results of this paper, we will aply it to another algebraic structures, for example, 


MV-algebras, BL-algebras, MTL-algebras, Ro-algebras, hoops, (ordered) semigroups and (semi, near) rings 
etc. 
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Single—Valued Neutrosophic Filters 
in EQ—algebras 


Mohammad Hamidi, Arsham Borumand Saeid, Florentin Smarandache 


Mohammad Hamidi, Arsham Borumand Saeid, Florentin Smarandache (2019). Single- 
valued neutrosophic filters in EQ-algebras. Journal of Intelligent & Fuzzy Systems 


36(1), 805-818 


Abstract. This paper introduces the concept of single—valued neutrosophic L'@)-subalgebras, single—valued neutrosophic HQ- 
prefilters and single—valued neutrosophic /.@-filters. We study some properties of single—valued neutrosophic EQ -prefilters 
and show how to construct single—valued neutrosophic EQ filters. Finally, the relationship between single—valued neutrosophic 


EQ-filters and EQ-filters are studied. 


Keywords: (hyper)Single—valued neutrosophic E-@-algebras, Single—valued neutrosophic EQ filters. 


1. Introduction 


EQ-algebra as an alternative to residuated lattices is 
a special algebra that was presented for the first time 
by V. Novdk [10,11]. Its original motivation comes 
from fuzzy type theory, in which the main connective 
is fuzzy equality and stems from the equational style 
of proof in logic [15]. E@-algebras are intended to 
become algebras of truth values for fuzzy type the- 
ory (FTT) where the main connective is a fuzzy equal- 
ity. Every £Q-algebra has three operations meet “A”, 
multiplication “®”, and fuzzy equality “~” and a unit 
element, while the implication “—” is derived from 
fuzzy equality “~”. This basic structure in fuzzy logic 
is ordering, represented by /A-semilattice, with max- 
imal element “1”. Further materials regarding EQ- 
algebras are available in the literature too [6,7,9,12]. 
Algebras including E@Q-algebras have played an im- 
portant role in recent years and have had its compre- 
hensive applications in many aspects including dynam- 
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ical systems and genetic code of biology [2]. From the 
point of view of logic, the main difference between 
residuated lattices and E@-algebras lies in the way 
the implication operation is obtained. While in resid- 
uated lattices it is obtained from (strong) conjunction, 
in EQ -algebras it is obtained from equivalence. Con- 
sequently, the two kinds of algebras differ in several 
essential points despite their many similar or identical 
properties. 

Filter theory plays an important role in studying var- 
ious logical algebras. From logical point of view, fil- 
ters correspond to sets of provable formulae. Filters are 
very important in the proof of the completeness of var- 
ious logic algebras. Many researchers have studied the 
filter theory of various logical algebras [3,4,5]. 

Neutrosophy, as a newlyaASborn science, is a 
branch of philosophy that studies the origin, nature 
and scope of neutralities, as well as their interactions 
with different ideational spectra. It can be defined as 
the incidence of the application of a law, an axiom, an 
idea, a conceptual accredited construction on an un- 
clear, indeterminate phenomenon, contradictory to the 
purpose of making it intelligible. Neutrosophic set and 
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neutrosophic logic are generalizations of the fuzzy set 
and respectively fuzzy logic (especially of intuitionis- 
tic fuzzy set and respectively intuitionistic fuzzy logic) 
are tools for publications on advanced studies in neu- 
trosophy. In neutrosophic logic, a proposition has a de- 
gree of truth (T), indeterminacy (J) and falsity (F), 
where 7’, J, Ff are standard or non-standard subsets 
of |~0,1*[. In 1995, Smarandache talked for the first 
time about neutrosophy and in 1999 and 2005 [14] he 
initiated the theory of neutrosophic set as a new math- 
ematical tool for handling problems involving impre- 
cise, indeterminacy, and inconsistent data. Alkhazaleh 
et al. generalized the concept of fuzzy soft set to neu- 
trosophic soft set and they gave some applications of 
this concept in decision making and medical diagnosis 
[1]. 

Regarding these points, this paper aims to intro- 
duce the notation of single—valued neutrosophic EQ- 
subalgebras and single—valued neutrosophic EQ - 
filters. We investigate some properties of single— 
valued neutrosophic E@-subalgebras and single— 
valued neutrosophic EQ -filters and prove them. In- 
deed show that how to construct single—valued neu- 
trosophic F'Q-subalgebras and single—valued neutro- 
sophic EQ-filters. We applied the concept of ho- 
momorphisms in -@-algebras and with this regard, 
new single—valued neutrosophic EQ-subalgebras and 
single—valued neutrosophic E.@-filters are generated. 


2. Preliminaries 


In this section, we recall some definitions and results 
are indispensable to our research paper. 


Definition 2.1. [8] An algebra E = (E,A,®,~,1) 
of type (2,2, 2,0) is called an EQ-algebra, if for all 
v,y,2,t€ BE: 


(£1) (E,A, 1) is a commutative idempotent monoid 
(i.e. \-semilattice with top element “1” ); 

(£2) (E£,&,1) is a monoid and & is isotone w.rt. 
“<” (where x < y is definedasx \y = «x ); 

(£3) « ~ « =1; (reflexivity axiom) 

(BA) ((c Ay) ~ 2) @(t~ 2) <2 ~ (AY); 
(substitution axiom) 

Cte Up ounihe Gaam Ge: 
(congruence axiom) 

(E6) (aAyAz) ~ «@ < (x@Ay) ~ 2; (monotonicity 
axiom) 

(E7) c@®y<av~y, (boundedness axiom). 
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The binary operation “/\” is called meet (infimum), 
“®” is called multiplication and “~” is called fuzzy 
equality. (E,A,@,~,1) is called a separated EQ- 
algebra if 1 =x ~ y, implies that x = y. 


Proposition 2.2. [8] Let € be an EQ -algebra, x > 
y := («@Ay) ~ «and & = x ~ 1. Then for all 
x,y,z € E, the following properties hold: 


i) t@y< ay, t@y<acAy; 

uw) uony=yr~r; 

iti) (cAy)~usd(H@AYAz)~ (aAz); 
w) c>aa=1; 

”) (Gm 9) @ ywa) Sema 

vi) (ry @®(yoz)<a 2 


1 


vit) «<&, 
Proposition 2.3. [8] Let € be an EQ -algebra. Then 
for all x, y, z € E, the following properties hold: 


i) c@(e~y)<y; 

ii) (2 > (@Ay))@(a@nrt)<z>(tAy); 

iti) (yo z)@(t~ry) <a> 2; 

ww) (rx >y)®@yrr)<ary; 

v) ife<y—z,thenz @y <z%; 

vi) ife < y < z,thenz ~ x < z~ yand 
Uv Zur y; 

vi) ©> (you) =1. 


Definition 2.4. [8] Let € = (E, A, ®,~, 1) bea sepa- 
rated E-Q-algebra. A subset F of F is called an EQ- 
filter of F if for all a,b,c € E it holds that 


(i) LE F, 

(it) ifa,a> be F,thenbe F, 

(ii) ifa >be F,thena®c—>b@ce€ Fand 
cGa>c@beF. 


Theorem 2.5. [8] Let F’ be a prefilter of separated 
EQ-algebra €. Then for all a, b,c € F it holds that 


(i) ifa € Fanda <b, thenbe F; 

(ii) ifa,a~ be F, thenb € F; 

(iti) Ifa,b € F,thenaAbe F; 

(iv) Ifa~be Fandb~ceé F thena~ce F. 


Definition 2.6. [17] Let € be an EQ -algebras. A fuzzy 
subset ps of E is called a fuzzy prefilter of E, if for all 
r,y,2€ EF: 

(FH1) v(1) > v(x); 

(FH2) v(y) 2 u((e@Ay)ry) Av(a). 
A fuzzy EQ-prefilter is called a fuzzy EQ-filter if it 
satisfies : 


x 
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(F'H3) 
z)). 
Definition 2.7. [16] Let X be a set. A single val- 
ued neutrosophic set A in X (SVN-S A) is a func- 
tion A X — (0,1) x [0,1] x [0,1] with the 
form A {(x,T4(x),Ia(x),Fa(x)) | cx € X} 
where the functions T4,I4,F'4 define respectively 
the truth-membership function, an indeterminacy- 
membership function, and a falsity-membership func- 
tion of the element x € X to the set A such that 
0 < Ta(x) + Ia(x) + Fa(x) < 3. Moreover, 
Supp(A) = {| Ta(x) #0, Fa(a) £0, Fa(x) #0} 


is acrisp set. 


u((eAy)~y) < v(((@@z)A(y@z))~(y® 


3. Single—-Valued Neutrosophic .Q-subalgebras 


In this section, we introduce the concept of single— 
valued neutrosophic £'Q-subalgebra and prove some 
their properties. 


Definition 3.1. Let € = (E,A,®,~,1) be an EQ- 
algebra. A map A in E, is called a single-valued neu- 
trosophic EQ-subalgebra of €, if for all x,y € E, 


(i) Tate Ay) = Ta(z) A Taly), La(z Ay) = 
T(x) A Ia(y) and Fa(a Ay) = Fa(x)V Fa(y), 
(it) Taz ~ y) = Ta(z) ATa(y), La(z ~ y) = 
Ta(x)AIa(y) and Fa(a ~ y) < Fa(x)V Fa(y). 


From now on, when we say (€,A) is a single- 
valued neutrosophic 'Q-subalgebra, means that € = 
(E,A,®,~,1) is an EQ-algebra and A is a single— 
valued neutrosophic E'@-subalgebra of €. 


Theorem 3.2. Let (€, A) be a single-valued neutro- 
sophic EQ -subalgebra. Then for all x,y € H, 


(8) ifm <y, then Ta(t) < Talo), 

(ii) ifx <y, then Ia(x) < Ia(y), 

(iii) ifx < y, then F4(x) > Fa(y), 

(iv) Ta(x) < Ta(1), La(x) < I4(1) and F(x) > 
F4(1), 

(v) ae y) < Ta(x) ATa(y), 

() Lae Oy) < Lae) A TAG), 

(vit) Fa(a @ y) = Fa(a) V Fa(y), 

(viit) Ta(a > y) > Ta(x) A Ta(y), 

(iz) I4(a > y) > Ta(x) A La(y), 

(t) Faw > y) S Fa(a) V Fay). 


Proof. (4), (ti), (itt), (iv) Let x,y € E. Since x < y, 
we get that c A y x and so T4(x) A Ta(y) 
Ta(a Ay) = Ta(z). It follows that T4(a”) < Ty(y). 
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In a similar way I4(a”) < Ia(y) and Fa(x) > Fa(y) 
are obtained. 

(v), (vi), (vit) By the previous items, for all x,y € 
E,xz@y <x y implies that T4(x @ y) < Ta(x) A 
Ta(y), La(z @y) < La(x) A Ta(y) and Fia(x ® y) 2 
Fia(a) V Fa(y). 

(viii), (ix), (x) Since (a ~ y) < (a > y), by the 
previous items we get that Ty(x — y) > Ta(x) A 
Ta(y), La(x > y) 2 Ia(x) A Tay) and Fa(z > 
y) < Fa() V Fa(y). 


Example 3.3. Let EF = {a1, a2, a3, a4, a5, a6}. Define 
operations “®,~” and “A” on E as follows: 


® 


a1 


J |Q1 Q2 23 A4 G5 a6 QA, A2 A3 44 a5 a6 


ay 
ag 
a3 
a4 
a5 
a6 


a1 Gy G1 Ay Ay Ay 
a1 Ag a2 Ag Ag a2 
a1 A2 a3 a3 A3 A3> 
a1 G2 43 A4 a4 A4 
a1 42 43 A4 5 5 
a1 A2 3 A4 a5 a6 


Qa, GQ, Gy Ay Ay ay 
42/1 A, A, Ay Ay ag 
aj G1 Ay A a2 a3 
a1 G1 A A2 a2 a4 
a1 QA, A2 a2 a2 a5 
a1 A2 a3 A4 a5 6 


a3 and 
a4 


a5 


a6 


™~ |Q1 G2 a3 A4 A5 a6 


a6 24 a3 a2 A ay, 
a4 Ag a3 A2 Az ag 
a3 23 A6 a3 43 a3° 
a2 A2 a3 Ag a4 a4 
Q5|Q1 A2 a3 a4 A6 a5 


a6 |a 


Then € = (E,A,®,~, a) is an EQ algebra. Define 
a single valued neutrosophic set map A in E as fol- 
lows: 


a2 43 44 a5 a6 


Ta | ai ag a3 a4 as ag 
| 0.22 0.33 0.44 0.55 0.66 0.77 ’ 
I, ay ag a3 a4 a5 a6 
0.21 0.31 0.41 O.51 0.61 0.71 
and 
FA ay ag a3 a4 a5 a6 
0.98 0.88 0.78 0.68 0.58 0.48 


Hence (A,€) is a single-valued neutrosophic EQ- 
subalgebra. 


Corollary 3.4. Let (€, A) be a single-valued neutro- 
sophic EQ -subalgebra. Then for all x,y € H, 


(i) ifa <y, thenTa(y > 2) =Ta(a~y), 


(it) ifa <y,thenIa(y > x) =Iy4(x~y), 
(iti) ifa < y, then Fa(y > 2) = Fa(a~y). 
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3.1, Single-Valued Neutrosophic /Q-prefilters 


In this section, we introduce the concept of single— 
valued neutrosophic /Q-prefilters and show how to 
construct of single—valued neutrosophic F'Q-prefilters. 


Definition 3.5. Let € = (E,A,®,~,1) be an EQ- 
algebra. A map A in E, is called a single-valued neu- 
trosophic EQ-prefilter of E, if for all x,y € E, 


(SVNF1) Ta(z) < Ta(1),La(x) > Ia(1) and 
Fia(x) < Fa(1), 

(SVNF2) A{Ta(z),Ta(x > y)} < Tay), 
V{Ta(x),La(a > y)} > La(y) and Af Fa(a), Fa 
(x > y)} < Fa(y). 


In the following theorem, we will show that how to 
construct of single—valued neutrosophic .Q-prefilters 
in EQ -algebras. 


Theorem 3.6. Let E€ = (E,/A,@,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y € E. 


(i) Ifa < y, then A{Ta(x),Ta(x > y)} = 
Ta(x), 

(it) Ifa < y, thenV{Ia4(x),La(x > y)} = La(a), 

(itt) Ifa < y, then A{F a(x), Fa(x — y)} 
F'a(2), 

(iv) Ifa < y, then Ta(x) < Ta(y) and F(x) < 
Fa(y), 

(v) Ifa < y, then Ia(y) < Ia(za). 


Proof. (i), (ti), (tit) Since x < y we get that r > y = 
1, so by definition, A{T4(x), Ta(a > y)} = Ta(a), 
V{Ia(x), La(x > y)} = La(ax) and 

A{Fa(x), Fa(x > y)} = Fa(a). 

(iv) Since x < y, by (i) we have A{T4(x), Ta(a > 
y)} = Ta(x). So by definition we get T4(z) = 
A{Ta(x),Ta(a > y)} < Ta(y). In a similar way 
x < yimplies that F'4(x) < F(a). 

(v) Since x < y, by (iz) we have V{I4(x), La(ax > 
y)} = I(x). Thus by definition we get I4(y) < 
V{Ia(x),La(a > y)} = I,(x) and it follows that 
a(x) > Tay). 


Corollary 3.7. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and0 © E. If for everyy © E,OAy =0, 
then 


(i) MAT4(0), Ta(O > y)} = Ta (0), 
V{Ia(0), L4(0 > y)} = La (0), 


490 


Collected Papers, IX 


i) A{Ta(1),Ta(l > y)} = Ta(y), 
V{Ia(1), La(1 > y)} = La(y), 

iti) A{Ta(y), Taly > 1)} = Ta(y), 
V{La(y), Za(y > 1) = La(y), 

iv) A{Ta(y),Ta(y > y)} = Ta(y), 
V{La(y), La(y > y)} = La(y), 

v) Ta(0) < T4(1) and I4(1) < Ia(0), 

vi) Ta(a) < Ta(y > a) and Ia(x > y) 
Ta(y), 

vii) Ta(x @y) < Taly ~ @) and Ia(x @ y) 
Ta(y~ 2). 


Example 3.8. Let E = {a,b,c,d,1}. Define opera- 
tions “®,~” and an operation “/\” on E as follows: 


e 


=A 


Aljabcdl @labcdl avjabcdl 
ajaaaaa alaaaaa allbaaa 
blabbbb blaaaab hdl bjb1bbb | 
clabece cjaaacc clablcecc 
djabcdd dlaaadd dlabclid 
llabcdl ljabcdl ljlabecdl 


Then E = (E,A,®,~,1) is an EQ-algebra and ob- 
tain the operation “—” as follows: Define a single val- 
ued neutrosophic set map A in E as follows: 


views. 


11111 
b1111 
ab111- 
abell 
abcdl 


—_> 


EP aQao P| 


a b Cc d 1 
0.1 O02 03 04 0.5’ 


T 


Pa d 1 


0.25 0.15 


a b Cc 
0.55 0.45 0.35 


and 


I, | a b c d 1 
| 0.17 0.27 0.37 0.47 0.57 


Hence A is a single—-valued neutrosophic EQ -prefilter 
of E. 


Theorem 3.9. Let € = (E,/A,@,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y € E. Then 


(i) A{Ta(x),Ta(x ~ y)} < Ta(y) and (a(x) V 
I4(a~ y)) 2 Ja(y), 

(wi) A{Ta(x), Ta(x ® y)} < Tay) and (La(x) V 
a(x @y)) = Ia(y), 
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(tt) A{Ta(x), Ta(u A y)} < Ta(y) and (La(x) V 
eee > Ta(y), 

(iv) Ta(x) A Ta(y) < Ta(2) ATa(a > y), 

(v) Ia(z) VIa(z ay) <I aS ) Vv La(y), 

(vi) Ta(z @y) < Ta(x) ATa(z), 

(vit) T4(@ @ y) > Ta(x) V Ia(z). 


Proof. (i), (ti), (4i2) Let x,y € E. Sinceex ~y < 
x — yand T'4 iaa monotone map, we get that Ta (a ~ 
y) < Ta(a > y). Hence 


A{Ta(x),Ta(x ~ y)} < MTa(x),Ta(x — y)} 
< Ta(y). 


In addition, since J4 is an antimonotone map, x ~ y < 
x — y concludes that I4(a ~ y) > Ia(a — y). 
Hence V{I4(x),la(a ~ y)} > V{Ia(2), La(x > 
y)} > Ia(y). Ina similar way x Ay < yanda @y < 
x — y, imply that A{T4(x),Ta(x @ y)} < Ta(y), 
A{Ta(),Ta(ehy)} < Taly), La(@)VIa(@@y)) > 
Ta(y) and (Ia(x) V Ia(x A y)) 2 La(y). 

(iv), (v) Let x,y € E. Since y < (a > y), we get 
that 


(Ta(@) A Ta(y)) S$ (Ta(@) A Ta(a > y)) S Tay). 


In a similar way we conclude that I4(y) < (La(x) V 
Ta(x — y)) S Ta(x) V Ta(y). 

(vi), (vit) Since x @ y < (a Ay) and T'4 is a mono- 
tone map, then we get that Ta(a ®@y) < Ta(aAy) < 
Ta(x) A Ta(y). In a similar way since I4 is an anti- 
monotone map, then we get that I4(a @ y) > Ta(xA 
y) 2 Ia(x) V Ia(y). 


Corollary 3.10. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y € E. Then 


(i) A{Fa(2), Fa(a ~ y)} < Fay), 
(it) A{Fa(x), Fa(t ®@ y)} < Fay), 
(it) NC Fa(a), Fala Ay)} < Fala), 
(iv) Fa(x) A Fa(y) S F(x) A Fa(a > y), 

(v) Fale @y) < Fala) A Pale). 
Theorem 3.11. Let € = (E,A,®,~,1) be an EQ- 


algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y,z € E. 


(i) Ifa < y, then Ta(x) A Ta(a ~ y) = Ta(a) A 
Ta(y > x), 

(it) Ifa < y, then Ta(z) A Ta(z > x) < Ta(y) 

(itt) Ifa < y, then Ta(x)ATa(y > z) = Ta(a)a 


T(z), 
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(iv) Ifa < y, then I4(x) V Ia(a ~ y) = Ia(2) V 


Ia(y 2), 

(v) Ifa < y, then I4(z) V Ia(z — x) = Ia(x) V 
T(z), 

(vi) Ifa < y, then I4(x) V La(y > z) = Ia4(2) V 
Ia(z). 


Proof. (i) Let x,y € E. Then x < y follows that 7 ~ 
y =y — xandso Ta(x) A Ta(a ~ y) = Ta(x) A 
Ta(y > 2). 

(ii) Let x,y,z € E. Since z > & < z > y, we 
get that Ta(z > x) < Ta(z > y) and so Ta(z) A 
Ta(z > @) < Ta(z) ATa(z > y) < Ta(y). 

(iti) Let x,y,z € E. Since y > z < & > gz, 
we get that Ta(y > z) < Ta(x — 2) and so 
Ta(x)ATa(y > 2) < Ta(a)ATa(a > z) < Ta(z). 
Moreover, z < y — z implies that T(z) < Ta(y > 
z), hence T(z) A Ta(a) < Ta(x) A Ta(y  z) < 
Ta(z)ATa(a2) and so T4(x)ATa(y > z) = Ta(z)A 
Ta(x). 

(v) Let 2, y,2z € E. Since z > a < z > y, we get 
that [4(z > y) < Ia(z > a) and so I4(z) V La(z > 
y) < I4(z) V Ia(z > «). Moreover, x < y implies 
that [4(x) V La(y) = La(x), hence by Theorem 3.9, 
T(z) V Ia(x) V La(y) < La(z) V Ia(ze > 2) < 
Ta(x) V La(z) and so T4(z) A La(z > &) = Ia(z) V 
Ta(a). 

(iv) and (vi) in a similar way are obtained. 


Corollary 3.12. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y,z € E. 


(i) Ifa < y, then Fa(x) A Fa(a ~ y) = Fa(a) A 
Fa(y- 2), 

(it) Ifa < y, then F4(z)\ Fa(z > x2) = Fa(x)A 
F(z), 

(iti) Ifa < y, then Fa(x)AFal(y > z) = Fa(a)A 
F(z). 


Theorem 3.13. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y,z € E. Then 


(i) Ta(@ Ay) = Ta(z) A Ta(y), 
(i) T(x) A Ta(z ~ y) < Ta(x) ATa(y), 


Proof. (2) Since T'4 is a monotone map, «A y < x and 
xAy <y, we obtain T4(x Ay) < Ta(x) A Ta(y). In 
addition from y < x — (x A y) and Theorem 3.9, we 
conclude that T4(x)ATa(y) < (Ta(x)AT a(x > (aA 
y))) < Ta(aAy). Hence T4(aAy) = Ta(x) AT 4(y). 
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(iz) Let x,y € E. Then by Theorem 3.9, T(x) A 
Ta(a~ y) < Ta(y). Since xz ~ y = y ~ &, we obtain 
Ta(a) A Ta(a ~ y) =Ta(z) ATal(y~ 2) < Ta(a). 
So Ta(a2) A Ta(a ~ y) < Ta(x) A Ta(y). 


Corollary 3.14. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y,z € E. Then 


(i) Fa(a@ Ay) = Fa(x) A Fa(y), 
(ii) Fa(x) A Falta ~y) S Fa(x) A Faly), 
Theorem 3.15. Let € = (E,A,®,~,1) be an EQ- 


algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y € E. Then 


(i) Ia(a@ Ay) = La(@) V Ia(y), 
(it) Ia(a) VIa(a ~ y) > Ia(a Ay), 


Proof. (2) Since I, is an antimonotone map, «Ay < x 
anda Ay < y, we obtain I4(x Ay) > I4(x) V La(y). 
In addition from y < x > (x A y), we conclude that 


Ta(x)VIa(y) = 


Hence I4(a A y) = Ia(x) V La(y). 

(it) Let x,y € E. Then, I4(x) V I4(x@ ~ y) > 
Ta(y). Since x ~ y = y ~ &, we obtain I4(x) V 
Ta(a~ y) =La(a2)VIA(y ~ &) > Ia(x). So Ia(x)V 
Ia(x~ y) 2 Ia(a) V La(y). 


Corollary 3.16. Let € = (E,/A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and x,y € E. Then x = y, implies that 
I4(x) V Ia(a ~ y) = Ta(v Ny). 


In Example 3.8, for x a and y = d, we have 
Ta(x) V Ia(a ~ y) = La(x Ay), while x F y. 


4. Single-Valued Neutrosophic /Q-filters 


In this section, we introduce the concept of single— 
valued neutrosophic E@-filters as generalization of 
single—valued neutrosophic /Q-prefilters and prove 
some their properties. 


Definition 4.1. Let € = (E,A,®,~,1) be an EQ- 
algebra. A map A in E, is called a single-valued neu- 
trosophic EQ-filter of E, if for all x,y,z € E, 


(La(a)VIA(a > (aAy))) > La(aAy). 
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(SVNF1) Ta(x) < Ta(1),La(x) > Ta(1) and 
Fa(x) < Fa(1), 


(SVNF2) A{Ta(x),Ta(x > y)} < Tay), 
V {Ia(a), La(az — y)} = La(y) and 
MFa(2), Fa(a > y)} < Faly), 

(SVNF3) Ta(z > y) < ie z) + (y® 
z)),Ia(z > y) = Ta((x @ z) > (y @ 2), and 
Fa(z > y) < Fa((x@ z) > (y @2)). 


In the following theorem, we will show that how to 
construct of single—valued neutrosophic F.Q-prefilters 
in EQ -algebras. 


Theorem 4.2. Let € = (E,/A,@,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of E and x,y € E. 


t) If Ta(a@ > y) = T,(1), then for every z € E, 
Ta((a ® z) > (y®z)) =Ta(a > y). 

it) Ifa < y, then for every z € E, Ta((a% ® z) > 
(y @z)) =Ta(x > y). 

ii) IfTa(a > y) =Ta 
T4((a ® z) > (y ® 2) 

iw) aan =I, 
Ta((a @ 2) > (y @z) 
v) Ifa < y, then for every 
(y@z)) = Ia(w > y). 

vi) If a(x > y) = I,(0), then for every z € E, 
Ia((z @ z) > (y@z)) < Ia(x > y). 


Proof. (i), (tii), (iv) and (vi) by definition are ob- 
tained. 

(it) Since x < y we get that x — y = 1 and by 
definition z @ z < y ® z. Hence by item (7), we have 
Ta((x#® z) > (y®@z)) =Ta(x y). 

(v) It is similar to the item (72). 


0), then for every z € E, 

> Ta(x > y). 

), oe every z € E, 
a(x > y). 

z2€ E,I4((x@@z) > 


Se 


1 


YS =~ 


Corollary 4.3. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ- 
prefilter of E and 0,x,y,z © E. If for every y € 
E,0A y =0, Then 


i) Ta(0 > y) = Ta((z @ z) > (y @2)), 
ti) Ta(a > ©) = Ta((x @ z) > (y@2)), 
4 = Ta((a# ® z) > (y@2z)), 


iv) I4(0 > y) =Ia4((a @ z) 9 
v) Is(a 9 &) =Iy((4® 2) 9 F 
(vi) Ia(x@ 3 1) = Ia((x ® z) > (y @ 2). 


Corollary 4.4. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of Eand x,y € E. 


( 
( 
(iii) T4(x —- 1) 
( 
( 


(y ® z)) 
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(i) If Fa(x > y) = Fa(1), then for every z € E, 
Fa((x ® 2) > (y®z)) = Fale > y), 

(it) Ifa < y, then for every z € E, Fa(("% ®z) > 
(y @ z)) = Fale > y). 

(itt) If Fa(a > y) = F'4(0), then for every z € E, 
Fa((@ @z) > (y@z)) > Fa(z > y). 


Example 4.5. Let E = {0,a,b,c,1}. Define opera- 
tions “®,~” and an operation “/\” on E as follows: 


A|\Oab cl @)\0abel ~lOabcl 
0j000 0 0 0|00000 0}10000 
aaaaa a\jO00aa wid ajOlaaa_ 
bj/0ab —b b|0abab b|/0alab 
c\O0a-—c ec c|000ce cl\Oaalc 
1i\0abcl 1/0Oabcl 1/0abel 


Then € = (E,A,®,~,1) is an EQ-algebra, where b 
and c are non-comparable. Now, obtain the operation 
“+” as follows: 


Oabel 


0 j11111 
a j01111 
b |\Oalcl 
Cc 
1 


—> 


Oablil 
Oabel 


Define a single valued neutrosophic set map A in E as 
follows: 


Pa) 0. <a: tbe. * 
[04 04 04 04 05° 


I, | 0 a b Cc 1 


| 0.62 0.62 0.62 0.62 0.11 
and 
Fa | 0 a b c 1 
| 0.2 02 0.2 02 0.6 


Hence A is a single—-valued neutrosophic EQ-filter of 
és 


Theorem 4.6. Let E€ = (E£,/A,@,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of E and x,y € E. Then 


(i) Taw @y) = Ta(a) A Ta(y), 

(ii) Ia(a @ y) = Ta() V La(y), 

(itt) Ta(a~ y) < Ta(y > 2), 

(iv) Ta(z) A Tally) < Ta(a > 2), 

(v) Tale ~ w) ATaly ~ 2) < Tale ~ 2) 
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(vi) Ia(a~ y) > Jat > 2), 
(vit) La(z) V Ia(y) > Ia(a > 2), 
(vidi) Ig(a~ y) V La(y ~ 2) > La(a ~ 2). 


Proof. (i) Let x,y € E. Since A is a single—valued 
neutrosophic L@-filter of €, we get that 


Ta(l > y) $< Ta((1@ 2) > (y@ 2) 
=T,(a > (y@2)). 
In addition by the item (SV N F'2), we have 


Ta(x) A Ta(a + (y®2)) < Ta(y 2). 


Hence 


Ta(z) A Ta(y) < Ta(z) A Tal > y) S$ Taly @ 2). 


We apply Theorem 3.9 and obtain T(x) A Ta(y) 
Ta(y® 2). 
(it) Let x,y € E. By item (SV NF 2), we have 


Ia(1 > y) > Ia(1@ 2) > (y@2). 


Then I4(a) V I,(1 > y) = I,(x) V Ia(a = (y ® 
x)) > I4(y ® 2). It follows that I4(x) V Ia(y) > 
I4(@)VI4(1 > y) > Ia(y@2). Therefore, Theorem 
3.9 implies that [4(x) V Ia(y) = La(y @ 2). 

(iti) Letz,y € E. Thena~y< (a> y)A(yro 
x) implies that Ta(x ~ y) < Ta(y > 2). 

(iv) Let x,y,z € E. Since (x > y) @ (y > z) < 
(x — z), by item (7), we get that 


Ta(y) A Ta(z) < Ta(a > y) ATa(y > 2) 
= Ta((x > y) ® > 2)) 
<Ta(x > z). 


(v) Let x,y,z € E. Since (x4 ~ y)@(y~ z)<a~ 
z, we get that T4((@ ~ y) @ (y ~ z)) < Ta(a ~ 2). 
Now by item (i), we get that Ty(x ~ y) A Tal(y ~ 
2) =Ta((x~ y@(y ~ 2) < Tala ~ 2). (vi), (vit) 
and (viiz) in a similar way are obtained. 


Example 4.7. Consider the EQ-algebra and the 
single-valued neutrosophic EQ-prefilter A of E which 
are defined in Example 3.8. Since 0.1 = Ta(a) 
Ta(d®c) £0.38 = 0.4A0.3 = Ta(d) A Ta(c), we 
conclude that A is not a single-valued neutrosophic 


EQ-filter A of E. 


Corollary 4.8. Let € = (E,A,@,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of E and x,y,z © E. Then 
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F(x @y) = Fa(x) A Fa(y), 
eee SPA = 2); 
F(z) A Fay) < Fa(x > 2), 


4.1. Special single-valued neutrosophic EQ-filters 


In this section, we apply the concept of homomor- 
phisms and (a, 3, y)—level sets to construct of single— 
valued neutrosophic E.Q-filters. 


Theorem 4.9. Let E = (E,/A,@,~,1) be an EQ- 
algebra and {A; = (Ta,, F'a,,1a,;)}ier be a family 
of single-valued neutrosophic EQ-filters of E. Then 


() A; is a single-valued neutrosophic EQ-filter of E. 
ier 


Proof. Let x € E, then for any i € I,Ty,(x) < 
Ta, (1), Fa;(z) < Fa,(1), 1a, (2) 2 I4,(1) and so 
((\Tad(e) = A Ta(e) < Ta), (() Fad(@) = 
icl i€l i€l 

(\ Fa.(x) $ Fa, (1) and (() La,)(2) = 
iel icl 

I4,(1). Let x,y € E. Then 


(()Ta(e) A 


1el 


= \ Tao 


ier 


ier 


(() Fad(@) A 


wel 

= \ Fy, (a 
wel 

=) Fay) ana 


ier 


(() £a,)(2) v 


1el 


=1i,@ 


eg 


= () Ta, (y) 


tel 


tel 


((\Ta,)(e > y) 


ier 
)A i Tate ey) J Ta.(y) 
tel 


1EL 


(( | Fa)(e > y) 


aes 
)A \ Fa(@ > 9) < \\ Fay) 
tel 


ier 


(| fa.)(e > 9) 


wel 
Vv A\la@y) > A Ia.) 
tel 


Ler 


\\1a.(2) > 
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Let x,y, z € &. Then 


((\ Tae > y) = 
iel 


\ TAs (x => y) 
wel 


< \\Ta,(@ ® z > y @ 2) 
tel 


=()Ta,(2®z > y®2), 


wel 
(() Fa (ey) = A Fae y) 
i€l el 
< \ Fa la®2z>4y®2) 
wel 


=()11,(@@ z > y @ z) and 


i€l 
(ladle > 9) = A La (e > 9) 
ie! i€l 


< \\ 1a (@@ zy ® 2) 
iel 
=()14,(2@@ zy @2). 
iel 
Thus () A; is a single—valued neutrosophic /.Q-filter 


i€I 
of €. 


Definition 4.10. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of E and a,B,y € [0,1]. Consider TS 
E | Ta(z) > o}, Fa = {2 € E| Fale 
I) = {x € E| Ta(x) < 4} and define A‘ 
Hee ea Re 
For any a, 8,7 € {0,1] the set A(8- is called an 
(a, 8, y)-level set. 


Example 4.11. Consider the EQ -algebra E = (E,/, 
@,~, 1), single-valued neutrosophic EQ-filter A of E 
which are defind in Example 4.5. If a = 0.3, 8 = 0.4 
and y = 0.5, then TY = E, F® = {1}, 1 = {1} and 
AloB.7) = {1}, 


Theorem 4.12. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of E and a, 3,7 € [0,1]. Then 


(i) A@8) = Te 18 1 FY, 

(ii) if 0 4 AF), then A\%8-”) is an EQ-filter 
of E, 

(ii) if AS%8-) is an EQ-filter of E, then A is a 
single—valued neutrosophic EQ-filter in E. 


= {© € 
) 2 B}, 
a8, 
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Proof. (i) It is obtained by definition. 

(ii) 0 4 A’), implies that there exists 7 € 
AlB,7), By Theorem 3.6, we conclude thata < 
Ta(z) < T4Q1),8 < Fale) < Fa(1) and y = 
Ta(a) > I4(1). Therefore, 1 € A(%9:7), 

Let c € A(™.) and x < y. Since T'4 and F', are 
monotone maps and J, is an antimonotone map, we 
get that a < Ta(x) < Taly),B < Fa(x) < Faly) 
and y > a(x) > Ia(y). Hence y € Ab~8), 

Let ¢ € Al™8:7) and ¢ > y € Al), Since 
A is a single—valued neutrosophic EQ filter of €, by 
definition we get thata < Ta(x) A Ta(a > y) < 
Ta(y),8 < Fa(x) A Fale > y) < Fa(y) and y 2 
Ta(x) V Ia(a > y) > La(y). Soy € AF”), 

Let c > y € A(~*7) and z € E. Since A is a 
single—valued neutrosophic E@-filter of €, by defini- 
tion we get thata < Ty(x > y) < Ta((x @ z) > 
(y@2)),7 > Tala > y) > La @ 2) > (y2) 
and 6 < Fala 4 y) < Fa((e @ 2) 4 (y @2)). 
It follows that (a @ z) > (y@ z) € Al) and so 
A\8.%) ig an EQ-filter of E. 

(itt) Let x,y, z € E. Consider a, = T(x), By = 
F(a) andy, = Ia(a). Since A(9-7) is an EQ-filter 
of €, then 1 € A‘*-9-7) implies that 


Ta(1) 2 Ay = Ta(x), Fa(1) 2 Be = F(x), 
Ta(1) < Ye = Ia(z). 


Let agsy = Ta(t > y), Brsy = Fa(x — y), 
Yaeoy = Ta(a =F Y)s = Ag \Az—+ys 8 = Ba \ Bry 


and y = 2 V Yay. We have Ta(z) = ag > 
a, T a(x a y) = Agsy = a, F'4(x) = Bx = 
B, Fa(x = y) = Boy > 6 and I,(«) = Ye S< 
y, latte > y) = Yay < 7,80 2,0 > y © 


A(™8:7), Since A(4:7) is an EQ-filter of € we get 
y € A897), Thus we conclude that 


Ta(y) = 
Fa(y) = 


Ay \ Aroy = Ta(x) \ Ta(x > 


— 
and Ia(y) < ¥ = Ye V Yeoy = a(x) V Ia(z > y). 
We have T(t > y) = Agsy > Ansy, Fa(a > 
y) = Bo-vy 2 Bory and Ia(x =e y) = VYeoy < 
Ye+y, SOT +> YY E Ale sy Beye) Since 
ACesy BesuIe>u) is an EQ-filter of E€ we get x ® 
ZY @z € ACesyBe+y-I2>4), Thus we conclude 
that 


Ta((t @ z) + (y® 2)) 2 dey = Ta(x > y), 
F4((z @ z) > (y@2)) > Bry = Fa(z > y) 
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and I4((x ®@ z) > (y @z)) > Yeoy = La(e - y). 
It follows that A is a single—valued neutrosophic EQ- 
filter €. 


Corollary 4.13. Let € = (E,A,®,~,1) be an EQ- 

algebra, A be a single-valued neutrosophic EQ-filter 
of E, a, B,y € [0,1] and 0 4 AF), 

(i) A‘) is an EQ-filter of E if and only if A is 

a single-valued neutrosophic EQ-filter in E. 

(i) f Ga = {2 € E|Ta(l) = Fa(t) 

1, 14(0) = 1}, then G4 is an EQ-filter in E 


Let A = (Ty, F,I,) be a single—valued neutro- 
sophic E@-filter in €,a,a’, 6, 8’,y, 7’ € [0,1] and 
0 #4 H C E. Consider 


plea’) = a ifxe dH, [a,a'] = B iftecH 
alt a’ otherwise, “” Bow, 
aa’ ife € H, 
and 1 Or Le i oo ; Then we have the 
, 7 otherwise. 


following corollary. 


Corollary 4.14. Let A = (Ta, Fa,I,) be a single- 

valued neutrosophic EQ-filter in E. Then 

i) iene ; ine and qlee" are fuzzy subsets, 

it) Uoaee is a fuzzy filter in E if and only if G is 
an EQ filter of E, 

itt) pee lis a fuzzy filter in E if and only if G is 
an EQ-filter of E, 

iv) roe lis a fuzzy filter in E if and only if G is 


an E-Q-filter of E. 


Definition 4.15. Let € = (E,A,®,~,1) be an EQ- 
algebra, A be a single-valued neutrosophic EQ-filter 
of €. Then A is said to be anormal single-valued neu- 
trosophic EQ-filter of E if there exists x,y,z € E 
such that T4(x) = 1, La(y) = land F(z) =1. 


Example 4.16. Consider the EQ -algebra E = (E,/, 
@,~,1), which is defind in Example 4.5. If Define a 
single valued neutrosophic set map A in E as follows: 


Ta | 0 a b c 1 


| 0.4 04 04 04 1” 
I, | 0 a be 1 
| 1 1 1 1 = £=O411 
and 
Fy | 0 a b Cc 1 
| 0.2 0.2 02 02 1 
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Hence A is anormal single-valued neutrosophic EQ- 


filter of E. 


Theorem 4.17. Let € = (E,A,®,~,1) be an EQ- 
algebra and A be a single—-valued neutrosophic EQ- 
filter of E. Then A is a normal single-valued neu- 
trosophic EQ-filter of E if and only if Ta(1) 
1, F4(1) = Land I,(0) = 1. 


Proof. By Corollary 3.7, it is straightforward. 


Corollary 4.18. Let A = (T4,Ia, Fa) be a single- 
valued neutrosophic E@-filter of E. Then 


(i) Ais anormal single-valued neutrosophic EQ- 
filter of E if and only if T4, F'4 and I, are normal 
fuzzy subset. 

(it) If there exists a sequence {(%n, Yn; 2n)}°21 of 
elements Ein such a way that 


{(La(&n); Lan), FalZn))} > (11,1), 


then A(1,0,1) = (1,1,1). 


Corollary 4.19. Let {A; = (Ta4,,Fa,,14,;)}ier be 
a family of normal single-valued neutrosophic EQ - 
filters of E. Then () A; is anormal single—-valued neu- 


ie 
trosophic EQ filter of E. 
Let A = (Ty,Ia, F4) be a single—valued neutro- 
sophic EQ filter of €,2 € E and p € [1, +00). Con- 
1 
sider T1? (x) = =(p + Ta(a) — Ta(1)), 
Pp 


FA?(z) = (0 + F4(x) — F4(1)) and 14?(x) = 


(p+ La(e) - Ia(0)). 
Pp 


Theorem 4.20. Let A = (Ty4,Ia, Fa) be a single- 
valued neutrosophic E@-filter of E. Then 


(2) T° is anormal EQ-filter of E, 

(it) oe is anormal EQ-filter of E, 

(iit) (yer Ss = Ei if and only if p = 1, 
( 

( 


iw) (14°)? = _ 1 if and only if p = 1, 

v) (TE?)t” = Ta if and only if Ta is normal 
EQ-/filter, 

(vi) (14?)*? = La if and only if [4(0) = 1. 


Proof. (i) Let x € E. Because T(x) < T4(1), then 
1 

we have Ti}? (x) = —(p + Ta(x) — Ta(1)) < 1. As- 
Pp 
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sume that x,y € E. Using (SV NF 2), we get that 


TH? (a) ATY?(a 4 y) = (p+ Tala) ~ T,(1)) 


A 


(p+ Ta(e > y) — Ta(1)) 


Slr 


[(p + Ta(x) — Ta(1)) 


anes 


+ T4(x > y) — Ta(1))] 


= 
S 


[(p A p) + (La(z) A Tala > y)) 


“a <9 


T4(1) A Ta(1))] 


(p + Tay) — Ta(1)) = T4?(y). 


oe 


Suppose that x,y,z € E. Using (SVN F3), we get 
that 


Tq? (e > y) = =(p + Ta(z > y) — Ta(1)) 


ee aoe 


(p+ Ta(z®z> y®z) 


—Ta(1)) = TH? (@# @z > y@z). 
Thus see is an FQ filter of €. In addition the equality 
Pith “(0 + Ta(1) — T4(1)) = 1, implies that 
T,” is anormal EQ filter of €. 

(it) Let a € E. Since I4(a%) < I,(0) we get 
that I7?(x) = —(p + Ia(x) — I4(0)) < 1. Items 


(SV NF2) and (SV NF3) are obtained similar to the 
item (i). 
(iii) Assume that « € E. Then 


(Tq?) P(e) = Ta(1))]"? 


Slr 


(p+ Ta(a) — 


p+ “(p+ Ta(z) ~ Ta() 


SBlrR Slr ie 


+ Fa(1) — Ta(1))] 


= 
| 


T4(1)))- 


= 
| 


2 (T4(2) — 
Pp 
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So 
(T?y?@) = THe) 
<> +(p + =(Ta(x) — Ta(1))) 
Pp Pp 
1 


= 5+ Ta(z) — Ta(1)) 
p=. 


(iv) It is similar to (<7). 
(v) Let x € E. (TZ?)*? = Tz if and only if 


“(p+ =(Fa(a) ~ Ta(1))) = Tala) 


<= Ta(1) = (1—p”)Ta(a) + 9? 
p=1<—3T,(1) =1. 


(vi) It is similar to (v). 


Example 4.21. Let E = {0,a,b,c, 1}. Define opera- 
tions “®,~” and an operation “/\” on E as follows: 


AjOabel @)0abel ~abcl 
0j}00000 0)/00000 OjlcbaOd 
adaaaa a 00004 gg ajclcba_ 
b\/0abbb b/000ab blbclceb 
c\0abce c|000ac clabcle 
1)\0abecl 1/0abcl 1/0abel 


Then € = (E,A,®,~,1) is an EQ-algebra, where b 
and c are non-comparable. Now, obtain the operation 
“+” as follows: 


>|0abel 


0 j11111 
ajc1111 
b jbe111— 
c jabcll 
1 |Oabcl 


Define a single valued neutrosophic set map Ain E as 
follows: 


Ta | 0 a b c i 
| 0.41 0.42 0.43 0.44 0.5 ’ 


I, | 0 a b Cc 1 


and 


Fr | 0 a b Cc 1 
| 0.21 0.22 0.23 0.24 0.25 
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Hence A is a single-valued neutrosophic EQ -prefilter 
of €. Consider p = 3, then we obtain a single-valued 
neutrosophic EQ-prefilter At? in E as follows: 


Pe | 0 a b c 1 
[0.97 0.973 0.977 0.98 1” 
LS i) 08 = oe b c 1 
1 0.977 0.973 0.99 0.987 
and 
EGS.) 0 a b eo Sd 


| 0.987 0.99 0.993 0.997 1° 


Corollary 4.22. Let A = (Ta, Ia, Fa) be a single- 
valued neutrosophic EQ-filter of E. Then 


(i) FX? is anormal EQ-filter of E, 
(ii) (F{?)*? = FZ? if and only if p = 1, 
(iii) (FZ?)+” = Fa if and only if F4 is normal 
EQ-filter. 
Corollary 4.23. Let A = (Ta, Ia, Fa) be a single- 
valued neutrosophic EQ-filter of E. Then 
(i) At? = (TT?, IR”, Fi”) is a normal single- 
valued neutrosophic EQ-filter of E, 
(ii) (ATtP)tP = At? ifand only if p = 1, 
(it) (AT?)TP = A if and only if A is a normal 
single—valued neutrosophic EQ-filter. 


Proof. It is trivial by Theorem 4.20 and Corollary 4.22. 


Let A = (Ty,I4, Fa) be a single—-valued neu- 
trosophic E£Q-filter of E€ and g be an endomor- 
phism on €. Now we define AY = (T%,1I4, F4) 
by Ta(z) = Ta(g(a)),F4(@) = Fa(g(a)) and 
T4(x) = La(g(2))- 

Theorem 4.24. Let A = (Ty4,Ia, Fa) be a single- 


valued neutrosophic EQ-filter of E and x,y € E. 
Then 


i) ifa <y, then TA(x) < Th(y), Fa() S Fay) 
and I(x) >= T4(y), 

it) A®% is a single-valued neutrosophic EQ-filter 
of E, 

1 

iti) Ty(a2) = 5 (Fal) + T,(x)) is a fuzzy filter 
in EL, ‘ 

iv) F4(«) = 9 (Fal) + F4(a)) is a fuzzy filter 
in E, 
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(v) A’? = (T4,1',, F4) is a single-valued neutro- 
sophic EQ-filter of E. 


Proof. (i) Let x,y € E.Ifx < y, then g(x) < g(y). 


a 
ioe 
> 


follows that T4 (a) = Ta(g(x)) < Ta(g(y ae = 
Fa(g(x)) < Fa(g(y)) and I(x) = Ia(g(x)) 2 
Ta(g(y)). 


(it) Since g(a — y) = g(x) > g(y), we get that 


and I4 (2) V I4(« + y) = La(g(2)) V La(g(a) > 
9(y)) < La(gy)) = TA). 

Let z € E. Since g(a ® z > y®z) =g(«x#@z) > 
g(y ® z), we get that 


Ti(ex y= 


So by the item (7), AY is a single—valued neutrosophic 
EQ-filter of €. 
(itt), (tv) Let x € E. Since g(1) = 1, so T(x) + 


1 
Ta(g(x)) < 2 implies that T),(v) = 5 (Fal2) + 
Ta(x)) < T4(1). Ina similar way F(x) < F%4(1) 
and I’,(x) > I',(1) are obtained. Suppose that x,y € 
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FE. Then we have 
Tyla) ATA(z > 9) 


= 5(TA(e) + Tale) 

A Ay a—y)+Ta(x > y)) 
= 5 (T(x) ATH > y)) 

+ 5(Lala) + Tale > y)) 

< 5(T4() + Taly)) = TAQ. 


We can show that F(a) A F(a > y) < F4(y) and 
(a) VI (a > y) > Ty (y). Let x,y, z © EB. Then 


= (4 (0 > y) + Tale > y)) 
(Ta(g(@ > y)) + Ta(x > y)) 
(Ta(g(ax ®@z> y@z))+Ta(a®z> y@z)) 


(TE ((@@z > y@z))+Ta(ex@®z> y@z)) 


4(c @z + y®2). 


In a similar way can see that F),(a — y) < F4(a 
z>y@zjandI,(a4 > y) > I,(t@@z > yz). 
(v) It is obtained from previous items. 


Example 4.25. Let E = {aj, a2, a3, G4, a5, a6}. De- 
fine operations “®,~” and “/” on E as follows: 


/\ |Q1 Q2 23 A4 G5 a6 & |a1 a2 a3 a4 As Ae 
a1|@1 Q1 Qj Qa) Ay A) Q1|@1 @1 Q1 QQ] ay 
a2|Q1 A2 a2 A2 a2 a2 42/@1 @1 Q1 Q@) A] ay 
a3|Q1 QA2 a3 a3 43 A3> 43/Q1 A, A, A, a, Ay, and 
a4|Q1 A2 A3 A4 a4 A4 G4|Q1 @1 G1 Q) A] Ay 
A5)/Q1 A2 a3 A4 a5 a5 a5/Q1 G1, A, A, a5 a5 
a6 |41 G2 43 44 a5 a6 6/41 42 43 44 A5 a6 


™~ |Q1 G2 a3 A4 A5 a6 


a1|46 46 @1 A Ay A) 
a2|46 46 @1 A] Ay A) 
43|Q1 A] G6 a4 44 A4° 
A4|A1 G1 A4 Ag a4 a4 
5/41 G1 A4 A4 6 45 
a6|@1 G1 G4 A4 a5 a6 
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Now, we obtain the operation “—>” as follows: 


—|Q1 A2 a3 A4 As Ag 


G1 |46 46 G6 A6 6 46 
a2|46 46 a6 A6 46 46 
3|@1 G1 A6 A6 G6 46° 
a4/Q1 A A4 a6 A6 G6 
45 /Q1 A, A4 a4 A6 46 
Gg |41 G1 G4 a4 A5 A6 


Then E = (E,A,®,~, a6) is an EQ algebra. Let g € 
End(£). Clearly g(ag) = ag. Since for any 1 <i < 
4,1 <j < 6,g(a1) = g(ai ® aj) = g(ai) ® g(aj). 
So a, = g(a1) = g(@s ~ a2) = glas) ~ glaz) = 
g(a5) ~ a, = a, implies that g(a5) = a. Hence 
define a single valued neutrosophic set map A in E 
and a map g on E as follows: 


TA | ay a2 a3 a4 as a6 
| 0.01 0.02 0.03 0.04 0.05 0.06 ’ 
Fa | ay a2 a3 a4 as a6 


| 0.11 0.12 0.138 014 0.15 0.16 ’ 


In | a ag a3 a4 as ag 
| 0.61 052 0.43 034 0.25 0.16 


and 


g | a a2. 43 G4 45 46 
| ay a4 a1 @ 45 46 


Hence (A,€) is a single-valued neutrosophic EQ- 
prefilter. Now, we obtain a single valued neutrosophic 
EQ-prefilter A9 in E follows: 


i | ay a2 a3 aa as a6 
| 0.01 0.01 0.01 0.01 0.05 0.06 ’ 
Fy | ay ag a3 a4 as ag 


| 0.11 0.11 0.11 O11 0.15 0.16 


and 
i | ay a2 a3 a4 a5 a6 
| 0.61 0.61 O61 0.61 0.25 0.16 


and obtain a single valued neutrosophic EQ-prefilter 
A'S in E follows: 


id | ay, a2 a3 a4 a5 a6 
| 0.01 0.015 0.02 0.025 0.05 0.06 ’ 


FZ | ay a2 a3 a4 a5 a6 
| 0.11 0.115 0.12 0.125 0.15 0.16 


499 


Collected Papers, IX 


and 
‘ee | ay a2 a3 a4 as ag 
| 0.61 0.565 0.52 0.475 0.25 0.16 


5. Conclusion 


The current paper considered the concept of single— 
valued neutrosophic E@-algebras and introduce the 
concepts single—valued neutrosophic E.Q-subalgebras, 
single—valued neutrosophic E@-prefilters and single— 
valued neutrosophic /.Q-filters. 


i) It is showed that single—valued neutrosophic 
EQ-subalgebras preserve some binary relation 
on E@-algebras under some conditions. 

it) Using the some properties of single—valued 
neutrosophic /Q-prefilters, we construct new 
single—valued neutrosophic F.@Q-prefilters. 

iti) We considered that single—valued neutrosophic 
EQ-filters as generalisation of single—valued 
neutrosophic LQ -prefilters and constructed them. 

iv) We connected the concept of E@-prefilters 
to single—valued neutrosophic EQ -prefilters and 
the concept of E@-filters to single—valued neu- 
trosophic EQ filters, so we obtained such struc- 
tures from this connection. 
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Abstract: In complex rings or complex fields, the notion of imaginary element i with i? = —1 or the 
complex number / is included, while, in the neutrosophic rings, the indeterminate element I where 
P = 1 is included. The neutrosophic ring (R U I) is also a ring generated by R and I under the 
operations of R. In this paper we obtain a characterization theorem for a semi-idempotent to be in( 
ZpU I), the neutrosophic ring of modulo integers, where p a prime. Here, we discuss only about 
neutrosophic semi-idempotents in these neutrosophic rings. Several interesting properties about 
them are also derived and some open problems are suggested. 


Keywords: semi-idempotent; neutrosophic rings; modulo neutrosophic rings; neutrosophic 
semi-idempotent 


1. Introduction 


According to Gray [1], an element « 4 0 of a ring R is called a semi-idempotent if and only if « is 
not in the proper two-sided ideal of R generated by a” — a, that is w ¢ R(a? — w)R or R = R(a* —a@)R. 
Here, 0 is a semi-idempotent, which we may term as trivial semi-idempotent. Semi-idempotents have 
been studied for group rings, semigroup rings and near rings [2-9]. 

An element I was defined by Smarandache [10] as an indeterminate element. Neutrosophic 
rings were defined by Vasantha and Smarandache [11]. The neutrosophic ring (R U I) is also a ring 
generated by R and the indeterminate element I (I ? — I) under the operations of R [11]. The concept 
of neutrosophic rings is further developed and studied in [12-16]. As the newly introduced notions 
of neutrosophic triplet groups [17,18] and neutrosophic triplet rings [19], neutrosophic triplets in 
neutrosophic rings [20] and their relations to neutrosophic refined sets [21,22] depend on idempotents, 
thus the relative study of semi-idempotents will be an innovative research for any researcher interested 
in these fields. Finding idempotents is discussed in [18,23-25]. One can also characterize and 
study neutrosophic idempotents in these situations as basically neutrosophic idempotents are trivial 
neutrosophic semi-idempotents. A new angle to this research can be made by studying quaternion 
valued functions [26]. 

We call a semi-idempotents x in (RU I) as neutrosophic semi-idempotents if x = a+ bI and 
b £0;a,b € (RUI). Several interesting results about semi-idempotents are derived for neutrosophic 
rings in this paper. As the study pivots on idempotents it has much significance for the recent studies 
on neutrosophic triplets, duplets and refined sets. 

Here, the notion of semi-idempotents in the case of neutrosophic rings is introduced and several 
interesting properties associated with them are analyzed. We discuss only about neutrosophic 
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semi-idempotents in these neutrosophic rings. This paper is organized into three sections. Section 1 is 
introductory in nature. In Section 2, the notion of semi-idempotents in the case of 


(Zullo bllebe Zan c= T} 
is considered. Section 3 gives conclusions and proposes some conjectures based on our study. 


2. Semi-Idempotents in the Modulo Neutrosophic Rings (Z,, U I) 


Throughout this paper, (Zn UI) = {a+bI/a,b € Zy,2 < n < ow; P= I} denotes the 
neutrosophic ring of modulo integers. We illustrate some semi-idempotents of (Z, U I) by examples 
and derive some interesting results related with them. 


Example 1. Let S = (Z)U1) = {a+bI/a,b € Zp, I? = I} be the neutrosophic ring of modulo integers. 
Clearly, 2 = I and (1+1)* = 1+ are the two non-trivial idempotents of S. Here, 0 and 1 are trivial 
idempotents of S. Thus, S has no non-trivial semi-idempotents as all idempotents are trivial semi-idempotents 


of S. 
Example 2. Let 


R=(Z,UT) =f{atbllabe ZFS} =101,2,1,2114124114212421) 


be the neutrosophic ring of modulo integers. The trivial idempotents of R are 0 and 1. The non-trivial neutrosophic 
idempotents are I and 1+ 21. Thus, the idempotents I and 1 + 21 are trivial neutrosophic semi-idempotents 
of R. Clearly, 2 and 2+ 21 are units of Ras 2 x 2 = 1(mod 3) and2+2I x 2+2I=1(mod 3).1+1€ Ris 
such that 

(14+1)?-(14+1) =14+21+1-(1+1) =14+24+21=21. 


Thus, 1 + 1 is a semi-idempotent as the ideal generated by 1 + I is ((1 +1)? — (1+1)) = (21) is such 
that 1+ 1 ¢ R. However, it is important to note that (1+1) € Ris aunitas (1+I)* =1+2I+1=1, 
hence 1+ Lisa unit in R but it is also a non-trivial semi-idempotent of R. 2 + I is not a semi-idempotent as 


G41? -@47)=1441 47-241 5241, 


hence the claim. 2+2I € Ris a unit, now (2+ a1? = 4481 +4)? =1, thus 2+21 is a unit. However, 
(2+ 21)? — (24.21) =14+1+1=2+1. 

Now, the ideal generated by (2 + I) does not contain 2+ 21 as (2+ 1) = {0,2+1,1+4+2I}, thus 2+ 21 
is also a non-trivial semi-idempotent even though 2 + 21 is a unit of R. Thus, it is important to note that 
units in modulo neutrosophic rings contribute to non-trivial semi-idempotents. Let P = {0,2 +21,2+1,1+ 
21, 1,1 + 1,1} be the collection of trivial and non-trivial semi-idempotents. 21 is not a semi-idempotent as 
(21)? —2I = 1+ I =21, hence the claim. Thus, P is not closed under sum or product. 


Theorem 1. Let S = {(Zp UI), +, x} be the ring of neutrosophic modulo integers where p is a prime. x is 
semi-idempotent if and only if x € (Zp UI) \ {ZpI,0,1,a + bI witha + b = O}. 


Proof. The elements x = a+ bI € S with b = 0 are such that x? — x generates the ideal, which is S, 
thus x is a semi-idempotent. Let y = a + bI; if a = 0, the ideal generated by y is ZyI, thus y € Z)I CS, 
hence y € Zpl, therefore y is not a semi-idempotent. 

Consider z = a+bI € S witha + b = 0(mod p); then, z” — z generates an ideal M of S such that 
every element x = d+ cI in M is such that d +c = 0(mod p), thus z is not a semi-idempotent of S. 
Letx =a+bl€S(a#0,b £0anda+b £0). 
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m m © Zy or 
Paix = eq n € Zy or 
n+ml m+n#0 
If x* — x = m, then the ideal generated by x? — x is S, thus x is a semi-idempotent. If x? — x = nl, 


then the ideal generated by 1 is ZpI, thus x ¢ ZpI, hence again x is a semi-idempotent. If x* — x = 
n+mlI(m-+n # 0), then the ideal generated by n + ml is S, thus x is a semi-idempotent by using 


properties of Zp, p a prime. Hence, the theorem is proved. 


If we take S = {(Z, UI),+, x } as a neutrosophic ring where n is not a prime, it is difficult to find 
all semi-idempotents. 


Example 3. Let S = {(Z15 UI),+, x} be the neutrosophic ring. How can the non-trivial semi-idempotents of 
S be found? Some of the neutrosophic idempotents of S are {1+ 91, 6+4I, 1+5I, 1+141,6+5I, 6+ 91, 
I,61,101,10,6,6 + 101,10 + 117,10 + 61,10 + 5]}. 

The semi-idempotents are {1 + I,1 + 21,1 + 31,1 + 41,1 + 61,1 71,1 + 81,1+4101, 
1+ 1111+ 1211+ 1316+1,6+21,6+31,6+ 61,6+71,6+81,6 +111,6 + 121,6+131,6+ 141,10 +, 
10 + 21,10 + 31,10 + 41,10 + 71,10 + 81,10 + 91,10 + 101,10 + 121,10 + 131,10 + 14I}. 


Are there more non-trivial neutrosophic idempotents and semi-idempotents? 
However, we are able to find all idempotents and semi-idempotents of S other than the once 
given. In view of all these, we have the following theorem. 


Theorem 2. Let S = {(Zpq UI); x, +} where p and q are two distinct primes: 


1. There are two idempotents in Zpq say r and s. 
2 ARS TAL Ar Pile Pili (2a, \ O}} such that r +t =s,1or0ands+t =O, 1orr is the partial 
collection of idempotents and semi-idempotents of S. 


Proof. Given S = {(ZpqUI),+, x} is a neutrosophic ring where p and q are primes, we know 
from [12,17,18,20,23-25] that Zyq has two idempotents r and s to prove A = {r,s,rIsI,I,r +t] 
and s+tI/t € Zpq \ {O}} are idempotents or semi-idempotents of S.{r,s,rlI,sI,I} are non-trivial 
idempotents of S$. Now, r + tI € A and (r + tI)? — (r+ t1) = ml asr? = r, thus the ideal generated by 
mI does not contain r;I. Therefore, r;I is a non-trivial semi-idempotent. Similarly, s + t] is a non-trivial 


semi-idempotent. Hence, the theorem is proved. 


We in addition to this theorem propose the following problem. 


Problem 1. Let S = {(Zp, U1), 1, x }, where p and q are two distinct primes, be the neutrosophic ring. Can S 
have non-trivial idempotents and non-trivial semi-idempotents other than the ones mentioned in (b) of the 
above theorem? 


Problem 2. Can the collection of all trivial and non-trivial semi-idempotents have any algebraic structure 
defined on them? 


We give an example of Zpqr, where p, q and r are three distinct primes, for which we find all the 
neutrosophic idempotents. 


Example 4. Let S = {(Z39 UI),+,x}, be the neutrosophic ring. The idempotents of Z39 are 
6, 10, 15, 16, 21 and 25. The non-trivial semi-idempotents of S are {1+ 1,1 + 21,1 +4 3], 
1+ 41,1+ 61,1+71,1+ 511+ 101,1+111,1 4+ 131,14 121,1 + 161,14 171,1 + 181,1 + 191,1 + 211, 
14+ 221,1+231,1+251,1+261,1+271,1+ 281}. 
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Py = {145114 91,14 141,1+151,1+201,1 + 241,1 + 291} are non-trivial idempotents of S. 
Jo = {6+ 1,64 21,64+31,6+51,64+ 61,6+71,6+81,6+111,6+ 121,64 131,6+141,6+161,6+171, 
6 + 18I,6+201,6 + 211,6 + 221, 6 + 231,6 + 261,6 + 271,6 + 281,6 + 291} are non-trivial neutrosophic 
semi-idempotents of S. Py = {6+ 41,6 + 91,6 + 101,6 + 151, 6 + 241,6 +191,6 + 251} are non-idempotents 
of S. 


Now, we list the non-trivial semi-idempotents associated with 10 of Z3. Jz = {10+ 1, 10+ 21, 
10 + 31,10 +41,10+ 71,10 + 81,10 + 91,10 + 101,10 + 111,10 + 121,10 + 131,10 + 141,10 +16/, 10+ 171, 
10 + 181,10 + 191,10 + 22], 10 + 231,10 + 241,10 + 251,10 + 271,10 + 281,10 + 291} 

P3 = {10+ 5,10 + 61,10 + 151,10 + 201, 10 + 211,10 + 261,10 + 111} are the collection of non-trivial 
idempotent related with the idempotents. Now, we find the non-trivial idempotents associated with 15: J4 = 
{15 --21,15+ 31,15 +-41,.15 +71,15 + 81,15 +91,15+ 11,15 +121, 15 +130, 15 + 14, 15-4171 15+ 
181,15 + 191,15 + 201,15 + 221,15 + 231,15 + 241, 15 + 251,15 + 261,15 + 271, 15 + 281, 15 + 291}. 

Py = {15+ 1,154 51,15 + 61,15 + 101,15 + 151,15 + 161,15 + 211} are the non-trivial idempotents 
associated with 15. The collection of non-trivial semi-idempotents associated with 16 are: Jz = {16+ I, 
16 + 21,16 + 31,16 + 41,16 + 61,16 + 71,16 + 81,16 + 101, 16 + 191,16 + 271,16 + 211, 16 + 221, 16 + 
231,16 + 251,16 + 111,16 + 121,16 + 131,16 + 171,16 + 181,16 + 281. Ps; = {16+ 141, 16+ 151, 16+ 
201,16 + 241,16 + 291,16 + 51,16 + 91} are the set of non-trivial idempotents related with the idempotent. 
We find the non-trivial semi-idempotents associated with the idempotent 21: Jg = {21+ 1,214 21,214 
31,214+51,21+61,21+71,214 81,214+121,21+111,21+131, 214141, 21 + 161,214 171,214 181,214 
201,21 + 211,21 + 221,21 + 231,21 + 261,21 + 271,21 + 281,21 + 291}. Ps = {214 41,214 91,214 
101,21 + 151,21 + 191,21 + 241,21 + 251} is the collection of non-trivial idempotents related with the 
real idempotent 21. The collection of all non-trivial semi-idempotents associated with the idempotent 25. 
Jr = {20+ 1,25-+21, 28 + 31,25-4-41,25 4-71.25 4-81, 25491, 25 + 101,25 + 121,25 ++ 131,25 + 141,25 
161,25 + 241,25 + 171,25 + 181,25 + 191,25 +221, 25 + 231, 25 + 271,25 4+ 281,25 + 291} Pr = {25+ 
51,25 + 61,25 + 111,25 + 151,25 + 201, 25 + 211,25 + 261} are the non-trivial collection of neutrosophic 
semi-idempotents related with the idempotent 25. 


We tabulate the neutrosophic idempotents associated with the real idempotents in Table 1. Based 
on that table, we propose some open problems. 


Table 1. Idempotents. 


S.No Real Neutrosophic Sum Missing 

1+5! 1+5=6 
1+91 1+9=10 
1414! 1+14=15 

1 1 1415! 1+15=16 1 
14+ 201 1+20=21 
14 24! 1+24=25 
1429] 1+29=0 
6+4l 6+4=10 
6+91 64+9=15 
6+ 101 6+10=16 

2 6 6+ 15! 6+15=1 6 
6+ 24] 6+24=0 
6+ 19] 64+19=25 
6+ 251 6+25=1 
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Table 1. Cont. 


S.No Real Neutrosophic Sum Missing 
10 + 51 10+5=15 
10 + 61 10+6=16 
10+ 15! 10+15=25 
3 10 10+ 201 10+20=0 10 
10+ 211 10+21=1 
10+ 26! 10+ 26=6 
10+ 111 10+11=21 
15+I1 15+1=16 
15 +51 15+5=20 
15+ 61 15+6=21 
4 15 15+ 101 15+10=25 15 
15+ 15! 15+15=0 
15+ 16! 15+16=1 
15+ 211 15+21=6 
16+ 141 16+14=0 
16+ 15! 16+15=1 
16+ 201 16+20=6 
5 16 16+ 241 16+ 24 = 10 16 
16+ 291 164+ 29=15 
16+51 16+5=21 
16 + 91 16+9=25 
21+ 41 21+4=25 
214+ 91 21+9=0 
21+ 101 21+10=1 
6 21 21+ 15] 21+ 15=6 21 
21+ 191 21+19=10 
21 + 24] 21+ 24=15 
21+ 25] 21+ 25= 16 
25+1 25+5=0 
25 +51 25+6=1 
25 + 61 25+11=6 
7 25 25 + 101 25+15=10 25 
25 + 161 25+ 20=15 
25 + 211 25 +21= 16 
25 + 261 25 + 26 = 21 


Collected Papers, IX 


We see there are eight idempotents including 0 and 1. It is obvious that using 0 we get only 
idempotents or trivial semi-idempotents. 


In view of all these, we conjecture the following. 


Conjecture 1. Let S = {(Z, UI),+,x} be the neutrosophic ring n 


distinct primes. 


1. Zy = Zygr has only six non-trivial idempotents associated with tt. 


pqr, where p,q and r are three 


2. If my,m2,m3, M4, Ms and meg are the idempotents, then, associated with each real idempotent m,, we have 
seven non-trivial neutrosophic idempotents associated with it, i.e. {mj + njl,j = 1,2,...,7}, such that 
a= ft where tj takes the seven distinct values from the set {0,1,m z,k # i;k = 1,2,3,...6}. 


i=1,2,...,6. 


This has been verified for large values of p,q and r, where p,q and r are three distinct primes. 
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3. Conjectures, Discussion and Conclusions 


We have characterized the neutrosophic semi-idempotents in (Z, UI), with p a prime. 
However, it is interesting to find neutrosophic semi-idempotents of (Z; U I), with n a non-prime 
composite number. Here, we propose a few new open conjectures about idempotents in Z, and 
semi-idempotents in (Z, U I). 


Conjecture 2. Given (Z, UI), where n = py, p2,... pt;t > 2 and pjs are all distinct primes, find: 


1. the number of idempotents in Zn; 

2. the number of idempotents in (Z, UI) \ Zn; 

3. the number of non-trivial semi-idempotents in Zn; and 

4, the number of non-trivial semi-idempotents in (Z, UI) \ Zn. 


Conjecture 3. Prove if (Z, UI) and (ZU I) are two neutrosophic rings where n > mand n = p'g (t > 2, 
and p and q two distinct primes) and m = pip2... ps where p;s are distinct primes. 1 <i < s, then 

1. prove Z, has more number of idempotents than Z,; and 

2. prove (Zm U1) has more number of idempotents and semi-idempotents than (Zn U 1). 


Finding idempotents in the case of Z, has been discussed and problems are proposed in [18,23,24]. 
Further, the neutrosophic triplets in Z, are contributed by Z;,. In the case of neutrosophic duplets, 
we see units in Z, contribute to them. Both units and idempotents contribute in general to 
semi-idempotents. 
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Neutrosophic Nano ideal topological structure 


M. Parimala, M. Karthika, S. Jafari, F. Smarandache, R.Udhayakumar 


M. Parimala, M. Karthika, S. Jafari, Florentin Smarandache, R. Udhayakumar (2019). 
Neutrosophic Nano Ideal Topological Structures. Neutrosophic Sets and Systems 24, 70-76 


Abstract: This paper addressed the concept of Neutrosophic nano ideal topology which is induced by the two litere- 
ture, they are nano topology and ideal topological spaces. We defined its local function, closed set and also defined 
and give new dimnesion to codense ideal by incorporating it to ideal topological structures. we investigate some 
properties of neutrosophic nano topology with ideal. - 


Keywords: neutrosophic nano ideal, neutrosophic nano local function, topological ideal, neutrosophic nano topolog- 
ical ideal. 


1 Introduction and Preliminaries 


In 1983, K. Atanassov [1] proposed the concept of IFS(intuitionstic fuzzy set) which is a generalization of 
FS(fuzzy set) [17], where each element has true and false membership degree. Smarandache [15] coined the 
concept of NS (neutrosophic set) which is new dimension to the sets. Neutrosophic set is classified into three 
independently related functions namely, membership, indeterminacy function and non-membership function. 
Lellis Thivagar [8], introduced the new notion of neutrosophic nano topology, which consist of upper, lower 
approximation and boundary region of a subset of a universal set using an equivalence class on it. There have 
been wide range of studies on neutrosophic sets, ideals and nano ideals [9, 10, 11,12,13,14]. Kuratowski [7] 
and Vaidyanathaswamy [16] introduced the new concept in topological spaces, called ideal topological spaces 
and also local function in ideal topological space was defined by them. Afterwards the properties of ideal 
topological spaces studied by Hamlett and Jankovic[5,6]. 
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In this paper, we introduce the new concept of neutrosophic nano ideal topological structures, which is a 
generalized concept of neutrosophic nano and ideal topological structure. Also defined the codense ideal in 
neutrosophic nano topological structure. 

We recall some relevant basic definitions which are useful for the sequel and in particular, the work of M. L. 
Thivagar [8], Parimala et al [9], F. Smarandache [15]. 


Definition 1.1. Let U be universe of discourse and RF be an indiscernibility relation on U. Then U is divided 
into disjoint equivalence classes. The pair (U, R) is said to be the approximation space. Let F’ be a NS in U 
with the true ~, the indeterminancy of and the false function vp. Then, 


(i) The lower approximation of F' with respect to equivalence class R is the set denoted by N(F’) and 
defined as follows 


NP) = { (4, tram (@), oR) (4). YR Ur)(@)) I € [alana €U} 


(ii) The higher approximation of F' with respect to cnet class R . the set is denoted by N(F’) and 
defined as follows, N(F’) = {(a, urcr)(@), oF) (2), Vac) (a) ly € [alr,a € U} 


(iii) The boundary region of F’ with respect to equivalence class R is the set of all objects is denoted by B(F’) 


and defined byB(F’) = N(F’) — N(F). 


where, 


LRP) (@) = U Lp(y), CRP) (@) = U or (yi), 


yi€lalr yi€lalr 

Vary (a) a () Ve(y)- Macey) (a) = () Lr(y1), 
y1€(alr yi€lalr 

oRrF)(a) = () or(y1), YRuA) (a) = () Vr(yi): 
yi€la)r yi€lale 


Definition 1.2. Let U be a nonempty set and the neutrosophic sets X and Y inthe form X = {(a, wx(a),7x(a),vx(a)), 
and Y = {(a, py (a), cy (a), vy(a)) ,a € U}. Then the following statements hold: 


(i) Ov = {(a,0,0, 1) ,a € U} and ly = {(a,1,1,0),a € U}. 
(ii) X C yif and only if x(a) < py(a),ox(a) < oy(a),vx(a) > vy(a) for alla € U. 
(ii) X = Y ifandonlyif X C Y andY CX. 
(iv) X° = {(a,vx(a), 1 — x(a), ux( 
( 


(v) X OY if and only if wx (a) A wx(a),ox(a) A oy(a), vy(a) V vy(a) for alla € U. 


a)),a€U}. 
(vi) X UY if and only if y(a) V py (a), ox(a) V oy (a), vx(a) A vy(a) for alla € U. 
(vii) X — Y if and only if x(a) A vy(a),ox(a) A 1 — oy(a), vx(a) V py(a) for alla € U. 


Definition 1.3. Let X be a non-empty set and J is a neutrosophic ideal (VJ for short) on X if 
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(i) A; € Jand B, C A; => B, € I [heredity], 


(i) Ay € land Bj Ee l=> A, UB, € I [finite additivity]. 


2 Neutrosophic nano ideal topological spaces 


In this section we introduce a new type of local function in neutrosophic nano topological space. Before that 


we shall consider the following concepts. 
Neutrosophic nano ideal topological space(in short NNI) is denoted by (U, tv (F’), 1), where (U, tw (F), D) 


is a neutrosophic nano topological space(in short NNT) (U, t(/")) with an ideal J on U 


Definition 2.1. Let (U, t(F’), 1) be a NNI with an ideal J on U and (.);; be a set of operator from P(U) to 
P(U) x P(U) (P(U) is the set of all subsets of U). For a subset X C U, the neutrosophic nano local function 


Xx (1, t(F’)) of X is the union of all neutrosophic nano points (NNP, for short) C'(a, 3, y) such that 
XU, m(F)) = V{C(a, 6,7) €U: XG ¢ [forall G € N(C(a, 6, 7))}. We will simply write Xx, for 
XV, tw (F)). 


Example 2.2. Let (U, 7\;(£’)) be a neutrosophic nano topological space with an ideal J on U and for every 
ASU, 


(i) If J = {0.}, then X%, = Nel(X), 
(ii) If 1 = P(U), then X%- = 0.. 
Theorem 2.3. Let (U, t(’)) be a NNT with ideals J, J’ on U and X, B be subsets of U. Then 
@) X CB> Xj C By, 
Gi) TOM > XPM) CXF), 
(iii) XX, = Ncl(Xj,) C Nel(X) (Xj, is a neutrosophic nano closed subset of Ncl(X)), 
(iv) (XR)iv © XN, 
(v) X%-U BY = (X UB), 
(vi) Xt — By = (X — By — By C(X - BY, 
(vii) V em(F) S VAXe =VA(VAX)S C (VINX), and 
Wii) SETS LUD eH XS OaDe 


Proof. (i) Let X C Banda € Xj;. Assume that a ¢ By;. We have Gy B € I for some Gy € Gy(a). 
Since Gy NX C Gyn Band Gyn B € I, we obtain Gy MX € J from the definition of ideal. Thus, we 
have a € Xj,- This is a contradiction. Clearly, Xx, C By. 

(ii) Let I C I’ anda € X;,(J'). Then we have Gy X ¢ I’ for every Gy € Gy(a). By hypothesis, we 


obtain Gyn X ¢ I. Soa € Xj-(J). 
(iit) Let a € X};. Then for every Gy € Gy(a),Gy NX ¢€ I. This implies that Gyn X 4 Ov. Hence 
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a€ Ncl(X). 

(iv) From (tii), (Xx;)A; C Mel(Xj-) = X};, since Xj is a neutrosophic nano closed set. 

The proofs of the other conditions are also obvious. 

Theorem 2.4. If (U, ~(F), [) is a NNT with an ideal J and X C X;j,, then Xx, = Nel(Xj,) = Nel(X). 
Proof. For every subset X of U, we have Xx, = Ncl(X*) C Ncl(X), by Theorem 2.3. (iii) X C Xj, implies 
that Vcl(X) C Nel(X;j,) and so Xx = Nel(X}4;) = Ncl(X). 


Definition 2.5. Let (U, t(F’)) be a NNT with an ideal J on U. The set operator Ncl* is called a neutro- 
sophic nanox-closure and is defined as Ncl*(X) = X U Xj, for X Ca. 


Theorem 2.6. The set operator \Vcl* satisfies the following conditions: 
(i) X C Nel*(X), 
(ii) Ncl*(0.) = Ow and Ncl*(1.) = 1n, 
(iii) If X C B, then Ncl*(X) C Ncl*(B), 
(iv) Ncl*(X) UNcl*(B) = Ncl*(X UB). 
(v) Nel*(Ncl*(X)) = Ncl*(X). 


Proof. The proofs are clear from Theorem 2.3 and the definition of Ncl*. 

Now, tw (F)*(, w(F)) = {V CU: Nel*(U —V) =U —V}. trw(F)*(L, tw(F)) is called neutrosophic 
nanox-topology which is finer than t,y(L") (we simply write tyy(L")* for my (F’)*(Z, tv (F’))). The elements of 
tu (F’)*(1, tv(F)) are called neutrosophic nanox-open (briefly, \V*-open) and the complement of an N’*-open 
set is called neutrosophic nanox-closed (briefly, M’*-closed). Here Ncl*(X) and Nint*(X) will denote the 
closure and interior of X respectively in (U, Ty(F’)*). 

Remark 2.7. (i) We know from Example 2.2 that if J = {0.} then XX; = Ncl(X). In this case, Ncl*(X) = 
Nel(X). 

(iz) If (U, tv (F), I) is a NNI with J = {0.}, then ty/(F’)* = tw(F). 

Definition 2.8. A basis G(/, ty (F’)) for ty (F")* can be described as follows: 

BU, w(PF)) ={X —-B:X €tmw(F), Be IT}. 

Theorem 2.9. Let (U, t(£")) be a NNT and J be an ideal on U. Then 6(J, t(F’)) is a basis for Ty (F’)*. 


Proof. We have to show that for a given space (U, ty (F’)) and an ideal J on U, G(1, t-(F)) is a basis for 
tu (F’)*. If BU, ~(F)) is itself a neutrosophic nano topology, then we have 3(I, ty (F')) = ty(F’)* and all the 
open sets of Ty (F’)* are of simple form X — B where X € T,/(F’) and B € I. 

Theorem 2.10. Let (U, t(F’), 1) be a NNT with an ideal J on U and X CU. If X C Xj, then 


(i) Nel(X) = Nel*(X), 
(ii) Nint(U — X) = Nint*(U — X). 


Proof. (i) Follows immediately from Theorem 2.4. 
(ii) If X C Xx, then Ncl(X) = Necl*(X) by (i) and so U — Ncl(X) = U — Ncl*(X). Therefore, 
Nint(U — X) = Nint*(U — X). 
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Theorem 2.11. Let (U,7,(F), 1) be a NNT with an ideal J on U and X C X. If X C Xx, then 
Xf, = Nel(X},) = n-el (X) = Nel*(X). 


Definition 2.12. A subset A of a neutrosophic nano ideal topological space (U, t(F’), I) is N*-dense in 
itself (resp. N*-perfect) if X C Xj, (resp. X = X},). 


Remark 2.13. A subset X of a neutrosophic nano ideal topological space (U, t(F), [) is N*-closed if 
and only if X;, C X. 
For the relationship related to several sets defined in this paper, we have the following implication: 


N*-dense in itself = N*-perfect = N*-closed 


The converse implication are not satisfied asthe following shows. 


Example 2.14. Let U be the universe, X= {P,, Py, Ps, Py, Ps} Ge U, U/R = {{P,, Py}, {P3}, are Ps\} 
and tTy(F) = {1.,0.,V,N, B} and the ideal J = 0.,1.. For X = {< P,, (.5,.4,.7) >, < Py, (.6,.4,.5) > 
i< P3, (.4, 0; A) P< Py, ee 3, A) aS Ps, C8; 5, 2) eae N(X) = Car aa 7a ? 

NX) se ae ce BE) SA ia ae ve = Oy then X7,- = Wel(@); “Thus 
X C Xx. Hence X is N*-dense but not \’*-perfect. 


If J = 1. then Xj; = OV. Thus X D> Xj,. Hence Xj, is N*-closed but not \V*-perfect. 


Lemma 2.15. Let (U, 7v(F’), [) bea NNI and X C U. If X is Nx-dense in itself, then Xj; = Ncl(X};) = 
Noll X= Nel* 0). 
Proof. Let X be N*-dense in itself. Then we have X C Xj and using Theorem 2.11 we getXy, = 
Nel(X};) = Nel(X) = Nel*(X). 


Lemma 2.16. If (U, ty (F’), I) isa NNT with an ideal J and X C U, then Xi-(1, t(F)) = XX, w(F)*) 
and hence ty (F’)* = tr(F’)™. 


3 T,(F’)-codence ideal 


n this section we incorporated codence ideal [5] in ideal topological space and introduce similar concept in 
neutrosophic nano ideal topological spaces. 


Definition 3.1. An ideal J in a space (U, tv (F’), I) is called ty (F')-codense ideal if my (F’) NI = {0}. 
Following theorems are related to 7,(£’)-codense ideal. 


Theorem 3.2. Let (U, t(F’), J) be an NNI and J is t,/(F’)-codense with Ty(F’). Then U = Ux;. 
Proof. It is obvious that Ux; C U. For converse, suppose a € U but a ¢ Ux;. Then there exists G; € Ty(F’)(a) 
such that G, 1 U € I. That is G, € I, a contradiction to the fact that ty(F’) NJ = {0.}. Hence U = Uy. 


Theorem 3.3. Let (U, T(E’), J) be a NNI. Then the following conditions are equivalent: 


@) U =Ux. 
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Gi) t(F) NI = {0}. 


(iii) If J € J, then Nint(J) = 02. 


(iv) For every X € Ty(F'), X C Xx. 


Proof. By Lemma 2.16, we may replace ‘ty-(F')’ by ‘ta(F')*’ in (27), “Nint(J) = OV by ‘Nint*(J) = 00” 
in (ii7) and ‘X € ty(F)’ by ‘X € tw(F)*’ in (iv). 


4 


Conclusions 


this paper, we introduced the notion of neutrosophic nano ideal topological structures and investigated some 
relations over neutrosophic nano topology and neutrosophic nano ideal topological structures and studied some 
of its basic properties. In future, it motivates to apply this concepts in graph structures. 
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Separation Axioms in Neutrosophic Crisp 
Topological Spaces 


Ahmed B. AL-Nafee’, Riad K. Al-Hamido?, Florentin Smarandache® 


Ahmed B. Al-Nafee, Riad K. Al-Hamido, Florentin Smarandache (2019). Separation Axioms in Neutrosophic 
Crisp Topological Spaces. Neutrosophic Sets and Systems 25, 25-32 


Abstract.The main idea of this research isto define a new neutrosophic crisp points in neutrosophic crisp 
topological space namely [NCPy] the concept of neutrosophic crisp limit point was defind using [NCPy],with 
some of its properties, the separation axioms [N-J;-space,i= 0,1,2] were constructed in neutrosophic crisp 
topological space using [NCP] and examine’ the ‘relationship between them in details, 

Keywords: Neutrosophic crisp topological spaces, neutrosophic crisp limit point, separation axioms. 


Introduction. 

Smarandache [1,2,3] introduced the notions of neutrosophic theory and introduced the neutrosophic. 
components (TF) which represent the membership , indeterminacy , and non membership values resp- 
ectively, where ]—0,1*[ is a non standard unit interval. In [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19 
,20] many scientists presented the concepts of the neutrosophic set theory in their works. Salama et al. 
[21,22] provided natural foundations to put mathematical treatments for the neutrosophic pervasively 
phenomena in our real world and for building new branches of neutrosophic mathematics . 

Salama et al [23,24] put some basic concepts of the neutrosophic crisp set and their operations, 
and because of their wide applications and their grate flexibility to solve the problem, we used 
these concepts to define new types of neutrosophic points, that we called neutrosophic crisp 
points [NCPy] . 

Fainally ,we used these points [NCPy] to define the concept of neutrosophic crisp limit point, with 
some of its properties and constructe the separation axioms[N-Jj-space,i=0, 1,2] in neutrosophic crisp 
topological and examine the ‘relationship between them in details. 

Throughout this paper,.NCTS) means a neutrosophic crisp topological space. Also, simply we 
denote neighborhood by (nhd). 

1 Basic Concepis 
1.1 Definition [25] 

Let X be anon-empty fixed set . A neutrosophic crisp set [NCS for short ] B is an object having the 
form B =<B,, B», B;> where B,,B, and B; are subsets of X. 
1.2 Definition [25] 

The object having the form B=<B,, B,,B3> is called : 
1. A neutrosophic crisp set of Typel [ NCS/Type1] if satisfying 

B,; OB, =@, B} A B3 =@ and B. -m B; = @. 
2. A neutrosophic crisp set of Type2 [ NCS/Type2] if satisfying 

B, OB, =9, B} NB; =@ and B, 1B;=@,B,UB, U B; =X. 
3. A neutrosophic crisp set of Type3 [ NCS/Type3] if satisfying 
B; NB. OB; =@,B,UB>, U B3 =X 
1.3 Definition [25] 

Types of NCSs @y & Xy in X as follows: 

1. Oy may be defined in many ways as a NCS as follows: 

1. Typel :-@y =<@9,9,X> 

2. Type2:0n=<Q9,X,X > 

3. Type3:Oy= <9,X,Q9> 

4. Type4: On = <9.9,9 > 
2. Xy may be defined in many ways as a NCS as follows: 


1. Typel: Xy=<2X,9 ,go > 
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2. Type2: Xy=<X,X,Q@ > 
3. Type3: Xy=<X,9,X> 
4. Typed: Xy=<X,X,X> 
1.4 Definition [25] 
Let X be a non-empty set andthe NCSs C & D inthe form C = <C,,C;,C3> , D = <D,,D2,D3> 


then we may consider two possible definitions for subsets C © D, may be defined in two ways : 


1. COD6C,€ D, ,C, © Dy, and D3 € C3 
2. CODSCc,€ D,, D,€ C,and D; € C; 
1.5 Definition [25] 
Let X be a non-empty set andthe NCSs C &D inthe form C = <C,,C,,C3> , D = <D,,D2,D3> 
then: 


1. CMD may be defined in two ways as a NCS as follows: 
e CND=[C,ND, ],[C,U D2] , [C3 U Ds] 
e CND=[CG,NDi),[O,M Dz] , [C3 U D3] 
2. CUD may be defined in two ways as a NCS as follows: 
e CUD =[C,UD,],[C,U D2],[C3 Ds ] 
e CUD =[C,UDi],[G,N D2],[C3 Ds ] 
1.6 Definition [25] 
A neutrosophic crisp topology (NCT) on a non-empty set x isafamily 7 ofneutrosophic crisp 
subsets in X satisfying the following axioms : 
l. Oy XyeET 
2. CNDET,forany C,DE TF 
3. The union of any number of sets inJ belongs toT 
The pair (X,J) is said to be a neutrosophic crisp topological space (NCTS) in X. Moreover The 
elements in J are said to be neutrosophiccrisp open sets (NCOS), a neutrosophic crisp set F is 
closed (NCCS ) iff its complement F° is an open neutrosophic crisp set. 
1.7 Definition [25] 
Let X be anon-empty set andthe NCS D inthe form D=<D,,D2,D3>.Then D© may be 
defined in three ways as a NCS as follows: 
D°=<Df{, DS, D§> , DS =< D3,D2,D:> or D© =< D3,D$,Di> 
1.8 Definition [25] 
Let ( X,J) be neutrosophic crisp topological space (NCTS ). A be neutrosophic crisp set then: 
The intersection of any neutrosophic crisp closed sets contained, A is called neutrosophic crisp closure 
of A ( NC-Cl(A,) for short ). 


2 Neutrosophic crisp limit point : 

In this section, we will introduce the neutrosophic crisp limit points with some of its properties. 
This work contains an adjustment for the above-mentioned definitions 1.4 & 1.5, this was necessary to 
homogeneous suitable results for the upgrade of this research. 

2.1 Definition 


Let X be a non-empty set and the NCSs C &D inthe form C = <C,,C,,C3> , D = <D,,D,,D3> 
then the additional new ways for the intersection , union and inclusion between C & D are 


CND=[C,N Di ],[C.N D2] ,[C;N Ds] 
CUD =[C,UD, ],[C,U D,] ,[C, UDs] 
CODSCGEc D,,GQ¢ D, and C3 € D3 
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2.2 Definition 
For all x, y, z belonging to a non-empty set X. Then the neutrosophic crisp points related to x, y, z 
are defined as follows : 
e Xn, = <{X},0,@ >, is called a neutrosophic crisp point (NCPy,) in X. 
° Yn, = <.{y},@ >, is called a neutrosophic crisp point (NCPy,) in X. 
e Zn,= <0,9,{z} >, is called a neutrosophic crisp point (NCPy,) in X. 
The set of all neutrosophic crisp points (NCPy,, NCPy,, NCPy,) is denoted by NCPy. 
2.3 Definition 
Let X be toanon-empty set and x,y, z €X. Then the neutrosophic crisp point’: 
° Xy, is belonging to the neutrosophiccrisp set B=<B,,B2,B3>, denoted by xy, € B, if xe 
B,,wherein xy, does not belong to the neutrosophic crisp set B denoted by xy, € B, if x € Bj. 
e yn, is belonging to the neutrosophic crisp set B=<B),B2,B3>, denoted by yy, € B, if y € Bz. In 
contrast yy, does not belong to the neutrosophic crisp set B, denoted by yy, ¢ B, if y € Bo. 
° Zn, 18 belonging to the neutrosophic crisp set B=<B),B,B3>, denoted by zy, € B, if z € B3. In 
contrast Zy, does not belong to the neutrosophic crisp set B ,denoted by zy, ¢ B, if z € B3. 
2.4 Remark 
If B=<B,,B2,B3> isa NCS in anon-empty set X then: 
B\xy, =< B,\{x}, Bz, B; >. B\xy, means that the component B doesn't contain xy, . 
B\yn, =< B,,B2\{y}, Bz >. B\yn, means that the component B doesn't contain yy,. 
B\zy, =< By, Bz, B3\{z} > .B\zy, means that the component B doesn't contain zy,. 
2.5 Example 
If B= <{a, b},{c, b},{c, a}> isanNCSin X ={a, b, c}, then: 
B\ay, =<{ b}, {c, b}, {c, a}> 
B\by, =< fa, b}, {c}, {c, a}> 
B\cy, =<f{a, b}, {c, b}, { b}> 
2.6 Remark 
If B=<B,,B2,B3> isa NCS in anon-empty set X then: 
B=(U{ Xn,:Xn, © B}) UCU yn,:¥n, € BJ) U (MY 2n,: Zn, € BS) 
=(U{< {x}, 0, O>:xEX}UUL<@, fy}, D>ty EXPU(MNI<@, O, {2} >:z €X}) 
or B=(U{xXy,:Xn, © B })U (UL Yn,: yn, € B }) UCU { 2n,: Zn, © B }) 
=(U{< {x}, 0,@>:x EX} U(UL<@, fy}, O>:y EX PU(U{<@G, O,{z} >:2 € X}). 
2.7 Definition 
Let (X,J) be NCTS ,P € NCPy in X ,a neutrosophic crisp set B = <B,,B2,B3> € JT is called 
neutrosophic crisp open nhd of Pin(X,7) if PEB. 
2.8 Definition 
Let (X,T) be NCTS,P € NCPy in X , a neutrosophic crisp set B= < B,,B,,B3> €T is called 
neutrosophic crisp nhd of P in (X,7), if there is neutrosophic crisp open set A =< A), Ao, Aj > 
containing P such that A © B. 
2.9 Note 
Every neutrosophic crisp open nhd of any point P € NCPy in X is neutrosophic crisp nhd of P, but 
in general the inverse is not true , the following example illustrates this fact. 
2.10 Example 
If X = {x y,z},T ={Xy, On, A, B, CH}, 
A=< {x},0,@>,B=<{y},0,@>,G=<{x, y},%,@> 
If we take U=<{x, y},{z},@>. 
Then G =<{x,y},@,@ > is an open set containing P = xy,=< {x },0,@ > and G CU. That is 
U is a neutrosophic crisp nhd of Pin ( X ,J) , while it is not a neutrosophic crisp open nhd of P . 
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2.11 Definition 
Let (X,7) be NCTS and B=<.B,, B,, B3 > be NCS of X. A neutrosophic crisp point P € 


NCPy in X is called a neutrosophic crisp limit point of B = < B, ,Bz ,B3 > iff every neutrosophic crisp 
open set containing P must contains at least one neutrosophic crisp point of B different from P . It is 
easy to say that the point P is not neutrosophic crisp limit point of B if there is a neutrosophic crisp 
open set Gof Pand Bn (G\ P) = @y. 

2.12 Definition 
The set of all neutrosophic crisp limit points of a neutrosophic crisp set B is called neutrosophic crisp 
derived set of B , denoted by NCD(B ). 
2.13 Example 
If X = {x y,z},T ={Xy, On, A, B, C}, A=< {x},0,0>, B=<{y},9,0>,G=<{x, 
y},0,@> . If we take D =<{x,y },0,0>, Then P= Zy,=<{ Z},0,0> is the only neutrosophic crisp 
limit point of D. i.e. NCD(D) ={Zy, } 
2.14 Remarks 
e Let B be any neutrosophic crisp set of X , If P=<{ x },6,0> € TJ in any NCT space (X, J), then 
P € NCD(B). 
e Let B be any neutrosophic crisp set of X , the following facts is true: 
NCD(B) ¢ B, B ¢ NCD(B), and sometimes NCD(B) N B = @y or NCD(B) NB # @y. 
e Inany NCT space (X,J), we have NCD(@) = @y . 
2.15 Theorem 
Let (X,J) be NCTS and B = < B, ,B, ,B3 > be a neutrosophic crisp set of X,then B is 
neutrosophic crisp closed set (NCCS for short) iff NCD(B ) © B 
Proof 
Let B be NCCS, then (X\B) is neutrosophic crisp open set (NCOS for short ) this implies that for 
each neutrosophic crisp point P € NCPyin (X\B), P ¢B, there is a neutrosophic crisp open set G 
of Pand GE (X\ B). 
Since BN (X\B) = Oy , then P is not neutrosophic crisp limit point of B, thus GN B = Oy ,which 
implies that P € NCD(B).Hence NCD(B) © B 
Conversely , assume that P ¢ NCD(B), implis that P is not neutrosophic crisp limit point of B, hence, 
there is a neutrosophic crisp open set G of P and GMB=@Q@y, which means that G © (X\B) and 
since (X\B) is a neutrosophic crisp open set . Hence Bis neutrosophic crisp closed set. . 
2.16 Theorem 
Let (X,J) be NCTS , B, G be a neutrosophic crisp sets of X , then the following properties hold: 
(1) NCD(@y ) = Oy 
(2) If B& G, then NCD(B) © NCD(G) 
(3) NCD(BN G) © NCD(B) N NCD(G) 
(4) NCD(B U G) = NCD(B) U NCD(G) 
Proof (1) the proof is, directly. 
Proof (2) 
Assume that NCD(B) be a neutrosophic crisp set containing a neutrosophic crisp point P € NCPxy, 
then by definition 2.11, for each neutrosophic crisp open set V of P , we have BN V\P # @y,but B © 
G, hence GN V\P # @y, this means that P € NCD(G). Hence , NCD(B) © NCD(G) 


Proof (3) 

Since BN G CB, then by (2) NCD(B N G) & NCD(B) (1) 
BNG GCG, implies NCD(BN G) © NCD(G) (2) 
From (1) & (2) NCD(B N G) & NCD(B) N NCD(G) 

Proof (4) 


Let P € NCPy such that P ¢ NCD(B) UNCD(G) , then either P ¢ NCD(B) and P ¢ NCD(G),then 
there is a neutrosophic crisp open set K of P and BN K\P = @y and GN K\P = Oy, this implies that 
(BUG) NK\P = Oy , ie P € NCD(B U G) , hence NCD(B U G) € NCD(B) U NCD(G) (3) 


518 


Florentin Smarandache (author and editor) Collected Papers, IX 


Conversely, since B& BUG ,G € BUG ,then by property (2) NCD(B) € NCD(B UG) and NCD(G) © 


NCD(BUG) , thus NCD(B U G) 2 NCD(B) U NCD(G) (4) 
from (3) and (4) we have NCD(B U G) = NCD(B) U NCD(G). 
2.17 Remark 


In general, the inverse of property 2 & 3 in Th.(2.16) is not true. The following examples act as an 
evidence to this claim. 
2.18 Example 

If X = {x,y,z} ,T = {Xn , On, B }, B =<@,{x},O> . If we take A=<@,{ x },@>,G=<@,{ y },0> 
Notes that; NCD( A )=<@,{ y,z },@ >,NCD(G) =< @,{ y, z},@ >and NCD(A) © NCD(G), but 
A€¢G. 
2.19 Example 

If X = {x y,z},T = {Xy, Oy, B }, B =<@,{x},O> . If we take A =<@, {x},O>, G =<@, {y},@>. 
Notes that; NCD(B N G)  NCD(B) N NCD(G). 
2.20 Theorem 

For any neutrosophic crisp set B over the universe X,, then NC-Cl(B) = B U NCD(B) 
Proof 

Let us first prove that B U NCD(B) is a neutrosophic crisp closed set that is 
Xy\( BU NCD( B)) = (Xy\B) N (Xy\NCD( B)) is a neutrosophic crisp open set . 
Now for a neutrosophic crisp point P € (Xn\C B)) n (Xy\NCD( B)) , then P € (Xy\ (B)) andP € 
Xn \NCD( B), thus P ¢ Band P ¢ NCDC( B). So by definition 2.12, there is a neutrosophic crisp set R 
of P S.t RNB = @y, hence R © Xy\B. 
Now for each P, ER, then P, € NCD(B), then RNNCD(B) = Oy, this implies that R © Xy\ 
NCD(B) [ie RS ( Xy\ B) N( Xy\ NCD( B))] .Thus ( Xy\ B) A ( Xy\NCD(B)) is a neutrosophic 
crisp nhd of all its elements and hence (Xy\B)N (Xy\N CD(B)) is a neutrosophic crisp open set and 
thus BU NCD(B) is a neutrosophic crisp closed set containing B, therefore NC-Cl(B) © BU NCD(B). 
S ince NC-Cl(B) is a neutrosophic crisp closed set (see definition 2.12) and NC-Cl(B) contains all its 
neutrosophic crisp limits points .Thus NCD(B) © NC-Cl(B) and B © NC-Cl(B), hence NC-Cl(B) 
=BUNCD(@). 


3 Separation Axioms In a neutrosophic Crisp Topological Space 
3.1 Definition 

A neutrosophic crisp topological space ( X,J) is called: 
e = Ny4-J,-space if V Xy,# Yn, €X J a neutrosophic crisp open set Gin X containing one of them but 
not the other. 
e N2-S,-space if V Xy,# yn, €X J a neutrosophic crisp open set G in X containing one of them but 
not the other . 
e N3-J’,-space if V Xy,# Yn, €X J a neutrosophic crisp open set G in X containing one of them but 
not the other . 
e N,-Ji-space if V Xy, #Yn,¢X Ja neutrosophic crisp open sets Gi ,Gz in X such that xy, ¢ Gi 
/Yn, Gi and xy, ¢ G2, yn, € G2 
e N2-S1-space if V xy, # yn, €X Ja neutrosophic crisp open sets Gi, Gz in X such that xy, ¢ G 
/Yn, Gi and xy, ¢ G2, Yn, € G& 
e N3-J1-space if V xy, #Yn,¢€X Ja neutrosophic crisp open sets G1, Gz in X such that xy,¢ G 
,Yn, €Giand xy, ¢ G2,yn, € G2 
e N,->-space if V Xn, #Yn,€X J a neutrosophic crisp open sets G , G2 in X such that xy,¢ G 
»Yn, Gi and Xn, ¢ G2, yn, € G2 with G;NG)= @. 


e N2-F>-space if V xy, #Yn,€X J a neutrosophic crisp open sets Gi, Gz in X such that xy, ¢ G 
»Yn, # Gi and Xn, € G2, Yn, € Go with G;NG)= @. 
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e N3-J’,-space if V Xy, #Yn,¢X 4 a neutrosophic crisp open sets Gi ,Gz in X such that xy,¢ Gi 
»Yn, ¢G, and xy, ¢ G2, yn, € Gy with GijNG,= @. 
3.2 Definition 
A neutrosophic crisp topological space ( X,J) is called: 
e = N-J-space if (X,J ) is N,-J,-space , N2-J',-space and N3-J',-space 
e = N-J\-space if (X,J) is N,-J'|-space , No-J'\-space and N3-J'|-space 
e N-J3-space if (X,7) is N,-J'-space , N2-J-space and N3-J>-space 
3.3 Remark 
For a neutrosophic. crisp topological space (X,J) 
e Every N-J,-space is N,-7,-space 
e ~=©Every N-J9- space is Ny-J-space 
e = Every N-Jo- space is N3-Jo-space 
Proof the proof is directly from definition 3.2 . 


The inverse of remark 3.3 is not true, the following example explain this state. 


3.4 Example 
IfX = {xy}. FG = {Xy, On, A} Tz = (Xn, On, BY, Tz = {Xy, On, G},A =<{x},0,0>.B =<, {y},O>. 
G =<@,@,{x}>, Then (X,J,) is N,-J,-space but it is not N-J,-space, (X,J>) is N2-J5-space but it is not 
N-J,-space, (X73) is N3-J,-space but it is not N-J",-space. 
3.5 Remark 
For a neutrosophic crisp topological space (X,J) 
e Every N-J\-space is N,-7'\-space 
e Every N-J\- space is Nz-7')-space 
e Every N-J\- space is N3-J\-space 
Proof the proof is directly from definition 3.2 . 
The inverse of remark (3.5) is not true as it is shown in the following example, 


3.6 Example 

IfX = {xy} Si = (Xn, On, A, B},I2 = {Xn On, G,F}, A=<{x}.fy},.0>, B =<{y}.{x},O>, 
G =<@,@,{x}>, F=<@,0,{y}>, Then (X,J,) is N,-J'|-space but it is not N-J'|-space. (XJ) is N2-\- 
space but it is not N-J'\-space. (X,J,) is N3-7'|-space but it is not N-J'|-space 


3.7 Remark 
For a neutrosophic. crisp topological space (X,J) 
e Every N-J>-space is N,-J'2-space 
e Every N-J’,-space is N2-J>-space 
e =Every N-J’,-space is N3-J'2-space 
Proof _ the proof is directly from definition 3.2 . 
The inverse of remark (3.7) is not true as it is shown in the example (3.6). 


3.8 Remark 
For a neutrosophic. crisp topological space (X,J) 
e Every N-J"|-space is N-J‘o-space 
e Every N-J,-space is N-J'|-space 
Proof the proof is directly. 


The inverse of remark (3.8) is not true as it is shown in the following example : 


3.9 Example 

If ={x,y},7 ={Xy, On, A, B, G} 
A=<{x},0,0>,B=<@,{y},9>,G=<@,0,{x}>, 
Then ( XJ’) is N-J,-space but not N-J")-space 
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Conclusion 

7 We defined a new neutrosophic crisp points in neutrosophic crisp topological space 

7 We introduced the concept of neutrosophic crisp limit point, with some of its properties 

. We constructed the separation axioms [N-J;-space , i= 0,1,2] in neutrosophic crisp topological 


and examine’ the relationship between them in details, 
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Neutrosophic Soft Topological K-Algebras 


Muhammad Akram, Hina Gulzar, Florentin Smarandache 


Muhammad Akram, Hina Gulzar, Florentin Smarandache (2019). Neutrosophic Soft Topological 
K-Algebras. Neutrosophic Sets and Systems 25, 104-124 


Abstract: In this paper, we propose the notion of single-valued neutrosophic soft topological K-algebras. We discuss 
certain concepts, including interior, closure, C’;-connected, super connected, Compactness and Hausdorff in single- 
valued neutrosophic soft topological K-algebras. We illustrate these concepts with examples and investigate some of 
their related properties. We also study image and pre-image of single-valued neutrosophic soft topological K-algebras. 


Keywords: /-algebras, Single-valued neutrosophic soft sets, Compactness, C’5-connectedness, Super connected- 
ness, Hausdorff. 


1 Introduction 


A K-algebra (G,-,©,e) is a new class of logical algebra, introduced by Dar and Akram [1] in 2003. A K- 
algebra is constructed on a group (G, -, e) by adjoining an induced binary operation © on G and attached to an 
abstract A-algebra (G,,-,©,e€). This system is, in general, non-commutative and non-associative with a right 
identity e. If the given group G is not an elementary abelian 2-group, then the K -algebra is proper . Therefore, 
a K-algebra K = (G,-,©,e) is abelian and non-abelian, proper and improper purely depends upon the base 
group G. In 2004, a K-algebra renamed as (G)-algebra due to its structural basis G' and characterized by left 
and right mappings when the group G is abelian and non-abelian by Dar and Akram in [2, 3] . In 2007, Dar 
and Akram [4] investigated the 4’-homomorphisms of /-algebras. 

Non-classical logic leads to classical logic due to various aspects of uncertainty. It has become a conventional 
tool for computer science and engineering to deal with fuzzy information and indeterminate data and execu- 
tions. In our daily life, the most frequently encountered uncertainty is incomparability. Zadeh’s fuzzy set 
theory [5] revolutionized the systems, accomplished with vagueness and uncertainty. A number of researchers 
extended the conception of Zadeh and presented different theories regarding uncertainty which includes intu- 
itionistic fuzzy set theory, interval-valued intuitionistic fuzzy set theory [6] and so on. In addition, Smaran- 
dache [7] generalized intuitionistic fuzzy set by introducing the concept of neutrosophic set in 1998. It is such 
a branch of philosophy which studies the origin, nature, and scope of neutralities as well as their interactions 
with different ideational spectra. To have real life applications of neutrosophic sets such as in engineering 
and science, Wang et al. [8] introduced the single-valued neutrosophic set in 2010. In 1999, Molodtsov [9] 
introduced another mathematical approach to deal with ambiguous data, called soft set theory. Soft set theory 
gives a parameterized outlook to uncertainty. Maji [10] defined the notion of neutrosophic soft set by unifying 
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the fundamental theories of neutrosophic set and soft set to deal with inconsistent data in a much-unified mode. 
A large number of theories regarding uncertainty with their respective topological structures have been intro- 
duced. In 1968, Chang [11] introduced the concept of fuzzy topology. Chattopadhyay and Samanta [12], Pu 
and Liu [13] and Lowan [14] defined some certain notions related to fuzzy topology. Recently, Tahan et al. [15] 
presented the notion of topological hypergroupoids. Onasanya and Hoskova-Mayerova [16] discussed some 
topological and algebraic properties of a—level subsets of fuzzy subsets. Coker [17] considered the notion 
of an intuitionistic fuzzy topology. Salama and Alblowi [18] studied the notion of neutrosophic topological 
spaces. In 2017, Bera and Mahapatra [19] described neutrosophic soft topological spaces. Akram and Dar 
[20, 21] considered fuzzy topological /-algebras and intuitionistic topological K’-algebras. Recently, Akram 
et al. [22, 23, 24, 25] presented some notions, including single-valued neutrosophic /-algebras, single-valued 
neutrosophic topological /-algebras and single-valued neutrosophic Lie algebras. In this research article, 
In this paper, we propose the notion of single-valued neutrosophic soft topological K-algebras. We discuss 
certain concepts, including interior, closure, C’;-connected, super connected, Compactness and Hausdorff in 
single-valued neutrosophic soft topological -algebras. We illustrate these concepts with examples and inves- 
tigate some of their related properties. We also study image and pre-image of single-valued neutrosophic soft 
topological /-algebras. 

The rest of the paper is organized as follows: In Section 2, we review some elementary concepts related to 
k-algebras, single-valued neutrosophic soft sets and their topological structures. In Section 3, we define the 
concept of single-valued neutrosophic soft topological K-algebras and discuss certain concepts with some 
numerical examples. In Section 4, we present concluding remarks. 


2 Preliminaries 


This section consists of some basic definitions and concepts, which will be used in the next sections. 


Definition 2.1. [1] A A-algebra K = (G,-,©,e) is an algebra of the type (2, 2, 0) defined on the group 
(G,-,e) in which each non-identity element is not of order 2 with the following ©— axioms: 


(Kl) (rx Oy) © (Oz) = (tO (z Oy") Or =(rO ((COz) O (eOy))) Og, 
(K2) c@(rOy)=(rxOy')Or=(r#O(eOy)) Og, 

(K3) (4# © x) =e, 

(K4) (x ©e) = 2, 

(KS). (eOu) =a" 

for all x,y,z € G. 


Definition 2.2. [1] A nonempty set S in a K-algebra K is called a subalgebra of K if for all x,y € S, 
LOYES. 


Definition 2.3. [1] Let K, and K2 be two K-algebras. A mapping f : K; — Kz is called a homomorphism if 
f(xOy) = f(x) © fly) forall z,y € K. 


Definition 2.4. [7] Let Z be a nonempty set of objects. A single-valued neutrosophic set H in Z is of the form 
H = {s € Z: Tu(s),Zu(s), Fu(s)}, where 7,Z,F : Z > [0,1] for all s € Z with 0 < Ty(s) + Zn(s) + 
Fir(s) < 3. 
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Definition 2.5. [22] Let H = (7y,Zn, Fiz) be a single-valued neutrosophic set in K, then H is said to be a 
single-valued neutrosophic K-subalgebra of K if it possess the following properties: 


(a) To(s © t) > min{Tu(s), Ta(t)}, 
(b) Zy(s © t) 2 min{Zy(s), Zx(t)}, 
(c) Fy(s ©t) < max{Fy(s), Fx (t)} for all s,t € K. 


A k-subalgebra also satisfies the following conditions: 
Tu(e) > Tr(s), Zn(e) > Zu(s), Fu(e) < Fr(s) forall s#e EK. 


Definition 2.6. [26] A t-norm is a two-valued function defined by a binary operation *, where * : [0,1] x 
(0, 1] — [0, 1]. A t-norm is an associative, monotonic and commutative function possess the following proper- 
ties, for all a,b,c,d € [0, 1], 


(i) * is a commutative binary operation. 
(ii) * is an associative binary operation. 


(iii) *(0,0) = O and x(a, 1) = *(1,a) =a. 


i 
(iv) Ifa < cand b < d, then *(a,b) < *(c,d). 


Definition 2.7. [26] A t-conorm (s-norm) is a two-valued function defined by a binary operation o such that 
o : [0,1] x [0,1] — [0,1]. A t-conorm is an associative, monotonic and commutative two-valued function, 
possess the following properties, for all a,b, c,d € {0, 1], 


(1) © is acommutative binary operation. 

(ii) © is an associative binary operation. 
(iii) 0(1,1) = 1 and o(a,0) = 0(0,a) =a. 
(iv) Ifa < cand b < d, then o(a,b) < o(c,d). 


Definition 2.8. [23] Let x be a single-valued neutrosophic topology over K. Let H be a single-valued 
neutrosophic K-algebra of K and yy be a single-valued neutrosophic topology on H. Then # is called a 
single-valued neutrosophic topological K -algebra over K if the self map pg : (H,xH) — (H, x) for all 
a € K, defined as p,(s) = s © a, is relatively single-valued neutrosophic continuous. 


Definition 2.9. [9] Let Z be a universe of discourse and FE be a universe of parameters. Let P(Z) denotes the 
set of all subsets of Z and A C EF. Then a soft set F'4 over Z is represented by a set-valued function ¢,, where 
¢a: E — P(Z) such that ¢4(0) = 0 if 6 © E — A. In other words, F'4 can be represented in the form of a 
collection of parameterized subsets of Z such as F'y = {(0,¢4(0)): 0 € E,¢4(0) = Oif 0 € E— A}. 


Definition 2.10. [27] Let Z be a universe of discourse and F be a universe of parameters. A single-valued 
neutrosophic soft set H in Z is defined by a set-valued function ¢7;, where ¢y : FE — P(Z) and P(Z) denotes 
the power set set of Z. In other words, a single-valued neutrosophic soft set is a parameterized family of 
single-valued neutrosophic sets in Z and therefore can be written as: 

H={(0, (u, Tex (0)(U); Zen (y(t), Fen (a) (u)) :u€ Z):0€ EB}, where Té(0)s Len (0)s Fe(9) are called truth 
, indeterminacy and falsity membership functions of ¢7,;(0), respectively. 
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Definition 2.11. [27] Let H be a single-valued neutrosophic soft set. The compliment of H, denoted by H°, is 
defined as follows: 


He ={(, (u, Feu(oy(u); Lenco (ut), Tern (0) (u)) :ueZ):0€ E}. 


Definition 2.12. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, EL). Then H is called 
a neutrosophic soft subset of J, denoted by H C J, if the following conditions hold: 


(i) To (0) (u) < Tns(0) (%4) 
(ii) L¢,,(0) (u) < Ty,(0)(u), 
(iii) Fe,,(9)(u) > Fy, 0)(u) for all 0 € E,u € Z. 


Throughout this article, we take the t-norm (*) as min(a, b) and t-conorm (0) as max(a, b) for intersection 
of two single-valued neutrosophic soft sets and (*) as max(a,b) and t-conorm (0) as min(a, b) for union of 
two single-valued neutrosophic soft sets. The union and the intersection for two single-valued neutrosophic 
soft sets are defined as follows. 


Definition 2.13. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, E’). Then the union of 
Hf and J is denoted by H U J = LF and defined as: 


L={(6, (11, Ta, )(t), Zo,0)(%), Foz) (¥)) :weZ):06E}, 


where 
T9(0)(U) = {Tex ()(U) * Tn,(0)(u) } = max{ Te, (6)(U), Ty, (0) (u) F, 
L5,(0)(U) = {Zen (0) (U) * Tnz(o)(u) f = max{Ze,, 6) (U), Zn, 0) (u) f, 
Fo9i(0)(U) = {Feu (U) © Frz(oy (uw) } = min{ Fe, @)(U), Fins) (u) F- 


Definition 2.14. [27] Let H and J be two single-valued neutrosophic soft sets over (Z, EL). Then their inter- 
section is denoted by H M J = L and defined as: 


i= {(¢. (11, Taz @)(u), Zo,0)(t), Foz) (¥)) :ué Z) de Eh, 
where 


T9,(0)(U) = {Tez (0) (U) * Tn (0) (U) } = min{ TE, (6) (U), Tnz(a)(u) 
Lo, (0)(U) = {Zey(0)(U) * Tnz(0)(u) } = min{Ze,,(6)(U), Ly, (u) F, 
F91(0)(U) = {Feu (u) © Fn, (0) (u) } = max{ Fe, ()(u), F a (u)}. 


Definition 2.15. [27] A single-valued neutrosophic soft set H over the universe Z is termed to be an empty or 
null single-valued neutrosophic soft set with respect to the parametric set F if Te,,(9)(u) = 0, Ze,(9)(u) = 9, 
F¢,(9)(u) = 1, for all u € Z , 6 € E, denoted by 0 and can be written as: 


Dp(u) a {u C23 Ton ()(t) a 0, Ze,,(0) (u) = 0, Fen (oy (u) =10€ E}. 
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Definition 2.16. [27] A single-valued neutrosophic soft set H over the universe Z is called an absolute or a 
whole single-valued neutrosophic soft set if Tc,,(0)(u) = 1, Ze,((u) = 1, Fe,((u) = 0, for allu € Z, 
@ € E, denoted by 1, and can be written as: 


Ip(u) = {ue Z: Tey(oy(u) = 1, Zen(0)(u) = 1, Feu (u) = 0:6 € E}. 


Definition 2.17. [10] Let (2), E) and (Z2, E) be two initial universes. Then a pair (vy, p) is called a single- 
valued neutrosophic soft function from (Z,, F) into (Z2, FE), where py: Z, > Z,andp: E — E,and Fisa 
parametric set of Z, and Zp. 


Definition 2.18. [10] Let (H, ) and (J, F) be two single-valued neutrosophic soft sets over G; and Go, re- 
spectively. If (vy, p) is a single-valued neutrosophic soft function from (G,, £) into (G2, F), then under this 
single-valued neutrosophic soft function (y, p), image of (H, E) is a single-valued neutrosophic soft set on 
Ky, denoted by (y, p)(H, F) and defined as follows: 

for all m € p(£) and y € Go, (vy, p)(H, E) = (y(4A), p(£)), where 


Tol mY) = { if otherwise, 

— Vets Visas Ga(x) ifxe p(y), 
Tom (¥) = { 1, otherwise, 

_ Nes) Peseta Ca(2) ifxe pry), 
Fem (¥) = { 0, otherwise. 


The preimage of (J, E), denoted by (y, p)~!(J, E), is defined as V1 € p~!(E) and for all x € Gy, (y, p)~1(J, E) = 
(p-1(J), p-1(E)), where 


To-1(n), (£) = Tray (P(2)) 
T,-1(n), (2) >= Lira (Y £)), 
F 9-1 (n),() = Fray (P(4))- 


Proposition 2.19. Let Z; and Z, be two initial universes with parametric set £; and £», respectively. Let H, 
(H;,7 € I) be a single-valued neutrosophic soft set in Z, and J be a single-valued neutrosophic soft set in Z. 
Let f : Z,; > Z_ be a function. Then 


(i) f(1p,) = lmsif f is a surjective function. 
(ii) f(Ox,) = On. 
Gii) f-'(1n,) = 1a. 
(iv) f-'(On,) = On. 


() FQ) = UF 1H). 


i=l 


Through out this article, Z is considered as initial universe, EF’ is a parametric set and 6 € F an arbitrary 
parameter. 
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3 Single-Valued Neutrosophic Soft Topological i -Algebras 


Definition 3.1. Let Z be a nonempty set and F be a universe of parameters. A collection y of single-valued 
neutrosophic soft sets is called a single-valued neutrosophic soft topology if the following properties hold: 


(1) Oz,1z € x. 
(2) The intersection of any two single-valued neutrosophic soft sets of y belongs to x. 


(3) The union of any collection of single-valued neutrosophic soft sets of y belongs to x. 


The triplet (7, E', y) is called a single-valued neutrosophic soft topological space over (Z, EF). Each element 
of x is called a single-valued neutrosophic soft open set and compliment of each single-valued neutrosophic 
soft open set is a single-valued neutrosophic soft closed set in x . A single-valued neutrosophic soft topology 
which contains all single-valued neutrosophic soft subsets of Z is called a discrete single-valued neutrosophic 
soft topology and indiscrete single-valued neutrosophic soft topology if it consists of @; and 1p. 


Definition 3.2. Let H be a single-valued neutrosophic soft set over a K-algebras K. Then H is called a 
single-valued neutrosophic soft K-subalgebra of K if the following conditions hold: 


(i) Te(s Ot) = min{7c,(s), Teo(t)}; 
} 


(ii) Le,(s sO) t) 2 min{Z¢,(s), Z¢, (t) 
(iii) Fe,(s © t)< max{F¢,(s), Fc, (t)} for all s,t € Gand 6 € E. 


d 


Note that 
Te (e) Z ToS); 
Le, (e) 2 Lets) 
F.,(e) < Fe,(s), for alls Ae €G. 


Example 3.3. Consider a K-algebra K = (G,-, ©, e) ona group (G,-), where G = {e, x, 2”, 2°, x4, 2°, x°, x7} 
is the cyclic group of order 8 and © is given by the following Cayley’s table as: 


NO 
N 


lll se ee a a ae ie 
é ee ee ee ae ae 
|| See ee a ong cant. ap ap 
| hs ee oa = a A SM 
gies? 2? « e a ® g zg 
ee gee’ gee. atte ape 6 ee. ge ge oe 
ge? |\a® gt og? og? sa ce oe 
Ogee gees age A aps et pe 
|e a Sa a a a 


Let EF be a set of parameters defined as E' = {1,, 12}. We define single-valued neutrosophic soft sets H, J and 
LinK as: 


a 


Cu (11) 
Cu(l2) = 


(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 
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(1,) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5)}, 
(12) 


Cr(li) = { 
C;(Io) = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7)}, 
Cr(li) = {(e, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
C1 (Io) = {(e,0.9,0.7,0.1), (h, 0.7, 0.6, 0.4)} 


foralhAecG. 

The collection x< = {Qz,1xz, H, J, L} is a single-valued neutrosophic soft topology on K and the triplet 
(K, E, xx) is a single-valued neutrosophic soft topological space over K:. It is interesting to note that corre- 
sponding to each parameter 0 € FE, we get a single-valued neutrosophic topology over K which means that a 
single-valued neutrosophic soft topological space gives a parameterized family of single-valued neutrosophic 
topological space on K’. Now, we define a single-valued neutrosophic soft set Q in K as: 


Co(li) = {(e, 0.8, 0.5, 0.1), (h, 0.6, 0.4, 0.3)}, 
Co(l2) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.6)}. 


Clearly, by Definition 3.2, Q is a single-valued neutrosophic soft K-subalgebra over K. 


Proposition 3.4. Let (K, E, xj.) and (K, E, y;-) be two single-valued neutrosophic topological spaces over 
K. If Vic N ea — M’, where M' is a single-valued neutrosophic soft set from the set of all single-valued 
neutrosophic soft sets in K’, then Mic nN Ne is also a single-valued neutrosophic soft topology on K. 


Remark 3.5. The union of two single-valued neutrosophic soft topologies over K may not be a single-valued 
neutrosophic soft topology over K. 


Example 3.6. Consider a K-algebra K = (G,-,©,e), where G = {e,x, x”, 2°, 24, 2°, 2°, x"} is the cyclic 


group of order 8 and Cayley’s table for © is given in Example 3.3. We take EF = {1;,/)} and two single-valued 
neutrosophic soft topological spaces yx = {0z,15, H, J}, x~ = {0e,1e,R,S} on K, where R = H and 
single-valued neutrosophic soft set S' is defined as: 


Cs(11) = {(e, 0.7, 0.6, 0.2), (h, 0.5, 0.5, 0.6)}, 
Cs(I2) = {(e, 0.9, 0.8, 0.2), (h, 0.7, 0.7, 0.3)}. 


Suppose that Ne = Ne U Ne = {r,1lz,H, J,.S}. We see that Vy is not a single-valued neutrosophic soft 
topology over K since SO J ¢ yx. 


Definition 3.7. Let (K, EF, xc) be a single-valued neutrosophic soft topological space over K, where yx is a 
single-valued neutrosophic soft topology over Kk. Let F' be a single-valued neutrosophic soft set in K, then 
Xr ={F OH: H € xx} is called a single-valued neutrosophic soft topology on F' and (F, EF, x) is called a 
single-valued neutrosophic soft subspace of (K, E, xx). 


Definition 3.8. Let (1, , 1) and (K2, E, v2) be two single-valued neutrosophic soft topological spaces, 
where K, and K2 are two K-algebras. Then, a mapping f : (Ki, £, 1) > (Ke, E, x2) is called single-valued 
neutrosophic soft continuous mapping of single-valued neutrosophic soft topological spaces if it the following 
properties hold: 


(i) For each single-valued neutrosophic soft set H € y,, f-'(H) € x,. 
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(ii) For each single-valued neutrosophic soft K’-subalgebra H € y,, f~'(H) is a single-valued neutrosophic 
soft K-subalgebra € y,. 


Definition 3.9. Let H and J be two single-valued neutrosophic soft sets ina K-algebra K and f : (H, E, vx) > 
(J, E,x 7). Then, f is called a relatively single-valued neutrosophic soft open function if for every single- 
valued neutrosophic soft open set V in x7, the image f(V) € ys. 


Definition 3.10. If f is a mapping such that f : (Ki, £,x1) > (Ke, E,x2). Then f is a mapping from 
(H, E, x1) into (J, E, x7) if f(H) C J, where (H, E, x) and (J, E, x7) are two single-valued neutrosophic 
soft subspaces of (K 1, F, x1) and (K2, EF, x2), respectively. 


Definition 3.11. A mapping f such that f : (H,E,x1) > (J, E, xz) is called relatively single-valued neu- 
trosophic soft continuous if for every single-valued neutrosophic soft open set Y; € yy, f- (ys) OH € xx. 


Definition 3.12. Let (K,, F,y,) and (K2, F, y,) be two single-valued neutrosophic soft topological spaces. 
Then, a function f : (Ki, E,x,) > (Ke, E, x,) is called a single-valued neutrosophic soft homomorphism if 
it satisfies the following properties: 


(i) f is a bijective function. 
(ii) Both f and f~* are single-valued neutrosophic soft continuous functions. 


Proposition 3.13. Let f : (K1, E,y,) > (Ke, E, x,) be a single-valued neutrosophic soft continues mapping 
and (H, F, x7) and (J, E, v7) two single-valued neutrosophic soft topological subspaces of (K, FE, x,) and 
(Ko, E,x,), respectively. If f(H) C J, then f is a relatively single-valued neutrosophic soft continuous 
mapping from (H, F, v7) into (J, E, x7). 


Proposition 3.14. Let (K,, EF, y,) and (K2, E, x,) be two single-valued neutrosophic soft topological spaces, 
where xj is a single-valued neutrosophic soft topology on K; and x2 is an indiscrete single-valued neutrosophic 
soft topology on K2. Then for each 6 € FE, every function f : (Ki, E,x,) > (Ke, EF, x.) is a single-valued 
neutrosophic soft continues function. 


Proof. Let x; be a single-valued neutrosophic soft topology on K and v2 an indiscrete single-valued neutro- 
sophic soft topology on K»2 such that y2 = {On,1le}. Let f : (Ki, E,x,) > (Ko, E,x,) be any function. 
Now, to prove that f is a single-valued neutrosophic soft continues function for each 6 € E, we show that f 
satisfies both conditions of Definition 3.8. Clearly, every member of x2 is a single-valued neutrosophic soft 
K-subalgebra of K2 for each @ € E. Now, there is only need to show that for all H € x2 and for each 
6 € E, f-'(H) © x1. For this purpose, let us assume that Jg € y2, for any u € K, and @ € E, we have 
f-*(Oo)(u) = Do(f(u)) = Do(u) = Oo © x1. Similarly, f~1(19)(u) = lo(f(u)) = 1o(u) = 16 © x1. For 
an arbitrary choice of @, result holds for each 6 € EF. This shows that f is a single-valued neutrosophic soft 
continues function. 


Proposition 3.15. Let y, and 2 be any two discrete single-valued neutrosophic soft topological spaces on 
K, and Ky, respectively and (K,, FE, y,) and (K2, EF, x.) two discrete single-valued neutrosophic soft topolog- 
ical spaces. Then for each 9 € E, every homomorphism f : (Ki, £,x,) > (Ko, E,x,) is a single-valued 
neutrosophic soft continuous function. 
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Proof. Let H = {(Te,(0); LZeu(0); Fey (0)) : 8 € E} be a single-valued neutrosophic soft set in 2 defined by a 
set-valued function C7. Let f : (Ki, E,x,) + (Ke, E, x.) be ahomomorphism (not a usual inverse homomor- 
phism). Since y; and x2 be two discrete single-valued neutrosophic soft topologies, then for every H € x2, 
f7'(A) € x1. Now, we show that for each  € E, the mapping f~'(#) is a single-valued neutrosophic soft 
K-subalgebra of K-algebra K,. Then for any s,t € K, and 6 € E, we have 


f "(Ten )(8 © t) = Teno (f(s © t)) 
= Tex) (f(s) © f(t) 
> min{T¢,,(0) (f(s) 
= min{ f~" (Te, (6) 


f" (Ley) (8 © t) = Zeya (f(s © t)) 
= Te, 0) (f(s) © f(t) 
> min{Z¢,,(6) (f(s) 
= min{ f~'(Z¢,,(6)) 


© Fen (F(t))t 


Therefore, f~'(H) is single-valued neutrosophic soft K-subalgebra of K,. Hence f~'(H) € x2 which 
shows that f is a single-valued neutrosophic soft continuous function from (K1, EF’, y,) into (K2, E, x,). 


Proposition 3.16. Let y; and y2 be any two single-valued neutrosophic soft topological spaces on K and 
(K, E,x,) and (K, E,x,) be two single-valued neutrosophic soft topological spaces. Then for each 0 € E, 
every homomorphism f : (K1, E,,) > (K2, F, x,) is a single-valued neutrosophic soft continuous function. 


Definition 3.17. Let be a single-valued neutrosophic soft topology on K’-algebra K. Let H = (T¢,,, Ze, Fey) 
be a single-valued neutrosophic soft K-algebra (K-subalgebra) of K and y 7 a single-valued neutrosophic soft 
topology over H. Then H is called a single-valued neutrosophic soft topological K-algebra of K if the self 
mapping p, : (H,E,xxH) > (A, E, xx) defined as pa(u) = uOa, Va € K, is a relatively single-valued 
neutrosophic soft continuous mapping. 


Theorem 3.18. Let y; and y2 be two single-valued neutrosophic soft topological spaces on K’, and Kg, re- 
spectively. Let f : K,; + Ky be a homomorphism of K-algebras such that f~'(y2) = y1. If for each 6 € E, 
H = {Te,,Zeq, Fc, } is a single-valued neutrosophic soft topological A-algebra of 2, then for each 6 € EL, 
f~\(#) is a single-valued neutrosophic soft topological K’-algebra of K. 


Proof. In order to prove that f~'(H) is a single-valued neutrosophic soft topological A-algebra of K-algebra 
K. Firstly, we show that f~'(H) is a single-valued neutrosophic soft K-algebra of K,. One can easily show 
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that for alls 4 e € Gand@ € E, T,(e) > Te,(s), Ze,(e) > Ley (s), Fe (e) < Fe, (s). 
Let for any s,t € K, andé € E, 


Tr(a) (s © t) = Tu(f(s Ot 
> min{7u(f(s)), 7: . ‘ ))t 
= min{Tp-1(4)(s), Tracey (t)}, 


) 


arse cane 


Ly-1(H) (8 Ot) = La(f(s Ot)) 
> min{Zy(f(s)),Z. 
= min{Zy- Oe -1( nh 

Fy-n) (8 Ot) = Fa(f(s ot 
> min{ Fr(f(s)), F, 
= min{F;-1(4)( 


= 
aE, in} 


This shows that f~1(#) is a single-valued neutrosophic soft K-algebra of K,. 

Since f is a homomorphism and also a single-valued neutrosophic soft continuous mapping, then clearly, f 
is relatively single-valued neutrosophic soft continuous mapping from (H, E, yi1) into (f~'(H), E, x f-1(H)) 
such that for a single-valued neutrosophic soft set V in yy, and a single-valued neutrosophic soft set U in 


Xf) 
fUV) =U. (1) 


Now, we prove that the self mapping p, : (f~'(H), E, xy-1Gn) > (f7'(A), E, xp-1 zn) is relatively single- 
valued neutrosophic soft continuous mapping. Now, for any a € K, and 6 € EF, we have 


Tozt(uy(s) = Tv) (Pa(s)) = Tiuy(s © @) 
= Ty-1(y) (8 © a) = Tv Ms (s ©a)) 
= Tv) (f(s) © f(a) = Ty (Ppa (F(s))) 
= Tp-14(a)v(f(s)) = A Ga (V)(s)), 


L,-1(y)(8) = Zu) (pals)) = Liu)(s © @) 
= Ty-1y)(s © a) = Tv) (f(s © a)) 
= Zv(f(s) © f(a) = Ziv) (op@(F(s))) 
= Ly fav (f(s) = Zp (PFa)(V)(8)), 
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(s) = Fou) (pa(s)) = Fuy(s © a) 

-y)(s © a) = Fry) (f(s © a)) 
(vy) (f(s) © F(a) = Fv) (o¢@(F(s))) 
= Fg ayv (f(8)) = Fp (P7a)(V)(s))- 
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This implies that p;'(U) = f-'(05(a)(V)). Thus, p,'(U) N f7\(H) = f-'(0F(a)(V)) N f-'(#) isa single- 
valued neutrosophic soft set in f~'(H) and a single-valued neutrosophic soft set in x -1(4). Hence f~'(H) is 


a single-valued neutrosophic soft topological K-algebra of K,. This completes the proof. 


Theorem 3.19. Let .; and y2 be two single-valued neutrosophic soft topologies on Ky and K2, respec- 


tively and f : K,; — Kg an isomorphism of K-algebras such that f(\1) 


If for each 0 € BE, 


A = {(Ten(o);Zeu(0)s Fen()) : 9 € E} is a single-valued neutrosophic soft topological A-algebra of K- 
algebra K,, then for each 0 € EF, f(#) is a single-valued neutrosophic soft topological K-algebra of Kp. 


Proof. Let H be a single-valued neutrosophic soft topological K-algebra of K,. For u,v € Ko. 


Let t, € f~'(u), 80 € f~'(v) such that 


Ta (to) = SUPte f—-1(u) Ta(t), Tr (Yo) = SUPte f-1(v) Tu (t). 


We now have, 


Tray (u © v) 


LH) (u © v) 


sup 7Ty(t) 
te f—! (uv) 


Tr (to, So) 
min{7i (to), Ti (So) } 


min{ sup 7Jy(t), sup Ty(t)} 
te f-1(u) acf—*(v) 


min{Tp(a)(u), Tru (v) f, 


sup Zpy/(t) 
te f-(uOv) 


Tit(to, 80) 
min{Zy(to), Z(so)} 


min{ sup Zpy(t), sup Zpy(t)} 
te f-l(u) tef—t(v) 


= min{Zp(x)(u), Zp (v)}, 
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F 5H) (u © v) = inf F(t) 


tef-1 (uv) 

Fults, So) 

max{Fy(to), Fx(so)} 

— inf t inf t 
ee a Fu(t), ees Fu(t)} 
max{F-(y(u), Frc (v)}- 


Hence f(/) is a single-valued neutrosophic soft K-subalgebra of K2. To show that f(H) is a single-valued 
neutrosophic soft topological K’-algebra of K2, i.e., the self map py : (f(H), x¢ca)) > (F(Z), x fc), defined 
as pp(v) = v©b, Vb € Ky isa relatively single-valued neutrosophic soft continuous mapping. Let Y7, be a 
single-valued neutrosophic soft set in ., then there exists a single-valued neutrosophic soft set Y in x, be 
such that Y¥y, = YN A. 


IN IA 


p'o(¥ran) O f(A) € xpun 


Then f(Yn) = f(Y NH) = f(Y)N f(A) is a single-valued neutrosophic soft set in y f(z) since f is an 
injective function. Thus, f is relatively single-valued neutrosophic soft open. Since f is also an onto function, 
then for all b € Ky anda € Ki, a = f(b), we have 


T-2(p-20(¥p an) (4) = Te @) pa) (M) 
= ae )(Y pny) \(F(u)) 
=e) (Py(a) (f(u)) ) 
= Tian) (f(u) © f(a) 
= pak "(¥ cH) (u © a) 
= Ty-1(¥ p(y) (Palu)) 
= T,-1.a)(f" (Yyan)) (4), 


Lp (pA (Y pan) (U4) = Lp-1(6-1 (a) (Van) (4) 
9 p(a)(¥ran)(F(w)) 
= Lyn) (Pr(a) (fF (wu) 
= Lyjun)(f(u) © f(a) 
= Tpryjgny (uO a 
= Typ-1 (Vj) (Pal) 
= T,a)(f~"(Ypun))(u), 
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F §-X(p-20(Y pan) (M4) = F410 (puny) (M4) 
= Fo-14(a)(¥y¢) (F (u)) 
= FY; ¢3) (PF (a) (f(u 
= Fan) (fu) © f 
= Fy ;cn) (uOa 
= F5-1(¥4¢4)) (Pale) 
= Fy-1.a)(f~*(Ypuy)) (u).- 


This shows that f~ “(pq » (Yer y= Pay (f (Yun) Since p, : (H, vx) — (A, x2) is relatively single- 
valued neutrosophic soft continuous mapping and f is also relatively single-valued neutrosophic soft continues 
function. Therefore, f (pay (Yr n))))NH = Pray f-*(Yun)) 0H is a single-valued neutrosophic soft set in 


xx. Thus, f(f~"(pe)((Ypcay))) NA) = Po (¥5 (A)) A f (A) is a single-valued neutrosophic soft set in 4. 


Example 3.20. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given Example 
3.3, where G = {e,2,2?, x3, x4,x°, 2°, x7}. Consider a set of parameters E = {1,,l)} and single-valued 
neutrosophic soft sets H, J, L defined as: 


Cu(li) = {(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
Cy(l2) = {(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 


C3(l1) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5)}, 
C(I) = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7)}, 


Cr(li) = {(e, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
(r(l2) = {(e, 0.9, 0.7, 0.1), (h, 0.7, 0.6, 0.4)} 


for all h 4 e € G. Then the family yx = {Oz, 1z, H, J, L} is a single-valued neutrosophic soft topology on K 
and (K, E, yc) is a single-valued neutrosophic soft topological space over KC. We define another single-valued 
neutrosophic soft set Q in K as: 


Ca(li) = {(e, 0.8, 0.5, 0.1), (A, 0.6, 0.4, 0.3)}, 

Cg(l2) = {(e, 0.5, 0.6, 0.5), (A, 0.3, 0.4, 0.6) }. 

It is obvious that @ is a single-valued neutrosophic soft K-algebra of K. 

Now, we prove that the self map p, : (Q, E, xq) > (Q, E, xq), defined as p,(s) = s © a foralla € K, isa 
relatively single-valued neutrosophic soft continuous mapping. 

We get ON 0e = 02,QN 1g = 12,QNH = Ri, QNJ = Ro, QNL = Rz, where R:, Ro, R3 are as follows: 


Cr, (1) = {(e, 0.8, 0.5, 0.2), (h, 0.6, 0.4, 0.4)}, 
Cr, (lz) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.6) }, 
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Cro (li) = 
CRo (12) = 


(e, 0.7, 0.5, 0.2), (h, 0.4, 0.1, 0.5)}, 
(e, 0.4, 0.6, 0.6), (h, 0.3, 0.4, 0.7)}, 


Cr, (la) = {(e, 0.8, 0.5, 0.1), (A, 0.4, 0.1, 0.5)}, 
Cr, (lo) = {(e, 0.5, 0.6, 0.5), (h, 0.3, 0.4, 0.7)}. 


Thus, yg = {z, 1x, Ri, Ro, R3} is a relatively topology of Q and (Q, E, xq) is a single-valued neutrosophic 
soft subspace of (K, EF, yc). Since pz is a homomorphism, then for a single-valued neutrosophic soft set 
RE ya, Pa (R)NQ € XQ. Which shows that pa : (Q, EF, xq) > (Q, E, xq) is relatively single-valued neu- 
trosophic soft continuous mapping. Therefore, @ is a single-valued neutrosophic soft topological K-algebra. 


4 Single-Valued Neutrosophic Soft C’;-connected kK -Algebras 


In this section, we discuss single-valued neutrosophic soft C’5-connected K -algebras. 


Definition 4.1. Let (K, E, yx) be a single-valued neutrosophic soft topological space over K. A single-valued 
neutrosophic soft separation of (K, E, vx) is a pair of nonempty single-valued neutrosophic soft open sets 
H, J if the following conditions hold: 


(i) HUJ=1g. 
(ii) HON J = Og. 


Definition 4.2. Let (K, E, yx) be a single-valued neutrosophic soft topological space over KC. Then (K, E,, vc) 
is called a single-valued neutrosophic soft C's-disconnected if there exists a single-valued neutrosophic soft 
separation of (K, FE, xx), otherwise C’;-connected. 


Definition 4.2 can be written as: 


Definition 4.3. Let (K, FE, xx) be a single-valued neutrosophic soft topological space over K. If there exists a 
single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set Z such that L 1, and 
L # Op, then (K, E, yx) is called a single-valued neutrosophic soft Cs-disconnected, otherwise (K, E, xx) is 
called a single-valued neutrosophic soft C’;-connected. 


Example 4.4. By considering Example 3.3, we consider a single-valued neutrosophic soft topological space 
XkK= {Qr, le, A, J, Lh. Since HN J - On, HAL F On, INL == Or and HUJ ft le, HUL - le, JUL of lr. 
Thus, yx is a single-valued neutrosophic soft C’;-connected. 


Example 4.5. Every indiscrete single-valued neutrosophic soft space is C’5-connected since the only single- 
valued neutrosophic soft sets in single-valued neutrosophic soft indiscrete space that are both single-valued 
neutrosophic soft open and single-valued neutrosophic soft closed are 0; and 1. 


Theorem 4.6. Let (K, E, xx) be a single-valued neutrosophic soft topological space on A-algebra K. Then 
(K, E, yx) is a single-valued neutrosophic soft C’;-connected if and only if yx contains only @¢ and 1 which 
are both single-valued neutrosophic soft open and single-valued neutrosophic soft closed. 
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Proof. Straightforward. 


Proposition 4.7. Let K, and K, be two K-algebras and (Ky, E, xc,), (Ke, E, Xk.) two single-valued neutro- 
sophic soft topological spaces on K and K2, respectively. Let f : K; — K» be a single-valued neutrosophic 
soft continuous surjective function. If (1, £, xxc,) is a single-valued neutrosophic soft Cs-connected space, 
then (K, FE, xx.) is also single-valued neutrosophic soft Cs-connected. 


Proof. Let (Ky, EF, vc) and (K2, E, vc,) be two single-valued neutrosophic soft topological spaces and (K}, E, vx, ) 
be a single-valued neutrosophic soft C’s-connected space. We prove that (K2, FE, xx.) is also single-valued 
neutrosophic soft C’s-connected. Let us suppose on contrary that (Kz, x2) be a single-valued neutrosophic soft 
C'5-disconnected space. According to Definition 4.3, we have both single-valued neutrosophic soft open set 
and single-valued neutrosophic soft closed set Z such that L 4 lgy and L 4 Osy. Then f~'(L) = lgn or 
f-\(L) = sn since f is a single-valued neutrosophic soft continuous surjective mapping , where f~'(L) 
is both single-valued neutrosophic soft open set and single-valued neutrosophic soft closed set. Therefore, 
L= f(f7'(L)) = f(lsw) = 1sn and L = f(f7'(L)) = f(Osn) = sn, a contradiction. Hence (K2, FE, x2) 
is a single-valued neutrosophic soft C';-connected space. 


5 Single-Valued Neutrosophic Soft Super Connected i -Algebras 


Definition 5.1. Let (K, EF, yc) be a single-valued neutrosophic soft topological space over K and H = 
{Te ,LZc4; Fc, } a single-valued neutrosophic soft set in K. Then the interior and closure of H ina K-algebra 
K is defines as: 


oe fo : O is a single-valued neutrosophic soft open set in K and O C H}, 
eS (){c : C is a single-valued neutrosophic soft closed set in K and H C C}. 


It is interesting to note that H!", being union of single-valued neutrosophic soft open sets is single-valued 
neutrosophic soft open and H@'°, being intersection of single-valued neutrosophic soft closed set is single- 
valued neutrosophic soft closed. 


Theorem 5.2. Let (KX, E, xx) be a single-valued neutrosophic soft topological space on K. Let H = {T¢,,, Zc, Fc, } 
be a single-valued neutrosophic soft set in yx. Then H’” is the largest single-valued neutrosophic soft open 
set contained in H. 


Proof. Obvious. 


Proposition 5.3. Let H be a single-valued neutrosophic soft set in . Then the following properties hold: 
(i) (1g)'"* = 1p. 
(ii) (Oe)°" = Or. 
—— Int 


Gil) (A) = (AS. 


(iv) (H)”° = (Hy. 
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Corollary 5.4. If H is a single-valued neutrosophic soft set in K’, then H is single-valued neutrosophic soft 
open if and only if H/™ = H and H is a single-valued neutrosophic soft closed if and only if HC’ = H. 


Definition 5.5. Let (K, E, yc) be a single-valued neutrosophic soft topological space on K and yx be a single- 
valued neutrosophic soft topology on K. Let H = {%,,,Z¢,,, Fc, } be a single-valued neutrosophic soft open 
set in K. Then H is called a single-valued neutrosophic soft regular open if 


H= (Hee yint 


Remark 5.6. (1) Every single-valued neutrosophic soft regular is single-valued neutrosophic soft open. 
(2) Every single-valued neutrosophic soft clopen set is single-valued neutrosophic soft regular open. 


Definition 5.7. Let yx be a single-valued neutrosophic soft topology on K. Then K is called a single-valued 
neutrosophic soft super disconnected if there exists a single-valued neutrosophic soft regular open set H = 
{Tens Zen; Fey, } such that 1p # H and Op # H. But if there does not exist such a single-valued neutrosophic 
soft regular open set H such that 1; # H and Qy #4 H, then K is called single-valued neutrosophic soft super 
connected. 


Example 5.8. Consider a K-algebra on a cyclic group of order 8 and Cayley’s table for © is given in 
Example 3.3, where G = {e,2,2?,x?,x*,x°, x°,x"}. We have a single-valued neutrosophic soft topology 
Xx = {Oe,1e, H, J}, where H, J with a parametric set E = {1j, /2} are given as: 


Cu(ly) = {(e, 0.8, 0.7, 0.2), (h, 0.6, 0.5, 0.4)}, 
Cu (I2) = {(e, 0.7, 0.7, 0.2), (h, 0.6, 0.6, 0.5)}, 
C(t) = {(e, 0.7, 0.7, 0.2), (h, 0.4, 0.1, 0.5)}, 
C(I) = {(e, 0.4, 0.6, 0.6), (h, 0.3, 0.5, 0.7)}, 


foralhAe EG. 
Let L be a single-valued neutrosophic soft set in K, defined by: 


(r(l1) = {(e, 0.9, 0.8, 0.1), (h, 0.7, 0.6, 0.4)}, 
(1(lz) = {(e, 0.9, 0.7, 0.1), (h, 0.7, 0.6, 0.4)}. 


Now, we have single-valued neutrosophic soft open sets : 02,12, H, J. 
single-valued neutrosophic soft closed sets : (0z)° = 1g, (1g)° = On, (H)° = H’, (J)° = J’, where H’, J’ 
are obtained as: 


Cur(li) = {(e, 0.2, 0.7, 0.8), (h, 0.4, 0.5, 0.6)}, 
Cy (l2) = {(e, 0.2, 0.7, 0.7), (h, 0.5, 0.6, 0.6)}, 


(e, 0.2, 0.7, 0.7), (R, 0.5, 0.1, 0.4)}, 
(e, 0.6, 0.6, 0.4), (h, 0.7, 0.5, 0.3)}, 


Cy (li) = 
Cy (Ia) = 
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for all h £ e € G. Then, interior and closure of a single-valued neutrosophic soft set L is obtained as: 


Lint —H 
LO Se 


For L to be a single-valued neutrosophic soft regular open, then L = (L°'?)/"*, But since L = (1g)/" =1p4 
L. This shows that 1; 4 L 4 Qz is not a single-valued neutrosophic soft regular open set. By Definition 5.7, 
defined /-algebra is a single-valued neutrosophic soft super connected K -algebra. 


6 Single-Valued Neutrosophic Soft Compactness Kk -Algebras 


Definition 6.1. Let x be a single-valued neutrosophic soft topology on K. Let H be a single-valued neutro- 
sophic soft set in K . A collection Q = {(T¢,,.,Zc,.,Fc,,) : i € I} of single-valued neutrosophic soft sets in 
K is called a single-valued neutrosophic soft open covering of H if H C\J. A finite sub-collection of Q say 
(’) is also a single-valued neutrosophic soft open covering of H, called a finite subcovering of H. 


Definition 6.2. Let (K, E, yx) be a single-valued neutrosophic soft topological space of K. Let H be a single- 
valued neutrosophic soft set in K. Then H is called a single-valued neutrosophic soft compact if every single- 
valued neutrosophic soft open covering 2 of H has a finite sub-covering ({’). 


Example 6.3. A single-valued neutrosophic soft topological space (K, E', yx) is single-valued neutrosophic 
soft compact if either K is finite or yx is a finite single-valued neutrosophic soft topology on K. 


Proposition 6.4. Let f : (Ki, E,vx,) 4 (Ke, E, xx,) be a single-valued neutrosophic soft continuous map- 
ping, where (K1, F, xx) and (K2, EF, xx) are two single-valued neutrosophic soft topological spaces of K, 
and K, respectively. If H is a single-valued neutrosophic soft compact in (K,, E, vx,), then f(H) is single- 
valued neutrosophic soft compact in (K2, EF, xx,). 


Proof. Let f be a single-valued neutrosophic soft continuous map from K into Ky. Let OQ = { f~!(H; :7 € I)} 
be a single-valued neutrosophic soft open covering of H and A = {H; : i € I} a single-valued neutrosophic 


soft open covering of f(H). Then there exists a single-valued neutrosophic soft finite sub-covering J f~'(H;) 
I=1 
such that 


Thus, 


539 


Florentin Smarandache (author and editor) Collected Papers, IX 


This shows that there exists a single-valued neutrosophic soft finite sub-covering of f(H). Therefore, f(H) is 
single-valued neutrosophic soft compact in (K2, F, yx.). 


7 Single-Valued Neutrosophic Soft Hausdorff 1 -Algebras 


Definition 7.1. Let H = {7¢,,,Z¢,,, Fc, } be a single-valued neutrosophic soft set ina K. Then # is called a 
single-valued neutrosophic soft point if, for 0 © E 


Cul) A On, 


and 


CH (’) = Dr, 
for all 6’ € E — {0}. A single-valued neutrosophic soft point in H is denoted by 0. 


Definition 7.2. A single-valued neutrosophic soft point 07, is said to belong to a single-valued neutrosophic 
soft set J, i.e., 0 € J if, ford € EF 


Gu(9) < Gu(8). 


Definition 7.3. Let (KC, E, xc) be a single-valued neutrosophic soft topological space over K and @7,, 0g be two 
single-valued neutrosophic soft points in K’. If for these two single-valued neutrosophic soft points, there exist 
two disjoint single-valued neutrosophic soft open sets H, J such that 0, € H and 6g € J. Then (K, E, xx) 
is called a single-valued neutrosophic soft Hausdorff topological space over K and K is called a single-valued 
neutrosophic soft Hausdorff /-algebra. 


Example 7.4. Consider a K-algebra K on a cyclic group of order 8 and Cayley’s table for © is given in 
Example 3.3, where G = {e,x,2?,x°,x*,2°,2°,x7}. Let FE = {1} and xx = {Qz, lz, H, J} be a single- 
valued neutrosophic soft topological space over K’. We define two single-valued neutrosophic soft points /7,, lg 
such that 


l, = {(e,1,0, 1), (h, 0,0, L)}, 
lo = {(e,0,0, 1), (h, 0,1, 0)}. 
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Since for! € FE, ¢r(l) 4 Vz, Gg(l) Z Wx, andl, F lg, then clearly |; and lg are two single-valued neutrosophic 
soft points. Now, consider two single-valued neutrosophic soft open sets H and J defined as: 


Cr(L) (e,1,1,0), (h,0,0,1)}, 
Gi) Ce, Of054), (iil LO), 


for allh A e € G. Since ¢r (1) < Cu(l) and Gg(l) < Gr(0), ie., lt € H andlg € J and HM J = Oz. Thus, 
(K, E, xx) is a single-valued neutrosophic soft Hausdorff space and K is a single-valued neutrosophic soft 
Hausdorff K-algebra. 


={ 
={ 


Theorem 7.5. Let f : (Ki, £,x1) — (Ke, E, x2) be a single-valued neutrosophic soft homomorphism. Then 
K, is a single-valued neutrosophic soft Hausdorff space if and only if K is a single-valued neutrosophic soft 
Hausdorff /-algebra. 


Proof. Let f : (Ki, E, x1) > (Ke, E, x2) be a single-valued neutrosophic soft homomorphism and x1, x2 be 
two single-valued neutrosophic soft topologies on K; and K2, respectively. Suppose that K’; is a single-valued 
neutrosophic soft Hausdorff space. To prove that 2 is a single-valued neutrosophic soft Hausdorff K-algebra, 
Let for 1 € E, |, and lg be two single-valued neutrosophic soft points in 2 such that 1, A Ig with u,v € Ki, 
u # v. Then for these two distinct single-valued neutrosophic soft points, there exist two single-valued neu- 
trosophic soft open sets H and J such that /; € H,lg € J with H() J = Oz. For x € Ky, we consider 


Cf he) SE ae { ; a eee 


= (f-'())2(2)) 


Therefore, f~'(/z) = (f~'(1))z. Likewise, f~'(lg) = (f~*(1))g. Since f is a single-valued neutrosophic soft 
continuous function from K, into Ky and also f~+ is a single-valued neutrosophic soft continuous function 
from K into K,, then there exist two disjoint single-valued neutrosophic soft open sets f(H) and f(.J/) of 
single-valued neutrosophic soft points 1; and lg, respectively be such that f(H)(\f(J) = f(Oz) = Oe. 
This shows that K2 is a single-valued neutrosophic soft Hausdorff K-algebra. The proof of converse part is 
straightforward. 


Theorem 7.6. let f : K,; — Kz be a bijective single-valued neutrosophic soft continuous function, where Ky 
is a single-valued neutrosophic soft compact K-algebra and K» is a single-valued neutrosophic soft Hausdorff 
kK-algebra. Then mapping f is a K, is a single-valued neutrosophic soft homomorphism. 


Proof. Let f be a bijective single-valued neutrosophic soft mapping from a single-valued neutrosophic soft 
compact /-algebra into a single-valued neutrosophic soft Hausdorff A-algebra. Then clearly, f is a single- 
valued neutrosophic soft homomorphism. We only prove that f is single-valued neutrosophic soft closed since 
f is a bijective mapping. Let a single-valued neutrosophic soft set Q = {Tég,Ztg,;Feg} be closed in K- 
algebra K,. Now if Q = Oz, then f(Q) = Oz is single-valued neutrosophic soft closed in K2. But if Q 4 Oz, 
then being a subset of a single-valued neutrosophic soft compact K-algebra, @ is single-valued neutrosophic 
soft compact. Also f(Q) is single-valued neutrosophic soft compact, being a single-valued neutrosophic soft 
continuous image of a single-valued neutrosophic soft compact K-algebra. Hence f is closed thus, f is a 
single-valued neutrosophic soft homomorphism. 
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8 Conclusions 


In 1998, Smarandache originally considered the concept of neutrosophic set from philosophical point of view. 
The notion of a single-valued neutrosophic set is a subclass of the neutrosophic set from a scientific and 
engineering point of view, and an extension of intuitionistic fuzzy sets [32]. In 1999, Molodtsov introduced 
the idea of soft set theory as another powerful mathematical tool to handle indeterminate and inconsistent 
data. This theory fixes the problem of establishing the membership function for each specific case by giving 
a parameterized outlook to indeterminacy. By using a hybrid model of these two mathematical techniques 
with a topological structure, we have developed the concept of single-valued neutrosophic soft topological 
K-algebras to analyze the element of indeterminacy in K-algebras. We have defined some certain concepts 
such as the interior, closure, C’;-connected, super connected, compactness and Hausdorff of single-valued 
neutrosophic soft topological K’-algebras. In future, we aim to extend our notions to (1) Rough neutrosophic 
k-algebras, (2) Soft rough neutrosophic /-algebras, (3) Bipolar neutrosophic soft K-algebras, and (4) Rough 
neutrosophic /-algebras. 
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Abstract: For the first time we introduce non-standard neutrosophic topology on the extended 
non-standard analysis space, called non-standard real monad space, which is closed under 
neutrosophic non-standard infimum and supremum. Many classical topological concepts are 
extended to the non-standard neutrosophic topology, several theorems and properties about them are 
proven, and many examples are presented. 


Keywords: non-standard analysis; extended non-standard analysis; monad; binad; left monad closed 
to the right; right monad closed to the left; pierced binad; unpierced binad; non-standard neutrosophic 
mobinad set; neutrosophic topology; non-standard neutrosophic topology 


1. Introduction to Non-Standard Analysis 


The purpose of this study is to initiate for the first time a new field of research, called non-standard 
neutrosophic algebraic structures, and we start with non-standard neutrosophic topology (NNT) in 
this paper. Being constructed on the set of hyperreals, that includes the infinitesimals, NNT can further 
be utilized in neutrosophic calculus applications. 

As a branch of mathematical logic, non-standard analysis [1] deals with hyperreal numbers, which 
include infinitesimals and infinities. 

The introduction of infinitesimals in calculus has been debated philosophically in the history of 
mathematics since the time of G. W. Leibniz, with pros and cons. Many mathematicians prefer the 
epsilon-delta use in calculus concepts’ definitions and theorems’ proofs. 


Besides calculus, non-standard analysis found applications in mathematical physics, mathematical 
economics, and in probability theory. 

In 1998, Smarandache [3] used non-standard analysis in philosophy and in neutrosophic logic, 
in order to differentiate between absolute truth (which is truth in all possible worlds, according to 
Leibniz), and relative truth (which is, according to the same Leibniz, truth in at least one world). Let T 
represent the neutrosophic truth value, I the neutrosophic indeterminacy value, and F the neutrosophic 
falsehood value, with T, I, F € [~0, 1*]. Then T (absolute truth) = 1* = u (1*), while T (relative truth) = 
1. This is analogously for absolute falsehood vs. relative falsehood, and absolute indeterminacy vs. relative 


indeterminacy. 
Then he extended [3] the use of non-standard analysis to neutrosophic set (absolute 
membership/indeterminacy/nonmembership — vs. relative membership/indeterminacy/nonmembership 


respectively) and to neutrosophic probability (absolute occurrence/indeterminate occurrence/nonoccurence of 
an event vs. relative occurrence/indeterminate occurrencefonoccurence of an event, respectively). 

We next recall several notions and results from classical non-standard analysis [2] that are needed 
to defining and developing the non-standard neutrosophic topology. 
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The set R* of nonstandard reals (or hyperreals) is the generalization of the real numbers (R). 
The transfer principle states that first-order statements that are valid in R are also valid in R*. 


R* includes the infinites and the infinitesimals, which on the hyperreal number line 


1 
may be represented as 1/e = w/1. (1) 

An infinite (or infinite number) (w) is a number that is greater than anything: 
1+1+1+... +1 (for any number of finite terms) (2) 


The infinitesimals are reciprocals of infinites. 

An infinitesimal (or infinitesimal number) (€) is a number ¢ such that |e] < 1/n, for any non-null 
positive integer n. 

An infinitesimal is so small that it cannot be measured, and it is very close to zero. 

The infinitesimal in absolute value, is a number smaller than anything nonzero positive number. 

In calculus one uses the infinitesimals. 


By R.* we denote the set of positive non-zero hyperreal numbers. (3) 


Left Monad {for simplicity, denoted [2] by (~a) or only ~a} was defined as: 


u(a) = (a) = a=a= {a—x,x € R,"|x is infinitesimal} (4) 


at Hara {a+x,x € R,"|x is infinitesimal} (5) 
Ll 


Lt (a) is a monad (halo) of an element a € R*, which is formed by a subset of numbers infinitesimally 
close (to the left-hand side, or right-hand side) to a. 


1.1. Non-Standard Analysis’s First Extension 


In 1998, Smarandache [3] introduced the pierced binad. 
Pierced binad {for simplicity, denoted by (~a*) or only ~“a*} was defined as: 


-+ 
a 


peat) = (Cat) =nat 
= {a—x,x € Rx" |x is infinitesimal} U {a+x,x € R+"|x is infinitesimal} (6) 
= {atx,x € Ry"*|x is infinitesimal} 


This extension was needed in order to be able to do union aggregations of non-standard 
neutrosophic sets, where a left monad p (~a) had to be united with a right monad p (a*), as such 
producing a pierced binad: p (~a) U p (a*) = N f ((a*). Without this pierced binad we would not have 
been able to define the non-standard neutrosophic operators. 


1.2. Non-Standard Analysis’s Second Extension 


Smarandache [4,5] introduced at the beginning of 2019 for the first time, the left monad closed to 
the right, the right monad closed to the left, and unpierced binad, defined as below: 
Left Monad Closed to the Right 


(a) = (a) — {a—x\x =0,or x € Ry" and x is infinitesimal} = (~a) VU {a} = (a) VU {a} 
LU L (7) 
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Right Monad Closed to the Left 


u(a) = (‘a’) 2G = {a +x|x = 0,or x € R,* and x is infinitesimal} = u(a*) U {a} = (a7) U {a} (8) 
=at U{a} 

Unpierced Binad 

—0+ —0+ —0+ io A Lbpeiseh, Nek a 
ui a )=(a4)= a ={a—x\x € R4* and x is infinitesimal} U {a+ x| x € R,* and x is infinitesimal} VU {a} 


= {atx|\x =0,orx € R,* and x is infinitesimal} (9) 
= p("at) U {a} = ("aT) U {a} = ~at U {a} 


Therefore, as seen, the element {a} has been included in both the left and right monads, and also 
in the pierced binad respectively. 

All monads and binads are subsets of R*. 

This second extension was done in order to be able to compute the non-standard aggregation 
operators (negation, conjunction, disjunction, implication, equivalence) in non-standard neutrosophic 
logic, set, and probability, and now we need them in non-standard neutrosophic topology. 


1.3. The Best Notations for Monads and Binads 


For any standard real number a € R, we employ the following notations for monads and binads: 


m ~ -0 + 0+ -+ -0+ ocd 

aé{a,a,a,a,a,a, a }and by convention a = a; (10) 
where 

m = ee os _ an ae a = (* ee =e a3 #0. =e a (11) 


thus “m” written above the standard real number “a” means: a standard real number (°, or nothing 
above), or a left monad (~), or a left monad closed to the right (~°), or a right monad (+), or a right 
monad closed to the left (°F), or a pierced binad (~*), or a unpierced binad cos) respectively. 
Neutrosophic notations will have an index jy associated to each symbol, for example: the classical 
symbol < (less than), becomes < jy (neutrosophically less than, i.e., some indeterminacy is involved, 
especially with respect to infinitesimals, monads and binads). 
Similarly for: N and Ny, A and Ay etc. 


1.4. Non-Standard Neutrosophic Inequalities 


We have the following neutrosophic non-standard inequalities (taking into account the definitions of 
infinitesimals, monads and binads): 
(a) <na<nQ@") (12) 


because 
Yxe Rija-x<a<a+x (13) 


where x is a (nonzero) positive infinitesimal. 
The converse also is true: 
(a") >Na>wn(-a) (14) 


Similarly: 
(a) sna") < N(@") (15) 


To prove it, we rely on the fact that (~a*) = (a) U (a*) and the number a is in between the subsets 
(on the real number line) ~a = (a -— ¢,a) and at = (a,a + €), so: 


(a) <w(-a)U a") 2 n(a*) (16) 
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Conversely, it is neutrosophically true too: 


- -0 0+ + = -+ -0+ + 
Also,a <n 4 <Na<nN 4 <Naanda<yn a <n 4 SNAa 


Conversely, they are also neutrosophically true: 


- 0+ 0 0+ ; 
@>n 4 >Na>N 4 >Naanda>n a =n a =n a respectively. 
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(17) 


(18) 


(19) 


Let a, b be two standard real numbers. If a > b, which is (standard) classical real inequality, then 


we have: 
-0 0+ -0+ 
a>n (~b),a>n(bt),a>n(bt),a >y b,a>n b,a>n Db; 
-0 0+ -0+ 
(~a) >N b, (~a) >N (~b), (~a) >N (bt), (~a) >N (“b*),a >N b,a >N b,a >N b ; 
-0 O+ 4 -0+ 


(at) >y b, (at) >n B(~b), (at) >n (bt), (at) >n B(-bt), a >N b,a >N ba dy D; 
("a*) > yb, Cat) > nN (7b), (a*) > n (0*), Ca*) > w C*), ete. 
No non-standard order relationship between a and (~a*), 
nor between a and (~°a"). 
1.5. Neutrosophic Infimum and Neutrosophic Supremum 


1.5.1. Neutrosophic Infimum 


Let (S, <j) be a set, which is neutrosophically partially ordered, and let M be a subset of 


(20) 
(21) 


(22) 
(23) 


(24) 


S. 


The neutrosophic infimum of M, denoted by infy (M), is the neutrosophically greatest element in 


S, which is neutrosophically less than or equal to all elements of M. 


1.5.2. Neutrosophic Supremum 


Let (S, <j) be a set, which is neutrosophically partially ordered, and let M be a subset of 


S. 


The neutrosophic supremum of M, denoted by supy (M), is the neutrosophically smallest element 


in S, which is neutrosophically greater than or equal to all elements of M. 


The neutrosophic infimum and supremum are both extensions of the classical infimum and 
supremum respectively, using the transfer principle from the real set R to the neutrosophic real MoBiNad 


set NRyp defined below. 


1.5.3. Property 


m2 
If ie b are left monads, right monads, pierced binads, or unpierced monads, 


my m2 my m2 
then both infy{a, b} and sup, {a, b} are left monads or right monads. 


1.6. Non-Standard Real MoBiNad Set 


MoBiNad [3] etymologically comes from monad + binad. 


(25) 


Let R and R* be the set of standard real numbers, and respectively the set of hyper-reals (or 


non-standard reals) that contains the infinitesimals and infinites. 


547 


Florentin Smarandache (author and editor) Collected Papers, IX 


The Non-standard Real MoBiNad Set [2] is built as follows: 


NRum = €,«@,4, (a), (~a°), (a*), (Pat), (at), (~a°+) [where ¢ are infinitesimals, (26) 
MBN) withee R*;w = 1/¢ are infinites, with w € R*;and a are real numbers, witha € R 
or, 


m 


where €,w € R*, € are infinitesimals, w = 1 are infinitesimals; 
NRwp = Nn} €,@, 4 (27) 


eR andmet- oor 


As a set, NRyp is closed under addition, subtraction, multiplication, division [except division by 


m . i 1 
a, witha =Oandme{,,-°,+ 9+ - + ,-° +}], and power 
My 


(b) 
(("") with: eithera >0, ora < Obutb= C (irreducible fraction) and p, r are (28) 


positive integers with ran odd number}. 


1.7. Remark 


The neutrosophic infimum and neutrosophic maximum are well-defined on the Non-standard 
Real MoBiNad Set NRyg, in the sense that we can compute infy and supy of any subset of NRyp. 


1.8. Non-Standard Real Open Monad Unit Interval 


Since there is no relationship of order between a and ~a*, not between a and (~°at), and we need a 
total order relationship on the set of non-standard real numbers, we remove all binads and keep only 
the open left monads and open right monads [we also remove the monads closed to one side]. 


]-0, 1 [m = {a, ¢€,-a,a7|a € [0,1],€ € R*, € > 0}. (29) 


where a is subunitary real number, and ¢ is an infinitesimal number. 
The non-standard neutrosophic unit interval ]~0, 1*[jy includes the previously defined ]~0, 1*[ 
as follows: 
1-0,1* [=n (“0)U (0, 1JU1*) cn] 0,1* fm (30) 


where the index ;y means that the interval includes all open monads and infinitesimals between ~0 
and 1*. 


2. General Monad Neutrosophic Set 


Let U be a universe of discourse, and S c U bea subset. Then, a Neutrosophic Set is a set for which 
each element x from S has a degree of membership (T), a degree of indeterminacy (J), and a degree 
of non-membership (F), with T, [, F standard or non-standard real monad subsets or infinitesimals, 
neutrosophically included in or equal to the nonstandard real monad unit interval |, *[, or 


T, 1, F Cyl 0, 1* Iu (31) 


where 
“0 <n infyT + infNl + infNF <n supnT + supnl + supnF < ie (32) 


2.1. Non-Standard Neutrosophic Set 


Let us consider the above general definition of general neutrosophic set, and assume that at least 
one of T, I, or F (the neutrosophic components) is a non-standard real monad subset or infinitesimal, 
neutrosophically included in or equal to }~0,1* [m, where 


“0 <n infyT + infyl + infyF <n supnT + supnl + supyF < 37, (33) 
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we have a non-standard neutrosophic set. 


2.2. Non-Standard Fuzzy t-Norm and Fuzzy t-Conorm 


Let T), and T2, €]~0, 1*[y, be nonstandard real numbers (infinitesimals, or open monads), or 
standard (classical) real numbers, such that at least one of them is a non-standard real number. T) and 
Tz are non-standard fuzzy degrees of membership. Then one has: 

The non-standard fuzzy t-norms: 


Ti/\r Tz = infy {T1, T2} (34) 
The non-standard fuzzy t-conorms: 
T1\V/r T2 = supn {T1, To} (35) 


2.3. Aggregation Operators on Non-Standard Neutrosophic Set 


Let T;, 1, Fy and T9, In, Fp € ]-0, 1*[yp, be nonstandard real numbers (infinitesimals, or monads), 
or standard (classical) real numbers, such that at least one of them is a non-standard real number. 
Non-Standard Neutrosophic Conjunction 


(Ty, 11, Fy) An (T2, In, Fo) = (11 Az T2, 1) Ve In, Fy Ve Fo) = 


36 
Ginfy (Ta, Te), sup (1, Te), sup Fa) = 
Non-Standard Neutrosophic Disjunctions 


(Ty, 11, F1) Vn (T2, In, Fo) = (T1 Ve T2, ty Ag I, Fy Ag F2) = 


(supy (T1, To), irfy (a, 1p), infu (F1, F2)) (67) 


Non-Standard Neutrosophic Complement/Negation 
We may use the notations Cy or 7) for the neutrosophic complement. 


Cn (T1,F1) = nay (T1,4,F1) =n (F1,4,T1). (38) 
Non-Standard Neutrosophic Inclusion/Inequality 
(T1,11,F1) < n(T2, ho, Fo) if f Ti <n To, =n Io, Fy =n Fo. (39) 


Let A,B € P (X), if A Gy B then B is called a neutrosophic superset of A. 
Non-standard Neutrosophic Equality 


(T1, 1h, Fi) =N(T2, Io, Fo) iff (11, h, F1) S n(T2, In, Fo) and (T2, In, Fr) $ n(T1, hh, F1)- (40) 


Non-Standard Monad Neutrosophic Universe of Discourse 
We now introduce for the first time the non-standard neutrosophic universe. 


Definition 1. A general set U, defined such that each element x € U has neutrosophic coordinates of the form 
x(Tx, Iy, Fy), such that T, represents the degree of truth-membership of the element x with respect to set U, lL, 
represents the degree of indeterminate-membership of the element x with respect to the set U, and Fy represents 
the degree of false-membership of the element x with respect to the set U; where Ty, Iy, and Fx are non-standard 
or standard subsets of the neutrosophic real monad set NRw, but at least one of all of them is non-standard (i.e., 
contains infinitesimals, or open monads). 


Single-Valued Non-Standard Neutrosophic Topology 
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Let U be a single-valued non-standard neutrosophic universe of discourse, i.e., for all x € U, their 
neutrosophic components T,, I;, Fy, are single-values (either real numbers, or infinitesimals, or open 
monads) belonging to ]~0, 1*[ 


Definition 2. Let X be a non-standard neutrosophic subset of U. The neutrosophic empty-set, denoted by On = 
(0,17, 1*), is a set By C X whose all elements have the non-standard neutrosophic components equal to (~0, 
1*,1*). The whole set, denoted by 1) =(1*, ~0, ~0), is a set Wy C X whose all elements have the non-standard 
neutrosophic components equal to (1*, ~0, ~0). 


Definition 3. Let X be a non-standard neutrosophic set. Let A = (T1, Iz, Fy) and B = (To, In, Fy) be non-standard 
neutrosophic numbers. Then: 


AB = (infy (T1, T2), supn (I1, In), supn (F1, F2)) (41) 
A UB = (supn (T1, T2), inf (1, 12), inf (F1, F2)) (42) 
CyA = (Fy, Ih, T) (43) 


Definition 4. Let X be a non-standard neutrosophic set. Let A(X) be the family of all non-standard neutrosophic 
sets in X. Let t C A (X) be a family of non-standard neutrosophic sets in X. Then t is called a Non-standard 
Neutrosophic Topology on X, if it satisfies the following axioms: 


(i) On and 1y are in T. 
(ii) The intersection of the elements of any finite subcollection of t is in T. 
(iii) The union of the elements of any subcollection of t is in Tt. 


The pair (X, t) is called a non-standard neutrosophic topological space. All members of t are called 


non-standard neutrosophic open sets in X. 


Example 1. Let X be a non-standard neutrosophic set. Let t be the set consisting of Oy and 1n, Then Tt is a 
topology on X. It is called the non-standard neutrosophic trivial topology. 


Example 2. Let X be a non-standard neutrosophic set. Let A be a non-standard neutrosophic set in X. Let t = 
{0n, 1n, A}. Then it can be easily shown that t is a topology on X. 


Example 3. Let X be a non-standard neutrosophic set. Let A and B be non-standard neutrosophic sets in X such 
that A is a neutrosophic superset of B. Let t = {On, 1n, A, B}. Then since AN B = Band AU B= A we deduce 
that t is a topology on X. 


Example 4. Let X be a non-standard neutrosophic set. Suppose we have a nested sequence 


Ay GA2 GAZ... GAn-1 © An © (44) 
of non-standard neutrosophic sets in X such that each Ay is a neutrosophic superset of Ay—1 for each 
ne€ {1,2,3,... }. 


Let t = {0y, 1n, An: n €N}. Then since Aj Ny Aj = Aj and Aj Un Aj = Aj for each i less than j, we deduce 
that t is a topology on X. 


Example 5. Let X be a non-standard neutrosophic infinite set: 


+ \" - \P 
x= (+»no((07] /(0.2)",(0.6) } Xp € Xsm,n,p € {1,2,.. H (45) 
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Let Myo be a family of subsets of X, such that each member Ayn,p of the family has: 
m,n, p €{1,2,..., 100}. (46) 


Then t = {0n, 1n, Moo} is a non-standard neutrosophic topology. 


Proof. Any monad () raised to the integer power k > 0, is equal to the monad of a‘: 
m k o 
(«) = (a‘) (47) 


Let’s consider two non-standard neutrosophic elements from X: 


+ \"4 Py deaths + 
mmm (07] (0.2) ',(0.6) J and xmroay((07} 


mg 


, (0.2)", (08) (48) 


where 
m1, 11, P1, Mz, Nz, po € {1,2,... , 100}. (49) 


It is sufficient to prove that their non-standard neutrosophic finite intersection and the random 
union of elements from Myo9 are in M9. 


+ \™1 f 4 \%2 
Xmy,14,P1 ON XmzNzP> =N (inii(07} 07] \ 


— \P1 ¢ — \P2 
SUP {(0.2)", (0.2)"},SUPy{(06) (0.6) }) (50) 
4 max{m,m} . _ \min{p,,po} 
= (02) , (0.2) ints), (0.6) € Mago 
because also max{m 1, Mm}, min{n,, nN}, min{p1, po} € Mio. (51) 


ae m = p 
U brnne (07) ,(0.2)", (0.6) ) 
mL, pe (th h2,b3 )C{1,2,...,100}$ 


4 min{m,mey} — \max{p,pew3} 2) 
za (02) (0.2) neta) (0.6) € Migo 


oO 


Definition 5. Let X be a non-standard neutrosophic set. Suppose that t and t’ are two topologies on X such 
that t Ct’. Then we say that t’ is finer than t. 


Example 6. Let X be a non-standard neutrosophic set. Let A and B be non-standard neutrosophic sets in X such 
that A is a neutrosophic superset of B. Let t = {OxN, 1n, A} and t’ = {On, 1n, B}. 


Then 7’ is finer than tT. 


Example 7. Let’s consider the above Example 5. In addition to M19, let’s define L199 as follows: 


+.\" - \P 
Tata e brnne( (07) AON (0.6) ),Xmnp € X;m,n,p € {2,4,6,...,100}} (63) 


The non-standard neutrosophic topology t = {0n, 1n, Myoo} is a finer non-standard neutrosophic topology 
than the non-standard neutrosophic topology t’ = {0n, 1N, L100}. 
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Definition 6. The subset Z of a non-standard neutrosophic topological space X is called a non-standard 
neutrosophic closed set if its complement Cy (Z) is open in X. 


Example 8. Let Y be a non-standard neutrosophic infinite set 


4 \m@ 7 _\n yy ym 
Y= Luma (05 04] 03] } Vinn € Yim,n € {1,2,...)} (54) 


and P (Y) the power set of Y. 

Let t C P (Y) be a non-standard neutrosophic topology. 

Each non-standard neutrosophic set A € Tt is a non-standard neutrosophic open set and closed set in the 
same time, because its non-standard neutrosophic complement Cy (A) = A. 


Proof. For any ¥mn€Y one has: 
4. m _ \t +4 m +4 m _\n + m 
Cn(Ymn) = ¢,{(05) oa] 03] }=((03] oa] 03] |- Vn (55) 


Theorem 1. Unlike in classical topology, the non-standard neutrosophic empty-set Ox and the non-standard 
neutrosophic whole set 1n are not necessarily closed, since they are not the non-standard neutrosophic complement 
of each other. 


oO 


Proof. 
Cn (—0, 17, 1°) =y (17,17, 0) # (1*, 70, 70), and reciprocally: (56) 


Cee 0-0) = C0; 0.17) 2 C011): (57) 


Theorem 2. In a non-stardard neutrosophic topology there may be non-standard neutrosophic sets which are 
both open and closed set. 


Proof. See the above Example 8. O 


Theorem 3. Unlike in classical topology, the intersection of two non-standard neutrosophic closed sets is not 
necessarily a non-standard neutrosophic closed set. Moreover, the union of two non-standard neutrosophic closed 
sets is not necessarily a non-standard neutrosophic closed set. 


Proof. Consider Example 3 above. 
Let A = (To, Ih, Fp) and B = (Ty, i, Fy). Note that CnA = (Fo, In, T) and CyB = (Fy, i, T}). (58) 


Then CyA Ny CnB = (Fo, 1, T2). (59) 
Since Cy (CNA Nn CNB) = (T2, 4, Fo) (60) 


is not non-standard neutrosophic open set in X, we have that CyA Ny CNB is not a non-standard 
neutrosophic closed set in X. Also, 


CNA Ow CNB = (Ft, 12, T1). (61) 


Since Cy (CNA Nn CNB) = (T1, In, F1) (62) 
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is not non-standard neutrosophic open set in X, we have that CyA Ny CNB is not a non-standard 
neutrosophic closed set in X. O 


General Remark 1. Since the non-standard neutrosophic aggregation operators (conjunction, disjunction, 
complement) needed in non-standard neutrosophic topology, are defined by classes of operators (not by exact 
unique operators) respectively, the classical topological space theorems and properties extended (by the transfer 
principle) to the non-standard neutrosophic topological space may be valid for some non-standard neutrosophic 
operators, but invalid for other classes of neutrosophic aggregation operators. 


Even worth, due to the fact that non-standard neutrosophic conjunction/disjunction/complement 
are, in addition, based on fuzzy t-norms and fuzzy t-conorms, which are not fixed either, but 
characterized by classes! 

{Similarly for fuzzy and intuitionistic fuzzy aggregation operators.} 

For example, the neutrosophic intersection/\y can be defined in 2 ways: 


(T1, Ih, F1) Aw (T2, In, Fo) = (Ti/\r T, /\k 12, Fi/\r Fo) (63) 


And 
(T1, 11, Fi) Aw (To, Io, Fo) = (Tie To, th Ve 12, Fi/\e Fo). (64) 


In turn, the fuzzy t-norms (/\-) and fuzzy t-conorm (\/f) are also defined in many ways; for 
example I know at least 3 types of fuzzy t-norms: 


a/\¢ b = min {a, b} (65) 
a/\p b=ab (66) 
a/\p b= max {a+ b—-1,0} (67) 
and 3 types of fuzzy t-conorms: 
a\/r b = max {a, b} (68) 
a/\p b=a+b-—ab (69) 
a/\¢ b = min {a + b, 1} (70) 


therefore there exist at least 2-3-3 = 18 possibilities to define the neutrosophic t-norm (/\n). 
There exist at least the same number 18 of possibilities of defining the neutrosophic t-conorm (\/n). 
From these 18 possibilities of defining/\y and \/y for some of them the classical topological 
theorems extended to non-standard neutrosophic topology may be valid, for others invalid. 


Definition 7. Let (X, t) be a nonstandard neutrosophic topological space. Let A be a non-standard neutrosophic 
set in X. Then the Non-standard Neutrosophic Closure of A is the intersection of all non-standard neutrosophic 
closed supersets of A, and we denote it by cly (A). The Non-standard Neutrosophic Closure of A is the smallest 
nonstandard neutrosophic closed set in X that neutrosophically includes A. 


Example 9. Let X be a non-standard neutrosophic set: 


- + - 
X = {x1(0.4,0.1, 0.5), x2(0.5,0.1,0.4), x3(0.5,0.1,0.5)} (71) 


and the following non-standard neutrosophic topology: 


— “fe _ — + = =- + — 
Tt = {®y, 1n, Ar {x1 (0.4, 0.1, 0.5), Ao{x2 (0.5, 0.1, 0.4), A3{x3(0.5,0.1,0.5)}} (72) 


553 


Florentin Smarandache (author and editor) 


where 
+ 4 b + +4 + + + 
Dy = {x1 (0,1, 1),x2(0, Al: 1),x3(0, dL. 1), 1y = x1(1,0,0),x1 (1,0, 0), x1(1,0,0)} (73) 
Proof. Tt is a non-standard neutrosophic topology because: 
Ay Nn A2 = Ai, At NN A3 = Aq, Az NN AZ = AZ (74) 
Ay Un Az = Az, Ay Un Az = Az, Az Un Az = Az, Ay Un Az Un A3 = Ap. (75) 


(X, T) is a non-standard neutrosophic topological space. 

The non-standard neutrosophic sets A;, Az, A3 are open sets since they belong to T. 

Az is the non-standard neutrosophic complement of A, or Cy (Az) = Aj, therefore Az is a 
non-standard neutrosophic closed set in X. 

Az is the non-standard neutrosophic complement of A3 (itself), or Cy (A3) = A3, therefore A3 is 
also a non-standard neutrosophic closed set in X. 

A and A3 are nonstandard neutrosophic supersets of A;, since Aj C Az and A; C A3. 

Whence, the Non-standard Neutrosophic Closure of A; is the intersection of its non-standard 
neutrosophic closed supersets Az and A3, or 


cly (Ay) = n A2 NN A3 =N AZ (76) 
Oo 


Definition 8. The Non-standard Neutrosophic Interior of A is the union of all non-standard neutrosophic open 
subsets of A that are contained in A, and we denote it by inty (A). 

The Non-standard Neutrosophic Interior of A is the largest non-standard neutrosophic open set in X that is 
neutrosophically included into A. 


Example 10. Into the previous Example 9, let's compute inty (Ap). 
A, and A3 are non-standard neutrosophic open sets in X, with A, Cy Az and A3 Cy A2 (77) 


Whence 
inty (Az) = Ay Un Ag = Az. (78) 


Definition 9. Let (X, t) be a non-standard neutrosophic topological space, and let Y Cy X be a non-standard 
neutrosophic subset of X. Then the collection ty = {ONyn Y,O € Tt} is a topology on Y. It is called the 
non-standard neutrosophic subspace topology and Y is called a non-standard neutrosophic subspace of X. 


Example 11. In the same previous Example 9, let’s take Y = A3 C X, and the non-standard neutrosophic 
subspace topology 


ty = {®n, 1, Az, {(0.5,01,0.5)}} (79) 


Then Y is a non-standard neutrosophic topological subspace of X. 
Definition 10. Let X and Y be two non-standard neutrosophic topological spaces. A map f: 
xX—-Y (80) 


is said to be non-standard neutrosophic continuous map if for each non-standard neutrosophic open set A in Y, 
the set f ~! (A) is a non-standard neutrosophic open set in X. 


554 


Collected Papers, IX 


Florentin Smarandache (author and editor) Collected Papers, IX 


Example 12. Let X be a non-standard neutrosophic space. Let Y be a non-standard neutrosophic subspace of X. 
Then the inclusion map i: Y — X is non-standard neutrosophic continuous. 


Example 13. Let X be a non-standard neutrosophic set. Suppose that t and t’ are two non-standard neutrosophic 
topologies on X such that t’ is finer than t. Then the identity map id: (X, t’) — (X, t) is obviously non-standard 
neutrosophic continuous. 


Definition 11. Let (Xj, t1) and (X2, T2) be two non-standard neutrosophic topological spaces. Then 
™T XT2 =n {UXV: UE T%,V € 7} defines a topology on the product 


X1 X Xo (81) 
The topology t1 X Tq is called non-standard neutrosophic product topology. 


3. Development of Neutrosophic Topologies 


Since the first definition of neutrosophic topology and neutrosophic topological space [3] in 1998, 
the neutrosophic topology has been developed tremendously in multiple directions and has added new 
topological concepts such as: neutrosophic crisp topological [6-9], neutrosophic crisp «-topological 
spaces [10], neutrosophic soft topological k-algebras [11-13], neutrosophic nano ideal topological 
structure [14], neutrosophic soft cubic set in topological spaces [15], neutrosophic alpha m-closed 
sets [16], neutrosophic crisp bi-topological spaces [17], ordered neutrosophic bi-topological space [18], 
neutrosophic frontier and neutrosophic semi-frontier [19], neutrosophic topological functions [20], 
neutrosophic topological manifold [21], restricted interval valued neutrosophic topological spaces [22], 
smooth neutrosophic topological spaces [23], nw—closed sets in neutrosophic topological spaces [24], 
and other topological properties [25,26], arriving now to the neutrosophic topology extended to the 
non-standard analysis space. 


4. Conclusions 


We have introduced for the first time the non-standard neutrosophic topology, non-standard 
neutrosophic toplogical space and subspace constructed on the non-standard unit interval]—0, 1+[}4 that 
is formed by real numbers and positive infinitesimals and open monads, together with several concepts 
related to them, such as: non-standard neutrosophic open/closed sets, non-standard neutrosophic 
closure and interior of a given set, and non-standard neutrosophic product topology. Several theorems 
were proven and non-standard neutrosophic examples were presented. 

Non-standard neutrosophic topology (NNT) is initiated now for the first time. It is a neutrosophic 
topology defined on the set of hyperreals, while the previous neutrosophic topologies were initiated and 
developed on the set of reals. 

The novelty of NNT is its possibility to be used in calculus due to the involvement of infinitesimals, 
while the previous neutrosophic topologies could not be used due to lack of infinitesimals. 

Thus, the paper has contributed to the foundation of a new field of study, called non-standard 
neutrosophic topology. 

As future work, we intend to study more non-standard neutrosophic algebraic structures, such 
as: non-standard neutrosophic group, non-standard neutroosphic ring and field, non-standard 
neutrosophic vector space and so on. 
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Abstract: In this paper authors for the first time introduce the concept of Neutrosophic Quadruple 
(NQ) vector spaces and Neutrosophic Quadruple linear algebras and study their properties. Most of 
the properties of vector spaces are true in case of Neutrosophic Quadruple vector spaces. Two vital 
observations are, all quadruple vector spaces are of dimension four, be it defined over the field of reals 
R or the field of complex numbers C or the finite field of characteristic p, Zp; p a prime. Secondly all 
of them are distinct and none of them satisfy the classical property of finite dimensional vector spaces. 
So this problem is proposed as a conjecture in the final section. 


Keywords: Neutrosophic Quadruple (NQ); Neutrosophic Quadruple set; NQ vector spaces; 
NQ linear algebras; NQ basis; NQ vector spaces; orthogonal or dual NQ vector subspaces 


1. Introduction 


In this section we just give a brief literature survey of this new field o f Neutrosophic 
Quadruples [1]. Neutrosophic triplet groups, modal logic Hedge algebras were introduced in [2,3]. 
Duplet semigroup, neutrosophic homomorphism theorem and triplet loops and strong AG(1, 1) 
loops are defined and described in [ 4—6]. N eutrosophic triplet neutrosophic rings a pplication to 
mathematical modelling, classical group of neutrosophic triplets on {Z2,, x} and neutrosophic 
duplets in neutrosophic rings are developed and analyzed in [7-11]. Study of Algebraic structures 
of neutrosophic triplets and duplets, quasi neutrosophic triplet loops, extended triplet groups, 
AG-groupoids, NT-subgroups are carried out in [6,12-17]. Refined neutrosophic sets were developed 
by [18-21]. Neutrosophic algebraic structures in general were studied in [22-25]. The new notion 
of Neutrosophic Quadruples which assigns a known part happens to be very interesting and 
innovative, and was introduced by Smarandache [1,26] in 2015. Several research papers on the 
algebraic structure of Neutrosophic Quadruples, such as groups, monoids, ideals, BCI-algebras, 
BCI-positive implicative ideals, hyperstructures, BCK /BCI algebras [27-32] have been recently studied 
and analyzed. However in this paper authors have defined the new notion of Neutrosophic Quadruple 
vector spaces (NQ vector spaces) and Neutrosophic Quadruple linear algebras (NQ linear algebras) 
and have studied a few related properties. This work can later be used to propose neutrosophic based 
dynamical systems in particular in the area of hyperchoaos from cellular neural networks [33]. 

This paper is organized into fives ections. Basic concepts needed to make this paper a self 
contained one is given in Section 2. NQ vector spaces are introduced in Section 3, further NQ 
subspaces are introduced and the notion of direct sum and NQ bases are analysed. It is shown all 
NQ vector spaces are of dimension 4 be it defined over R or C or Zp, p a prime. Section 4 defines and 
develops the properties of NQ linear algebras. The final section proposes a conjecture which is related 
with the finite dimensional vector spaces, which are always isomorphic to finite direct product of fields 
over which the vector space is defined. Finally we give the future direction of research on this topic. 
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2. Basic Concepts 


In this section basic concepts on vector spaces and a few of its properties and some NQ algebraic 
structures and their properties needed for this paper are given. 

Through out this paper R denotes the field of reals, C denotes the field of complex numbers and Zp, 
denotes the finite field of characteristic p, pa prime. NQ = {(a,bT,cl,dF) denotes the Neutrosophic 
Quadruple; with a, b,c,d in R or C or Zp, where T, I and F has the usual neutrosophic logic meaning 
of Truth, Indeterminate and False respectively and a denotes the known part [26]. 

For basic properties of vector spaces and linear algebras please refer [22]. 


Definition 1 ([22]). A vector space or a linear space V consists of the following; 


1. A field of R or C or Zy of scalars. 
2. Aset V of objects called vectors. 
3. A rule (or operation) called vector addition; which associates with each pair of vectors x,y in V;x + y is in 


V, called sum of the vectors x and y in such a way that ; 


(a) x+y=y+x (addition is commutative). 

(b) x+(y+z) = (x+y) +2 (addition is associative). 

(c) There is a unique vector 0 in V such that x +0 = x forall x € V. 

(d) For each vector x € V there is a unique vector —x € V such that x + —x =0. 

(e) A rule or operation called scalar multiplication that associates with each scalar c € R or C or Zy 


and for a vector x € V, called product denoted by *.’ of c and x in such a way that for x € V and 
c.x € Vand; 


i. C.X = x.c for every x € V. 
ii. c+d).x=cx+d.x 
iM. <¢lx-+y) =cx+c: 
iv.  c.(d.x) = (c.d)x; 


for all x,y © Vand c,din Ror Cor Zy. 


— 


We can just say (V,+-) is a vector space over a field R or C or Zp if (V, +) is an additive abelian group 
and V is compatible with the product by the scalars. If on V is defined a product such that (V, x) is a monoid 
and c(x x y) = (cx) x y then V isa linear algebra over R or C or Zp [22]. 


Definition 2 ([22]). Let V be a vector space over R (or C or Zy). A subspace of V is a subset W of V which is 
itself a vector space over R (or C or Zp) with the operations of addition and scalar multiplication as in V. 


Definition 3. Let V be a vector space over R (or C or Zp). A subset B of V is said to be linearly dependent 
or simply dependent if there exist distinct vectors, x1,X2,X3,...,X¢ € Band scalars a1, a2,43,...,a¢ € R 
or C or Zy not all of which are zero such that a,x, + a2X2 + a3x3 +... + a:x¢ = 0. A set which ts not 
linearly dependent is called independent or linearly independent. If B contains only finitely many vectors 
X1,%X2,X3,...,X_ We sometimes say X1,X2,X3,...,X,~ are dependent instead of saying B is dependent. 


The following facts are true [22]. 


A subset of a linearly independent set is linearly independent. 
Any set which contains a linearly dependent subset is linearly dependent. 
Any set which contains the zero vector (0 vector) is linearly dependent for 1.0 = 0. 


ae ee 


A set B is linearly independent if and only if each finite subset of B is linearly independent; that is 
if and only if there exist distinct vectors x1, X2,%3,...,X, of B such that a,x, + agX2 + 43x3+...4 
ayX~ = 0 implies each a; = 0;i = 1,2,...,k. 


For a vector space V over a field R or C or Zy , the basis for V is a linearly independent set of 
vectors in V which spans the space V. We say the vector space V over R or C or Zp is a direct sum 
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of subspaces W,,Wo,...,W; if and only if V = W, +W2+...+W; and W;M W; is the zero vector for 
ifAjand1<ij<t. 

The other properties of vector spaces are given in book [22]. 

Now we proceed on to recall some essential definitions and properties of Neutrosophic 
Quadruples [26]. 


Definition 4 ([26]). The quadruple (a,bT,cI,dF) where a,b,c,d € Ror C or Zp, with T, I, F as in classical 
Neutrosophic logic with a the known part and (bT,clI,dF) defined as the unknown part, denoted by NQ = 
{(a,bT,cl,dF)|a,b,c,d € Ror C or Zy} in called the Neutrosophic set of quadruple numbers. 


The following operations are defined on NQ, for more refer [26]. 
For x = (a,bT,cI,dF) and y = (e, fT, gI,hF) in NQ [26] have defined 


x+y = (a,bT,cl,dF) + (e, fT, gI,hF) = (a+e, (b+ f)T, (c+9)1, (d+h)F) 


and x—y=(a—e,(b—f)T,(c—g)I,(d—h)F) 


are in NQ. For x = (a,bT,cl,dF) in NQ and s in R or C or Zp where s is a scalar and x is a vector in V. 
s.x = s.(a,bT,cI,dF) = (sa,sbT, scl,sdF) € V. 

If x = 0 = (0,0,0,0) in V usually termed as zero Neutrosophic Quadruple vector and for any 
scalar s in R or C or Zp we have s.0 = 0. 

Further (s + f)x = sx +tx,s(tx) = (st)x,s(x +y) = sx + sy for all s,f € R or C or Z, and 
x,y € NQ. —x = (-a, —bT, —cI, —dF) which is in NQ. 

The main results proved in [26] and which is used in this paper are mentioned below; 


Theorem 1 ([26]). (NQ, +) is an abelian group. 
Theorem 2 ([26]). (NQ,.) is a monoid which is commutative. 


We mainly use only these two results in this paper, for more literature about Neutrosophic 
Quadruples refer [26]. 


3. Neutrosophic Quadruple Vector Spaces and Their Properties 


In this section we proceed on to define for the first time the new notion of Neutrosophic Quadruple 
vector spaces (NQ -vector spaces) their NQ vector subspaces, NQ bases and direct sum of NQ vector 
subspaces. All these NQ vector spaces are defined over R, the field of reals or C, the field of complex 
numbers and finite field of characteristic p, Z), p a prime. All these three NQ vector spaces are 
different in their properties and we prove all three NQ vector spaces defined over R or C or Zp are of 
dimension 4. 

We mostly use the notations from [26]. They have proved (NQ,+) = {(a,bT,cl,dF)|a,b,c,d ER 
or C or Zp, p a prime; +} is an infinite abelian group under addition. 

We prove the following theorem. 


Theorem 3. (NQ,+) = {(4,bT,cl,dF)|a,b,c,d € Ror C or Zy; pa prime, +} be the Neutrosophic 
quadruple group. Then V = (NQ,+,°) is a Neutrosophic Quadruple vector space (NQ-vector space) over R or 
C or Zp, where ‘0’ is the special type of operation between V and R (or C or Zp) defined as scalar multiplication. 


Proof. To prove V is a Neutrosophic quadruple vector space over R (or C or Zp, p is a prime), we have 
to show all the conditions given in Section two (Definition 1) of this paper is satisfied. In the first 
place we have R or C or Zy are field of scalars, and elements of V we call as vectors. It has been 
proved by [26] that V = (NQ,+) is an additive abelian group, which is the basic property on V to 
be a vector space. Further the quadruple is defined using R or C or Zy, p a prime, or used in the 
mutually exclusive sense. Now we see if x = (a,bT,cI,dF) is in V andn € R (or C or Zp) then 
the scalar multiplication ‘0’ which associates with each scalar n € R and the NQ vector x € V, 
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nox =no (a,bT,cl,dF) = (noa,no bT,noclI,nodF) which is in V, called the product of n with x in 
such a way that 


lox=xol VxeV 
(nm) ov =no (mv) 
no(v+w)=nov+now 


Nr 


(m+n)ov=mov+nov 


for allm,n € RorCor Zp andv,w€ V. 
0 = (0,0,0,0) is the zero vector of V and for 0 in R or C or Zp; we have 00 x = 00 (a,bT,cl, dF) = 
(0,0,0,0);Vx € V. 
Clearly V = (NQ,+,°) is a vector space known as the NQ vector space over R or C or Zp. 


However we can as in case of vector spaces say in case of NQ-vector spaces also (NQ, +) isa NQ 
vector space with special scalar multiplication o. 

We now proceed on to define the concept of linear dependence, linear independence and basis of 
NQ vector spaces. 


Definition 5. Let V = (NQ,+) be a NQ vector space over R (or C or Zp). A subset L of V is said to be 
NQ linearly dependent or simply dependent, if there exists distinct vectors a1, ,...,d, € L and scalars 
d,d2,...,dx € R (or C or Zp) not all zero such that dy 0a, + dz0a2+...+d, 0 ax = 0. We say the set of 
vectors a1, 2,...,a, is NQ linearly independent if it is not NQ linearly dependent. 


We provide an example of this situation. 


Example 4. Let V = (NQ,+) vector space over R. Let x = (3, —4T,5I1,2F),y = (—2,3T, —21, —2F) and 
z = (—1,T,—31,0) bein V. Weseelox+loy+1oz = (0,0,0,0), so x, y and z are NQ linearly dependent. 
Let x = (5,0,0,2F) and y = (0,5T, —31,0) be in V. We cannot find aa,b € R such thataox+boy= 
(0,0,0,0). Ifpossibleaox+boy = (0,0,0,0); this impliesao5+bo00 =0, forcinga =0;a00+b05=0, 
forcing b =0;a00+bo0-3 =0, forcing b =O andaco2+bo0 =0 forcing a = 0. Thus the equations are 
consistent and a = b = 0. So x and y are NQ linearly independent over R. 


The following properties are true in case of all vector spaces hence true in case of NQ vector 
spaces also. 


1. Asubset of a NQ linearly independent set is NQ linearly independent. 
A set L of vectors in NQ is linearly independent if and only if for any distinct vectors a1, 42,..., a 
of L; dy, 0a, +dz0a2+...+d, 0a, =O implies each d; = 0, fori = 1,2,...,k. 


We now proceed on to define Neutrosophic Quadruple basis (NQ basis) for V = (NQ,+), 
Neutrosophic Quadruple vector space over R or C or Zp (or used in the mutually exclusive sense). 


Definition 6. Let V = (NQ,+) vector space over R (or C or Zp). We say a subset L of V spans V if and 
only if every vector in V can be got as a linear combination of elements from L and scalars from R (or C or 
Zp). That is if a1,@2,...,@n aren elements in L; then v = d, 0a, +dz20a)+...+dy © Gy, is the NQ linear 
combination of vectors of L; where d1,d2,...,dy are in R or C or Zp and not all these scalars are zero. 

The Neutrosophic Quadruple basis for V = (NQ,+) is a set of vectors in V which spans V. We say a set 
of vectors B in V is a basis of V if B is a linearly independent set and spans V over R or C or Zp. 


We say V is finite dimensional if the number of elements in basic of V is a finite set; otherwise V 
is infinite dimensional. 


Theorem 5. Let V = (NQ, +) be the Neutrosophic Quadruple vector space over R (or C or Zp). V is a finite 
dimensional NQ vector space over R (or C or Zp) and dimension of these NQ vector spaces over R(or C or Zp) 
are always four. 
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Proof. Let V = (NQ,+) = {(4,bT,cl,dF)|a,b,c,d € R (or C or Zp), +}, be the collection of all 
neutrosophic quadruples of the Neutrosophic Quadruple vector space over R (or C or Z,). To prove 
dimension of V over R is four it is sufficient to prove that V has four linearly independent vectors which 
can span V, which will prove the result. Take the set B = {(1,0,0,0), (0, T,0,0), (0,0, ,0), (0,0,0,F) } 
contained in V; to show B is independent and spans V it enough if we prove for any v = 
(a,bT,cI,dF) € V,v can be represented uniquely as a linear combination of elements from B and 
scalars from R (or C or Zp). Now v = (a,bT,cI,dF) = a0 (1,0,0,0) + bo (0,T,0,0) +c 0 (0,0,1,0) + 
do (0,0,0,F) for the scalars a,b,c,d € R (or C or Zp). Hence we see the elements of V are uniquely 
represented as a linear combination of vectors using only B, further B is a set of linearly independent 
elements, hence B is a basis of V and B is finite, so V is finite dimensional over R (or C or Zp). As order 


of B is four, dimension of all NQ vector spaces V over R (or C or Zp) is four. Hence the theorem. 


We call the NQ basis B as the special standard NQ basis of V. 


Definition 7. Let V = (NQ,+) be a NQ vector space over R (or C or Zp). A subset W of V is said to be 
Neutrosophic Quadruple vector subspace of V if W itself is a Neutrosophic Quadruple vector space over R (or C 
or Zp). 

P 


We will illustrate this situation by examples. 


Example 6. Let V = {NQ,+} be a NQ vector space over R. W = {(a,bT,0,0)|a,b € R} is a subset of V 
which is a NQ vector subspace of V over R. U = {(0,0,cI,dF)|c,d € R} is again a vector subspace of V and 
is different from W. 

We observe that the only common element between W and U is the zero quadruple vector (0,0,0,0). 

Further it is observed if we define the dot product or inner product on elements in V. For x = (a,bT,cI,dF) 
and y = (e, fT, gI,hF) € V, x ey denoted asxey = (aee,bTe fT,clegl,dFehF); andxeyisinV. 
If xey = (0,0,0,0) for some x,y € V then we say x is orthogonal (or dual) with y and vice versa. In fact 
xey=yex;Vx,y € V. We say two NQ vector subspaces W and U are orthogonal (or dual subspaces) if for 
every x € Wand for every y € U; xe y = (0,0,0,0), that is two NQ vector subspaces are orthogonal if and 
only if the dot product of every vector in W with every vector in U is the zero vector. 

{(0,0,0,0)} is the zero vector subspace of V. Every NQ vector subspace of V trivial or nontrivial is 
orthogonal with the zero vector subspace {(0,0,0,0)} of V. V the NQ vector space is orthogonal with only the 
zero vector subspace of V, and with no other vector subspace of V. W orthogonal U=Well = {weu|w ec W 
and u € U} = {(0,0,0,0)}; we call the pair of NQ subspaces as orthogonal or dual NQ subspaces of V. 


Definition 8. Let V = (NQ,+) be a Neutrosophic Quadruple vector space over R (or C or Zp); 
W,,W2,...,Wy be n distinct NQ vector subspaces of V. We say V = W, ® W2 @... @ Wy is a direct 
sum of NQ vector subspaces if and only if the following conditions are true; 


1. Every vector v € V can be written in the form v = d,0wW,+d20wW2+...+dy 0 Wn, where dy,dz,...,dn 
are in R (or C or Zp) not all zero with w; € Wj,t = 1,2,...,n. 
2. WjeW; = {(0,0,0,0)} fori A j and true for all i,j varying in the set {1,2,...,n}. 


First we record that in case of all NQ vector spaces over R (or C or Zp) we can have the value of 
n given in definition to be only four, we cannot have more than four as dimension of all NQ vector 
spaces are only four. Secondly the minimum of n can be two which is true in case of all vector spaces of 
any finite dimension. Finally we wish to prove not all NQ vector subspaces are orthogonal and there 
are only finitely many nontrivial NQ vector subspaces for any NQ vector space over R (or C or Zp). 
We prove as theorem a few of the properties. 


Theorem 7. Let V = (NQ, +) be a NQ vector space over R (or C or Zp). V has only finite number of NQ 
vector subspaces. 
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Proof. We see in case of NQ vector spaces over R (or C or Z,) the dimension is four and the special 
standard NQ basis for V is B = {(1,0,0,0), (0, T,0,0), (0,0, 1,0), (0,0,0,F)}. So any non trivial 
subspace of V can be of dimension less than four; so it can be 1 or 2 or 3. Clearly there are some 
vector subspaces of dimension one given by, W; = ((1,0,0,0)), Wo = ((0,T,0,0)), W3 = ((0,0, I,0) 
Wz = ((0,0,0,F)), Ws = ((1,T,0,0)), We = ((1,0,1,0)), Wr = ((1,0,0,F)), Ws = ((0,T,I,0) 
Wo = ((0,T,0,F)), Wio = ((0,0,1,F)), Wir = ((1,T, 1,0)), Wi2 = ((1,T,0,F)), Wis = ((1,0, 1, F) 
Wis = ((0,T,1,F)) and Wi5 = ((1,T,1,F)). Some the two dimensional vector spaces are U; = 
((1,0,0,0), (0, T,0,0)), Uz = ((1,0,0,0), (0,0, 1,0)),..., Uro5 = ((0,T, 1, F), (1,7, 1,F)); 

in fact there are 105 NQ vector subspaces of dimension two. Further there are 1365 NQ vector 
subspaces of dimension three. Thus there are 1485 non trivial NQ vector subspaces in any NQ vector 
space V = (NQ, +) over R (or C or Zy). We have shown that there are four NQ vector subspaces of 
dimension three all of them are hyper subspaces of V, of course we are not enumerating other types of 
dimension three subspaces generated by vectors of the form M, = {((1,T,0,0), (0,0, I,0), (0,0,0, F))}, 
or Mp = {((1,0,0, F), (0,0, 1,0), (0, T,0,0))} are spaces of dimension three which we do not take into 
account as hyper subspaces. 


), 
), 
), 


We define the three dimensional NQ _ vector subspace generated only by 
{((0,T,0,0), (0,0, 1,0), (0,0,0,F))} is defined as the special pseudo Singled Valued Neutrosophic 
hyper NQ vector subspace of V [22,24]. 


4, Neutrosophic Quadruple Linear Algebras over R or C or Zp 


In this section we take the basic concepts defined in [26] (NQ, +) for the Neutrosophic Quadruple 
additive abelian group and (NQ,.) as the commutative monoid with (1,0,0,0) as the identity with 
respect to ’.’ and for any (a,bT,cI,dF) = x, and y = (e, fT, gI,hF) in NQ [26] have defined x.y = 
(ae, (af + be + bf)T, (ag+bg+ce+cf+cg)I,(ah+bh+ch+de+df-+dg-+dh)F). 


Theorem 8. V = (NQ,+,.) is a Neutrosophic Quadruple linear algebra (NQ linear algebra) over R (or C 
or Zp). 


Proof. To prove V is a NQ linear algebra we have to prove the following; (NQ, +) is an abelian group 
under addition given in [26] and it is proved that (NQ, +) is a vector space (Theorem 3). To prove V is 
a NQ linear algebra it is sufficient if we prove (NQ,.) is a monoid under product ’.’ which is proved 
in [26], further do (x.y) = (do x).y ford € R (or C or Zp) and x,y € V which is true as x.y is in V. 
Thus (V,+,.) isa NQ linear algebra over R (or C or Zy). 


Definition 9. Let V = (NQ,+,.) be a NQ linear algebra over R (or C or Zp). Let W be a nonempty proper 
subset of V, we say W is a NQ sublinear algebra of V over R (or C or Zp), if W itself is a linear algebra over R 
(or C or Zp). 


We provide some examples of them. 


Example 9. Let V = (NQ,+-.) bea linear algebra over the field Z7. W = {((1,0,0,0))} generated under +, . 
and ‘o’ multiplication by scalar from elements of Z7 is a sublinear algebra and of order 7 and dimension of W 
over Zz is one. Similarly U = {((1,t,0,0), (0,0, 1,0))} generated by these two vectors is a sublinear algebra of 
dimension two. Just we show how the product of x = (3,4T,1,5F) and y = (2,3T,A4I, F) in V is carried out; 
x.y = (6,2T, I,2F) which is in V. 


We can as in case of NQ vector spaces derive all properties of NQ linear algebras , further as in 
case of NQ vector spaces dimension of all these NQ-linear algebras is four. 

We in the following section propose some open conjectures and the future work to be carried out 
in this direction. 
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5. Conclusions and Open Conjectures 


In this paper for the first time we define the notion of NQ vector spaces and NQ linear algebras. 
All the three NQ vector spaces are of dimension four only. The NQ vector space V over R, is different 
from the NQ vector space W over C, and both has infinite number of vectors; but is of dimension four 
and U the NQ vector space over Z, has only p* elements and is of dimension four. 

We know the classical result on vector spaces states “A vector space V of say dimension n (na 
finite integer) defined over the field F is isomorphic to F x F x ... x F n-times”; in view of this we 
propose the following conjectures: 


1. Is the NQ vector space V defined over R isomorphic to R x R x R x R? 
2. Is the NQ vector space W defined over C isomorphic to C x C x C x C? 
3. Is the NQ vector space U defined over Z» isomorphic to Zp x Zp X Zp X Zp? 


Finally we would be developing the new notion of NQ algebraic codes and analyse them for 
future research. In our opinion a new type of NQ algebraic codes can certainly be defined with 
appropriate modifications. Also we would develop the notion of Neutrosophic quadruples in which 
the unknown part would be these neutrosophic triplets or modified form of neutrosophic duplets 
which would be taken for further study. 


Abbreviations 


The following abbreviations is used in this manuscript: 


NQ_ Neutrosophic Quadruple 
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Abstract: Neutrosophic extended triplet group (NETG) is a novel algebra structure and it is different 
from the classical group. The major concern of this paper is to present the concept of a partially 
ordered neutrosophic extended triplet group (po-NETG), which is a NETG equipped with a partial 
order that relates to its multiplicative operation, and consider properties and structure features of 
po-NETGs. Firstly, in a po-NETG, we propose the concepts of the positive cone and negative cone, 
and investigate the structure features of them. Secondly, we study the specificity of the positive 
cone in a partially ordered weak commutative neutrosophic extended triplet group (po-WCNETG). 
Finally, we introduce the concept of a po-NETG homomorphism between two po-NETGs, construct a 
po-NETG on a quotient set by providing a multiplication and a partial order, then we discuss some 
fundamental properties of them. 


Keywords: partially ordered neutrosophic extended triplet group; positive cone; homomorphism; 
quotient set 


1. Introduction 


Groups play a very important role in algebraic structures [1-3], and have been applied in many 
other areas such as chemistry, physics, biology, etc. The concept of neutrosophic set theory is proposed 
by Smarandache in [4], which is the generalization of classical sets [5], fuzzy sets [6], and intuitionistic 
fuzzy sets [5,7]. Neutrosophic sets have received wide attention both on practical applications [8-10] 
and on theory as well [11,12]. The main idea of the concept of a neutrosophic triplet group (NTG), 
is defined in [13,14]. For an NTG (G, *), every element a in G has its own neutral element (denoted by 
neut (a)) satisfying a * neut(a) = neut(a) *a = a,and there exists at least one opposite element (denoted 
by anti(a)) in G relative to neut(a) satisfying a * anti(a) = anti(a) * a = neut(a). Here, neut(a) is not 
allowed to be equal to the classical identity element as a special case. By removing this restriction, 
the concept of neutrosophic extended triplet group (NETG), is presented in [13]. Many significant 
results and several studies on NTGs and NETGs can be found in [15-20]. On the other hand, some 
algebraic structures are equipped with a partial order that relates to the algebraic operations, such as 
ordered groups, ordered semigroups, ordered rings and so on [21-28]. 

Regarding these developments, as the motivation of this article, we will consider what it is 
like to endow a NETG with a partial order and introduce the concepts of partially ordered NETGs 
and positive cones. Then we consider a question: is a subset P of a NETG G the positive cone 
relative to some compatible order on G if P satisfies some conditions? To solve this problem, 
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we investigate structure features of partially ordered NETGs and try to characterize the positive 
cones. Finally, we study properties of homomorphisms and quotient sets in partially ordered NETGs, 
and discuss the relationships between homomorphisms and congruences. In particular, the quotient 
set equipped with a special multiplication and a partial order provides a way to obtain a partially 
ordered NETG. All these results lay the groundwork for investigation of category properties of partially 
ordered NETGs. 

The rest of this paper is organized as follows. In Section 2, we review some basic concepts, such as 
a neutrosophic extended triplet set, a neutrosophic extended triplet group, a weak commutative 
neutrosophic extended triplet group and a completely regular semigroup, and several results were 
published in [16,19]. In Section 3, we define a partially ordered neutrosophic extended triplet group and 
partially ordered weak commutative neutrosophic extended triplet group. Several of their interesting 
properties of partially ordered neutrosophic extended triplet group and partially weak commutative 
neutrosophic extended triplet group are explained. The homomorphisms and quotient sets of partially 
ordered neutrosophic extended triplet group are shown in Section 4. Finally, conclusions are given in 
Section 5. 


2. Preliminaries 


In this section, we recall some basic notions and results which will be used in this paper as 
indicated below. 


Definition 1. ([13]) Let G be a non-empty set together with a binary operation *. Then G is called a neutrosophic 


extended triplet set if for any a € G, there exist a neutral of "a” (denoted by neut(a)) and an opposite of "a” 
(denoted by anti(a)), such that neut(a) € G, anti(a) € G, and 


ax neut(a) = neut(a) *a =a; 


ax anti(a) = anti(a) * a = neut(a). 


The triplet (a, neut(a), anti(a)) is called a neutrosophic extended triplet. 


Definition 2. ([13]) Let (G, *) be a neutrosophic extended triplet set. If (G, *) is a semigroup, then G is called 
a neutrosophic extended triplet group (for short, NETG). 


Proposition 1. ([[16] Theorems 1 and 2]) Let (G, *) be a NETG. The following properties hold: Va € G 


(1) neut(a) is unique; 
(2) neut(a) * neut(a) = neut(a); 
(3) neut(neut(a)) = neut(a). 


Notice that anti(a) may be not unique for every element ain a NETG (G, x). To avoid confusion, we use 
the following notations: 
anti(a) denotes any certain one opposite of a and {anti(a)} denotes the set of all opposites of a. 


Proposition 2. ([[19], Theorem 1]) Let (G, *) bea NETG. The following properties hold: Va € G, V p, q € 
{anti(a) } 


(1) pxneut(a) € {anti(a)}; 

(2) pxneut(a) = q* neut(a) = neut(a) *q; 
(3) neut(p * neut(a)) = neut(a); 

(4) a € {anti(p * neut(a))}; 

(5) anti(p * neut(a)) *neut(p * neut(a)) =a. 
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Definition 3. ([16]) Let (G,*) bea NETG. If a * neut(b) = neut(b) xa (Va € G, Vb € G), then G is called 
a weak commutative neutrosophic extended triplet group ( WCNETG). 


Proposition 3. ([[16], Theorem 2]) Let (G,*) be a NETG. Then G is a WCNETG iff G satisfies the following 
conditions: Va € G, Vb EG 


(1) neut(a) * neut(b) = neut(b) * neut(a); 
(2) neut(a) * neut(b) xa =axneut(b). 


Proposition 4. ([[16], Theorem 3]) Let (G, *) be a WCNETG. The following properties hold: Va € G, Vb € G 


(1) neut(a) * neut(b) = neut(b « a); 
(2) anti(a) *anti(b) € {anti(b*a)}. 


Definition 4. ([29]) A semigroup (S,*) will be called completely regular if there exists a unary operation 
a++a~!on S with the properties: 


1 1 -1 


(a')-1'=a,a*a'!*a=a,axa!=a'' ¥a. 
Proposition 5. ([[19], Theorem 2]) Let (G,*) be a groupoid. Then G is a NETG iff it is a completely 
regular semigroup. 


Note 1. In semigroup theory, a! 


is called the inverse element of a and it is unique. However, 
in a NEIG, anti(a) is called an opposite element of a and it may not be unique. From Proposition 5, 
we get that for arbitrary element a of a NETG (G, «), if we define a unary operation a +> a~! by 


a~! = anti(a) * neut(a), then (G, *) is a completely regular semigroup. 


In the following, we will regard all NETGs as completely regular semigroups, in which a~! = 
anti(a) * neut(a) for arbitrary element a. Then by Proposition 2, we have in a NETG (G, *), for each 
a€G,a-! € {anti(a)} and a7! *a =a*a~! = neut(a). 


3. Partially Ordered NETGs 


An NETG is a special set endowed with a multiplicative operation. Assuming that we introduce 
a partial order which is compatible with multiplication in a NETG, we will get the definition of partially 
ordered NETGs as indicated below. 


Definition 5. Let (G, *) be a NETG. If there exists a partial order relation < on G such that a < b implying 
c*xa<cxbandaxc <bxcforallac G,b€G,c €G, then < is called a compatible partial order on G, 
and (G,*,<) is called a partially ordered NETG (for short, po-NETG). 

Similarly, if (G, *) is a WCNETG and endowed with a compatible partial order, then (G, *, <) is called a 
partially ordered WCNETG ( po-WCNETG). Hence, po-WCNETGs must be po-NETGs. 


Remark 1. Obviously, the properties of NETGs and WCNETGs are holding in po-NETGs and 
po-WCNETGs, respectively. 


In the following, we give an example of a po-NETG. 


Example 1. Let G = {0, a, b, c, 1} with the Hasse diagram as shown in Figure 1, in which 0 denotes the 
bottom element (mean the element is smallest element w.r.t. to partial order) and 1 denotes the top element (mean 
the element is largest element w.r.t. to partial order) of G. Then G is a partially ordered set. 

Define multiplication * on G as shown in Table 1 , where a,b,c to label the elements in the po-NETG and 
the multiplication * among these elements. 
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Table 1. Multiplication + on G. 


*!O!;la}bicijil 
0;0/;0;]0);040 
alO|b]c]a/1 
b/O;}c}albj1 
c|/O}albf{c}i1 
1/0;/1/1]1/1 
1 
a Cc 


0 


Figure 1. Hasse diagram. 
We can verify that (G, *) isa WCNETG. Moreover, 
neut(0) = 0, {anti(0)} = {0, a, b, c, 1}, 0-1 =0; 

neut(a) =c, {anti(a)} = {b}, a! =}; 

neut(b) =c, {anti(b)} = {a}, b>! =a; 

neut(c) =c, {anti(c)} = {c}, c |=; 

neut(1) = 1, {anti(1)} = {a, b, c, 1}, 171 =1. 

It is easy to see that the partial order shown in Fig.1 is compatible with multiplication «. Hence, 


(G, *, <) isa po-WCNETG. 


Definition 6. If (G, *,<) is a po-NETG, then a € G is said to be a positive element if neut(a) < a; anda 
negative element if a < neut(a). The subset Pg of all positive elements of G is called the positive cone of G, and 
the subset Ng of all negative elements the negative cone. 


Remark 2. By Proposition 1,V a € G, neut(a) € Pp NNc,s0 PG NNg # ©. 
Lemma 1. Let (G, *) bean NETG. Then Va € G, 
[neut(a)]~' = neut(a) = neut(a~'). 


Proof. Let a € G. Then 
[neut(a)|~! = anti(neut(a)) * neut(neut(a)) 
= anti(neut(a)) * neut(a) 
= neut(neut(a)) 


= neut(a). 
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On the other hand, by Proposition 2(3), we have neut(a~!) = neut(anti(a) * neut(a)) = 
neut(a). 


Remark 3. If G is a po-NETG and P C G, we shall use the notation 
Pt Sta ae Ph, 
Proposition 6. Let (G, *, <) be a po-NETG. Then Pg M Pas = {a€G:a=neut(a) =a7}}. 
Proof. (==) Let a € G. By Proposition 1 and Lemma 1, we have 
neut(a) € {a€ G:a=neut(a) =a}, 
so {a € G:a=neut(a) =a!} 4 ©. By Lemma 1, it is clear that 


{a€G:a=neut(a)=a 4} C Pg Pz". 


(<=) Let b € Pg M Pz, then neut(b) < b and Jc € Pg such that b = c~!, so 
b =c_! =anti(c) * neut(c) < anti(c) *c = neut(c) = neut(b-!) = neut(b), 
that is, b < neut(b), whence b = neut(b). Hence, 
c=b-! = [neut(b)]~! = neut(b) = b. 
Then we can conclude that b € {a € G:a=neut(a) =a~'}, andso 


Pere. C {a€ G:a=neut(a) =a"4}. 


Thus, Pg N Pg! = {a € G: a =neut(a) =a~"}. 
Remark 4. If (G, x, <) isa po-NETG and P C G, then we shall use the notation 
P? = {axb: a,b € P}. 


Proposition 7. (1) If (G, *, <<) is a po-NETG, then Pg C Pe 
(2) If (G, x, <) is a po-WCNETG, then Pg = P2. 


Proof. (1) If (G,*,<) is a po-NETG, then V a € Pg, by neut(a) € Pc, we have a = a * neut(a) € P2, 
and so Pg C P2. 

(2) If (G,*,<) is a po-WCNETG, then V a € Pg, Vb € Pg, by Propositions 3 and 4, we have 
neut(a xb) = neut(b) * neut(a) = neut(a) * neut(b) < a*b, andsoaxb € Pg, thus P2 C Pe. 
Consequently, Pg = P2. 


Proposition 8. Let (G, *, <) be a po-WCNETG. Then Va € G, aPga™! © Pe. 


Proof. Let a € Gand b € Pg, then by Propositions 3 and 4, we have neut(a*«b*xa-') = 


neut(a~') * neut(a xb) = neut(a*b) * neut(a~!) = [neut(b) * neut(a)| x neut(a~!) = neut(b) x 
[neut(a) * neut(a~!)] = neut(b) * neut(a~! * a) = neut(b) * neut(neut(a)) = neut(b) * neut(a) = 
neut(b) * (axa~!) = [neut(b) * a] *a~! = |a « neut(b)| xa~! < axbx«a', thus aba! € Pg. Therefore, 
aPca! C Pg. 


Lemma 2. Let (G, *) bea WCNETG. Then Va € G, Wb EG, (axb)-} =b-! «a7. 
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Proof. We know a * b is an element of G V a € G, Vb € Gand by Proposition 4, we have anti(b) * 
anti(a) € {anti(a x b)}. Then using Propositions 1, 5 and Note 1 we get the following identities: 
b-! «a~! = [anti(b) * neut(b)] * [anti(a) * neut(a)| 
= anti(b) * sea «anti(a)| * neut(a) (Because the multiplication * is associative ) 


= anti(b) x [anti(a) * neut(b)| * neut(a) (Because G isa WCNETG) 

= [anti(b) « anti(a)] * [neut(b) * neut(a)| (Because the multiplication * is associative) 
= [anti(b) * anti(a)] * neut(a * b) (By Proposition 3) 

= (axb)-1. 


Lemma 3. Let (G, x, <) bea po-NETG. Then Pc = Px! and Bae = Py. 


Proof. Leta € G. Ifa € Pc, then neut(a) < a, it follows by Lemma 1 that a~! = neut(a~!) a7! = 
neut(a) xa~! <axa~! =neut(a) = neut(a~!), and so a™! € Py, whence a = (a“!)-leE Bor Hence, 
Pe GS Pe Similarly, we can prove that ifa € Py then avhe Pg,so Pe C Pg. Consequently, Pg = Py}. 


Similarly, P¢ T_ py, 


Definition 7. Let (G, *) be a WCNETG. If Va € G, Vb € G, Ve € G, a* neut(c) = b * neut(c) implies 
a = b, then we say G satisfies neutrosophic cancellation law. 


Lemma 4. Let (G,*) be a WCNETG satisfying neutrosophic cancellation law and P C G satisfy Va € 
P,a*xa=a. ThenVa€G, VbEG, axneut(b) € P implies neut(a) =a =a7!. 


Proof. If a * neut(b) € P, then a * neut(b) = (a * neut(b)) * (a * neut(b)) = (a xa) * neut(b), ands 
a*a =a, whence neut(a) =a Va € G, Vb € G. Then by Lemma 1, we get a“! = [neut(a)|~! = 
neut(a) =a. 


Proposition 9. Let (G, *) be a WCNETG satisfying neutrosophic cancellation law and P C G satisfy the 
following conditions: 


Gy. Per 

(2) POP-l= {ae G: neut(a) =a=a"}; 
(3) VaePaxa=q; 

(4) VaeG, aPa!CP, 


then a compatible partial order on G exists such that P is the positive cone of G relative to it. Moreover, G is a 
chain with respect to this partial order if and only if PUP-! =G. 


Proof. Define the relation < on G by 
a<bebsa'eP. 


By Proposition 1 and Lemma 1, we have Va € G, neut(a) € PO P-1! C P,and so < is reflexive 
on G obviously. 
If now a < band b < a,thenb«xa7! € Pandaxb7! € P. Since by Lemma 2 we know that 


(axb)1 = (b 1) eat =bea}, 


we conclude 
bxate PNP. 


It follows by (2) that b x a~! = neut(b x a~!). However, by Proposition 4 and Lemma 1, 


neut(b xa!) = neut(a~') x neut(b) = neut(a) * neut(b), 
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thus 

b * neut(a) = b xa~! «a = neut(b*a~!) xa = [neut(a) * neut(b)] xa = neut(a) * [a * neut(b)| = 
[neut(a) * a] * neut(b) = a * neut(b), that is, b * neut(a) = a * neut(b). 

However, by Proposition 3, we have 


1 


b x neut(a) = neut(b) * neut(a) * b = neut(a xb) «b, 
and similarly, 
ax neut(b) = neut(a) * neut(b) «a = [neut(b) * neut(a)| *a = neut(a* b) xa, 


therefore, 
neut(a* b) xb = neut(a xb) xa, 


and by neutrosophic cancellation law, consequently a = b. Hence, < is anti-symmetric. 
To prove that < is transitive, let a < band b < c. Then 


bxa!€Pandcxb '€P. 
It follows by (1) that 
PDP? 5 (c*b!)*(b*a!) =cx (bo 1 *b) xa! =c x neut(b) *a! = (cxa*) x neut(b). 
By (3) and Lemma 4, we have 
1-1 


neut(c*a~!) =cxa = (c*a~ 


y 


and so 
cxa t}e PnP! CP, 


To see that it is compatible, let x < y. Then y x x~! € P and it follows by (1) and (4) that, for every 
acG, 


that is, cx a7! € P. Thus, a < c. Therefore, < isa partial order on G. 


(a*y) *(axx)! = (axy) *(x ta) =ax(yxx!)*a! EP, 
(y*a)*(x*a)'=y* (axa!) «x! =yxneut(a) xx! = (yxx!) x neut(a) € P? CP, 


which shows that 
axx<axyandx*xa<y*a. 


It follows that < is compatible. 
Finally, note that V a € G, 


neut(a) <a ax (neut(a)|"1 € PS axneut(a) eC PSacP, 


so P is the associated positive cone. Suppose now that (G, <) is a chain, then for every a € G, we have 
either 
neut(a) <aora < neut(a). 


It follows by Lemma 3 that 
aéPoracP. 


Thus G = PUP7}. Conversely, if G = PU P71 then for all a, b € G, we have 


axb-!'€ Poraxb 'ePp!, 
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that is, 
axb-! € Porbxa! = (axb!)“! EP. 


Hence, we have either b < a ora < b. Therefore, (G, <) is a chain. 


By the following example, we clarify the above proposition as: 


Example 2. Let G = {a, b, c}. Define multiplication * on G as shown in Table 2, where a,b,c to label the 
elements in the po-NETG and the multiplication * among these elements. 


Table 2. Multiplication + on G. 


*lalbic 
alalbic 
b/|bi|cla 
c|c}]al|b 


It is easy to verify that (G,*) isa WCNETG and (G, *) satisfies neutrosophic cancellation law, in which 
neut(a) = neut(b) = neut(c) =a, 


{anti(a)} = {a}, a! =a; 
{anti(b)} = {c}, bl =c; 
{anti(c)} = {b}, c 1=b. 
Let P = {a}, then P satisfies all conditions mentioned in Proposition 9. Define the relation < on G by 


x <y<yx«x! €P, then < isa partial order on G and (G, <) is aantichain. Obviously, P is the positive 
cone of G with respect to this partial order <. 


Proposition 10. Let (G, *) be a po-WCNETG. Then V x € G, Vy € G, x < yimplies y* x! € Pg. 


Proof. Let V x € G, Vy € G. If x < y, then neut(x) = x * yol< y * x71 hence, by Proposition 4 and 
Lemma 1, we have neut(y « x~!) = neut(x—!) * neut(y) = neut(x) * neut(y) < (yx x7) *neut(y) = 
neut(y) « (y*x—!) = (neut(y) xy) *x-! =y*x7!. Thus, y*x7! € Po. 


4. Homomorphisms and Quotient Sets of po-NETGs 
Definition 8. Let (G,*, <1) and (T,-,<») be two po-NETGs. The map f : G — T is called a po-NETG 
homomorphism of po-NETGs, if f satisfies: Va € G, Vb EG 


(1) fla*b) = f(a) - f(b); 
(2) a <, bimplies f(a) <2 f(b). 


Proposition 11. Let (G,*,<,) and (T,-,<2) be two po-NETGs, and let f : G — T be a po-NETG 
homomorphism of po-NETGs. The following properties hold: 


(1) VaeéG, f(neut(a)) = neut(f(a)); 
(2) VaeG, {f(b):b © {anti(a)}} C {anti(f(a))}, and if f is bijective, then { f(b) : b € {anti(a)}} = 


(3) VaeG, [f 


(4) Wa € Pg, f(a) € Pr; 
(5) ‘Wa € No, f(a) € Nr. 
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Proof. 
(1) VaeG, Vb € {anti(a)}, since 
f(a) - f(neut(a)) = f(a*neut(a)) = f(a) = f(neut(a) *a) = f(neut(a)) - f(a), 
F(a): f(b) = fla*b) = f(neut(a)) = f(b *a) = f(b): f(a), 
then we obtain f(neut(a)) = neut(f(a)). 
(2) From the proof of (1), we can get that 
Va eG, VbE {anti(a)}, f(b) € {anti(f(a))}, 


and so 


{f(b) 2b © {anti(a)}} C {anti(f(a))}. 


If f is bijective, then V d € {anti(f(a))}, dc € Gsuch that f(c) = d. Since 


fle*a) = fle): fla) =d- fla) = neut(f(a)) = f(neut(a)), 


we have c * a = neut(a). Similarly, we can get a * c = neut(a). Thus, c € anti(a) and so 
d= f(c) € (f(b): be {anti(a)}}. 
By the arbitrariness of d, we have 
{anti(f(a))} © {f(b) +b € {anti(a) }}. 


Then, 
(f(b): b € {anti(a)}} = tanti(f(a))F. 
(3) Leta € Gandb € {anti(a)}. By (2), f(b) € {anti(f(a))}. Then by (1), we have 
[f(a))-! = anti(f(a)) - neut(f(a)) = f(b) f(neut(a)) = f(b *neut(a)) = f(a), 
(4) Since Va € Pg, neut(a) <1 a, we have neut(f(a)) = f(neut(a)) <2 f(a), and so f(a) € Pr. 
(5)  Itis similar to (4). 


Definition 9. Let (G, *,<) be a po-NETG and 0 be an equivalence relation on G. If 0 satisfies 


Va €G, VWhEG, Vc EG, Vd EG, (a,b) €0& (c,d) € 0 => (axc,b*d) € 8, 


then @ is called a congruence on G. 
Obviously, 0, = {(a,a) : a © G} and 62 = {(a,b) : Va, b € G} are both congruences on G, and they 
are called identity congruence on G and pure congruence on G, respectively. 


Definition 10. Let (G,*,<) be a po-NETG and 0 be a congruence on G. A multiplication o on the quotient 
set G/@ = {[a]lg : a € G} is defined by 
[aloo [blo = [a * blo. 
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Proposition 12. Let a relation < on (G/0,0) be defined by 
V [alo € G/0, V[blo € G/8, [alg X [blo Sa<b. 
Then, (G/0,0,) is a po-NETG. 
Proof. We can verify that 0 is associative. Let [a]g € G/6 (see Definition 10), since 
Ineut(a)|9 0 [ale = [neut(a) alo = [ale = [a * neut(a)lo = [ala 0 [neut(a)lo 


and 
[anti(a)]9 © [alg = [anti(a) «alg = [neut(a)|9 = [a * anti(a)|9 = [alg 0 [anti(a)|o, 
we conclude that (G/6,0) isa NETG, in which V [a]g € G/0, neut([a]g) = [neut(a)| and {anti(a)|g € 


a) 
{anti([a]g)}. Then it is seh to see that ~ is a partial order on (G/6,0). Moreover, V [alg € G/0, V[b]o € 
G/6, V\clg € G/8, if [a]g X [b]o, then a < b,so we haveaxc <b*c,andcx*xa <cxb. Thus, 


[aloo [clo = [a * clo X [b * clo = [bla 0 [clo 


and 
[cle ° [alo = [c * alg x [c * blo = Icle {e) [b]g. 


Thus, (G/0,0, <) is a po-NETG. 


In the following, we give an example to illustrate Proposition 12. 
Example 3. Consider the po-NETG (G, *, <) is given in Example 1. Now we define a relation @ on G by 


6 = {(0,0), (a,a), (b,b), (c,c), (1,1), (a,b), (b, a), (a,c), (c,a), (b,c), (c,b)}. 


Then we can verify that @ is a congruence on G with the following blocks: 


[O]o = {0}, [alo = {a, b, c}, [Io = {1}. 


So the quotient set G/@ = {[O]g, [ale, [1]o}. By Proposition 12, we know (G/6,0,~<) is a 
po-NETG, in which neut([0]o) = (Ole, neut([ale) = [cle = [ale, neut((1Je) = [1]o, {anti([O]e)} = 
{[O]e, [alo, [lle}, {anti([a]g)} = {[a]o}, {anti([l]o)} = {[a]o, [1]o}, and then G/6 is a chain, because 
[Ole = [alo = [1}o. 


Proposition 13. Let (G,*,<) be a po-NETG and 6 be a congruence on G. Then the natural mapping 
be : (G,*, <) > (G/9,0, x) given by 49(a) = [alg is a po-NETG homomorphism of po-NETGs. 

Proof. As f9(a*b) = [a * blg = [algo [blo = be(a) o fe(b) Va € G, Vb € G. If a < b, then [alg < [b]o 
which implies g(a) < f9(b). Thus, the natural mapping tg : (G, *,<) + (G/9,0, x) is a po-NETG 
homomorphism of po-NETGs. 


Next, we give an example to explain Proposition 13. 


Example 4. From Example 3, we consider the natural mapping tg : (G, *, <<) > (G/,0,X). Thus, tg(0) = 
[O]o, He(a) = fo(b) = Ho(c) = [a]g, 4o(1) = [1]o. It is easy to verify that {9 is a po-NETG homomorphism of 
po-NETGs. 
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Proposition 14. Let (G,*,<1) and (T,-,<2)be two po-NETGs and f : (G,*,<1) — (T,-+,<2) bea 
po-NETG homomorphism of po-NETGs. We shall use the notation 


Kerf = {(a,b) €GxG: f(a) = f(b)}, 
then we can get the following properties: 


(1) Kerf is a congruence on G; 
(2) f is a injective po-NETG homomorphism of po-NETGs if and only if ker f is an identity congruence on G; 
(3) There exists an injective po-NETG homomorphism of po-NETGs g : (G/Kerf,0, x) — (T,:,<2) such 


that f = go OKerf- 


Proof. 


(1) Obviously, Kerf is an equivalence relation on G. Let Va € GVbEGVcEe GVdeG,if 
(a,b) € Kerf and (c,d) € Kerf, then f(a) = f(b) and f(c) = f(d). Since f is a po-NETG 
homomorphism of po-NETGs, we have f(a*c) = f(a)-f(c) = f(b): f(d) = f(b *d), and so 
(a*c,b*d) © Kerf. Thus, Kerf is a congruence on G. 

(2) If f is an injective po-NETG homomorphism of po-NETGs and if (a,b) € kerf then f(a) = f(b). 
Therefore, we get a = b. Hence, by the arbitrariness of (a,b), we obtain kerf is an identity 
congruence on G. 


Conversely, suppose that kerf is an identity congruence on G. Va € G,VD € G, if f(a) = f(b), 
then (a,b) € kerf, soa = b. Therefore, f is an injective po-NETG homomorphism of po-NETGs. 


(3) We define a map g: G/Kerf — T by V [a]kerp © G/Kerf, ¢([a|ker¢) = f(a), then g is injective. 
V [alkerg, [blkerp © G/Kerf, we have g([a]Kerg © [b]Kerp) = 8 (la * OlKerp) = flax b) = f(a): 


f(b) = g(a] Kerf) - 8([B] Kerf), and if [4] Kerf x [b] Kerf, then a <; b, thus, f(a) <2 f(b), that is, 
8(lalkerf) <2 8([blKerf)- Hence, g is an injective po-NETG homomorphism of po-NETGs. 


‘ hi 


ek vA 


G/Kerf 


T 


VaeG, (go Oxerf )(a) = &(GKer¢ (4)) = 8 (lal kerf) = f(a), thatis, f = go OKerf- 


In the following, we present an example to illustrate Proposition 14. 
Example 5. Consider (G, *, <1) be the po-NETG is given in Example 1, in which the partial order <, is the 


same as the partial order < in Example 1. Assume that T = {m, n, p, q, r} be a bounded lattice with a partial 
order <z with the Hasse diagram shown as in Figure 2 whose multiplication - is defined as /. 
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r 


n p 


m 


Figure 2. Hasse diagram. 


We can verify that (T,:,<2) is a po-NETG, in which V x € T, neut(x) = x, 
fanti(m)} = {m,n p, q rh, {anti(n)} = {n, q rh, {anti(p)} = {p, qr}, fanti(q)} = 
{q, r}, {anti(r)} = {r}. Now, we definea mapf : G > Tbyf( 0)= m ,f( aj= 
f(b) = f(c) = f(1) = 1, then f is a po-NETG homomorphism of po-NETGs, and Kerf = 
{(0,0), (a,a), (b,b), (Coe), (Iy1), (a,b), (a0), (0,1), (b,a), (B.e), (B11), (61a), (Cb), (641), (1a), (1b), 
(1,c)}. Obviously, Kerf is a congruence on G. f is not injective, and of course, kerf is not an identity 
congruence on G. 


5. Conclusions 


In this paper, inspired by the research work in algebraic structures equipped with a partial order, 
we proposed the concepts of po-NETGs, deeply studied the relationships between po-NETGs and 
their positive cones, and characterized the positive cone of aWCNETG after defining a partial order 
relation on it. Moreover, we found that the quotient set of a po-NETG can construct another po-NETG 
by defining a special multiplication and a partial order on the quotient set, and we also achieved 
the interrelation of homomorphisms and congruences of po-NETGs. All these results are useful for 
exploring the structure characterization (for example, category properties) of po-NETGs. As a direction 
of future research, we will consider the application of the fuzzy set theory and the rough set theory to 
the research of algebraic structure of po-NETGs. Furthermore, we will discuss the relation between the 
homomorphisms and congruences of po-NETG and the morphisms of ordered lattice ringoids [30]. 
Finally, in the next paper, we will study sub-structures of po-NETGs and we give some examples using 
constructions such as central extensions or direct products related to sub-structures of po-NETGs. 
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Abstract. From the perspective of semigroup theory, the characterizations of a neutrosophic extended triplet group 
(NETG) and AG-NET-loop (which is both an Abel-Grassmann groupoid and a neutrosophic extended triplet loop) are 
systematically analyzed and some important results are obtained. In particular, the following conclusions are strictly 
proved: (1) an algebraic system is neutrosophic extended triplet group if and only if it is a completely regular semigroup; 
(2) an algebraic system is weak commutative neutrosophic extended triplet group if and only if it is a Clifford semigroup; 
(3) for any element in an AG-NET-loop, its neutral element is unique and idempotent; (4) every AG-NET-loop is a 
completely regular and fully regular Abel-Grassmann groupoid (AG-groupoid), but the inverse is not true. Moreover, the 
constructing methods of NETGs (completely regular semigroups) are investigated, and the lists of some finite NETGs and 
AG-NET-loops are given. 


Keywords: Semigroup, neutrosophic extended triplet group (NETG), completely regular semigroup, Clifford semigroup, 
Abel-Grassmann’s groupoid (AG-groupoid) 


1. Introduction structure, NTG is a generalization of classical group, 
but it has different properties from classical group. 

Smarandache proposed the new concept of neu- For NTG, the neutral element is relative and local, 
trosophic set, which is an extension of fuzzy set and that is, for a neutrosophic triplet group (N,*), 
intuitionistic fuzzy set [1]. Until now, neutrosophic every element a in N has its own neutral ele- 
sets have been applied to many fields [2-4], and some ment (denote by neut(a)) satisfying condition a « 
new theoretical studies are developed [5, 6]. neut (a) = neut (a)* a=aa, and there exits at least 
As an application of the basic idea of neutrosophic one opposite element (denote by anti (a)) in N relative 
sets (more general, neutrosophy), the new notion of to neut (a) such condition a* anti (a) = anti (a)* a = 
neutrosophic triplet group (NTG) is introduced by neut (a). In the original definition of NTG in [8], 
Smarandache and Ali in [7, 8]. As a new algebraic neut (a) is different from the traditional unit element. 


Later, the concept of neutrosophic extended triplet 
group (NETG) was introduced (see [7]), in which the 
neutral element may be traditional unit element, it is 
just a special case. 
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For the structure of NETG, some exploratory 
research papers are published and a series of results 
are got [9-12]. Recently, we have analyzed these new 
results and studied them from the perspective of semi- 
group theory. Miraculously, we have obtained some 
unexpected results: every NETG is a completely reg- 
ular semigroup, and the inverse is true. In fact, the 
research of completely regular semigroups originated 
from the study of Clifford [13], and have been greatly 
developed [14-16], and have been extended to a wide 
range of algebraic systems [17—20]. This paper will 
focus on the latest results of the authors, mainly dis- 
cuss the relationships between neutrosophic extended 
triplet groups and completely regular semigroups. 

Moreover, this paper also investigates the relation- 
ships between neutrosophic extended triplet loops 
and Abel-Grassmann’s groupoids (AG-groupoids). 
The concept of an Abel-Grassmann’s groupoid was 
first given by Kazim and Naseeruddin [21] in 1972 
and they have called it a left almost semigroup (LA- 
semigroup). In [22], the same structure is called a 
left invertive groupoid. In [23—29], some properties 
and different classes of an AG-groupoid are inves- 
tigated. In this paper, we combine the notions of 
neutrosophic extended triplet loop and AG-groupoid, 
introduce the new concept of Abel-Grassmann’s neu- 
trosophic extended triplet loop (AG-NET-loop), that 
is, AG-NET-loop is both AG-groupoid and neutro- 
sophic extended triplet loop (NET-loop). We deeply 
analyze the internal connecting link between AG- 
NET-loop and completely regular AG-groupoid and 
obtain some important and interesting results. 


2. Preliminaries 


Definition 1. [7, 8] Let NV be anon-empty set together 
with a binary operation*. Then, N is called a neutro- 
sophic extended triplet set if for anya € N, there exist 
a neutral of “a” (denote by neut (a)), and an opposite 
of “a” (denote by anti (a)), such that neut (a) € N, 
anti (a) € N and: 


a * neut (a) = neut(a)*a=a; 


a*‘anti (a) = anti (a)* a = neut (a). 


The triplet (a, neut (a), anti (a)) is called a neutro- 
sophic extended triplet. 

Note that, for a neutrosophic triplet set (N,*), a € 
N, neut (a) and anti (a) may not be unique. In order 
not to cause ambiguity, we use the following notations 
to distinguish: 
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neut (a): denote any certain one of neutral of a; 
{neut (a)}: denote the set of all neutral of a. 

anti (a): denote any certain one of opposite of a; 
{anti (a)}: denote the set of all opposite of a. 


Definition 2. [7, 8] Let (N,*) be a neutrosophic 
extended triplet set. Then, N is called a neutrosophic 
extended triplet group (NETG), if the following con- 
ditions are satisfied: 


(1) (N,*) is well-defined, ie., for any a,b e N, 
one hasaxbeN. 

(2) (N,*) is associative, ie., (axb)*c=ax* 
(b * c) for alla, b,c € N. 


N is called a commutative neutrosophic extended 
triplet group if for alla,be N,axb=bxa. 


Proposition 1. [11] Let (N,*) be a NETG. Then 


(1) neut (a) is unique for any a in N. 
(2) neut (a) * neut (a) = neut (a) for any ain N. 
(3) neut (neut (a)) = neut (a) for any ain N. 


Definition 3. [11] Let (V,*) be a NETG. Then N is 
called a weak commutative neutrosophic extended 
triplet group (briefly, WCNETG) if a * neut(b) = 
neut(b) xa foralla, bE N. 


Proposition 2. [11] Let (N,*) be a NETG. Then (N,*) 
is weak commutative if and only if N satisfies the 
following conditions: 


(1) neut (a) * neut (b) = neut (b) * 
neut (a) foralla,beé N. 

(2) neut (a) * neut (b)*a=a* 
neut(b) foralla,be N. 


Proposition 3. [11] Let (N,*) be a weak commutative 
NETG. Then (for alla,b € N) 


(1) neut (a) * neut (b) = neut (b*a); 
(2) anti (a)* anti (b) € {anti (b*a)}. 


Definition 4. [14] A semigroup (S, *) will be called 
completely regular if there exists a unary operation 
a_t> a7! on S with the properties 


ly : =ada,aa 


Proposition 4. [14] Let (S,*) be a semigroup. Then 
the following statements are equivalent: 


(1) Sis completely regular; 
(2) every element of S lies in a subgroup of S; 
(3) every H-class in S is a group. 
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Here, recall some basic concepts in semigroup the- 
ory. A non-empty subset A of a semigroup (S,”) is 
called a left idealif SA C A, aright idealif AS C A, 
and an ideal if it both a left and a right ideal. Evi- 
dently, every ideal (whether one- or two-sided) is 
a subsemigroup. If a is an element of a semigroup 
(S,*), the smallest left ideal containing a is Sa U {a}, 
which we may conveniently write as S'a, and which 
we shall call the principle left ideal generated by 
a. 

An equivalent relation L on Sis defined by the rule 
that aLb if and only if S'a = S'b; an equivalent rela- 
tion R on Sis defined by the rule that aLb if and only if 
aS! = bS!; denote H = L A R, D= Lv R, that is, 
aHb if and only if S'a = S'b and aS! = bS!'; aDb if 
and only if S'a = S'b or aS! = bS!. An equivalent 
relation J on S is defined by the rule that aJb if and 
only if S'aS! = $'bS', where 


S'aS! = SaS UaS U SaU {a} 


That is, aJb if and only if there exists x, y, u, 
v € S! for which x*a*y = b, u*b*v = a. The L-class 
(R-class, H-class, D-class, J-class) containing the ele- 
ment a will be written Ly (Ra, Hg, Da, Ja). 


Definition 5. [14] A semigroup (S,*) will be called 
Clifford semigroup, if it is completely regular and in 
which, for all x, y in S, 


ka Oty!) = Oy Ota). 
In an arbitrary semigroup S, we say that an element 
c is central if c*s = s*c for every s in S. The set of 


central elements forms a subsemigroup of S, called 
the center of S. 


Proposition 5. [14] Let (S,*) be a semigroup. Then 
the following statements are equivalent: 


(1) Sis Clifford semigroup; 

(2) Sis a semilattice of groups; 

(3) Sis regular, and the idempotents of S are cen- 
tral. 


Abel-Grassmann’s groupoid (AG-groupoid) [21, 
22], is a groupoid (S,*) holding left invertive law, that 
is, for all a, b,c € S, (a*b)* c = (c*b)* a. In an AG- 
groupoid the medial law holds, for all a, b, c,d € S, 
(a*b)* (c¥d) = (a*c)* (b*d). 

There can be a unique left identity in an 
AG-groupoid. In an AG-groupoid S with left iden- 
tity the paramedial laws hold for all a,b,c,d€ 
S, (a*b)* (c*d) = (d*c)* (b*a). Further if an AG- 
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groupoid contain a left identity, hen he following law 
holds: for all a, b, c € S, a* (b*c) = b* (a*c). 

An AG-groupoid is a non-associative algebraic 
structure midway between a groupoid and a commu- 
tative semigroup, because if an AG-groupoid contains 
right identity then it becomes a commutative semi- 


group. 


Definition 6. [25] (1) An element a of an AG- 
groupoid (S,*) is called a regular if there exists x € S 
such that a = (a*x*)*a and S is called regular if all 
elements of S$ are regular. 


(2) An element a of an AG-groupoid (S,*) is 
called a weakly regular if there exists x, y € S 
such that a = (a * x) * (a * y) and S is called 
weakly regular if all elements of S are weakly 
regular. 

Anelement a of an AG-groupoid (S,*) is called 
an intra-regular if there exists x, y € S such 
that a = (x*a?) * y and S is called an intra- 
regular if all elements of S are intra-regular. 
Anelement a of an AG-groupoid (S,*) is called 
a right regular if there exists x € S such that 
a =a? * x = (a*a) * x and S is called a right 
regular if all elements of S are right regular. 
Anelement a of an AG-groupoid (S,*) is called 
a left regular if there exists x € S such thata = 
x*a? = x * (a*a) and S is called left regular if 
all elements of S are left regular. 

Anelement a of an AG-groupoid (S,*) is called 
a left quasi regular if there exists x, y € S such 
that a = (x*a) * (y*a) and S is called left quasi 
regular if all elements of S are left quasi regular. 
Anelement a of an AG-groupoid (S,*) is called 
a completely regular if a is regular and left 
(right) regular. S is called completely regular 
if it is regular, left and right regular. 


(3) 


(4 


wm 


(5 


wm 


(6 


wm 


(7 


wm 


Proposition 6. [25] /f(S,*) is regular (weakly regular, 
intra-regular, right regular, left regular, left quasi reg- 
ular, completely regular) AG-groupoid, then S = S* 


Proposition 7. [25] In an AG-groupoid (S,*) with left 
identity, the following are equivalent: 


(i) S is weakly regular. 

(ii) S is an intra-regular. 
(iii) S is right regular. 
(iv) S is left regular. 

(v) Sis left quasi regular. 
(vi) S is completely regular. 
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Definition 7. [26] An element a of an AG-groupoid 
(S,*) is called a fully regular element of S if there 
exist some p, q,1,5,t,U,v,W,X, y,Z€ S (Dp, q.- Z 
may be repeated) such that 


a= (p*a”) * q = (r*a) *(ax*5) 


(a t) * (ax u) = (a*a) xv 


= w * (a*a) = (x*a) * (y*a) 


* 
G * | ro 


An AG-groupoid (S,*) is called fully regular if all 
elements of S are fully regular. 

A non-empty subset A of an AG-groupoid (S,*) 
called left (right) ideal of S if and only if SA C 
A(AS C A) and is called two-sided ideal or ideal of 
S if and only if it is both left and right ideal of S. 


Definition 8. [26] A non-empty subset A of an AG- 
groupoid (S,*) called semiprime if and only if 


EAS we A, 


Definition 9. [26] An AG-groupoid is called left 
(right) simple if and only if it has no proper left (right) 
ideal and is called simple if and only if it has no proper 
two-sided ideal. 


Proposition 8. [26] The following conditions are 
equivalent for an AG-groupoid (S,*) with left identity: 


(i) aS = S, for someae S. 
(ii) Sa = S, for someae S. 
(iii) S is simple. 
(iv) AS = S = SA, where A two-sided ideal of S. 
(v) S is fully regular. 


3. NETG and completely regular semigroup 


Theorem 1. Let (N,*) be a NETG. Then for alla € 
N, 


(1) p *neut (a) € {anti(a)}, for any p € 
{anti (a)}; 
(2) p* neut (a) = q * neut (a) = neut (a) * 
q, for any p,q € {anti(a)}; 
(3) neut(p * neut (a)) = neut(a), for any pe 
{anti (a)}; 
(4) ae {anti(p * neut (a))}, for any p € 
{anti (a)}; 
(5) anti(p * neut (a)) * neut(p * neut (a)) = 
a, for any p € {anti(a)}. 
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Proof. (1) Suppose p € {anti(a)}, then p*a=a* 
p =neut (a). 

From this, and applying Proposition 1, we 
get(p * neut(a))*a= px (neut (a)* a) = pea= 
neut(a), ax(px*neut(a)) = (ax p) * neut (a) = 
neut (a) * neut (a) = neut (a). 

It follows that p * neut (a) € {anti (a)}. 

(2) Suppose p, q € {anti (a)}, then 
p’a=ax p=neut(a);qea=axq= 
neut (a). 

Thus, 

p* neut (a) = p*(a*q) = (p*a)*q = 
neut (a) * q 

= (g*a)*xq=q* (axqg) = q *neut (a). 
That is, p * neut (a) = neut (a) *q = 
q * neut (a). 

For any p € {anti (a)}, by Proposition | and 
(2), we have 

(p * neut (a)) * neut (a) = p* 

(neut (a) * neut (a)) = p * neut (a), 

neut (a) * (p * neut (a)) = (neut (a) * p) * 
neut (a) = (p * neut (a)) * neut (a) 

= p * (neut (a) * neut (a)) = neut (a). 
Moreover, using Proposition 1, 

(p * neut (a))* a = p* (neut (a)* a) 

= p*a=neut (a), a * (p * neut (a)) = 

(a * p) * neut (a) = neut (a) * neut (a) = 
neut (a). 

Applying Definition 1, neut(a) = neut( px 
neut (a)). 

For any p € {anti(a)}, by Proposition 1, we 
have 

ax (p * neut (a)) = (a * p) * neut (a) 

= neut (a) *« neut (a) = neut (a), 

(p * neut (a))* a = p * (a * neut (a)) 

= p*a=neut (a). 

By Definition 1 we know that a € {anti 
(p * neut (a))}. 

Assume p € {anti (a)}. For all anti(p * neut 
(a)) € {anti(p * neut (a))}, by (2) we know 
that anti (p * neut (a)) * neut (p * neut (a)) 
is unique. Applying (4), a € {anti(p * neut 
(a))}, it follows that 


(3 


wm 


(4 


Ym 


(5 


wm 


anti (p * neut (a)) * neut (p * neut (a)) 
=a * neut (p * neut (a)). 
Using (3), neut (p * neut (a)) = neut (a). There- 
fore, 


anti (p * neut (a)) * neut (p * neut (a)) 


=a * neut (p * neut (a)) 


=ax*neut(a) =a. 
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Theorem 2. Let (N, *) be a groupoid. Then N is a 
NETG if and only if it is a completely regular semi- 


group. 


Proof. Assume that NV is a NETG. By Theorem 1, we 


define a unary operation a, —> a~! on Nas follows: 


a! = anti (a) * neut (a), for any ain N. 


By Theorem 1 (2), a~! is unique. Applying Theo- 
rem | (5) we get 
(ae me = anti(anti (a) * neut (a)) 
«neut(anti (a) * neut (a)) = a. 
Moreover, by Proposition 1, 


ata *a = a*anti (a) * neut (a)* a =a, 


a*a~! = a*anti (a) * neut (a) 
= neut (a)* anti (a) = neut (a) 


= anti (a)* a = anti (a) * neut (a) 


Thus, by Definition 4, N is a completely regular 
semigroup. 
Conversely, suppose that NV is a completely regular 


semigroup. For any a in N, denote neut (a) = a*a7!, 
then 
neut (a)*a=a*‘a “a =a, 
a neut (a) = a*a*a! = a*a*a =a. 


Moreover, 


a *a=a*a! = neut(a). 
By Definition 1, we know that N is a NETG, 
anda! € {anti (a)}. 
Note that, in semigroup theory, a“ is called 
inverse element, it is unique; in NETG, anti (a) is 
called opposite element, it may be not unique, please 
see the following example. 


Example 1. Let N = {a, b, c, d, e}, define operations 
«x on N as following Table 1. Then, (N,*) is a NETG 
and a completely regular semigroup. We can get that 


neut (a) = a, {anti (a)} = {a, c,d, e}. 
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Table 1 
The operation * on N 
i a b c d e 
a a b a a a 
b b a b b b 
c a b d c a 
d a b c d a 
e a b a a e 


4. Weak commutative NETG and Clifford 
semigroup 


Applying Theorem 2 and Definition 5, we can get 
the following result (the proof is omitted). 


Proposition 9. Let (N,*) be a completely regular 
semigroup. Then N is a Clifford semigroup, if and 
only if it satisfies: 


neut (a) * neut (b) = neut (b) * neut (a), 
foralla,be N. 


Theorem 3. Let (N,*) be a groupoid. Then N is 
a weak commutative neutrosophic extended triplet 
group (NETG) if and only if it is a Clifford semigroup. 


Proof. Suppose that NV is a weak commutative NETG. 
By Theorem 2, we know that N is a completely regu- 
lar semigroup. Using Proposition 2, for any a, b € 
N, neut (a) * neut (b) = neut (b) * neut (a). Then, 
by Proposition 9 we know that N is a Clifford semi- 
group. 

Conversely, assume that N is a Clifford semigroup. 
Applying Theorem 2 and Proposition 1, neut (a) * 
neut (a) =, for any a in . That is, neut (a) is idem- 
potent. Thus, by Proposition 3, neut (a) is central. 
Therefore, for any b in N, 


neut (a)*b=bxneut (a). 


This means that N is a weak commutative NETG, 
by Definition 3. 

Applying Theorem 3 and Proposition 2, we can get 
the following result (the proof is omitted). 


Proposition 10. Let (N, *) be a NETG. Then N is 
weak commutative, if and only if it satisfies: 
neut (a) * neut (b) = neut (b) * neut (a), 


foralla, be N. 


In other words, in NETG, the following conditions 
are equivalent: 


(1) a*neut(b) = neut (b)* a, for alla, be N; 


(2) neut (a) * neut (b) = neut (b) * 
neut(a), foralla, be N 
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Now, we discuss the method of establishing Clif- 
ford semigroup (that is, weak commutative NETG) 
by two given groups. 


Theorem 4. Let (G1, *1) and (G2, *2) be two groups, 
e1 and e2 identity elements of (G1, *1) and (G2, *2), 
G,M G2 = @. Denote N = G, U Go, and define the 
operation * in N as follows: 


(1) ifa,b € G,, thenaxb=ax b; 
(2) ifa,b € G2, thenax b= a7 b; 
(3) ifa€ G1,b € Go, thenaxb=a; 
(4) ifa€ Go, be Gj, thenaxb=b. 


Then (N,*) is a Clifford semigroup (weak commu- 
tative NETG). 


Proof. /t is only necessary to prove that the associa- 
tive law hold in(N,*), that is, (a * b) * c =ax*(b*C) 
for all a,b,c € N. We will discuss the following sit- 
uations separately. 

Case 1: a, b,c € Gj, ora, b,c € G2. Since G; and 
G2 are groups, so (a * b) * c = *(b * c). 

Case 2: a € G,,b € Gz, andc € G,. Then, by the 
definition of «, we have (axb)*c=a*xc=ax 
(b x c). 

Case 3: a € G1, b € G2, andc € G2. Then, by the 
definition of *, we have(a * b)*c =a*xc=a=a* 
(b *c). 

Case 4: a € Go, b € Gj, andc € G,. Then, (a * b) * 
c=bxc=ax(bxc). 

Case5:a € G2, b € Gj, andc € G2. Then, (a * b) * 
c=bxc=b=axb=ax(bxc). 

Case 6: a € Gj, b € Gj, andc € Gp». From the def- 
inition of operation « we have (a* b)*c=axb= 
ax(bx*c). 

Case 7: a € G2, b € G2, and c € G. From the def- 
inition of operation « we have (a * b)*c =c=ax 
c=ax(bxc). 

Therefore, (N,*) is a semigroup. Moreover, for any 
aéeN, 

ifa € Gj, thena*e; = eja =a, anda * (a )= 
(a~!)*a = e1, where a7! is the inverse of a in group 
(G1, *1); 

ifa € Go, thena * e7 = esa = a, anda * (a )= 
(a~!)*a = ep, where a~! is the inverse of a in group 
(G2, *2). 

This means that (N,*) is a NETG by Definition 
1. Moreover, by the definition of operation *, we 
have x * e] = e€] * xX, xX * e2 = eo * x, for any xin N. 
Hence, (N,*) is a weak commutative NETG by Def- 
inition 3. Using Theorem 3 we know that (N,”*) is a 
Clifford semigroup. 
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Similarly, we can get the following result. 


Theorem 5. Let (G1, *1) and (G2,x*2) be two 
groups, e, and e2 identity elements of (G1, *1) and 
(Go, *2),G1 A G2 = ©. Denote N = G| U Go, and 
define the operation * in N as follows: 


() 
(2) 
(3) 
(4) 


Then (N,*) is a Clifford semigroup (weak commu- 
tative NETG). 


Example 2. Let G; = {e,a,b,c} and G2= 
{1, 2,3, 4,5, 6}. efine operations *; and *2 on G1, 
G2 following Tables 2 and 3. Then, VN = G; UG2 = 
{e, a, b,c, 1, 2, 3, 4, 5, 6} is (N,*) is a weak commu- 
tative NETG with the operation * in Table 4. 

Moreover, according the method in Theorem 5, we 
can get another weak commutative NETG (Clifford 
semigroup) (N,*’), in which the perationx ’ is defined 
as Table 5. 


ifa,b € Gj, thenaxb=a*, b; 
if a,b € G2, thenax* b =a *2 b; 
ifaé€ G,,b € Go, thenaxb=b; 
ifaé G2,b € Gj, thenaxb=a. 


Table 2 
Commutative group (G1, *1) 
*) e a b c 
e e a b 6 
a a e c b 
b b Cc e a 
c Cc b a e 
Table 3 
Non-commutative group (G2, *2) 
a) 1 2 3 4 5 6 
1 1 2 3 4 B) 6 
2 2 1 6 5 4 3 
5) 3 5 1 6 2 4 
4 4 6 5 1 3 2 
5 5 3 4 2 6 1 
6 6 4 2 3 1 5 
Table 4 
First weak commutative NETG (Clifford semigroup) (N,*) 
* e a b c 1 2 3 4 5 6 
e e a b c e e e e e e 
a a e c b a a a a a a 
b b c e a b b b b b b 
c c b a e c c c c c c 
1 e a b c 1 2 3 4 5 6 
2 e a b c 2 1 6 5 4 3 
3 e a b c 3 5 1 6 2: 4 
4 e a b c 4 6 >) 1 3 2 
> e a b c 5 3 4 2, 6 1 
6 e a b Cc 6 4 2 3 1 5 
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Table 5 
Second weak commutative NETG (Clifford semigroup) (N,* ”) 
a e a b c 1 2 3 4 5 6 
e e a b c 1 2 3 4 5 6 
a a e c b 1 2 3 4 5 6 
b b ce e a 1 2 3 4 5 6 
c c b a e 1 2 3 4 5 6 
1 1 1 1 1 1 2 3 4 5 6 
2 2 2 2 2 2 1 6 5 4 3 
3 3 3 3 3 3 5 1 6 2 4 
4 4 4 4 4 4 6 5 1 3 2 
5 5 5 5 5 5 3 4 2 6 1 
6 6 6 6 6 6 4 2 3 1 5 


5. AG-NET-loops and completely regular 
AG-groupoids 


Definition 10. Let (N,*) be a neutrosophic extended 
triplet set. Then, N is called a neutrosophic extended 
triplet loop (NET-loop), if (N,*) is ell-defined, i.e., 
for anya, b € N, one hasaxb € N. 


Remark 1. In [10, 12], the name of neutrosophic 
triplet loop is used. In order to be more rigorous 
and echoed with neutrosophic extended triplet group 
(NETG), the name of neutrosophic extended triplet 
loop (NET-loop) is used in this paper. 


Definition 11. Let (V,*) be a neutrosophic extended 
triplet loop (NET-loop). Then, N is called an AG- 
NET-loop, if (V,*) is an AG-groupoid. 


Theorem 6. Assume that (N,*) is an AG-NET-loop. 
Then 


(1) for all a in N, neut (a) is unique 
(2) for all a in N, neut (a) * neut (a) = neut (a). 


Proof. Suppose that there exists x, y € {neut (a)}. By 
Definition 1 and 10,a* x = x*a=a,ax y= y*a= 
a, and there exists u,v € N which satisfy ax u = 
u“a=x,a*xv=v"a=y. Applying the invertive 
law, we have 


(Gi) yeu = (va) xu = (u*a) KU =X. 

(ii) xx y= (axu)*xy=(yxuyta= 
(x*v)*a = (ax v)*xX = RX. 
invertive law and (1)) 

(iii) x =axu = (y*a)*u = (u*a)*¥yH=XKY. 

(iv) y=axu = (x*a) *U= (Va) *¥ xX = y eX. 

(Vv) ®@=x* y= yxx= y. (by iid), (i) and (i)) 


(by the 


Therefore, neut (a) is unique. Moreover, by (v) 
and (iii) we get that x = x * x, that is, neut (a) x 
neut (a) = neut (a). 
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Theorem 7. Let (N,*) be an AG-NET-loop. Then 


(1) for any x,y € {anti(a)}, neut(a) * x = 
neut(a) *y, that is, |neut(a) * {anti(a)}| = 1; 

(2) for all a in Nneut(neut(a)) * neut(a) = 
neut(a) = neut(a) * neut(neut(a)); 

(3) for all ain N neut(neut(a)) = neut(a); 

(4) for any a in Nand p € anti(neut(a)), a * 
p=4, 

(5) for any a in Ngqé {anti(a)}, neut(a) * 
neut(q) = neut(a) and neut(a)xq=q* 
neut(a); 

(6) for any a in Nand any q€ {anti(a)}, 
neut(a)*anti(q) = neut(q)*a; 

(7) foranyain N and for anyq € {anti(a)}, (q * 
neut(a))*a = (neut(a) * q)*a = neut(a); 

(8) foranyain Nand for any q € {anti(a)}, a * 
(q * neut(a)) = ax (neut(a) * gq) = neut(a); 

(9) foranyain Nand for any q € {anti(a)}, q * 
neut(a) € {anti(a)} and neut(a) * q € {anti 
(a)}; 

(10) for any a in Nq€ {anti(a}, neut(q) « 
neut(a) = neut(a); 

(11) for any a in Nq€ {anti(a)}, a * neut(q) = 
a, 

(12) for any ain Nq € {anti(a)}, q * (a*a) =a; 

(13) forallain Naxneut(a*a) = a. 


Proof. (1) Assume x, y € {anti (a)}, by Definition | 
and 10, 


x*a=ax*x=neut(a),y'a=a*y=neut(a). 


Using the invertive law, we have 
neut (a) * x = (y*a) * x = (x*a) x y 
= neut (a) * y. 


(2) Since neut(neut (a)) is the neutral element 
ofneut (a), by Theorem 6 (1), Definition 1 
and 10, we haveneut(neut (a)) * neut (a) = 
neut (a) = neut (a) * neut (neut (a)). 

Let p € {anti (neut (a))}, then 

neut (a) * p = neut (a)* anti (neut (a)) = 
neut(neut (a)). 

p * neut (a) = anti (neut (a)) * neut (a) = 
neut(neut (a)). 

By the invertive law, 

(p * x)*a = (a* x) * p =neut(a)* p= 
neut(neut (a)). 

On the other hand, by the medial law and (2) 
we have 

(p * x)*a = (p * x) * (neut (a)* a) = 

(p * neut (a)) * (x*a) = neut(neut (a)) * 
neut (a) = neut (a). 


(3 


wm 
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(4) 


(5 


wm 


(6) 


7 


ww 


(8 


wm 


(9 


New 


(10) 


(11) 


Therefore, neut(neut (a)) = (p* x)*a = 
neut (a). 
Let p€ {anti(neut(a))}, applying the 


invertive law and (3) we get 
ax p = (a*neut (a)) * p = (p* 
neut (a))*a 

= (anti (neut (a)) * neut (a))*a 
neut(neut (a))*a 

= neut(a)*a=a. 

Assume q € {anti(a)}, then axq=q*a= 
neut (a). 

Applying the invertive law, 

neut (a) * neut (gq) = (a x q) * neut (q) 

= (neut (q) * qg)*a = q*a = neut (a). 
Moreover, 

neut (a) * q = (neut (a) * neut (q)) * q 

= (q * neut (q)) * neut (a) = q * neut (a) 
Assume gq € {anti(a)}, then axq= 
g‘a = neut (a), g*anti (q) = anti(q)*q = 
neut (q). Applying the invertive law and (5), 
neut (q)* a = (anti (q) * q)*a 

= (a *« q)*anti (q) = neut (a)* anti (q). 
Suppose qg € {anti (a)}, then 

(q * neut (a))*a = (a * neut (a))*q = 

ax q = neut (a). 

And, applying (5), (neut(a)*q)*a= 
(q * neut (a))*a = neut (a). 

Suppose q € {anti(a)}, using the invertive 
law and (7) we have 

ax (q * neut (a)) = (a * neut (a)) * (q * 
neut (a)) 

= ((q * neut (a)) * neut (a))*a 

= ((neut (a) * neut (a)) * q)*a 

= (neut (a) * q)*a 

= neut (a). 

Also, applying (5), ax (neut(a)*q) = 
ax (q * neut (a)) = neut (a). 

If g € {anti (a)}, by (7) and (8), we get that 
q * neut (a) € {anti(a)} and neut(a)*q€ 
{anti (a)}. 

If g € {anti (a)}, then 

neut (q) * neut (a) = (q*anti (q)) * neut (a) 
= (neut (a)* anti (q)) * Quesseee 

= (NEUE (G)* A) * Qeeceesececsersseeenees (by (6)) 
= (q*a) * neut(q) 

= neut (a) * NeUt (Q) «eee (by 
{anti (a)}) 

= NEUE (A) ....eecceeeeee (using (5)) 
Assume g € {anti (a)}, then (applying (10)) 
a x* neut (q) = (a * neut (a)) * neut (q) = 
(neut (q) * neut (a))*a = neut (a) a =a. 


qeéE 
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Table 6 
Non-Commutive AG-NET-loop 
i a b c d e 
a a a e c d 
b a b e c d 
c d d c e a 
d e e a d c 
e c c d a e 


The proof complete. 


(12) Assume g € {anti (a)}, then (applying (10)) 


q * (a*a) = (q * neut (q)) * (aa) 

= (q*a) x (neut (q)* a) (applying the medial 
law) 

= (q*d) * (A * NCUT (G))eecesessereereereeteteeees 
(5)) 

= (q*a) * (neut (a)* ANTI (G)).eeeseeeeeeee 
(6)) 

= (q * neut (a)) * (a*anti (q)).... 
medial law) 

= (neut (a) * gq) * (A* ANTI (G)).eeeeeeeee 
(5)) 

= (neut (a)* a) * (q*anti (q)).... 
medial law) 

=a * neut (q)) 


Bion et enh (by (11)) 


(by the 


(by 


(13) For all a in N, there exists qg € {anti (a)}, 


then a * neut(a*a) 

= (q * (a*a)) * Neut(A*d).... ee 
(12)) 

= (neut(a*a) x (a*a)) x q... (by the invertive 
law) 

= (a*a) *q 

= (q*a)* A. (applying the invertive law) 
= neut(a)* a 

= 4. 


(using 


Example 3. Let N = {a, b, c, d, e}. Define operation 
* on N as following Table 6. Then, (N,*) is a non- 
commutative AG-NET-loop. And, 


neut (a) = a, {anti (a)} = {a, b}; 


neut (b) = b, {anti (b)} = {b}; 


neut (c) = c, {anti (c)} = {c};neut (d) = d, 


{anti (d)} = {d} ; neut (e) = e, {anti (e)} = {e}. 


Theorem 8. Let (N,*) be an AG-NET-loop. Then N 
is a completely regular AG-groupoid. 
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Table 7 
Non-commutative completely regular AG-groupoid 
*y 1 2 3 4 
1 1 1 1 
2 1 2 3 4 
3 1 4 2 3 
4 1 3 4 2 


Proof. For any ain N, by Definition 1 and 11 we have 
(a* anti (a))*a = neut (a)* a =a. 


From this and Definition 6 (1), we know that N is 
a regular AG-groupoid. 
Moreover, assumea € N, we have 


(a*a) “anti(a) = (anti (a)* a) 
*a = neut(a)’a=a. 


From this and Definition 6 (4), N is a right regular 
AG-groupoid. 

For all a € N, there exists g € {anti(a)},a*q= 
g*‘a = neut (a). Denote x = g * neut (a), then (using 
the medial law) 


x * (aa) = (q * neut (a)) * (a*a) 
= (q*a) * (neut (a)* a) 
= (q*a)*a = neut (a) a=a. 
From this and Definition 6 (5), N is a left regular 
AG-groupoid. 
Therefore, by Definition 6 (7) we know that N is a 
completely regular AG-groupoid. 


The following example shows that a completely 
regular AG-groupoid may be not an AG- NET-loop. 


Example 4. Let N = {1, 2, 3, 4}. Define operations 
* on N as following Table 7. Then, (N,*) is a non- 
commutative completely regular AG-groupoid, but it 
is not an AG-NET-loop, since there is no a € N such 
thata*x4= 4*a= 4. 


Theorem 9. Let (N,*) be an AG-NET-loop. Then N 
is a fully regular AG-groupoid. 


Proof. Suppose aeéeN. Then there exists 
m € {anti(a)}, a*m=m*a=neut(a). Denote 
Pp =m *neut (a), q = neut (a); r=m,s= 
neut (a); t= m,u = neut (a); v=mw= 


m * neut (a); x =m, y = neut (a). Then 
(p*a’) * g = ((m * neut (a))*a*)) * neut (a) 
= ((a~*neut (a)) * m)) * neut (a) 
= (((a*a) * neut (a)) * m)) * neut (a) 
= (((neut (a)* a)*a) * m)) * neut (a) 
= ((a*a) * m)) * neut (a) 
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= ((w*a)*a)) * neut (a) 

= (neut (a)* a)) * neut (a) 

=ax*neut (a) =a. 

(r*a) * (a * 8) = (m*a) * (a * neut (a)) = 
neut(a)*a=a 

(a * t) * (a *u) = (a* mM) * (a * neut (a)) = 
neut(a)*a=a 

(a*a) * v = (a*a)*m = (m*ay* a= 
neut(a)/‘a=a 

w * (a*a) = (m * neut (a)) * (a*a) 

= ((a*a) * neut (a)) * (m * neut (a)) 
((neut (a)* a)" a) * (m * neut (a)) 

= (a*a) * (m * neut (a)) 

= ((m * neut (a))* a)" a 

= ((a * neut (a)) *m)* a 

=(a*xm)*a 

=neut(a)*‘a=a 

(x*a) * (y*a) = (m*a) * (neut (a)* a) = 
neut(a)/‘a=a. 

Moreover, for a? € N, there exists n € {anti(a’)}. 
Denotez =n *« m, then 

(a? * zy. a? = ((a*a) * z)* a. 
((c*a)* a) © Pose (applying the invertive law) 
(a a) * (z*a)..... (applying the invertive law) 
(a**a) * ((n * m)*a) 
(a**a) * ((a* m)*N).....0. (by the invertive law) 
= (a**a) * (neut (a)* n)(by m € {anti (a)}) 

= ((a*a) * (neut (a)* a)) * (neut (a)* n) 

= ((a * neut (a)) * (a*a)) * 
(neut (a)* n)...(applying the medial law) 

= (a*a’) * (neut (a)* n)........ (by the medial law) 

= (a * neut (a)) * (a**n)..(applying the medial 
law) 


=axneut(a’) (by the definition of 
n € {anti(a’)}) 
SW detislehennitct ae (by Theorem 7 (13)) 


Therefore, combing above results, by Definition 7, 
we know that N is a fully regular AG- groupoid. 

The following example shows that a fully regular 
AG-groupoid may be not an AG-NET-loop. 


Example 5. Let N = {1,2,3,4,5,6, 7}. Define 
operations « on N as following Table 8. Then, (N,*) is 
a non- commutative fully regular AG-groupoid (see 
[26]), but it is not an AG-NET-loop, since there is no 
x € N such thatx* 3 =3%*x = 3. 


6. On finite NETGs and finite AG-NET-loops 


The instances with finite order and their construc- 
tions are of great significance for exploring structural 
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Table 8 
Non-commutative fully regular AG-groupoid 


3 4 5 6 


AYDMNRWNe 
DAwrnhkre UNNI] e 
FON AwWNrA BIN 
wWwrARREUOND 
ANAwWrNARRE 
NPR UN DW 
NAwWrAhRE WN 
BRrFUONAwWNA!INYA 


features of abstract algebraic systems. By designing 
the MATLAB program, we have found all NTEGs of 
order 3, 4 and 5, which have 13, 67 and 353 respec- 
tively and they are not isomorphic to each other. 
Moreover, we obtained all AG-NET-loops of order 
3, 4 and 5, which have 5, 17 and 54 respectively and 
they are not isomorphic to each other. In this section, 
we present our results in the form of theorems for the 
sake of further study. For NETGs with order 5, we 
only list all of commutative NETGs, a total of 51. 


Theorem 10. Let (N, *) be a NETG with order 3 and 
denote N = {1, 2,3}. Then N must be isomorphic to 
one of the NETGs represented by the following tables, 
and these NETGs are not mutually isomorphic: 


(1) 73; = {{1, 1, 1}, {2, 2, 2}, (3,3, 3}}; 
(2) T32 = {{1, 2, 3}, {2, 2, 2}, {3, 3, 3}}; 
(3) 733 = {{1, 3, 3}, {2, 2, 2}, {3, 3, 3}}; 
(4) 734 = {{3, 2, 1}, {2, 2, 2}, {1, 2, 3}}; 
(5) T35 = {{1, 2, 3}, {1, 2, 3}, {1, 2, 3}}; 
(6) T36 = {{1, 2, 3}, {2, 2, 3}, {3, 2, 3}}; 
(7) T37 = {{1, 3, 3}, {3, 2, 3}, {3, 3, 3}}; 
(8) T3g = {{1, 2, 1}, {2, 2, 2}, {3, 2, 3}; 
(9) T39 = {{1, 2, 3}, {2, 2, 3}, {3, 3, 3}}; 
(10) 7310 = {{3, 1, 1}, (1, 2, 3}, (1, 3, 3}; 
(11) 7311 = {{1, 2, 3}, {2, 2, 2}, (1, 2, 3}}; 
(12) T312 = {{1, 3, 3}, {1, 2, 3}, {1, 3, 3}}; 
(13) T7313 = {{3, 1, 2}, {1, 2, 3}, {2, 3, 1}. 


Theorem 11. Let (N, *) be a NETG with order 4 and 
denote N = {1, 2, 3,4}. Then N must be isomorphic 
to one of the NETGs represented by the following 67 
tables, and these NETGs are not mutually isomor- 
Dhic: (the tables are omitted). 

Theorem 12. Let (N, *) be a commutative NETG with 
order 5 and denote N = {1, 2,3, 4,5}. Then N must 
be isomorphic to one of the NETGs represented by 
the following 51 tables, and these NETGs are not 
mutually isomorphic: (the tables are omitted). 


Theorem 13. Let (N, *) be an AG-NET-loop with 
order 3 and denote N = {1, 2,3}. Then N must be 
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Table 9 
Finite NETGs and AG-NET-loops 
Order NETGs AG-NET-loops 
3 13 5 
+ 67 17 
5 353 54 


isomorphic to one of the AG-NET-loops represented 
by the following tables, and these AG-NET-loops are 
not mutually isomorphic: 


(1) £3; = {{1, 1, 1}, {1, 2, 1}, {1, 1, 3}; 
(2) L32 = {{1, 1, 1}, {1, 2, 2}, {1, 2, 3}}; 
(3) £33 = {{1, 1, 1}, (1, 2, 3}, 1, 3, 2}}; 
(4) £34 = {{1, 1, 3}, (1, 2, 3}, (3, 3, 1}; 
(5) £35 = {{1, 2, 3}, {2, 3, 1}, {3, 1, 2}}. 


Theorem 14. Let (N, *) be an AG-NET-loop order 4 
and denote N = {1, 2, 3, 4}. Then N must be isomor- 
Phic to one of the AG-NET-loops represented by the 
following 17 tables, and these AG-NET-loops are not 
mutually isomorphic: (the tables are omitted). 


Theorem 15. Let (N, *) be an AG-NET-loop order 5 
and denote N = {1, 2,3, 4,5}. Then N must be iso- 
morphic to one of the AG-NET-loops represented by 
the following 54 tables, and these AG-NET-loops are 
not mutually isomorphic: (the tables are omitted). 


7. Conclusions 


In the paper, from the perspective of semigroup the- 

ory, we studied neutrosophic extended triplet group 
(NETG) and AG-NET-loop which is both an AG- 
groupoid and a neutrosophic extended triplet loop, 
and obtained some important results. We proved that 
the notion of NETG is equal to the notion of com- 
pletely regular semi group, and the notion of weak 
commutative NETG is equal to the notion of Clifford 
semigroup. Moreover, we investigated the relation- 
ships among AG-NET-loops, and completely regular 
AG-groupoids and fully regular AG-groupoids, we 
proved that every AG-NET-loop is a completely reg- 
ular and fully regular AG-groupoid, but the inverse 
is not true by constructing some counter examples. 
We also give some construction methods and low 
order instances of finite NETGs and AG-NET-loops 
(the order < 5), see Table 9. These results are inter- 
esting for exploring the structure characterizations of 
NETGs and AG-NET-loops. 
As a direction of future research, we will discuss 
the integration of the related topics, such as the 
combination of neutrosophic set, fuzzy set, soft set 
and algebra systems (see [30—34]). 
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Neutrosophic Triplets in Neutrosophic Rings 
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W.B. Vasantha Kandasamy, Ilanthenral Kandasamy, Florentin Smarandache (2019). 
Neutrosophic Triplets in Neutrosophic Rings. Mathematics 7, 563; DOI: 10.3390/math7060563 


Abstract: The neutrosophic triplets in neutrosophic rings (Q U I) and (R U I) are investigated in this 
paper. However, non-trivial neutrosophic triplets are not found in (Z U I). In the neutrosophic ring 
of integers Z \ {0, 1}, no element has inverse in Z. It is proved that these rings can contain only three 
types of neutrosophic triplets, these collections are distinct, and these collections form a torsion free 
abelian group as triplets under component wise product. However, these collections are not even 
closed under component wise addition. 


Keywords: neutrosophic ring; neutrosophic triplets; idemponents; special neutrosophic triplets 


1. Introduction 


Handling of indeterminacy present in real world data is introduced in [1,2] as neutrosophy. 
Neutralities and indeterminacies represented by Neutrosophic logic has been used in analysis of real 
world and engineering problems [3-5]. 

Neutrosophic algebraic structures such as neutrosophic rings, groups and semigroups are 
presented and analyzed and their application to fuzzy and neutrosophic models are developed 
in [6]. Subsequently, researchers have been studying in this direction by defining neutrosophic rings of 
Types I and II and generalization of neutrosophic rings and fields [7-12]. Neutrosophic rings [9] and 
other neutrosophic algebraic structures are elaborately studied in [6-8,10,13-17]. Related theories of 
neutrosophic triplet, duplet, and duplet set were developed by Smarandache [18]. Neutrosophic 
duplets and triplets have fascinated several researchers who have developed concepts such as 
neutrosophic triplet normed space, fields, rings and their applications; triplets cosets; quotient groups 
and their application to mathematical modeling; triplet groups; singleton neutrosophic triplet group 
and generalization; and so on [19-36]. Computational and combinatorial aspects of algebraic structures 
are analyzed in [37]. 

Neutrosophic duplet semigroup [23], classical group of neutrosophic triplet groups [27], 
the neutrosophic triplet group [12], and neutrosophic duplets of {Zpn, x } and {Zpq, x } have been 
analyzed [28]. Thus, Neutrosophic triplets in case of the modulo integers Z,,(2 < n < 00) have been 
extensively researched [27]. 

Neutrosophic duplets in neutrosophic rings are characterized in [29]. However, neutrosophic 
triplets in the case of neutrosophic rings have not yet been researched. In this paper, we for the 
first time completely characterize neutrosophic triplets in neutrosophic rings. In fact, we prove this 
collection of neutrosophic triplets using neutrosophic rings are not even closed under addition. We also 
prove that they form a torsion free abelian group under component wise multiplication. 


2. Basic Concepts 


In this section, we recall some of the basic concepts and properties associated with both 
neutrosophic rings and neutrosophic triplets in neutrosophic rings. We first give the following 
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notations: I denotes the indeterminate and it is such that I x I = I = I’. I is called as the neutrosophic 
value. Z,Q and R denote the ring of integers, field of rationals and field of reals, respectively. 
(ZUI1) ={a+blla,b € Z, I* =I} is the neutrosophic ring of integers, (QUI) = {a+ blla,b € Q, 
I? = I} is the neutrosophic ring of rationals and (RU 1) = {a+ bl|a,b € R, I? = I} is the neutrosophic 
ring of reals with usual addition and multiplication in all the three rings. 


3. Neutrosophic Triplets in (QU I) and (RU I) 


In this section, we prove that the neutrosophic rings (QU I) and (R U I) have infinite collection 
of neutrosophic triplets of three types. Both collections enjoy strong algebraic structures. We explore 
the algebraic structures enjoyed by these collections of neutrosophic triplets. Further, the neutrosophic 
ring of integers (Z U I) has no nontrivial neutrosophic triplets. An example of neutrosophic triplets in 
(QUI) is provided before proving the related results. 


Example 1. Let S = (QUI),+,*x (or (RUI),+, x) be the neutrosophic ring. If x = a—al € 
S(a # 0), then 


is such that 


Lod 
= (a—al ee Ae ea a ad 
xxy=(a ai) x (7 :) 


Thus, for every x = a — al, of this form in S we have a unique y of the form 


such that x x y= 1-—I. Further, 1—I€ Sis such that1—-Ix1—I=1—I+I-I=1-—-I1€S. Thus, 


these triplets 
{@ al,1 ie “and {an qri-ba-at} 
aoa aoa 


form neutrosophic triplets with 1 — I as a neutral element. 
Similarly, for al € S(a 4 0), we have a unique 


LEE re en 
a a 


{al L “} and {artat} 
a a 


are neutrosophic triplets with I as the neutral element. 


and I x I = I is an idempotent. Thus, 


First, we prove (QU I) and (RU!) have only I and 1 — J as nontrivial idempotents as invariably 
one idempotents serve as neutrals of neutrosophic triplets. 


Theorem 1. Let S = (QUI),+,x (or {(RUI),+, x} ) be a neutrosophic ring. The only non-trivial 
idempotents in S are I and 1 — I. 


Proof. We call 0 and 1 € S as trivial idempotents. Suppose x € S is a non-trivial idempotent, then 


x =alorx =a+bI € S(a #0,b #0). Now,x x x = al x al = a?I (as I? = 1); if x is to be an 
idempotent, we must have al = a’I; that is, (a — a’) = 0(I #0), thus a* = a. However, in Q or R, 
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a=a implies a = 0 or a = 1; asa # 0, we havea = 1; thus, x = I and x is a nontrivial idempotent 


in S. Now, let y = a+bI;a £0 and b £0 for a = 0 will reduce to case y = I is an idempotent. 
y* = (a+b1) x (a+bI) =a? +071 + 2abl 


That is, y = a+bl xa—bl = a*+abl +abl+b"I = a+bl, equating the real and 
neutrosophic parts. 


@ = aie, a(a—1) =0>a=1asa £0 and 2ab+b*—b=0 


b(2a+b—1) =0;b £0, thus 2a + b — 1 = 0; further, a 4 0 as a = 0 will reduce to the case I* = I, 
thus a = 1. Hence, 2+ b—1 = 0, thus b = —1. Hence, a = 1 and b = —1 leading to y = 1 — I. Thus, 
only the non-trivial idempotents of S are I and 1 — I. 


We next find the form of the triplets in S. 


Theorem 2. Let S = {(QUI),+,x} (or (RUI),-+, x) be the neutrosophic ring. The neutrosophic triplets 
in S are only of the following form for a,b € Qor R. 


(i) 
(« al,1 co *) and (F-i1-1a-a1);0 #0, 
aoa aoa 
(ii) 
te and ! iy ;b#0 
Th b’’ ¥ * 
(iti) 


Pre ee ut ;a+b#O0and : ul ,lLat+bl). 
a a(a+b) a a(a+b) 


Proof. Let S be the neutrosophic ring. Let x = {a+ bl,e + fI,c+dI} be a neutrosophic triplet in 
S;a,b,c,d,e, f € Q or R. We prove the neutrosophic triplets of S are in one of the forms. If x is a 
neutrosophic triplet, then we have 


a+blxe+fl=a+bl (1) 

e+ fIxc+dIl=c+dl (2) 
and 

a+blxc+dIl=e+fl (3) 


Now, solving Equation (1), we get 


ae + (bfI1+ bel +afI1) =a+blI 


Equating the real and neutrosophic parts, we get 
ae=a (4) 
bf +be+af =b (5) 
Expanding Equation (2), we get 
ce+ fel+del+ fdl =c+dl. 
Equating the real and neutrosophic parts, we get 


ce=Cc (6) 
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fc+de+ fd=d. (7) 


Solving Equation (3), we get 
ac + bel +bdl+adl =e+fl 
Equating the real and neutrosophic parts, we get 
ac=e (8) 


be + bd+ad =f (9) 


We find conditions so that Equations (4) and (5) are true. 

Now, ae = a and bf +be+af = b; ae = a gives a(e—1) = Oifa = Oande #1 using in 
Equation (4), thus if a = 0, we get e = 0 and using e = 0 in Equation (6), we get c = 0. Thus, 
a=c =e =0. This forces b £ 0,d #0 and f # 0. We solve for b,d and f using Equations (5), (7) 
and (9). Equations (5) and (7) gives bf = basb £0, f =1.Now, fd =das f = 1;d =d. Equation (9) 
gives bd = f or bd = 1, thus 


ge 5 (b +0). 
(v1.1.5) 
(;,1.61) 


is also a neutrosophic triplet. Thus, we have proved (ii) of the theorem. 
Assume in Equation (4) ae = a;a 4 0, which forces e = 1. Now, using Equation (8), we get 
ac = 1, thus 


Thus, we get 


to be neutrosophic triplet then 


c=-. 
a 


Using Equation (5), we get bf + b+ af =, thus (a+b) f =0. If f = 0, then we have 


(o+011,5 +41) 


should be a neutrosophic triplet. That is, 


(a+blI) x (5 +41) =1 


14214 dal+dbi = 1 
° + da+db =0 
b+a*d+abd =0 

b(ad +1) +a*d =0 


d(a? +ab) = —b. 
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= —b — —b 
a*+ab  a(a+b) 
a#Oanda+b¢0.a+b £0 for ifa+b =0, then b = 0 we get d = 0. Thus, the trivial triplet 


1 
1- 
(a,1,) 


will be obtained. Thus, a+b 4 0 and 


1 bI 1 bI 
(« b1,1,— aH) and € nC) an | 61) 


are neutrosophic triplets so that Condition (iii) of theorem is proved. 
Now, let f 4 0, thus a+b =0Oandc+d=0. We get a = —b or b = —a and d = —c. We have 
already proved c = 7 Using Equations (8) and (9) and conditions a = —b and c = —d, we get f = —1. 
Hence, the neutrosophic triplets are 


(« al,1 i :) and (G-j1-La—al) 
aoa aoa 


which is Condition (i) of the theorem. 


Theorem 3. Let S = {(QUI),+, x} (or (RUI),+, x }) be the neutrosophic ring. 


m={(a oe =) nc a\toy} 


a 


be the collection of neutrosophic triplets of S with neutral 1 — I is commutative group of infinite order with 
(1 —1,1—1,1-—I) as the multiplicative identity. 


Proof. To prove M is a group of infinite order, we have to prove M is closed under component-wise 
product and has an identity with respect to which every element has an inverse. 
Let 


= («« acI —acI+acI,1—2I4 a 3 : } =) 


= (ac acI,1 i =) eM 
ac ac 


Thus, M is closed under component wise product. 
We see that, when a = 1, we gete = (1—1,1—1,1—1) € Mis the identity of M under component 
wise multiplication. Clearly, e x x = x x e = x for all x € M, thus e is the identity of M. For every 


r= (4 al,1 i *) 
aoa 


we have a unique 
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such that 


yg batty Ap er Pe Ley 


Ssh 11=)) 


asa # 0. Thus, (M, x) is a group under component wise product, which is known as the neutrosophic 


triplet group. 


Theorem 4. Let S = {(QUI),+,x} (or {(RUI),+, x }) be the neutrosophic ring. The collection of 


neutrosophic triplets 
N= { (att *) ac a\to}} 


(or R\{0}) forms a commutative group of infinite order under component wise multiplication with (L, I, I) as the 
multiplicative identity. 


Proof. Let I 
N= { (at.1.5) laZ0E Qorr} 


be a collection of neutrosophic triplets. To prove N is commutative group under component wise 
product, let 


and 


To show x x y EN. 


I I I 
xxy= («1,1,7) x (v1.1.5) = («b1,1, =) , 


using the fact I? = I. Hence, (N, x) is a semigroup under product. 
Considering e = (I,1,1) € N, wesee thate xe =x xe =x forallx EN. 


ex x = (I,I,I) x (o11 *) = (11, *) = x( using I? = 1). 


Thus, (I, I, I) is the identity element of (N, x). For every 


= (1.1.7) 3 
a 


we have a unique 
is such that 


asa # Oand I? = I. 
Thus, {N, x } is a commutative group of infinite order. 
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It is interesting to note both the sets M and N are not even closed under addition. 


Next, let 
P=<a+0I,1 ,a b;a+b40,a 40 
"a a(a+b)’ : ’ . 


We get 
a+bIx : aoe 1. 
a a(a+b) 


We call these neutrosophic triplets as special neutrosophic triplets contributed by the unity 1 
of the ring which is the trivial idempotent of 5; however, where it is mandatory, x and anti(x) are 
nontrivial neutrosophic numbers with neut(x) = 1. 


Theorem 5. Let S = (QUI),+, x (or (RUI),+, x) be the neutrosophic ring. Let 


bI 
a+b) 


P= {(0+ 611, a ia b, rhere a,b € Q\{0}( or R\0) and a +6 £0} 


be the collection of special neutrosophic triplets with 1 as the neutral. P is a torsion free abelian group of infinite 
order with (1,1,1) as its identity under component wise product. 


Proof. It is easily verified P is closed under the component wise product and (1, 1, 1) acts as the 
identity for component wise product. For every 


x= (a Te ay Jer, 
a a(a—b) 


we have a unique 


1 bI 
= vali, bI) €P 
ae gt) 
such that x x y= (1,1, 1). We also see x" ¥ (1, 1,1) for any x € Pandn 4 0(n > 0);x ¥ (1,1, 1), hence 
P isa torsion free abelian group. 


4. Discussion and Conclusions 


We show that, in the case of neutrosophic duplets in (Z U I), (QU I) or (RU I), the collection of 
duplets {a — aI} forms a neutrosophic subring. However, in the case of neutrosophic triplets, we 
show that (Z U I) has no nontrivial triplets and we have shown there are three distinct collection of 
neutrosophic triplets in (R U I) and (Q U I). We have proved there are only three types of neutrosophic 
triplets in these neutrosophic rings and all three of them form abelian groups that are torsion free 
under component wise product. For future research, we would apply these neutrosophic triplets to 
concepts akin to SVNS and obtain some mathematical models. 
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Structures and YinYang Bipolar Fuzzy Set 


Florentin Smarandache 


Florentin Smarandache (2019). Refined Neutrosophy and Lattices vs. Pair Structures 
and YinYang Bipolar Fuzzy Set. Mathematics 7, 353; DOI: 10.3390/math7040353 


Abstract: In this paper, we present the lattice structures of neutrosophic theories. We prove that 
Zhang-Zhang’s YinYang bipolar fuzzy set is a subclass of the Single-Valued bipolar neutrosophic set. 
Then we show that the pair structure is a particular case of refined neutrosophy, and the number of 
types of neutralities (sub-indeterminacies) may be any finite or infinite number. 


Keywords: neutrosophic set; Zhang-Zhang’s YinYang bipolar fuzzy set; single-valued bipolar 
neutrosophic set; bipolar fuzzy set; YinYang bipolar fuzzy set 


1. Introduction 


First, we prove that Klement Dand Mesiar’s lattices [1] do not fit the general definition of 
neutrosophic set, and we construct the appropriate nonstandard neutrosophic lattices of the first type 
(as neutrosophically ordered set) [2], and of the second type (as neutrosophic algebraic structure, 
endowed with two binary neutrosophic laws, inf) and sup,,) [2]. 

We also present the novelties that neutrosophy, neutrosophic logic, set, and probability and 
statistics, with respect to the previous classical and multi-valued logics and sets, and with the classical 
and imprecise probability and statistics, respectively. 

Second, we prove that Zhang-Zhang’s YinYang bipolar fuzzy set [3,4] is not equivalent with but a 
subclass of the Single-Valued bipolar neutrosophic set. 

Third, we show that Montero, Bustince, Franco, Rodriguez, Gomez, Pagola, Fernandez, and 
Barrenechea’s paired structure of the knowledge representation model [5] is a particular case of Refined 
Neutrosophy (a branch of philosophy that generalized dialectics) and of the Refined Neutrosophic 
Set [6]. We disprove again the claim that the bipolar fuzzy set (renamed as YinYang bipolar fuzzy set) 
is the same of neutrosophic set as asserted by Montero et al [5]. 

About the three types of neutralities presented by Montero et al., we show, by examples and 
formally, that there may be any finite number or an infinite number of types of neutralities n, or that 
indeterminacy (J), as neutrosophic component, can be refined (split) into 1 < n < co number of sub- 
indeterminacies (not only 3 as Montero et al. said) as needed to each application to solve. 

Also, we show, besides numerous neutrosophic applications, many innovatory contributions to 
science were brought on by the neutrosophic theories, such as: generalization of Yin Yang Chinese 
philosophy and dialectics to neutrosophy [7], a new branch of philosophy that is based on the dynamics 
of opposites and their neutralities, the sum of the neutrosophic components T, I, F up to 3, the degrees 
of dependence/independence between the neutrosophic components [8,9]; the distinction between 
absolute truth and relative truth in the neutrosophic logic [10], the introduction of nonstandard 
neutrosophic logic, set, and probability after we have extended the nonstandard analysis [11,12], the 
refinement of neutrosophic components into subcomponents [6]; the ability to express incomplete 
information, complete information, paraconsistent (conflicting) information [13,14]; and the extension 
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of the middle principle to the multiple-included middle principle [15], introduction of neutrosophic 
crisp set and topology [16], and so on. 


2. Answers to Erich Peter Klement and Radko Mesiar 


2.1. Oversimplification of the Neutrosophic Set 
At [1], page 10 (Section 3.3) in their paper, related to neutrosophic sets, they wrote: 
“As a straightforward generalization of the product lattice (I x1, Sem) for each n € N, the n-dimensional 


unit cube (I", <comp i.e., the n-dimensional product of the lattice (I, <comp), can be defined by means of (1) 
and (2). 

The so-called “neutrosophic” sets introduced by F. Smarandache [93] (see also [94-97], which are based on 
the bounded lattices (I°, <p) and (1°, <P), where the orders <;3 and <,3 on the unit cube I? are defined by the 
Equations below. 


(x1, X2,%3) Sp (Y1,Y2,¥3) 2x1 < yi AND x2 < y2 AND x3 = y3 (-13) 
(x1, X2,%3) a (Y1, Y2, ¥3) & X1 S yy AND x2 > y2 AND x3 > 3 (-14) 


The authors have defined Equations (1) and (2) as follows: 


n 
TI Li, <on} where (Li, <1;) are fuzzy lattices, foralll<i<n (1) 

i=1 
(X1,%2,-++,Xn) Scomp (Y1/Y21-++1Yn) @ X1 Sy, AND x2 < y2 AND ... AND Xn < Yn (2) 


The authors did not specify what type of lattices they employ: of the first type (lattice, as a partially 
ordered set), or the second type (lattice, as an algebraic structure). Since their lattices are endowed 
with some inequality (referring to the neutrosophic case), we assume it is as the first type. 

The authors have used the notations: 


I = (0, 1], 
P = (0, 1)°, 
13 = fo, 1°. 


The order relationship <comp on IP can be defined as: 


(x1,X2, 3) Scomp (Y1, Y2/¥3) @ X1 S y1 and x2 < y2 and x3 < y3 


The three lattices they constructed are denoted by KL,, KL2, KL3, respectively. 


3 
KL1 = (18, Scomp), KLz = (2, <p), KE3 = (8, <") 


Contain only the very particular case of standard single-valued neutrosophic set, i.e., 
when the neutrosophic components T (truth-membership), I (indeterminacy-membership), and 
F (false-membership) of the generic element x(T, I, F), of aneutrosophic set N are single-valued (crisp) 
numbers from the unit interval (0, 1]. 

The authors have oversimplified the neutrosophic set. Neutrosophic is much more complex. Their 
lattices do not characterize the initial definition of the neutrosophic set ([10], 1998): a set whose elements 
have the degrees of appurtenance T, I, F, where T, I, F are standard or nonstandard subsets of the 
nonstandard unit interval: |~0, 1+ [, where |~0, 1* | overpasses the classical real unit interval [0, 1] to 
the left and to the right. 
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2.2. Neutrosophic Cube vs. Unit Cube 


Clearly, their I8 = [0,1]8 ¢ ]~0, 1*[° that is our neutrosophic cube (Figure 1), where ]~0 = u(~0) 
is the left nonstandard anual of number 0, and 1* = u(17) is the right nonstandard monad of 
number 1. 


*(0,0,1") 


G 


4B, 0) 


Cc D°(0,1°, 0) 
Figure 1. Neutrosophic cube. 


The unit cube I? used by the authors does not equal the above neutrosophic cube. The neutrosophic 
cube A’B’C’D’E’F’G'H’ was introduced by Dezert [17] in 2002. 


2.3. The Most General Neutrosophic Lattices 


The authors’ lattices are far from catching the most general definition of the neutrosophic set. 

Let U/ be a universe of discourse, and M c U bea set. Then an element x(T (x), I(x), F(x)) € M, 
where T(x), I(x), F(x) are standard or nonstandard subsets of nonstandard interval: |~Q, ¥*[, where 
Q<0<1<¥, withQO, ¥ ¢ R, whose values QO and ¥ depend on each application, and 


to El S< {e,a,a pa, at, at? at, a 


[Q, ¥], eis infinitesimal}, 


mn a 
where a, m € Ce ptt ot perl are monads or binads [12]. 


It follows that the nonstandard neutrosophic mobinad real offsets lattices ( [ae Fr], gon ) and 


( PO), "ing; sup.,7H, ) of the first type and, respectively, of the second type are the most 
general (non-refined) neutrosophic lattices. 


While the most general refined neutrosophic lattices of the first type is: ( Po, SF, ae ), where 


ae is the n-tuple nonstandard neutrosophic inequality dealing with nonstandard subsets, defined as: 


(Ty (x), T2(x), . oe I, (x), Ip(x), . oe FP), Fa), 0... Fale) ) Se? (1), 
Ta(y), Toy); HY), i(y), «1 L(y); Fily), Faly), --.. Fs(y)) iff 


Tle) ee TG, Be) a a, oo Be Se hy 
(x) 22"5 Thy), Ta(x) 222" Bpy), «.., Tee) 22985 Ir(y) 
Fy (xt) 2905 Fy (y), Fa(x) 28S Fo(y), ..21 Fox) 280 Fe(y) 
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2.4. Distinction between Absolute Truth and Relative Truth 


The authors’ lattices are incapable of making distinctions between absolute truth (when T = 
1* >y 1) and relative truth (when T = 1) in the sense of Leibniz, which is the essence of nonstandard 
neutrosophic logic. 


2.5. Neutrosophic Standard Subset Lattices 


Their three lattices are not even able to deal with standard subsets [including intervals [8], and 
hesitant (discrete finite) subsets] T, I, F € [0, 1], since they have defined the 3D-inequalities with 
respect to single-valued (crisp) numbers: x1, x2, x3 € (0, 1] and yj, y2, y3 € [0, 1]. 

In order to deal with standard subsets, they should use inffsup, i.e., 


(T1,1,,F,) < (T2, 12, F2) eS 

infT < infT2 and supT) < supT?, 
infl, > inflz and sup]; > supl, 

and infF, > infF2 and supF) > supF2 


[I have displayed the most used 3D-inequality by the neutrosophic community.] 


2.6. Nonstandard and Standard Refined Neutrosophic Lattices 


The Nonstandard Refined Neutrosophic Set [2,6,12], defined on |~0,1*[", strictly includes their 
n-dimensional unit cube (I”), and we use a nonstandard neutrosophic inequality, not the classical 
inequalities, to deal with inequalities of monads and binads, such as <"0"° and <0", 

Not even the Standard Refined Single-Valued Neutrosophic Set [6] (2013) may be characterized 
with KL), KL2, and KL3 nor with (I", <comp); since the n-D neutrosophic inequality is different from 
n-D <comp, and from n-D extensions of <;, or </s respectively, as follows: 

Let T be refined into T;, T2,... , Tp; 

I be refined into l, In,... , I; 

and F be refined into Fy, Fo,... , Fs; 

with p, r, s > 1 are integers, and p+r+s = n > 4, produced the following n-D 
neutrosophic inequality. 

Bet le cg Te cig pec | S| Ty cing capt pay PO, 

Then: 

ToT Ae ST psa Sy 
Cayye) Pel Ee ng ely 
PSP) FS agt SF 
2.7. Neutrosophic Standard Overset/Underset/Offset Lattice 


Their three lattices KL), KL2 and KL3 are no match for neutrosophic overset (when the neutrosophic 
components T, I, F > 1), nor for neutrosophic underset (when the neutrosophic components T, I, F < 0), 
and, in general, no match for the neutrosophic offset (when the neutrosophic components T, I, F 
take values outside the unit interval [0, 1] as needed in real life applications [13,14,18-20] (2006-2018): 
[-O, ¥] with <0<1<¥.) 

Therefore, a lattice may similarly be built on the non-unitary neutrosophic cube |v, pp. 


2.8. Sum of Neutrosophic Components up to 3 


The authors do not mention the novelty of neutrosophic theories regarding the sum of single-valued 
neutrosophic components T + I+ F < 3, extended up to 3, and, similarly, the corresponding inequality 
when T, I, F are subsets of [0, 1]: supT + sup! + supF < 3, for neutrosophic set, neutrosophic logic, and 
neutrosophic probability never done before in the previous classic logic and multiple-valued logics 
and set theories, nor in the classical or imprecise probabilities. 
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This makes a big difference, since, for a single-valued neutrosophic set S, all unit cubes [0, a are 
fulfilled with points, each point P(a, b, c) into the unit cube may represent the neutrosophic coordinates 
(a, b, c) of anelement x(a, b, c) € S, which was not the case for previous logics, sets, and probabilities. 

This is not the case for the Picture Fuzzy Set (Cuong [21], 2013) whose domain is r of the unit 
cube (a cube corner): 


y= { (x1,22,X3) € Bx +X2+%x3< 1} 


For Intuitionistic Fuzzy Set (Atanassov [22], 1986), the following is true. 


A= { (x1, 2,23) E Bx +%2+%3= 1} 


where x; = membership degree, x2 = hesitant degree, and x3 = nonmembership degree, whose domain 
is the main cubic diagonal triangle that connects the vertices: (1, 0, 0), (0, 1, 0), and (0, 0,1), ie., 
triangle BDE (its sides and its interior) in Figure 1. 


2.9. Etymology of Neutrosophy and Neutrosophic 


The authors [1] write ironically twice, in between quotations, “neutrosophic” because they did 
not read the etymology [10] of the word published into my first book (1998), etymology, which also 
appears into Denis Howe’s 1999 The Free Online Dictionary of Computing [23], and, afterwards, repeated 
by many researchers from the neutrosophic community in their published papers: 

Neutrosophy [23]: <philosophy> (From Latin “neuter”—neutral, Greek “sophia’”—skillfwisdom). 
A branch of philosophy, introduced by Florentin Smarandache in 1980, which studies the origin, nature, and 
scope of neutralities, as well as their interactions with different ideational spectra. Neutrosophy considers a 
proposition, theory, event, concept, or entity, “A” in relation to its opposite, “Anti-A” and that which is not 
A, “Non-A”, and that which is neither “A” nor “Anti-A”, denoted by “Neut-A”. Neutrosophy is the basis of 
neutrosophic logic, neutrosophic probability, neutrosophic set, and neutrosophic statistics. 

While neutrosophic means what is derived/resulted from neutrosophy. 

Unlike the “intuitionistic|” and “picture fuzzy” notions, the notion of neutrosophic was carefully 
and meaningfully chosen, coming from neutral (or indeterminate, denoted by <neutA>) between two 
opposites, (A) and (antiA), which made the main distinction between neutrosophic logic/set/probability, 
and the previous fuzzy, intuitionistic fuzzy logics and sets, i.e., 


- For neutrosophic logic neither true nor false, but neutral (or indeterminate) in between them; 

- Similarly for neutrosophic set: neither membership nor non-membership, but in between (neutral, 
or indeterminate); 

- And analogously for neutrosophic probability: chance that an event E occurs, chance that the event 
E does not occur, and indeterminate (neutral) chance of the event E of occurring or not occuring. 


Their irony is malicious and ungrounded. 


2.10. Neutrosophy as Extension of Dialectics 


Let (A) be a concept, notion, idea, or theory. 

Then (antiA) is the opposite of (A), while (neutA) is the neutral (or indeterminate) part 
between them. 

While in philosophy, Dialectics is the dynamics of opposites ({A) and (antiA)), Neutrosophy is an 
extension of dialectics. In other words, neutrosophy is the dynamics of opposites and their neutrals 
((A), (antiA), (neutA)), because the neutrals play an important role in our world, interfering in one 
side or the other of the opposites. 

Refined Neutrosophy is an extension of Neutrosophy, and it is the dynamics of the refined-items 
<A>, <A2>, ..., <An>, their refined-opposites <antiA;>, <antiA2>, ..., <antiA,>, and their 
refined-neutrals <neutA;>, <neutAz>,..., <neutAy>. 

As an extension of Refined Neutrosophy one has the Plithogeny [24-27]. 
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2.11. Refined Neutrosophic Set and Lattice 


At page 11, Klement and Mesiar ([1], 2018) assert that: Considering, for n > 3, lattices which are 
isomorphic to (Ln (I), Savin), further generalizations of “neutrosophic” sets can be introduced. 

The authors are uninformed so that a generalization was done in 2013 when we have published a 
paper [6] that introduced, for the first time, the refined neutrosophic set/logic/probability, where T, I, F 
were refined into n neutrosophic subcomponents: 

T1, To, cia pl play lays: 1; Fy, Fo, mies , Fs, 

With p, r, s > lare integers andp+r+s=n>2>4. 

But in our lattice (I, <,), the neutrosophic inequality is adjusted to the categories of sub-truths, 
sub-indeterminacies, and sub-falsehood, respectively. 


(Ti (x), To (x), ...» Tp(x)s Iy(x), Jo), «.-, E(x); Fi(x), Fo(x), -.., Fs(x)) Sun (Ti(y), Ta(y), 
-- Ty(y); ily), lo(y), .--, Ie(y); Fi(y), Foly), ..., Fs(y)) if and only if 
T1(x) $ Ti(y), To(x) $ Ta(y), ---» Tp(2) < Try) 
K(x) 2h(y), h(x) 2 bly), ---, L(x) 2 hry) 
Fy (x) = Fi(y), Fo(x) 2 Fa(y), -.., Fs(x) 2 Fs(y) 
Therefore, <j is different from the n-D inequalities <comp, and from <j and <P (extending from 
authors inequalities <j;3 and a, respectively). 
2.12. Nonstandard Refined Neutrosophic Set and Lattice 


Even more, Nonstandard Refined Neutrosophic Set/Logic/Probability (which include infinitesimals, 
monads, and closed monads, binads and closed binads) has no connection and no isomorphism 
whatsoever with any of the authors’ lattices or extensions of their lattices for 2D and 3D to nD. 


2.13. Nonstandard Neutrosophic Mobinad Real Lattice 


We have built ([2], 2018) a more complex Nonstandard Neutrosophic Mobinad Real Lattice, on 
the nonstandard mobinad unit interval |~0, 1*[ defined as: 


]-0, 1* [= {e,a,a ja, at, at9 ata 0+! withO<a<1, aé€R, ande > 0, ¢ infinitesimal, ee R'} 


which is both nonstandard neutrosophic lattice of the first type (as partially ordered set, under 
neutrosophic inequality <y) and lattice of the second type (as algebraic structure, endowed with two 
binary nonstandard neutrosophic laws: infy and sup,). 

Now, |70, 1*[° is a nonstandard unit cube, with much higher density than [0, i and which 
comprise not only real numbers a € [0, 1] but also infinitesimals « > 0 and monads and binads 
neutrosophically included in ]~0, 1*[. 


2.14. New Ideas Brought by the Neutrosophic Theories and Never Done Before 


— The sum of the neutrosophic components is up to 3 (previously the sum was up to 1); 
— Degree of independence and dependence between the neutrosophic components T, I, F, making 
their sum T + I+ F vary between 0 and 3. 


For example, when T, I, and F are totally dependent with each other, then T + I+ F < 1. Therefore, 
we obtain the particular cases of intuitionistic fuzzy set (when T + I + F = 1) and picture set when 
T+I+F <1. 


— Nonstandard analysis used in order to distinguish between absolute and relative (truth, 
membership, chance). 
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— Refinement of the components into sub-components: 
(Tip Daxaieey Ty; Tyla, +-) ys Fay Payee Fs) 


with the newly introduced Refined Neutrosophic Logic/Set/Probability. 

— Ability to express incomplete information (T +1I-+F < 1) and paraconsistent (conflicting) and 
subjective information (T + 1+ F > 1). 

— Law of Included Middle explicitly/independently expressed as (neutA) (indeterminacy, neutral). 

— Law of Included Middle expanded to the Law of Included Multiple-Middles within the refined 
neutrosophic set as well as logic and probability. 

—  Alarge array of applications [28-30] in a variety of fields, after two decades from their foundation 
([10], 1998), such as: Artificial Intelligence, Information Systems, Computer Science, Cybernetics, 
Theory Methods, Mathematical Algebraic Structures, Applied Mathematics, Automation, Control 
Systems, Communication, Big Data, Engineering, Electrical, Electronic, Philosophy, Social Science, 
Psychology, Biology, Biomedical, Engineering, Medical Informatics, Operational Research, 
Management Science, Imaging Science, Photographic Technology, Instruments, Instrumentation, 
Physics, Optics, Economics, Mechanics, Neurosciences, Radiology Nuclear, Medicine, Medical 
Imaging, Interdisciplinary Applications, Multidisciplinary Sciences, and more [30]. 


Klement’s and Mesiar’s claim that the neutrosophic set (I do not talk herein about intuitionistic 
fuzzy set, picture fuzzy set, and Pythagorean fuzzy set that they criticized) is not a new result is far 
from the truth. 


3. Neutrosophy vs. Yin Yang Philosophy 


Ying Han, Zhengu Lu, Zhenguang Du, Gi Luo, and Sheng Chen [3] have defined the “Yin Yang 
bipolar fuzzy set” (2018). 

However, the “YinYang bipolar” is already a pleonasm, because, in Taoist Chinese philosophy, 
from the 6th century BC, Yin and Yang was already a bipolarity, between negative (Yin)/positive (Yang), 
or feminine (Yin)/masculine (Yang). 

Dialectics was derived, much later in time, from Yin Yang. 

Neutrosophy, as the dynamicity and harmony between opposites (Yin <A> and Yang (antiA>) 
together with their neutralities (things which are neither Yin nor Yang, or things which are blends of 
both: <neutA>) is an extension of Yin Yang Chinese philosophy. Neutrosophy came naturally since, 
into the dynamicity, conflict, cooperation, and even ignorance between opposites, the neutrals are 
attracted and play an important role. 


3.1. YinYang Bipolar Fuzzy Set Is the Bipolar Fuzzy Set 


The authors sincerely recognize that: “In the existing papers, YinYang bipolar fuzzy set also was called 
bipolar fuzzy set [5] and bipolar-valued fuzzy set [13,16].” 

These papers are cited as References [31-33]. 

We prove that the YinYang bipolar fuzzy set is not equivalent with the neutrosophic set, but a 
particular case of the bipolar neutrosophic set. 

The authors [3] say that: “Denote P = [0, 1] and W = [-1, 0], and L = 


ms all at |B iN 
{ Pa €IN 


a=(e a Jia et \, then a is called the YinYang bipolar fuzzy number. (YinYang bipolar 


fuzzy set) X = {x}, -, Xn} represents the finite discourse. YinYang bipolar fuzzy set in X is defined by 


the mapping below. 
- oP oN 
A:X>~Lx-> (4 (x),A )) vs € X. 
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aP ~P ~N ~N 
where the functions A :X > I?,x A (x)eI? and A :X—IN,x >A (x) eI" define the 
satisfaction degree of the element x € X to the property, and the implicit counter-property to the 


YinYang bipolar fuzzy set A in X, respectively (see [3], page 2). 

With simpler notations, the above set L is equivalent to: 

L = {(a, b), with a € [0, 1], b € [-1, O]}, and the authors denote (a, b) as the YinYang bipolar 
fuzzy number. 

Further on, again with simpler notations, the so-called YinYang bipolar fuzzy set in 

X = {x1,...,Xn} is equivalent to: 

X = {x1 (41, 51), ... , Xn(@n, bn)}, where all a1, ... ,€n € [0, 1], and all by,... , by € [-1, O]}. Clearly, this 
is the bipolar fuzzy set and there is no need to call it the “YinYang bipolar fuzzy set.” The authors 
added that: “Montero et al. pointed out that the neutrosophic set is equivalent to the YinYang bipolar 
fuzzy set in syntax.” However, the bipolar fuzzy set is not equivalent to the neutrosophic set at all. 
The bipolar fuzzy set is actually a particular case of the bipolar neutrosophic set, defined as (keeping 
the previous notations): 


X = {x1( (41, 61), (C1, 41), (e1,f1) ),-++ 1 Xn (Gn, bn), (Cn dn), (en, fu) )} 


where 

all ay,... Ayn, Cy, ++. Cn, C1, ++» en €[0, 1], and all by,... , by, d1,... dn, fr,--- fn € [-1, O]}; 

for a generic x;((aj, bj),(cj, dj), (Gi, fj) EX, lsj<n, 

a; = positive membership degree of x;, and b; = negative membership degree of x;; 

cj = positive indeterminate-membership degree of x;, and d; = negative indeterminate membership 
degree of Xi; 

e; = positive non-membership degree of x;, and f; = negative non-membership degree of x;. 

Using notations adequate to the neutrosophic environment, one found the following. 

Let U be a universe of discourse, and M Cc U be a set. M is a single-valued bipolar fuzzy set 
(that authors call YinYang bipolar fuzzy set) if, for any element, x(T eT Gy) eM, Thy € [0, 1], and 


is the negative membership of 


To € [-1, 0], where T*, is the positive membership of x, and To 


(x) 

x. (BFS). 

The authors write that: “Montero et al. pointed that the neutrosophic set [22] is equivalent to the YinYang 
bipolar fuzzy set in syntax [17]”. 

Montero et al.’s paper is cited below as Reference [5]. 

If somebody says something, it does not mean it is true. They have to verify. Actually, it is untrue, 
since the neutrosophic set is totally different from the so-called Yin Yang bipolar fuzzy set. 

Let U be a universe of discourse, and M c U be a set, if for any element. 


x(T(x),1(x), F(x)) €M 


T(x),1(x), F(x) are standard or nonstandard real subsets of the nonstandard real subsets of the 
nonstandard real unit interval ]~0, 1*[. (NS). 

Clearly, the definitions (BFS) and (NS) are totally different. In the so-called YinYang bipolar 
fuzzy set, there is no indeterminacy I(x), no nonstandard analysis involved, and the neutrosophic 
components may be subsets as well. 


3.2. Single-Valued Bipolar Fuzzy Set as a Particular Case of the Single-Valued Bipolar Neutrosophic Set 


The Single-Valued bipolar fuzzy set (alias YinYang bipolar fuzzy set) is a particular case of 
the Single-Valued bipolar neutrosophic set, employed by the neutrosophic community, and defined 
as follows: 
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Let U be a universe of discourse, and M Cc U be a set. M is a single-valued bipolar neutrosophic 
set, if for any element: 
x(T i, y Tiley lei Fh yoy) eM 
+ 7+ pt 
Toy Hay Fig € 10 W 


Too Tay Fe Et 


3.3. Dependent Indeterminacy vs. Independent Indeterminacy 


The authors say: “Attanassov’s intuitionistic fuzzy set [4] perfectly reflects indeterminacy but 
not bipolarity.” 

We disagree, since Atanassov’s intuitionistic fuzzy set [22] perfectly reflects hesitancy between 
membership and non-membership not indeterminacy, since hesitancy is dependent on membership 
and non-membership: H = 1—T -—F, where H = hesitancy, T = membership, and F = non-membership. 

It is the single-valued neutrosophic set that “perfectly reflects indeterminacy” since indeterminacy 
(I) in the neutrosophic set is independent from membership (T) and from nonmembership (F). 

On the other hand, the neutrosophic set perfectly reflects the bipolarity 
membership/non-membership as well, since the membership (T) and nonmembership (F) are 
independent of each other. 


3.4. Dependent Bipolarity vs. Independent Bipolarity 


The bipolarity in the single-valued fuzzy set and intuitionistic fuzzy set is dependent (restrictive) 
in the sense that, if the truth-membership is T, then it involves the falsehood-nonmembership 
F <1-—T while the bipolarity in a single-valued neutrosophic set is independent (nonrestrictive): if the 
truth-membership T € [0, 1], the falsehood-nonmebership is not influenced at all, then F € [0, 1]. 


3.5. Equilibriums and Neutralities 


Again: “While, in semantics, the YinYang bipolar fuzzy set suggests equilibrium, and neutrosophic 
set suggests a general neutrality. While the neutrosophic set has been successfully applied to a medical 
diagnosis [9,27], from the above analysis and the conclusion in [31], we see that the YinYang bipolar 
fuzzy set is clearly the suitable model to a bipolar disorder diagnosis and will be adopted in this paper.” 

I'd like to add that the single-valued bipolar neutrosophic set suggests: 

— three types of equilibrium, between: Thy and Tol y ) and I~ (x)! and FY (x) y 


— and two types of neutralities (indeterminacies) between T*, and F*,, and between T_, and F- 


(x) (x)’ (x) (x)" 


Therefore, the single-valued bipolar neutrosophic set is 3 x 2 = 6 times more complex and more 


and Fo 
(x 


flexible than the YinYang bipolar fuzzy set. Due to higher complexity, flexibility, and capability of 
catching more details (such as falsehood-nonmembership, and indeterminacy), the single-valued 
bipolar neutrosophic set is more suitable than the YinYang bipolar fuzzy set to be used in a bipolar 
disorder diagnosis. 


3.6. Zhang-Zhang’s Bipolar Model is not Equivalent with the Neutrosophic Set 


Montero et al. [5] wrote: “Zhang-Zhang’s bipolar model is, therefore, equivalent to the neutrosophic sets 
proposed by Smarandache [70]” (p. 56). 

This sentence is false and we proved previously that what Zhang & Zhang proposed in 2004 is a 
subclass of the single-valued bipolar neutrosophic set. 
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3.7. Tripolar and Multipolar Neutrosophic Sets 


Not talking about the fact that, in 2016, we have extended our bipolar neutrosophic set to tripolar 
and even multipolar neutrosophic sets [18], the sets have become more general than the bipolar 
fuzzy model. 


3.8. Neutrosophic Overset/Underset/Offset 


Not talking that the unit interval [0, 1] was extended in 2006 below 0 and above 1 into the 
neutrosophic overset/underset/offset: [O, ¥] with O < 0 <1 < ¥ (as explained above). 


3.9. Neutrosophic Algebraic Structures 


The Montero et al. [5] continue: “Notice that none of these two equivalent models include any formal 
structure, as claimed in [48]’. 

First, we have proved that these two models (Zhang-Zhang’s bipolar fuzzy set, and neutrosophic 
logic) are not equivalent at all. Zhang-Zhang’s bipolar fuzzy set is a subclass of a particular type of 
neutrosophic set, called the single-valued bipolar neutrosophic set. 

Second, since 2013, Kandasamy and Smarandache have developed various algebraic structures 
(such as neutrosophic semigroup, neutrosophic group, neutrosophic ring, neutrosophic field, 
neutrosophic vector space, etc.) [28] on the set of neutrosophic numbers: 

SR= {a + bI|, where a, b € R, and I = indeterminacy, P= I, where R is the set of real numbers. 

And extended on: 

Sc = {a + bI|, where a, b € C, and I = indeterminacy, P= I, where C is the set of 
complex numbers. 

However, until 2016 [year of Montero et al.’s published paper], I did not develop a formal structure 
on the neutrosophic set. Montero et al. are right. 

Yet, in 2018, and, consequently at the beginning of 2019, we [2] developed, then generalized, and 
proved that the neutrosophic set has a structure of the lattice of the first type (as the neutrosophically 
partially ordered set): (]~0, 1*[,<n), where ]~0, 1*[ is the nonstandard neutrosophic mobinad 
(monads and binads) real unit interval, and <j is the nonstandard neutrosophic inequality. Moreover, 
( ]-0, 1* |, infy, sup," 0, 1*) has the structure of the bound lattice of the second type (as algebraic 
structure), under two binary laws infy (nonstandard neutrosophic infimum) and sup, (nontandard 
neutrosophic supremum). 


3.10. Neutrality (<neutA>) 


Montero et al. [5] continue: ” ... the selected denominations within each model might suggest different 
underlying structures: while the model proposed by Zhang and Zhang suggests conflict between categories 
(a specific type of neutrality different from Atanassov’s indeterminacy), Smarandache suggests a general neutrality 
that should, perhaps jointly, cover some of the specific types of neutrality considered in our paired approach.” 

In neutrosophy and neutrosophic set/logic/probability, the neutrality <neutA> means everything 
in between <A> and <antiA>, everything which is neither <A> nor <antiA>, or everything which is a 
blending of <A> and <antiA>. 

Further on, in Refined Neutrosophy and Refined Neutrosophic Set/Logic/Probability [9], the 
neutrality <neutA> was split (refined) in 2013 into sub-neutralities (or sub-indeterminacies), such as: 
<neutA;>, <neutA2>,..., <neutA,> whose number could be finite or infinite depending on each 
application that needs to be solved. 

Thus, the paired structure becomes a particular case of refined neutrosophy (see next). 


4. The Pair Structure as a Particular Case of Refined Neutrosophy 


Montero et al. [5] in 2016 have defined a paired structure: “composed by a pair of opposite concepts and 
three types of neutrality as primary valuations: L = {concept, opposite, indeterminacy, ambivalence, conflict}.” 
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Therefore, each element x € X, where X is a universe of discourse, is characterized by a degree 
function, with respect to each attribute value from L: 


uw: X— (0, 1) 


u(x) = (41 (x), Ho (x), ua (x), wa(x), us (x)) 


where [1 (x) represents the degree of x with respect to the concept; 
L2(x) represents the degree of x with respect to the opposite (of the concept); 
L3(x) represents the degree of x with respect to ‘indeterminacy’; 
L4(x) represents the degree of x with respect to ‘ambivalence’; 
Us(x) represents the degree of x with respect to ‘conflict’. 
However, this paired structure is a particular case of Refined Neutrosophy. 


4.1. Antonym vs. Negation 


First, Dialectics is the dynamics of opposites. Denote them by (A) and (antiA), where (A) may be 
an item, a concept, attribute, idea, theory, and so on while (antiA) is the opposite of (A). 

Secondly, Neutrosophy ([10], 1998), as a generalization of Dialectics, and a new branch of 
philosophy, is the dynamics of opposites and their neutralities (denoted by (neutA)). Therefore, 
Neutrosophy is the dynamics of (A), (antiA), and (neutA). 

{neutA) means everything, which is neither (A) nor (antiA), or which is a mixture of them, or 
which is indeterminate, vague, or unknown. 

The antonym of (A) is (antiA). 

The negation of (A) (which we denote by (nonA)) is what is not (A), therefore: 


ayn (A) = (nonA) =n (neutA)U x <antiA) 


We preferred to use the lower index y (neutrosophic) because we deal with items, concepts, 
attributes, ideas, and theories such as (A) and, in consequence, its derivates (antiA), (neutA), 
and (nonA), whose borders are ambiguous, vague, and not clearly delimited. 


4.2. Refined Neutrosophy as an Extension of Neutrosophy 


Thirdly, Refined Neutrosophy ([6], 2013), as an extension of Neutrosophy, and a refined branch 
of philosophy, is the dynamics of refined opposites: (A1), (Az), ... , (Ap) with (antiA;), (antiA2),..., 
{antiA,), and their refined neutralities: (neutA;), (neutA?),..., (neutA,), for integers p, r,s > 1, and 
p+r+s=n2A. Therefore, the item (A) has been split into sub-items (Aj), 1 < j < p, the (antiA) into 
sub-(anti-items) (antiA;), 1 < 1 < s, and the (neutA) into sub-(neutral-items) (neutA;),1<k <r. 


4.3. Qualitative Scale as a Particular Case of Refined Neutrosophy 


Montero et al.’s qualitative scale [5] is a particular case of Refined Neutrosophy where the 
neutralities are split into three parts. 


L = {concept, opposite, indeterminacy, ambivalence, conflict} = {<A>, <antiA>, <neutA;>, <neutA >, <neutA3>} 


where: <A> = concept, <antiA> = opposite, <neutA1> = indeterminacy, <neutA2> = ambivalence, 
<neutA3> = conflict. 

Yin Yang, Dialectics, Neutrosophy, and Refined Neutrosophy (the last one having only (neutA) as 
refined component), are bipolar: (A) and (antiA) are the poles. 

Montero et al.’s qualitative scale is bipolar (‘concept’, and its ‘opposite’). 
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4.4, Multi-Subpolar Refined Neutrosophy 


However, the Refined Neutrosophy, whose at least one of (A) or (antiA) is refined, is multi-subpolar. 


4.5. Multidimensional Fuzzy Set as a Particular Case of the Refined Neutrosophic Set 


Montero et al. [5] defined the Multidimensional Fuzzy Set Ay as: At = {< X; (Ms (X)) ser >|x € x}, 
where X is the universe of discourse, L = the previous qualitative scale, and j1,(x) € S, where S isa 
valuation scale (in most cases S = [0, 1]), s(x) is the degree of x with respect to s € L. 

A Single-Valued Neutrosophic Set is defined as follows. Let U be a universe of discourse, and 
Mc WU aset. For each element x(T(x), I(x), F(x)) € M, T(x) € [0, 1] is the degree of truth-membership 
of element x with respect to the set M, I(x) € [0, 1] is the degree of indeterminacy-membership of 
element x with respect to the set M, and F(x) € [0, 1] is the degree of falsehood-nonmembership of 
element x with respect to the set M. 

Let’s refine I(x) as I(x), In(x), and I3(x) € [0, 1] sub-indeterminacies. Then we get a single-valued 
refined neutrosophic set. 


Lconcept () = T(x) (truth-membership); 
a 


Hopposite (x) 
Lindeterminacy(X) = 11 (x) (first sub-indeterminacy); 


(x) (falsehood-non-membership); 


Hambivalence(X) = I7(x) (second sub-indeterminacy); 
Uconflict (X) = 13(x) (third sub-indeterminacy). 


The Single-Valued Refined Neutrosophic Set is defined as follows. Let U/ be a universe of discourse, 
and M c Ua set. For each element: 


x(T1 (x), To(x),---,Tp(x)s n(x), a(x), .««-Lr(2); Fi(x), Fo(x),...,Fs(x)) € M 


T;(x),1 <j < p, are degrees of subtruth-submembership of element x with respect to the set M. 

I(x), 1 < k < r, are degrees of subindeterminacy-membership of element x with respect to 
the set M. 

Lastly, F)(x), 1 < 1 < s, are degrees of sub-falsehood-sub-non-membership of element x with 
respect to the set M, where integers p, r,s > 1,andp+r+s=n2>4. 

Therefore, Montero et al.’s multidimensional fuzzy set is a particular case of the refined 
neutrosophic set, when p = 1,7 = 3, ands = 1, wheren =1+3+1=5. 


4.6. Plithogeny and Plithogenic Set 


Fourthly, in 2017 and in 2018 [24—27], the Neutrosophy was extended to Plithogeny, which is 
multipolar, being the dynamics and hermeneutics [methodological study and interpretation] of many 
opposites and/or their neutrals, together with non-opposites. 

(A), (neutA), (antiA); 

(B), (neutB), (antiB); etc. 

(C), (DJ, etc. 

In addition, the Plithogenic Set was introduced, as a generalization of Crisp, Fuzzy, Intuitionistic 
Fuzzy, and Neutrosophic Sets. 

Unlike previous sets defined, whose elements were characterized by the attribute ‘appurtenance’ 
(to the set), which has only one (membership), or two (membership, nonmembership), or three 
(membership, nonmembership, indeterminacy) attribute values, respectively. For the Plithogenic Set, 
each element may be characterized by a multi-attribute, with any number of attribute values. 
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4.7. Refined Neutrosophic Set as a Unifying View of Opposite Concepts 


Montero et al.’s statement [5] from their paper Abstract: “we propose a consistent and unifying view 
to all those basic knowledge representation models that are based on the existence of two somehow opposite 
fuzzy concepts.” 

With respect to the “unifying” claim, their statement is not true, since, as we proved before, their 
paired structure together with three types on neutralities (indeterminacy, ambivalence, and conflict) 
is a simple, particular case of the refined neutrosophic set. 

The real unifying view currently is the Refined Neutrosophic Set. 

{I was notified about this paired structure article [5] by Dr. Said Broumi, who forwarded it to me.} 


4.8. Counter-Example to the Paired Structure 


As a counter example to the paired structure [5], it cannot catch a simple voting scenario. 

The election for the United States President from 2016: Donald Trump vs. Hillary Clinton. USA 
has 50 states and since, in the country, there is an Electoral vote, not a Popular vote, it is required to 
know the winner of each state. 

There were two opposite candidates. 

The candidate that receives more votes than the other candidate in a state gets all the points of 
that state. 

As in the neutrosophic set, there are three possibilities: 

T = percentage of USA people voting for Mr. Trump; 

I = percentage of USA people not voting, or voting but giving either a blank vote (not selecting 
any candidate) or a black vote (cutting all candidates); 

F = percentage of USA people voting against Mr. Trump. 

The opposite concepts, using Montero et al.’s knowledge representation, are T (voting for, or 
truth-membership) and F (voting against, or false-membership). However, T > F, or T = F, or 
T < F, that the Paired Structure can catch, mean only the Popular vote, which does not count in the 
United States. 

Actually, it happened that T < F in the US 2016 presidential election, or Mr. Trump lost the 
Popular vote, but he won the Presidency using the Electoral vote. 

The paired structure is not capable of refining the opposite concepts (T and F), while the 
indeterminate (I) could be refined by the paired structure only in three parts. 

Therefore, the paired structure is not a unifying view of all basic knowledge that uses opposite 
fuzzy concepts. However, the refined neutrosophic set/logic/probability do. 

Using the refined neutrosophic set and logic, and splits (refines) T, I, and F as: 

T; = percentage of American state S; people voting for Mr. Trump; 

I; = percentage of American state S; people not voting, or casting a blank vote or a black vote; 

F; = percentage of American state S; people voting against Mr. Trump, with Tj, Ij, F; € (0, 1] and 
T;+1,+F; =1, for all j € {1, 2, ..., 50}. 

Therefore, one has: 

(T1, To, Sie , 150; ,h, Sie ., 150; F,,Fo, ee ., F509). 

On the other hand, due to the fact that the sub-indeterminacies I, In, ... , I5q did not count towards 
the winner or looser (only for indeterminate voting statistics), it is not mandatory to refine I. We could 
simply refine it as: 

(Ti, To, cians , 150; L Fy, Fo, oa ., F509). 


4.9. Finite Number and Infinite Number of Neutralities 


Montero et al. [5]: “(... ) we emphasize the key role of certain neutralities in our knowledge representation 
models, as pointed out by Atanassov [4], Smarandache [70], and others. However, we notice that our notion of 
neutrality should not be confused with the neutral value in a traditional sense (see [22—24,36,54], among others). 
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Instead, we will stress the existence of different kinds of neutrality that emerge (in the sense of Reference [11]) 
from the semantic relation between two opposite concepts (and notice that we refer to a neutral category that does 
not entail linearity between opposites).” 

In neutrosophy, and, consequently, in the neutrosophic set, logic, and probability, between the 
opposite items (concepts, attributes, ideas, etc.) (A) and (antiA), there may be a large number of 
neutralities/indeterminacies (all together denoted by (neutA) even an infinite spectrum—depending 
on the application to solve. 

We agree with different kinds of neutralities and indeterminacies (vague, ambiguous, unknown, 
incomplete, contradictory, linear and non-linear information, and so on), but the authors display only 
three neutralities. 

In our everyday life and in practical applications, there are more neutralities and indeterminacies. 

In another example (besides the previous one about Electoral voting), there may be any number 
of sub indeterminacies/sub neutralities. 

The opposite concepts attributes are: (A) = white, (antiA) = black, while neutral concepts 
in between may be: (neutA;) = yellow, (neutAz) = orange, (neutA3) = red, (neutAy) = violet, 
{neutAs) = green, and (neutAg) = blue. Therefore, we have six neutralities. Example with infinitely 
many neutralities: 


— The opposite concepts: (A) = white, (antiA) = black; 


—  Theneutralities: (neutAj, 2, ., 00) =the whole light spectrum between white and black, measured 
in nanometers (nn) [a nanometer is a billionth part of a meter]. 


5. Conclusions 


The neutrosophic community thank the authors for their criticism and interest in the neutrosophic 
environment, and we wait for new comments and criticism, since, as Winston Churchill had said, the 
eagles fly higher against the wind. 


Notations 

ane means nonstandard n-tuple neutrosophic inequality; 
<nN means standard (real) n-tuple inequality; 

ae means nonstandard unary neutrosophic inequality; 
<n mean standard (real) unary neutrosophic inequality; 
=N means neutrosophic equality; 

aN means neutrosophic negation; 

Un means neutrosophic union; 

= means classical equality; 

<,>,<5,2 mean classical inequalities. 
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Symmetry in Hyperstructure: Neutrosophic 
Extended Triplet Semihypergroups and Regular 
Hypergroups 
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Xiaohong Zhang, Florentin Smarandache, Yingcang Ma (2019). Symmetry in Hyperstructure: 
Neutrosophic Extended Triplet Semihypergroups and Regular Hypergroups. Symmetry, 11, 
1217; DOI: 10.3390/sym11101217 


Abstract: The symmetry of hyperoperation is expressed by hypergroup, more 
extensive hyperalgebraic structures than hypergroups are studied in this paper. The new 
concepts of neutrosophic extended triplet semihypergroup (NET- semihypergroup) and 
neutrosophic extended triplet hypergroup (NET-hypergroup) are firstly introduced, some 
basic properties are obtained, and the relationships among NET-  semihypergroups, 
regular semihypergroups, NET-hypergroups and regular hypergroups are systematically are 
investigated. Moreover, pure NET-semihypergroup and pure NET-hypergroup are 
investigated, and a strucuture theorem of commutative pure NET-semihypergroup is 
established. Finally, a new notion of weak commutative NET-semihypergroup is 
proposed, some important examples are obtained by software MATLAB, and _ the 
following important result is proved: every pure and weak commutative NET- 
semihypergroup is a disjoint union of some regular hypergroups which are its subhypergroups. 


Keywords: hypergroup; semihypergroup; neutrosophic extended triplet group; 
neutrosophic extended triplet semihypergroup (NET-semihypergroup); NET-hypergroup 


1. Introduction and Preliminaries 


As a_ generalization of traditional algebraic structures, hyper algebraic structures 
(or hypercompositional structures) have been extensively studied and applied [1-7]. 
Especially, hypergroups and semihypergroups are basic hyper structures which are extensions 
of groups and semigroups [8]. In fact, hypergroups characterize the symmetry of hyperoperations. 

On the other hand, as an extension of fuzzy set and intuitionistic fuzzy set, the concept of 
neutrosophic set firstly proposed by F. Smarandache in [9], has been applied to many fields [10-12]. 
Moreover, as an application of the ideal of neutrosphic sets, a new notion of neutrosophic 
triplet group (NTG) was proposed by F. Smarandache and Ali in [13], while the new notion of 
neutrosophic extended group (NETG) was proposed by Smarandache in [14]. Furthermore, the 
basic properties and structural characteristics of neutrosophic extended groups (NETGs) are 
studied in [15,16]; the closed connection between between NETG and regular semigroup 
investigated, and the new notion of neutrosophic extended triplet Abel-Grassmann’s Groupoid is 
proposed in [17]; the decomposition theorem of NETG is poved in [18]; the generalized 
neutrosophic extended groups are presented in [19]; the relationship and difference between 
NETGs and generalized groups are systematically studied in [20]. From these research results, 
we know that NETG is a typical algebraic system with important research value. 


614 


Florentin Smarandache (author and editor) Collected Papers, IX 


In this paper, we combine the two directions mentioned above to study the hyperalgebraic 
structures related to neutrosophic extended triplet groups (NETGs), which can be regarded as a 
further development of the research ideas in [21]. 

At first, we recall some concepts and results on hypergroups, semigroups and NETGs. 

Let H be anon-empty set and P*(H) the set of all non-empty subsets of H. A map °: H x HP*(H) 
is called (binary) hyperoperation (or hypercomposition), and (H, °) is called a hypergroupoid. If A, 
Be P*(H), xe H, then 


AcB= U (acb), Aox= Ao {x}, xoB={x}oB. 


ae A,beB 


Definition 1. ({1-4]) Let (H, °) be a hypergroupoid. If ( V¥x,y,z€H) (xey)ez=xe(yez), then (H, °) is called a 


semihypergroup. That is, 
U (uez)= U (x0). 


uEexoy VE yor 
For a semihypergroup (H, °), if (Vx,y EH) xey=yex, then we call that H is commutative. 
Note that, if (H, °) is a semihypergroup, then (AeB)°C =A°(BeC), VA, B, Ce P*(A). 


Definition 2. ([1-4]) Assume that (H, °) is a semihypergroup. (1) If aEH satisfies (VxeEH) |acx| = |xeal=1, 
then a is called to be scalar. (2) If e€H satisfies (VxeH) xee = eex = {x}, then e is called scalar identity. (3) If 
eéH satisfies (VxeH) xe(ecx)(xee), then e is called identity. (4) Let a, beH. If there exists an identity eeH 
satisfies ee (aeb)n(bea), then b is called an inverse of a. (5) If O€H satisfies (VxeH) xe0 = Oex = {0}, then 0 is 
called zero element. 


Definition 3. ([1-4]) Let (H, °) be a semihypergroup. (1) If (VxeH) acH = Hea = H (reproductive axiom), 
then (H, °) is called a hypergroup. (2) If (H, °) is a hypergroup and (H, °) has at least one identity and each 
element has at least one inverse, then (H, °) is called to be regular. 


Definition 4. ([1-4]) Let (H, °) be a semihypergroup. If xeEH satisfies xexeHox, i.e., there exists an element 
yeH, xexeyex, then x is said to be regular. If (Vx eH) x is regular, then (H, °) is called to be regular. 


Note that, Every regular semigroup is a regular semihypergroup, and every hypergroup is a 
regular semihypergroup. 


Definition 5. ({14]) Let N be a non-empty set, and * a binary operation on N. If (VaeN) there exist 
neut(a)EN, anti(a)eEN satisfy 


neut(a)*a = a*neut(a) =a, and 
anti(a)*a = a*anti(a) = neut(a). 


Then N is called a neutrosophic extended triplet set (NETS). Moreover, for aEN, (a, neut(a), anti(a)) is called 
a neutrosophic extend triplet, neut(a) is called an extend neutral of “a”, and anti(a) is called an opposite of 


“ow 


a 


For a neutrosophic extended triplet set N, aEN, the set of neut(a) is denoted by {neut(a)}, and 
the set of anti(a) is denoted by {anti(a)}. 


Definition 6. ([13,14]) Let (N, *) be a NETS. If (N,*) is a semigroup, then (N, *) is called to be a 
neutrosophic extended triplet group (NETG). 
About some basic properties of neutrosophic extended triplet groups, plesse see [15,17,20]. 


2. Neutrosophic Extended Triplet Semihypergroups (NET-Semihypergroups) and Neutrosophic 
Extended Triplet Hypergroups (NET-Hypergroups) 


In this section, we propose the new concepts of neutrosophic extended triplet semihypergroup 
(NET-semihypergroup) and neutrosophic extended triplet hypergroup (NET-hypergroup), and 
give some typical examples to illustrate their wide representativeness. 
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Definition 7. Let (H,*) be a semihypergroup (i.e., * be a binary hyperoperation on nonempty set H such that 
(x*y)*z = x*(y*z), for all x, y, z€H). (H,”) is called a neutrosophic extended triplet semihypergroup (shortened 
form, NET-semihypergroup), if for every xEH, there exist neut(x) and anti(x) such that 


x E(neut(x)*x)A(x*neut(x)), and 


neut(x) Canti(x)*x)(x*anti(x)). 
Here, we call that (x, neut(x), anti(x)) to be a hyper-neutrosophic-triplet. 


Example 1. Denote H = {a, b, c}, define hyperoperations * on H as shown in Table 1. We can verify that (H, *) 
is semihypergroup by software MATLAB (see Figular 1). 


Table 1. The hyperoperation * on H. 


i a b c 
a a {a, b} {a, b, c} 
b a {a, b} {a, b, c} 
c a {a, b} c 
Moreover, 
ae(a*a)na*a); 
be(b*b)n(b*b); 


ce(c*c)M(c*c). 
This means that (H, *) is neutrosophic extended triplet semihypergroup (NET-semihypergroup) and (a, 
a, a), (b, b, b), (c, ¢, c) are hyper-neutrosophic-triplets. 
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ari 
T={1, (1, 2], (1, 2, 3];1, (1, 2], (1, 2, 3);1, (1, 2], 3}; 
test=1; 
for x=1:3 
for y=1:3 
for z=1:3 
kl=length(T {y, z}); k2=length(T {x, y}); 


T1=T {x, T fy, 2} (D)}; 
for m=1:k1 
T1=union(T1,T fx, T fy, z} (m)}) ; 
end 
T2=T {I fx, y} (1), 2}; 
for n=1:k2 
T2=union(T2, T {T (x, y} (n), z}) 
end 
if isequal (T1,12)==0 
test=0; 


break 
end 


end 


end 


end 


if test==1 
disp(’ OK’) 

end 

cellplot(T) 


Figure 1. A program by Matlab to verify hyperoperation. 


Example 2. Denote H = {a, b, c, d}, define hyperoperations * on H as shown in Table 2. We can verify that (H, 
*) is semihypergroup by software MATLAB (see Figular 2). 


Table 2. The hyperoperation * on H. 


= a b c d 
a {a, b} {a, b} {c, d} {c, d} 
b {a, b} {a, b} {c, d} {c, d} 
c {c, d} {c, d} a b 
d {c, d} {c, d} b a 


616 


Florentin Smarandache (author and editor) Collected Papers, IX 


(F Ss - HA7AOS Ee \shg3_2.m 
shg3_2.m + 
1- =: T={[1, 2], (1, 2], (3, 4], (3, 41; (1, 2, (1, 2], [3, 4], (3, 4]; [3, 4], (3, 4], 1, 2; (3, 4], [3, 4], 2, 1); 
Zi test=1; 
= for x=1:4 
4- for y=1:4 
for z=1:4 
k1=length(T {y, z}); k2=length(T {x, y}); 
T1=T {x, T fy, z} (1)}; 
for m1:k1 
T1=union(T1, T {x, T fy, z} (m}); AH SH SSM BA IRM S800) BOW 28H) » 
end DOSGMS|e AAV9OLRL-|B08 | 
T2=T {T fx, y} (1), 2}; 


for n=1:k2 


@ Figure 1 


T2=union(T2, T {T {x, y} (n), z}) ; ei oe 


end 


if isequal (T1,T2)==0 


if test==1 
disp ( OK’ ) 


end 
cellplot(T) 


Figure 2. Verify hyperoperation by Matlab. 


Moreover, 


ae(a*a)na*a); ae(b*a)n(a*b), be(b*a)n(a*b). 
be(b*b)n(b*b). 
cEe(a*c)n(c*a), ae(c*c)c*c); ce(b*c)n(c*b), be(d*c)n(c*d). 


de(a*d)n(d*a), ae(d*d)n(d*d); de(b*d)n(d*b), be(c*d)n(d*c). 


This means that (H, *) is neutrosophic extended triplet semihypergroup (NET-semihypergroup) and (a, 
a, a), (a, b, b), (b, b, b), (c, a, c), (c, b, a), (d, a, a), (d, b, c) are hyper-neutrosophic-triplets. 


Remark 1. From Example 2 we know that neut(x) may be not unique for an element x in a 
neutrosophic extended triplet semihypergroup (NET-semihypergroup). In fact, in Example 2, we 
have 


{neut(a)} = {a, b}, neut(b) = b, {neut(c)} = {a, b}, {neut(d)} = {a, b}. 


Example 3. Let H be the set of all nonnegative integers, and define a hyperoperation * on H as following: 
x*y ={zeH | z>max{x,y}}. 
For examples, 
3*5 = (5, 6, 7, 8, ...4; 9*9 = {9, 10, 11, 12, ...J; 2019*0 = (2019, 2020, 2021,2022, ...}. 
Then (H, *) is a commutative semihypergroup. Moreove, for any xeH, we have 
xe (x*x)r(x*x) xe (x*x)A(x*x). 


This means that (H, *) is a neutrosophic extended triplet semihypergroup (NET-semihypergroup). In 
fact, we have 


neut(0)=0; {neut(1)}={0,1}; {neut(2)}={0, 1, 2}; {neut(3)J={0, 1, 2, 3}... 
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Example 4. Let R be the set of all real numbers, and Z the set of integers. We use the modulo of real numbers 
(that we denote by mod) in the following way: 


Va, bER, then a=b (modkr 6), if and only if a - b = 6n, where n is an integer. 


For examples, 14.73 = 2.73 (modr 6), since 14.73 — 2.73 = 12 = 6x2; but 18415 (modr 6), since 18 - 15 = 
3 # 6n with n integer. Now, we define a hyperoperation # on R as following: 


a#tb ={xeER | x=4ab (modk 6)}. 


Then (R, #) is a commutative semihypergroup, since a#b = b#a = 4ab (modk 6), and associative because: 


(atb)#c = (4ab)#c = 4(4ab)c = 16abc (modr 6), and 


a#(b#c) = a#(4bc) = 4a(4bc) = 16abc (moar 6). 
Moreove, for any aER, we have 


(1) when a=0, (a, 6m, r) are hyper-triplets for any integer number m and real number 1; 


(2) when az#0, [a bot +m) are hyper-neutrosophic-triplets for any integer numbers m, 


tS 
4 2a lOAa 8a 2a 
n. 


This means that (R, #) is a neutrosophic extended triplet semihypergroup (NET-semihypergroup), and 
infinitely many neut(a) and infinitely many anti(a) for any element a in R. 


Remark 2. The following example shows that a sub-semihypergroup of a NET-semihypergroup 
may be not a NET-semihypergroup. 


Example 5. Denote H = {a, b, c, d, e}, define hyperoperations * on H as shown in Table 3. We can verify that 
(H, *) is semihypergroup by software MATLAB (see Figular 3). 


Table 3. The hyperoperation * on H. 


* 


a b c d e 
a a a a d {a, b, c, d, e} 
b a {a, b} {a, c} d {a, b, c, d, e} 
Cc a a a d {a, b, c, d, e} 
d d d d d {a, b, c, d, e} 
e {a, b, c, d, e} {a, b,c, d, e} {a, b, c, d, e} {a, b, c, d, e} {a, b, c, d, e} 


(A Wess - H:\ 7A SfEzR\shgs 4m 
shg5_4.m + 
1- — T={1,1,1,4, [1,2,3,4,5];1, (1,21, (1,31, 4 [1,2,3,451:1114 (12,3, 4,5]; 
4,4,4,4, [1, 2,3, 4,5]; [1, 2,3, 4,5], [1,2, 3, 4,5], [1, 2,3, 4, 5], [1, 2,3, 4,5], [1, 2, 3, 4,51) 


kl=length(T fy, z}); k2=length(T (x, y}); 
T1=T (x, T fy, 2} (1); 
for m1:k1 A Figure 1 
T1=union(T1, T {x, T fy, z} (m)}) RH RE) BBV) BAD IRM SHO) SOW BAH ~ 
end OGAaS/h|AAV9CH4-/2\08\/e0 
T2=T {I {x,y} (1), 2}; 
for n=1:k2 
T2=union(T2, T {T fx, y} (n), 2b) ; 
end 
if isequal (T1,12)==0 


if test==1 
disp(’ OK’) 


end 


cellplot(T) 


Figure 3. Verify the hyperoperation by Matlab. 
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Moreover, (a, a, a), (a, e, e), (b, b, b), (b, €, e), (c, e, e), (d, d, d), (d, e, e), (e, e, e), (e, a, e), (e, b, €), (e, ¢, e), 
(e, d, e) are hyper-neutrosophic-triplets.This means that (H, *) is a NET-semihypergroup. For S={a, b, c }CH, 
(S, *) is sub-semihypergroup of (H, *). But, (S, *) is not a NET-semihypergroup. 


Remark 3. For the traditional algebraic structures, we have the conclusion that any group must be a 
neutrosophic extended triplet group (NETG). For hyper algebraic structures, we know from 
Example 1 that a NET-semihypergroup is not necessarily a hypergroup (since a*H#H in Example 1). 
Moreover, the following example shows that a hypergroup may be not a NET-semihypergroup. 
Therefore, hypergroup and NET-semihypergroup are two non-inclusion hyperalgebraic systems. 


Example 6. Denote H = {1, 2, 3}, define hyperoperations * on H as shown in Table 4. We can verify that (H, *) 
is semihypergroup by software MATLAB. 


Table 4. The hyperoperation * on H. 


* 1 2 3 

1 2 2 {1, 3} 
2 {1, 2, 3} {2, 3} {1, 2, 3} 
3 2 {1, 2, 3} {1, 3} 


Moreover, 


1*H = H*1 =H, 2*H=H"*2 =H, 3*H=H*3 =H. 


This means that (H, *) is a hypergroup. But, for 1eH, we cannot find x,yeH such that 1e(x*1)n(1*x), 
and xe(y*1)n(1*y). That is, (H, *) is not a NET- semihypergroup. 


Definition 8. Let (H,*) be a semihypergroup. (H,*) is called a neutrosophic extended triplet hypergroup 
(shortened form, NET-hypergroup), if (H,*) is both a NET-semihypergroup and a hypergroup. 

Obviously, the NET-semihypergroups in Example 2 and Example 5 are all NET-hypergroups. 
And, the following propostion is true (the proof is omitted). 


Proposition 1. Every regular hypergroup is a NET-hypergroup. 


The NET-hypergroup in Example 2 is not a regular hypergroup, it shows that the inverse of 
Proposition 1 is not true. 


Proposition 2. Let (H,*) be a NET-semihypergroup (or a NET-hypergroup). Then (H,*) is a regular 
semihypergroup. 
Proof. Assume that (H,*) is a NET-semihypergroup. For any xeH, by Definition 7 we get that there 
exist neut(x) and anti(x) such that 
x€(neut(x)*x)n(x*neut(x)), and neut(x)E(anti(x)*x)n(x*anti(x)). 
Then, 


x€neut(x)*x C (x*anti(x))*x. 

That is, x€x*anti(x)*x. From this, by Definition 4, we know that (H,*) is a regular 
semihypergroup. 

If (H,*) is a NET-hypergroup, by Definition 8, it follows that (H,*) is a NET-semihypergroup. 

Then, by the proof above, (H,”) is a regular semihypergroup. 


The following example shows that the inverse of Proposition 2 is not true. Moreover, it also 
shows that a regular semihypergroup may be not a hypergroup. 


Example 7. Denote H = {a, b, c}, define hyperoperations * on H as shown in Table 5. We can verify that (H, *) 
is semihypergroup. 
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Table 5. The hyperoperation * on H. 


i a b c 

a a a a 

b {a, b, c} {a, b, c} {a, b, c} 
c {a, b, c} {a, b} {a, b} 


Collected Papers, IX 


Moreover, a € a*a*a; b € b*b*b; c € c*a*c.This means that (H, *) is a regular semihypergroup. But it is 


not a NET-semihypergroup, since there is not any x € H such that c € x*c and c € c*x.Obviously, (H, *) is 
not a hypergroup. 


(regular) hypergroup and regular semihypergroup can be expressed by Figure 4. 


Semihypergroup 
Regular Semihypergroup 


NET-hypergroup 


NET- 
Semihypergroup 


Hypergroup 


Regular 
Hypergroup 


Figure 4. The relationships among some kinds of semihypergroups. 


Theorem 1. Let (H,*) be a semihypergroup. Then 


(1) 


(2) 


(3) 


(4) 


if (H,*) is commutative hypergroup, then (H,*) is NET-hypergroup. 


Therefore, the relationships among semihypergroup, NET-semihypergroup, NET-hypergroup, 


For basic properties of NET-semihypergroups and NET-hypergroups, we can get following 
results. 


if (H,*) is commutative NET-semihypergroup, then for any xe€H and hyper-neutrosophic-triplet (x, 
neut(x), anti(x)), there exists peneut(x)*neut(x) and qeanti(x)*neut(x) such that (x, p, q) is also a 
hyper-neutrosophic-triplet. 


if (H,*) is commutative NET-semihypergroup, then for any xe€H and neut(x)e{neut(x)}, there exists 
peneut(x)*neut(x) such that pe{neut(x)}. 


if (H,*) is NET-semihypergroup and xéH is scalar, then | {neut(x)}|=1, that is, the neutral element of x 
is unique; Moreover, if x is scalar, then neut(x)*neut(x)=neut(x). 


Proof. (1) Assume that xe H and (x, neut(x), anti(x)) is a hyper-neutrosophic-triplet. By Definition 7: 


xe (neut(x)*x)n(x*neut(x)), and neut(x)eE (anti(x)*x)N(x*anti(x)). 


Since (H, *) is commutative, then: 


xe neut(x)*x C neut(x)*(neut(x)*x) = (neut(x)*neut(x))*x = x*(neut(x)*neut(x)). 


This means that there exists pe neut(x)*neut(x) such that xe p*x = x*p. Moreover: 


pe neut(x)*neut(x) c (x*anti(x))*neut(x) = x*(anti(x)*neut(x)) = (anti(x)*neut(x))*x. 


(x, p, q) is also a hyper-neutrosophic-triplet. 
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(2) It follows from (1). 
(3) Suppose that xe H and x is scalar. Using Definition 2, |x*al=la*x|=1 for any ae H. From this, 
for a hyper-neutrosophic-triplet (x, neut(x), anti(x)), applying Definition 7, we have: 
x = neut(x)*x = x*neut(x), and neut(x) = anti(x)*x = x*anti(x). 


Assume 1, pre {neut(x)}, then there exists qi, qzé H such that: 


x= pix =x"p1, pi = qux =x%qi; X = pr*x = x*pr, p2 = qrex = x*qr. 


Then: 
pi=qu'x = qu*(x*p2) = (qi*x)"p2 = pr"pr, 
p2= x*q2 = (x*p1)*q2 = (x*(qi*x))*q2 = (x*qu)*(x"qz2) = pi* pe. 
It follows that p1= p2 and pi= pi"pi. That is, | {neut(x)}|=1 and neut(x)*neut(x) = neut(x). 


(4) Let (H, *) be a commutative hypergroup. By Definition 3, for any xe H, x*H = H*x = H. Then, 
for any xe H, there exists he H such that x = h*x = x*h. Moreover, for he H, there exists ue H such that 
h = u*x = x*u. Thus, (x, h, u) is a hyper-neutrosophic-triplet, and it means that (H, *) is a 
NET-semihypergroup by Definition 7. On the other hand, since (H, *) is a hypergroup, so (H, *) is a 
NET-hypergroup by Definition 8. 

3. Pure NET-semihypergroups and Regular hypergroups 


In this section, we discuss some properties of NET-semihypergroups. We'll propose the new 
notion of pure NET-semihypergroup, investigate the structure of pure NET-semihypergroups. 


Definition 9. Let (H,*) be a NET-semihypergroup. (H,*) is called a pure NET-semihypergroup, if for every 
x EH, there exist neut(x) and anti(x) such that 


x = (neut(x)*x)N(x*neut(x)), and neut(x) = (anti(x)*x)N(x*anti(x)). 
Obviously, the following proposition is true and the proof is omitted. 


Proposition 3. (1) Every neutrosophic extended triplet group (NETG) is pure NET-semihypergroup. (2) If 
(H,*) isa pure NET-semihypergroup and the hyper operation * is commutative, then for every xeH, there 
exists y, Z€H such that 


x=y*x =x*y, and y =2"x = x"z. 


Example 8. Denote H = {a, b, c}, define hyperoperations * on H as shown in Table 6. We can verify that (H, *) 
is semihypergroup. 


Table 6. The hyperoperation * on H. 


= a b c 
a a {a, b, c} {a, b, c} 
b {a, b, c} c b 
c {a, b, c} b c 


Moreover, 
a=(a*a)n(a*a); b=(c*b)n(b*c), c=(b*b)(b*b); c=(c*c)N(c*c). 
This means that (H, *) is a pure NET-semihypergroup. 
Example 9. Denote H = {a, b, c, d, e}, define hyperoperations * on H as shown in Table 7. We can verify that 
(H, *) is semihypergroup. 
Table 7. The hyperoperation * on H. 


= a b c d e 
a a {a, b, c} {a, b, c} d a 
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b {a, b, c} b c d b 
c {a, b, c} c b d c 
d d d d d d 
e a b c d e 


Moreover: 
a=(a*a)M(a*a); b=(b*b)N(b*b); c=(b*c)(c*b), b=(c*e)N(c*c); d=(d*d)M(d*d); e=(e*e)n(e*e). 
This means that (H, *) is a pure NET-semihypergroup. 
Remark 4. From Example 8 and Example 9, we have: 
a=(a*a)Ma*a); 
ae (b*a)n(a*b), be (b*a)n(a*b); ae (c*a)n(a*c), ce (c*a)Ma*c). 


This means that {neut(a)} = {a, b, c}. But, be{neut(a)} and ce{neut(a)} are different to ae{neut(a)}, since 


“et 


one is “e” and the other is “=“. In order to clearly express the difference between the two kinds of 
neutral elements, we introduce a new concept: pure neutral element. 


Definition 10. Let (H,*) be a NET-semihypergroup and xeH. An element yeH is called a pure neutral 
element of the element x, if there exist z€H such that: 


x=y*x=x"y, and y = 2"*x = x"z. 
Here, we denote y by pneut(x). 


Proposition 4. Let (H,*) be a NET-semihypergroup and xeéH. If there exists a pure neutral element of x, then 
the pure neutral element of x, that is, pneut(x), is unique. 


Proof. Assume that there exists two pure neutral elements y1, y2 for xe H. Then there exists z1, z2€ H 
such that: 


x= yx =x*y1, and yi = z1°x = x*21; 


x= yo*x = x*y2, and y2= Z2"x = x*z2. 
Therefore, 


yi = Z1"x = z1"(x*y2) = (z1*x)*y2 = yr" y2; 


Y2 = X*Z2 = (x*y1)*Z2 = (x*(z1*x))*z2 = (x*z1)* (x*22) = yr*y2. 
Hence, yi = y2. That is, pneut(x) is unique. 


By the proof of Proposition 4, we know that yi = y= y1"y2, it follows that y1 = yi*y1. Therefore, 
we have the following corollary. 


Corollary 1. Let (H,*) be a NET-semihypergroup and xeH. If there exists a pure neutral element of x, then 
the pure neutral element of x is idempotent, that is, pneut(x)*pneut(x)= pneut(x). 


Remark 5. From Proposition 4, we know that the pure neutral element of an elemetn x is unique 
when there exists one pure neutral element of x. Particularly, for commutative pure NET- 
semihypergroups, applying Proposition 3 (2), we get following Proposition 5 (the proof is omitted). 


Proposition 5. Let (H,*) be a commutative pure NET-semihypergroup. Then for any xeH, pneut(x) is 
unique. 


Proposition 6. Let (H,*) be a commutative pure NET-semihypergroup. Then for any x, yéH, 
pneut(x*y)= pneut(x)*pneut(y) when | x*yl=1. Moreover, if pneut(x) = z1*x = x*z1 and pneut(y) = 
zy = y*z2, 21, 22EH, then: 


pneut(x*y) = (z1*z2)*(x*y) = (x*y)*(z1*z2). 


Proof. Assume that x, yeH and | x*yl=1. Since (H, *) be a commutative pure 
NET-semihypergroup, then: 
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(oc*y)* (pneut(x)*pneut(y)) = (*y)*(pneut(y)*pneut(x)) 
= x*(y*pneut(y))*pneut(x) 

= x*y*pneut(x) 

= (x"pneut(x))*y 

=x*y; 
(pneut(x)*pneut(y))*(x*y) = (pneut(y)*pneut(x))*(@r'y) 
= pneut(y)*(pneut(x)*x)* y 

= pneut(y)*x*y 

= x"(pneut(y)"y) 


= x*y. 
On the other hand, assume that (x, pneut(x), anti(x)) and (y, pneut(y), anti(y)) are 
hyper-neutrosophic-triplets, then: 


(x*y)*(anti(x)*anti(y)) = (x*y)*(anti(y)*anti(x)) 
= x*(y*anti(y))*anti(x) 
= x*pneut(y)*anti(x) 
= (x*anti(x))*pneut(y) 
= pneut(x)*pneut(y); 
(anti(x)*anti(y))*(x*y) = (anti(x)*anti(y))(y") 
= anti(x)*(anti(y)*y)*x 
= anti(x)*pneut(y)*x 
= (anti(x)*x)*pneut(y) 


= pneut(x)*pneut(y). 
Applying Proposition 5 we get that pneut(x*y)= pneut(x)*pneut(y). 


Moroeover, assume pneut(x) = zi*x = x*z1, pneut(y) = z"*y = y*z2 Then, by 
commutativity of the hyper operation *: 


(2a*z2)*(2*y) = (z1*x)*(z2"y) 
= pneut(x)*pneut(y) 

= pneut(x*y); 

(x*y)*(z1*z2) =(x*z1)*(y*z2) 
= pneut(x)*pneut(y) 


= pneut(x*y). 
Therefore, the proof is completed. 


Theorem 2. Let (H,*) be a commutative pure NET-semihypergroup and H satisfies: 


Vx, ye H, pneut(x)=pneut(y)=> | x*y|=1. (C1) 
Define a binary relation ~on H as following: 


Vx, yEH, x=y if and only if pneut(x)=pneut(y). 


Then: 
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(1) The binary relation is a equivalent relation on H; 

(2) For any xeH, [x]=is a sub-NET-semihypergroup of H, where [x]~ is the equivalent class of x based on 
equivalent relation = 

(3) For any xé H, [x]~is a regular hypergroupe. 


Proof. (1) It is obviously. 
(2) Assume a, be [x]-, then pneut(a)= pneut(b)=pneut(x). Applying Proposition 6 and Corollary 1, 
we have 
pneut(a*b) = pneut(a)*pneut(b) 
= pneut(x)*pneut(x) 


= pneut(x). 
This means that [x] is closed on the hyper operation *. 


Moreover, by Corollary 1, we have pneut(x)*pneut(x) = pneut(x). From this and using 
Proposition 5, we get that pneut(pneut(x)) = pneut(x). It follows that pneut(a) €[x]= for any 
ae[x]~. Moreover, assume that ae[x]=, by the definition of commutative pure 
NET-semihypergroup, there exists re H such that: 


pneut(a) =1*a=a"*r. 
It follows that: 
pneut(a) = (r*pneut(a))*a = a*(r*pneut(a)). (C2) 
Applying Proposition 6 and Corollary 1: 
pneut(r*pneut(a)) 
= pneut(r)* pneut(pneut(a)) 
= pneut(r)* pneut(a) 
= pneut(r*a) 
= pneut(pneut(a)) 


= pneut(a). 

That is, pneut(r*pneut(a)) = pneut(a) = pneut(x). This means that r*pneut(a) €[x]~. Therefore, by 
(C2), there exists anti(a) (see Definition 7), it is in [x]=. This means that [x]= is a 
sub-NET-semihypergroup of H. 

(3) For any xeH, from (2) we know that [x]= is a sub-NET-semihypergroup of H. By the 
definition of =, for any ae[x]=, pneut(a) = pneut(x). Then, a*[x]=*a =[x]=, and pneut(x) is a (local) 
identity in [x]~. By Definition 3, we get that [x]~is a regular hypergroup. 

From Theorem 2 we know that for a commutative pure NET-semihypergroup (it satisfies the 
condition in Theorem 2), it is a union of some regular hypergroups. The following picture (Figure 5) 
shows this special structure. 


Commutative Pure NET-semihypergroup 


Regular hypergroups (sub-hypergroups) 


Figure 5. The structure of a commutative pure NET-semihypergroups. 
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Example 10. Denote H = {a, b, c, d, e}, define hyperoperations * on H as shown in Table 8. We can 
verify that (H, *) is commutative pure NET-semihypergroup. 


Table 8. The hyperoperation * on H. 


= a b Cc d e 
a a {a, b, c} {a, b, c} d {a, d, e} 
b- {a,b,c} b c d_ {b,c,d,e} 
c {a,b,c} c b d_ {b,c,d,e} 
d d d d d d 
e {fade} {bcde {bheode d e 
Moreover: 
Htaj=[a]5 
Ho={b, ci=[b]-=[c]=; 
Hs=(d)=Id]5 
He(e}=[e] =; 


and H= HiUH2UH3UHsz, where, Hi(i=1, 2, 3, 4) are regular hypergroups. 

Remark 6. The above example shows that a commutative pure NET-semihypergroup 
may be not a hypergroup (since d*H#H in Example 10). 

4, Weak Commutative NET-Semihypergroups and Their Structures 


In this section, we discuss generalized commutativity in NET-semihypergroups. We propose a 
new notion of weak commutative NET-semihypergroup, and prove the structure theorem of weak 
commutative pure NET-semihypergroup (WCP-NET-semihypergroup), which can be regarded as a 
generalization of Cliffod Theorem in semigroup theory. 


Definition 11. Let (H,*) be a NET-semihypergroup. (H,*) is called a weak commutative NET- 
semihypergroup, if for every xeH, every hyper-neutrosophic-triplet (x, neut(x), anti(x)), the 
following conditions are satisfied: 


(H,*) is called a weak commutative pure NET-semihypergroup (shortly, 
WCP-NET-semihypergroup), if it both weak commutative and pure. 


Obviously, the following proposition is true and the proof is omitted. 
Proposition 7. Every commutative NET-semihypergroup is weak commutative. 


The following examples show that there exists some weak commutative NET- 
semihypergroups which are not commutative. 


Example 11. Denote H = {1, 2, 3, 4, 5, 6, 7, 8}, define hyperoperations * on H as shown in Table 9. 
We can verify that (H, *) is NET-semihypergroup. 


Table 9. The hyperoperation * on H. 


iJ 1 2 3.4 5 6 7 8 
1 1 {12h ES Ds de Ds 
2 {1,2} 2 Eds od hk CL Al 
3 1 1 3 4 5 6 7 8 
4 1 1 43 8 7 6 5 
5 1 1 5 7 3 8 4 6 
6 1 iL 6 8 7 3 5 4 
7 1 1 7 5 6 4 8 3 
8 1 1 8 6 4 5 3 7 


Moreover, (1, 1, 1), (2, 2, 2), (3, 3, 3), (4, 3, 4), (5, 3, 5), (6, 3, 6), (7, 3, 8) and (8, 3, 7) are 
hyper-neutrosophic-triplets, and (Vx EH) 1*x = x*1, 2*x = x"2 and 3*x = x*3, 7*8 = 8*7. This means that (H, 
*) is a weak commutative NET-semihypergroup. Since 4*5 # 5*4, (H, *) is not commutative. 
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Remark 7. The above example shows that there exists WCP-NET-semihypergroup (by 
Definition 9, we know that the NET-semihypergroup in Example 11 is pure). 


Example 12. Denote H = {1, 2, 3, 4, 5, 6, 7, 8, 9}, define hyperoperations * on H as shown in Table 
10. We can verify that (H, *) is NET-semihypergroup. 


Table 10. The hyperoperation * on H. 


. 1 2 3 4 5 6 7 8 9 
1 2 {1, 3} 3 1 1 1 1 1 1 
2 {1,3} 2 {1,3} {1,2,3} {1,2,3} {1,2,3} {1,2,3} {1,2,3}  {1,2,3} 
3 3 {1, 3} 1 {1, 3} {1, 3} {1, 3} {1, 3} {1, 3} {1, 3} 
4 1 {1,2,3} {1,3} 4 5 6 7 8 9 
5 1 {1,2,3} {1,3} 5 4 9 8 7 6 
6 1 {1,2,3} {1,3} 6 8 4 9 5 7 
7 1 {1,2,3} {1,3} 7 9 8 4 6 5 
8 1 {1,2,3} {1,3} 8 6 7 5 9 4 
9 1 {1,2,3} {1,3} 9 7 5 6 4 8 


Moreover, (1, 2, 1), (2, 2, 2), (3, 1, 3), (4, 4 4), (5, 4, 5), (6, 4, 6), (7, 4, 7), (8, 4, 9) and (9, 4, 8) are 
hyper-neutrosophic-triplets, and (Vx €H) 2*x = x*2, 1*x =x*1 and 4*x = x*4, 8*9 = 9*8. This means that (H, 
*) is a weak commutative NET-semihypergroup. Since 5*6 # 6*5, (H, *) is not commutative. 


Proposition 8. Let (H,*) be a weak commutative pure NET-semihypergroup 
(WCP-NET-semihypergroup). Then for any xeH, there exists a pure neutral element of x, and 
pneut(x) is unique, pneut(x)*pneut(x)= pneut(x). 


Proof. For any xeH. Since (H, *) is pure, by Definition 9, there exists 
hyper-neutrosophic-triplet (x, neut(x), anti(x)) such that 


x = (neut(x)*x)n(x*neut(x)), and neut(x) = (anti(x)*x)n(x*anti(x)). 
Moreover, since (H, *) is weak commutative, by Definition 11, neut(x)*x = x*neut(x), and 
anti(x)*x = x*anti(x). Thus 
x = neut(x)*x = x*neut(x), and neut(x) = anti(x)*x = x*anti(x). 
Therefore, by Definition 10, neut(x) is a pure neutral element of x. Applying Proposition 4 we 


know that pure neutral element of x is unique. Moreover, using Corollary 1, pneut(x)*pneut(x)= 
pneut(x). 


Proposition 9. Let (H,*) be a weak commutative pure NET-semihypergroup 
(WCP-NET-semihypergroup). Then for any x, yeH, pneut(x*y)= pneut(x)*pneut(y) when | x*y 
|=1. Moreover, if pneut(x) = z1*x = x*ziand pneut(y) = z2"y = y*z2, 21, Z2 € H, then 


pneut(x*y) = (z2*z1)*(x*y) = (x*y)*(z2*z1). 
Proof. Since (H, *) be a WCP-NET-semihypergroup, then for any x, yeH and | x*y |=1, 
pneut(x)*y = y*pneut(x) by Definition 11. Then 
x*y)"(pneut(x)*pneut(y)) = (x*y)*(pneut(y)*pneut(x)) = x*y"pneut(x) = (x“pneut(x))*y = x*y; 


(pneut(x)“pneut(y))*(x*y) = (pneut(y) “pneut(x))*(x*y) = pneut(y)*x*y = x*(pneut(y)*y) = 
x*y. 
On the other hand, let (x, pneut(x), anti(x)) and (y, pneut(y), anti(y)) are 
hyper-neutrosophic-triplets, then 


xx*y)*(anti(y)*anti(x)) 
= x*(y*anti(y))*anti(x) 
= x*pneut(y)*anti(x) 
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= pneut(y)*x*anti(x) 
= pneut(y)*pneut(x) 
= pneut(x)*pneut(y); 


(anti(y)*anti(x))*(x*y) = anti(y)*(anti(x)*x)*y = anti(y)*pneut(x)*y = pneut(x)*anti(y)*y = 
pneut(x)*pneut(y). 
Thus, pneut(x)*pneut(y) is a pure neutral element of x*y by Definition 7 and Definition 10. 
Applying Proposition 8 we get that pneut(x*y)= pneut(x)*pneut(y). 
Moroeover, assume pneut(x) = z1*x = x*z1, pneut(y) = z2*y = y*z2. Then, by weak commutativity 
(Definition 11) we have 


(z2*z1)*(x*y) = 22*(z1"*x)*y = z2*pneut(x)*y = pneut(x)*(z2*y) = pneut(x)*pneut(y) = 
pneut(x*y); 

(x*y)*(z2*z1) = x*(y*z2)*z1 = x*pneut(y)*z1 = (x*z1)*pneut(y) = pneut(x)*pneut(y) = 
pneut(x*y). 

Therefore, the proof is completed. 


Theorem 3. Let (H,*) be a WCP-NET-semihypergroup and H satisfies 
( Vx, y GH, pneut(x)=pneut(y)=> | x*y|=1. (C1) 
Define a binary relation ~on H as following: 
Vx, yEH, x=y if and only if pneut(x)=pneut(y). 
Then 
(1) The binary relation ~is a equivalent relation on H; 


(2) For any xeH, [x]- is a sub-NET-semihypergroup of H, where [x]- is the equivalent class of x based on 
equivalent relation = 


(3) For any xéH, [x]~is a regular hypergroupe. 


Proof. (1) From the definition of =, by Proposition 8 and Proposition 9, we know that the 
binary relation ~ is a equivalent relation. 


(2) Suppose a, be[x]-. By the definition of =, pneut(a) = pneut(b) = pneut(x). Using 
Proposition 8 and Proposition 9, we have 
pneut(a*b) = pneut(a)*pneut(b) = pneut(x)*pneut(x) = pneut(x). 


It follows that [x]- is closed on the hyper operation *. 

And, applying Proposition 8, we have pneut(x)*pneut(x) = pneut(x). From this and using 
Proposition 8, we get that pneut(pneut(x)) = pneut(x). It follows that pneut(a)e [x]~ for any ae [x]-. 
Moreover, assume that ae[x]-, by the definition of WCP-NET-semihypergroup, there exists re H 
such that pneut(a) = r*a = a*r. Thus (by Proposition 9) 

pneut(a) = (r*pneut(a))*a = a*(r*pneut(a)) 
=> r*pneut(a) € {anti(a)}. 


pneut(r*pneut(a)) 
= pneut(r)* pneut(pneut(a)) 
= pneut(r)* pneut(a) 
= pneut(1*a) 
= pneut(pneut(a)) 
= pneut(a). 
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That is, pneut(r*pneut(a)) = pneut(a) = pneut(x). This means that r*pneut(a) €[x]-. Combining this 
and r*pneut(a)e {anti(a)}, we know that there exists anti(a) which is in [x]-. This means that [x]-is a 
sub-NET- semihypergroup of H. 

(3) Assume xeH, from (2) we know that [x]- is a sub-NET-semihypergroup of H. By the 
definition of =, for any ae [x]-, pneut(a) = pneut(x). From the proof of (2), there exists anti(a)e {anti(a)} 
and anti(a)é [x]-. Then, [x]- ¢ a*[x]-*a. Obviously, a*[x]-"a c [x]-. Thus, a*[x]-*a=[x]-. 

On the other hand, pneut(x) is a (local) identity in [x]-. Therefore, by Definition 3, we get that 
[x]~is a regular hypergroup. 


Example 13. Denote H = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}, define hyperoperations * on H as shown 
in Table 11. We can verify that (H, *) is WCP-NET-semihypergroup, and not commutative. 


Table 11. The hyperoperation * on H. 


+ 1 2 3 4 5 6 7 8 9 10 11 
1 1 {1,2,3}  {1,2,3} 1 1 1 1 i 1 1 1 
2 {1,23} 3 2 3 2 {12,3} {1,23} = {1,2,3} += {1,2,3} ~— {12,3} ~~‘ {1,2,3} 
3 {1,2,3} 2 3 2 3 {1,2,3} {1,2,3} {1,2,3} {1,2,3} {1,2,3} {1,2,3} 
{6,7,8, {6,7,8, {6,7,8, {6,7,8, {6,7,8, {6,7,8, 
4 1 3 2 5 4 
9,10,11} 9,10,11} 9,10,11} 9,10,11} 9,10,11} + 9,10,11} 
P j F : F . {6,7,8, {6,7,8, {6,7,8, {6,7,8, {6,7,8, {6,7,8, 
9,10,11} 9,10,11} 9,10,11} + 9,10,11} + 9,10,11} + 9,10,11} 
{6,7,8, {6,7,8, 
6 1 {1,2,3}  {1,2,3} 910,11} 9,10,11) 6 7 8 9 10 11 
{6,7,8, {6,7,8, 
7 1 1d: 13: 7 11 1 
ee, aie 9,10,11} — 9,10,11} 4 : : 
{6,7,8, {6,7,8, 
8 1 {1,2,3}  {1,2,3} 910,11} 9,10,11) 8 10 6 11 7 9 
{6,7,8, {6,7,8, 
9 1 {1,2,3}  {1,2,3} 910,11} 9,10,11) 9 11 10 6 8 7 
{6,7,8, {6,7,8, 
10 1 {1,2,3}  {1,2,3} 910,11} 9,10,11} 10 8 9 7 11 6 
{6,7,8, {6,7,8, 
11 1 {1,2,3}  {1,2,3} 910.11} 9,10,11) 11 9 7, 8 6 10 
Moreover, 


M= {1} = [1] 4 
A= {2, 3} = [2] ~= [3] =; 
A3={4, 5} = [4]~=[5]-; 
Ha= {6, 7, 8, 9, 10, 11} = [6]~= [7]~= [8] ~= [9] == [10] == [11] 4 


and H= HiJH2UH3UHz, where, Hi(i=1, 2, 3, 4) are regular hypergroups. 


5. Conclusions 


In this paper, we propose some new notions of neutrosophic extended triplet semihypergroup 
(NET-semihypergroup), neutrosophic extended triplet hypergroup (NET-hypergroup), pure NET- 
semihypergroup and weak commutative NET-semihypergroup, investigate some basic properties 
and the relationships among them (see Figure 6), study their close connections with regular 
hypergroups and regular semihypergroups. Particularly, we prove two structure theorems of 
commutative pure NET-semihypergroup (CP-NET-semihypergroup) and weak commutative pure 
NET-semihypergroup (WCP-NET-semihypergroup) under the condition (C1) (see Theorem 2 and 
Theorem 3). From these results, we know that NET-semihypergroup is a hyperalgebraic structure 
independent of hypergroup, and NET-semihypergroup is also a generalization of group concept in 
hyperstructures. The research results in this paper show that NET-semihypergroups and NET- 
hypergroups have important theoretical research value, which greatly enriches the traditional 
theory of hyperalgebraic structures. 
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NET-Semihypergroup 


eak Commutative NET-Semihypergrow 
WCP-NET-Semihypergroup 


Pure NET- 
Semihypergroup 


ommutative NET-Semihypergrou 


CP-NET-Semihypergroup; 


CP-NET-Semihypergroup 


Figure 6. The relationships among some kinds of NET-semihypergroups. 


In the future, we will investigate the combinations of NET-semihypergroups and 
related algebraic systems ([22-24)). 
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The Structure of ldempotents in Neutrosophic Rings 
and Neutrosophic Quadruple Rings 


Yingcang Ma, Xiaohong Zhang, Florentin Smarandache, Juanjuan Zhang 


Yingcang Ma, Xiaohong Zhang, Florentin Smarandache, Juanjuan Zhang (2019). The 
Structure of Idempotents in Neutrosophic Rings and Neutrosophic Quadruple Rings. 
Symmetry, 11, 1254; DOI: 10.3390/sym11101254 


Abstract: This paper aims to reveal the structure of idempotents in neutrosophic rings and 
neutrosophic quadruple rings. First, all idempotents in neutrosophic rings (RU I) are given 
when R is C,R,Q,Z or Zn. Secondly, the neutrosophic quadruple ring (RUT UIUF) is 
introduced and all idempotents in neutrosophic quadruple rings (CUT UIUF),(RUTUIUF), 
(QUTUIUF),(ZUTUIUF) and (Z, UT UI UF) are also given. Furthermore, the algorithms 
for solving the idempotents in (Z, UI) and (Z, UT UIU F) for each nonnegative integer n are 
provided. Lastly, as a general result, if all idempotents in any ring R are known, then the structure 
of idempotents in neutrosophic ring (R U I) and neutrosophic quadruple ring (RUT UIUF) can 
be determined. 


Keywords: neutrosophic rings; neutrosophic quadruple rings; idempotents; neutrosophic extended 
triplet group; neutrosophic set 


1. Introduction 


The notions of neutrosophic set and neutrosophic logic were proposed by Smarandache [1]. In 
neutrosophic logic, every proposition is considered by the truth degree T, the indeterminacy degree 
I, and the falsity degree F, where T, I and F are subsets of the nonstandard unit interval |0-, 10> 
U [0,1] U1". 

Using the idea of neutrosophic set, some related algebraic structures have been studied in recent 
years. Among these algebraic structures, by extending classical groups, the neutrosophic triplet group 
(NTG) and the neutrosophic extended triplet group (NETG) have been introduced in refs. [2-4]. As 
an example, paper [5] shows that (Zp, popes -) is not only a semigroup, but also a NETG, where - 
the classical mod multiplication and pj, p2,--- , p+ are distinct primes. After the notions were put 
forward, NTG and NETG have been carried out in-depth research. For example, the inclusion 
relations of neutrosophic sets [6], neutrosophic triplet coset [7], neutrosophic duplet semi-groups [8], 
AG-neutrosophic extended triplet loops [9,10], the neutrosophic set theory to pseudo-BCI algebras [11], 
neutrosophic triplet ring and a neutrosophic triplet field [12,13], neutrosophic triplet normed space [14], 
neutrosophic soft sets [15], neutrosophic vector spaces [16], and so on. 

In contrast to the neutrosophic triplet ring, the neutrosophic ring (R U I), which is a ring generated 
by the ring R and the indeterminate element I (2 = I), was proposed by Vasantha and Smarandache in 
[17]. The concept of neutrosophic ring was further developed and studied in [18—20]. 

As a special kind of element in an algebraic system, the idempotent element plays a major role 
in describing the structure and properties of the algebra. For example, Boolean rings refer to rings in 
which all elements are idempotent, clean rings [21] refer to rings in which each element is clean (an 
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element in a ring is clean, if it can be written as the sum of an idempotent element and an invertible 
element), and Albel ring is a ring if each element in the ring is central. From these we can see that some 
rings can be characterized by idempotents. Thus, it is also quite meaningful to find all idempotents in 
a ring. In this paper, the idempotents in neutrosophic rings and neutrosophic quadruple rings will 
be studied in depth, and all idempotents in them can be obtained if the idempotents in R are known. 
In addition, the relationship between idempotents and neutral elements will be given. The elements 
of each NETG can be partitioned by neutrals [10]. Therefore, as an application, if R = F, where F 
is any field, we can divide the elements of (RU I) (or (RU T UIUF)) by idempotents. As another 
application, in paper [22], the authors explore the idempotents and semi-idempotents in neutrosophic 
ring (Z, UI) and some open problems and conjectures are given. In this paper, we will answer partial 
open problems and conjectures in paper [22] and some further studies are discussed. 

The outline of this paper is organized as follows. Section 2 gives the basic concepts. In Section 3, 
the idempotents in neutrosophic ring (R U I) will be explored. For neutrosophic rings (Zn U I), (C U 
I),(RUI), (QUI) and (ZU I), all idempotents will be given. Moreover, the open problem and 
conjectures proposed in paper [22] about idempotents in neutrosophic ring (Zn U I) will be solved. 
In Section 4, the neutrosophic quadruple ring (RU T UI U F) is introduced and all idempotents in 
neutrosophic quadruple rings (C UTUIUF), (RUTUIUF),(QUTUIUF),(ZUTUIUF) and 
(Zn UT UI UF) will be given. Finally, the summary and future work is presented in Section 5. 


2. Basic Concepts 


In this section, the related basic definitions and properties of neutrosophic ring (RU I) and NETG 
are provided, the details can be seen in [3,4,17,18]. 


Definition 1. ([17,18]) Let (R,+,-) be any ring. The set 


(RUI) ={a+bl:a,b € R} 


is called a neutrosophic ring generated by R and I. Let a, + byI,a2 + boI € (RU I), The operators © and ® on 
(RU I) are defined as follows: 


(a, +b1I) ® (a2 + bol) = (a, + a2) + (by + b2)I, 
(ay + by!) & (az + byl) = (ay az) + (a, . bo +b “ag + by . bo)I. 


Remark 1. It is easy to verify that ((RUI),®,®) is a ring, so (RU I) is named by a neutrosophic ring 
is reasonable. 


Remark 2. It should be noted that the operators +, - are defined on ring R and ©, ® are defined on neutrosophic 
ring (RUI). For simplicity of notation, we also use +,- to replace @,® on ring (RU I). That is a + b also 
means a@ b ifa,b € (RUI). a- balso means a® b ifa,b € (RU1). For short a- b denoted by ab and a-a 
denoted by a?. 


Example 1. (ZU I), (QUI), (RU I) and (CUI) are neutrosophic rings of integer, rational, real and complex 
numbers, respectively. (Zn UI) is neutrosophic ring of modulo integers. Of course, Z,Q,R,C and Zy are 
neutrosophic rings when b = 0. 


Definition 2. ([17,18]) Let (RU I) be a neutrosophic ring. (RU I) is said to be commutative if 
ab = ba,Va,b € (RUI). 


In addition, if there exists 1 € (RU I) such that1-a =a-1 =a foralla € (RUI) then we call (RUI) a 
commutative neutrosophic ring with unity. 
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Definition 3. ({17,18]) An element a in a neutrosophic ring (R U 1) is called an idempotent element if a* = a. 


Definition 4. ([3,4]) Let N be a non-empty set together with a binary operation *. Then, N is called a 
neutrosophic extended triplet set if for any a € N, there exists a neutral of “a” (denote by neut(a)), and an 
opposite of “a” (denote by anti(a)), such that neut(a) € N, anti(a) € N and: 


ax neut(a) = neut(a)*a =a, axanti(a) = anti(a) *a = neut(a). 
The triplet (a,neut(a),anti(a)) is called a neutrosophic extended triplet. 


Definition 5. ([3,4]) Let (N,*) be a neutrosophic extended triplet set. Then, N is called a neutrosophic 
extended triplet group (NETG), if the following conditions are satisfied: 
(1) (N, *) is well-defined, i.e., for any a,b € N, one hasaxb EN. 
(2) (N, *) is associative, i.e., (a* b) *c =a (b*c) foralla,b,c EN. 
A NETG N is called a commutative NETG if for alla,b © N,axb=b*a. 


Proposition 1. ([4]) (N, *) bea NETG. We have: 
(1) neut(a) is unique for anya € N. 

(2) neut(a) * neut(a) = neut(a) for anya EN. 
(3) neut(neut(a)) = neut(a) for anya € N. 


Proposition 2. ([10]) Let (N, *) is a NETG, denote the set of all different neutral element in N by E(N). For 
any e € E(N), denote N(e) = {x|neut(x) = e,x € N}. Then: 

(1) N(e) is a classical group, and the unit element is e. 

(2) For any e1,e2 € E(N),e1 4 e2 > N(e1) N N(e2) = @. 

(3) N = Uceg(ny N(e). t¢., Uccz(ny N(e) is a partition of N. 


3. The Idempotents in Neutrosophic Rings 


In this section, we will explore the idempotents in neutrosophic rings (R U I). If Ris Z,Q, R,C 
or Zn, all idempotents in neutrosophic rings (Zn U I), (C UI), (RU I), (QUI) or (ZU L) will be given. 
Moreover, we can also obtain all idempotents in neutrosophic ring (R U 1) if all idempotents in any 
ring R are known. As an application, the open problem and conjectures about the idempotents of 
neutrosophic ring (Zn U I) in paper [22] will be solved. Moreover, an example is given to show how to 
use the idempotents to get a partition for a neutrosophic ring. The following proposition reveal the 
relation of a neutral element and an idempotent element. 


Proposition 3. Let G be a non-empty set, * is a binary operation on G. For each a € G, a is idempotent iff it is 
a neutral element. 


Proof. Necessity: If a is idempotent, i-e., a * a = a, from Definition 4, which shows that a has neutral 
element a and opposite element a, so a is a neutral element. 
Sufficiency: If a is a neutral element, from Proposition 1(2), we have a*a = a, thus a 


is idempotent. 


Theorem 1. The set of all idempotents in neutrosophic ring (CU 1),(RUI),(QUI) or (ZUI) is 
ye fa eae a 


Proof. We just give the proof for (RU I), and the same result can be obtained for (C U I), (QU I) 


or (ZUI). 
Leta +bI € (RUI). Ifa+bl is idempotent, so (a + bI)* = a+ bI, which means 
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From a* = a, we can get a = 0 ora = 1. Whena = 0, from 2ab + b? = b, we can get b = O or 
b = 1. That is 0 and I are idempotents. When a = 1, from 2ab + b* = b, we can get b = 0orb = —1. 
That is 1 and 1 — I are idempotents. Thus, the set of all idempotents of neutrosophic ring (IR U I) is 
10,1, 5,1=4}. 


2 


The above theorem reveals that the set of all idempotents in neutrosophic ring (RU I) is 
{0,1,1,1-I } when R is C,R, Q or Z. For any ring R, we have the following results. 


Proposition 4. [fa is idempotent in any ring R, then al is also idempotent in neutrosophic ring (RU I). 


Proof. If a € R is idempotent, ie., a* = a, so (al)? = (0 +al)(0 +al) = a?I = al, thus, al is also 
idempotent in neutrosophic ring (RU I). 


Proposition 5. In neutrosophic ring (RU I), then a — al is idempotent iff a is idempotent. 


Proof. Necessity: If a — al is idempotent, i.e., (a — al)? = a —al,so (a—al)? = (a—al)(a—al) = 
a? — 2aI + aI = a* + (a* — 2a)I = a —al, which means a? = a and a* — 2a = —a. Thus, we have 


a 


= a,so a is idempotent. 
Sufficiency: If a is idempotent, so (a — al)? = a? + (a? —2a)I = a—al, thus a—al 


is idempotent. 


Theorem 2. In neutrosophic ring (RU I), leta+bI € (RU1), then a + DI is idempotent iff a is idempotent 
in Rand b =c —a, where c is any idempotent element in R. 


Proof. Necessity: If a + bI is idempotent, i.e., (a + b1)* = a+bI,so (a+bl)* = a? + (2ab+b?) = 
a + bI, which means a? = a and 2ab + b? = b. From a* = a, we can get a is idempotent. From 
2ab + b* = band a? = a, we can get (b +a)? = b? + 2ab + a* = b +.a,s80 b +a is also idempotent in R, 
denoted by c,sob=c—a. 

Sufficiency: If a and c are any idempotents in R, let b = c—a,so (a+bl)* = (a+ (c—a)I)? = 
a? + (2a(c —a) + (c—a)*)I = a* + (2ac — 2a? +c? —2ac+a?) =a+(c—a)Il =a+bl, thusa+bl 
is idempotent. 


Theorem 3. If the number of different idempotents in ring R is t, then the number of different idempotents in 
the neutrosophic ring (RU 1) is t?. 


Proof. If the number of idempotents in R is t and let a+ bI € (RUI) is idempotent, so from Theorem 2, 
we can infer that a is idempotent in R, i.e., a has t different selections. When a is fixed, set b = c — a, 
where c is any idempotent in R and c also has ¢ different selections, which means b has t different 
selections. Thus, a + bI has t - t = ¢? different selections, i.e., the number of all idempotents in (R U I) 
is t?. 


From the above analysis, for any ring R, all idempotents in (R U I) can be determined if all 
idempotents in R are known. In the following, we will explore all idempotents in neutrosophic ring 
(Zy UT), i.e., when R = Zn. 


Theorem 4. ([5]) In the algebra system (Zn, -) (see Appendix A), - is the classical mod multiplication, for each 
a € Zn, a has neut(a) and anti(a) iff gced(gced(a,n),n/ged(a,n)) = 1. 
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Theorem 5. ([5]) For an algebra system (Zy,-) and n = pi pe vee pt, where each p;(i = 1,2,---,t) isa 
prime, then the number of different neutral elements in Zy is 2°. 


Remark 3. From Proposition 3 and Theorem 5, we can infer that the number of all idempotents in Z i, ky _k, 
Py Po Pt 
is also 2°. 


Example 2. For (Z36,-),n = 36 = 2232. From Theorem 5, the number of different neutral elements in Z3¢ is 
2? = 4. They are: 


(1) 


has the neutral element [0]. 
, [5], [7], 11], [13], [17], [19], [23], [25], [29], [31] and [35] have the same neutral element [1]. 


4| and |8] have the same neutral element being gcd(4,36) = gcd(8,36) = 4. In fact, 


From Remark 3, the number of idempotents in Z3¢ is also 4, which are [0], [1], [9] and [28]. 
From Theorems 2 and 3 and Remark 3, it follows easily that: 


Corollary 1. In neutrosophic ring (Zn U1), leta +bI € (Zy U1), then a + bl is idempotent iff a* = a and 
b =c —a, where c is any idempotent element in Zy. 


Corollary 2. For an algebra system (Zy,-) and n = pi pe vee pt, where each py, p2,--+ , and px are distinct 
primes. Then the number of different idempotents in (Z» U1) is 27. 


The solving process for (Zn U I) is given by Algorithm 1. Just only input n, then we can get all 
idempotents in (Z,, U I). The MATLAB code is provided in the Appendix B. 


Example 3. Solve all idempotents in (Zego U I). 

Since n = 600 = 23 .3-5%, from Theorem 5, we can get the different neutral elements in Zeoo are 
neut(1), neut (2°), neut (3), neut (52), neut (2° - 3), neut (2° - 5°), neut(3 - 5°) and neut(0), i.e., the different 
idempotents in Zoo are 1, 376, 201, 25, 576, 400, 225, 0. From Corollary 2, the number of different idempotents 
in neutrosophic ring (Zoo U 1) is 22° = 64. 

From Algorithm 1, the set of all 64 idempotents in (Zggo U I) is: {0, I, 251, 2011, 2251, 3761, 4001, 5761, 1+ 
5991,1,1+ 241,1+2001,1 + 2241,1+3751,1+3991,1 +5751, 25 + 5751, 25 + 5761, 25,25 + 1761, 25 + 
2001, 25 + 3511, 25 + 3751, 25 + 5511, 201 + 3991, 201 + 4001, 201 + 4241, 201,201 + 241,201 + 1751, 201 + 
1991, 201 + 3751,225 + 3751,225 + 376I1,225 + 4001, 225 + 5761, 225,225 + 151],225 + 1751, 225 + 
3511,376 + 2241,376 + 2251,376 + 2491,376 + 4251,376 + 4491, 376,376 + 241,376 + 2001, 400 + 
2001,400 + 2011, 400 + 2251,400 + 4011,400 + 4251, 400 + 5761,400, 400 + 1761,576 + 241,576 + 
251,576 + 491,576 + 2251, 576 + 2491,576 + 4001,576 + 4241,576}. 
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Algorithm 1: Solving the different idempotents in (Zn UT) 
Input: 1 


1: Factorization of integer n, we can get n = nh 


ky ky 
Po eee r 


2: Computing the neutral element of 1, ph, pe, my pt, ee + pe pt, my pene vee pM 
and py pe ee pr. So, we can get all idempotents in Z, , denoted by a1, a2,--+ , apt. 


3: Let ID=[]; 
4: fori = 1:2! 
5: a=; 
6 tory = 172! 
7: b = mod (a; —4,n); 
8 ID = (1D; [a,b 
: end 
10: end 


Output: ID: all the idempotents in (Zn U I) 


In paper [22], the authors studied the idempotents and semi-idempotents in (Zn U I) and proposed 
some open problems and conjectures. We list partial open problems and conjectures about idempotents 
in (Zy U I) as follows and answer them. 


Problem 1. ([22]) Let S = (Zpq, +,-), where p and q are two distinct primes, be the neutrosophic ring. Can S 
have non-trivial idempotents other than the ones mentioned in (b) of the Theorem 6? 


Conjecture 1. ([22]) Let S = (Zy,+,-) be the neutrosophic ring n = pqr, where p,q and r are three 
distinct primes. 


1. Zy = Zpygr has only six non-trivial idempotents associated with it. 

2. If my, m2,m3, M4, M5 and me are the idempotents, then, associated with each real idempotent mj, we have 
seven non-trivial neutrosophic idempotents associated with it, i.e., {mj + njl, j=1,2,--+ ,7}, such that 
mj +n; =t, where tj takes the seven distinct values from the set {0,1, my,k A i;k = 1,2,3,--- 6}. = 
1,2,---,6. 


Conjecture 2. ([22]) Given (Zn UI), where n = pip2- pr;t > 2 and pjs are all distinct primes, find: 


1. the number of idempotents in Zy; 
2. the number of idempotents in (Zn U I)\Zn; 


Conjecture 3. ([22]) Prove if (Z, UI) and (Zm U I) are two neutrosophic rings where n > m and n = p'q 
(t > 2, and p and q two distinct primes) and m = pip2--: ps where p;s are distinct primes. 1 <i < s, then 


1. prove Zy has a greater number of idempotents than Zim; and 
2. prove (Zy U1) has a greater number of idempotents than (Z, U I). 


Theorem 6. ([22]) Let S = (Zpg,+,+) where p and q are two distinct primes: 


(a) There are two idempotents in Zyq say r and s. 
(b) {r,s,rI,sI,1,r +tl,s + tlt € {Zpq\0}} such that r +t =s,1orOands+t=0,1orr is the partial 
collection of idempotents of S. 


For Problem 1, from Remark 3, there are four idempotents in Zp , which are 
{1,neut(p),neut(q),neut(pq) = O}. Let r = neut(p),s = neut(q), so there are two non-trivial 
idempotents r,s in Zyg. From Corollary 1 and 2, the number of all idempotents in (Zpq U I) is 
24 = 16, they are {0+ (0—0)I =0,04+ (1-0) = 1,0+ (r—0)I =r1,0+(s—0)I =s1,1+(0-1)I= 
14+ (n-1)L1+(1-1I1=1,14(r-1)L14+(s-DLr+O0-nl=r4+(n—-rLr+a—-—rnl=r+ 
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(n+1-rn)Lrt+(r—-r)l=17,r+(s—r)Ls+(0-—s)l=s+(n—-r)s,s+(1-s)l=s+(n+1-s)Ls4 
(r—s)I,s+(s—s)I =s}. So there are 14 non-trivial idempotents in (Zp, U I), but there are only include 
11 non-trivial idempotents in (b) of the Theorem 6, missing {1+ (n — 1)I,1+ (r—1)L,1+ (s—1)]}. 

For Conjecture 1, from Corollary 1 and 2, there are eight idempotents in Zygr, which are 
{1 = mo,neut(p) = m,,neut(q) = m2,neut(r) = m3,neut(pq) = m4,neut(pr) = ms,neut(qr) = 
me, neut(pqr) = 0 = m7}. There are six non-trivial idempotents in Zygr. In (Zn U I), all idempotents 
are {m; + (m; —mj)I|i,j =0,1,2,--- ,7}. 

For Conjecture 2, from Remark 3, the number of idempotents in Z,p, p,..-p, is 2' and the number of 
idempotents in (Zp, py---p, UI)\Zp,pp---p, 8 27% — 2°. 

For Conjecture 3, from Remark 3, the number of idempotents in Zy is 22, and the number of 
idempotents in Z,, is 2°, where n = p'q,m = pip2- ps. So, if s > 2, Zm is characterized by a larger 
number of idempotents than Z,,. In similarly way, the number of idempotents in (Z;, U I) is 2*, and 
the number of idempotents in (ZU I) is 275. So, if s > 2, we can infer that (Zm U I) is characterized 
by a larger number of idempotents than (Z, U I). 

As another application, we will use the idempotents to divide the elements of the neutrosophic 
rings (R UI) when R = F. 

For each NETG (N, *), a € N, from Proposition 1, the neutral element of a is uniquely determined. 
From Proposition 2, Uscey) N(e) is a partition of N. Since the idempotents and neutral elements 
are same, we can use the idempotents to get a partition of N. Let us illustrate these with the 


following example. 


Example 4. Let R = Zs, which is a field. Since n = 3, from Theorem 5, we can get the different neutral 
elements in Zz are neut(1) and neut(0), i.e., the different idempotents in Zg are 1,0. From Corollary 2, the 
number of different idempotents in neutrosophic ring (Zg U 1) is 271 = 4. 

From Algorithm 1, the set of all 4 idempotents in (Z3 UI) is: {0,1,1,1+ 21}. We have 
EO) = {0.,60) = {)21442-21), EU) = {L20),60 +21) =] {l+252-- 1). be 
(Zz UI) = E(0) UE(1) VE(I) VE(1+42I). 


4. The Idempotents in Neutrosophic Quadruple Rings 


In the above section, we explored the idempotents in (RU I). In neutrosophic logic, each 
proposition is approximated to represent respectively the truth (T), the falsehood (F), and the 
indeterminacy (I). In this section, according the idea of neutrosophic ring (R U I), the neutrosophic 
quadruple ring (RU T UI U F) is proposed and the idempotents are given in this section. 


Definition 6. Let (R,+,-) be any ring. The set 


(RUTUTIUF) = {a1 + a2T +431 + a4F : a1, 02,03,a4 € R} (2) 


is called a neutrosophic quadruple ring generated by R and T,1,F. Consider the order T < I < F. Let 
a= 0, +4)T +431 + a4F,b = by + boT +531 + b4F € (RUTUTIUF), the operators ©,® on (RUT U 
TUF) are defined as follows: 


a®b = (a, +a2T +031 + a4F) © (by + boT +031 + b4F) 


= a, +b, + (a2 + b2)T + (a3 + b3)I + (ag + b4)F. (3) 


axb= (a, +42T +431 +. a4F) * (by, b2T, b31, b4F) 
= aby + (ayb2 + agby + agb2)T + (a, b3 + agb3 + a3b, + a3b2 + a3b3)1 (4) 
t (ayb4 + dobg + a3b4 + agby + agb2 + agbs 4 agb4)F. 
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Remark 4. It is easy to verify that ((RUT UIUF),®,*) is a ring, moreover, it also has the same algebra 
structure with neutrosophic quadruple numbers (see [23—25]), so the we call (RU T UIU F) is a neutrosophic 
quadruple ring is reasonable. 


Remark 5. Similarly with Remark 2, for simplicity of notation, we use +,- to replace @, * on neutrosophic 
quadruple ring (RU TUIUEF). That is a+ balso means a @ bifa,b € (RUTUIUF). and a-balso means 
ax bifa,b € (RUTUIUF). For short a - b denoted by ab and a - a denoted by a?. 


Example 5. (ZUTUIUF), (QUTUIUF), (RUTUIUF) and (CUT UIUF) are neutrosophic quadruple 
rings of integer, rational, real and complex numbers, respectively. (Zn U TU IU F) is neutrosophic quadruple 
ring of modulo integers. Of course, Z, Q, R, C and Zy are neutrosophic quadruple rings when coefficients of T, I 
and F equal zero. 


Definition 7. Let (RU TUIU F) be a neutrosophic quadruple ring. (RUT UIUF) is commutative if 
ab = ba,Va,b € (RUTUIUF). 


In addition, if there exists 1 € (RUT UIUF), such that1-a =a-1 =a foralla € (RUTUIUF), then 
(RUTULUF) is called a commutative neutrosophic quadruple ring with unity. 


Definition 8. An element a in a neutrosophic quadruple ring (RUT UIUF) is called an idempotent element 
ifa* =a. 


Theorem 7. The set of all idempotents of neutrosophic quadruple rings (CUT UIUF), (RUTUIUF), (QU 
TUIUF) and (ZUTUIUF) is 


{(1, 0, 0, 0), (0, 0, 0,F), (0, 0, I, —F), (0, 0, I, 0), (0, L, —I, 0), (0, LE; —-I, F), (0, Ae, 0, —F), (0, Ly 0, 0), 
(1,-—T,0,0), (1, -T,0, F), (1, -T, 1, —F), (1, -T, 1,0), (1,0, —1,0), (1,0, —I, F), (1,0,0, —F), (1,0,0,0)}. 


Proof. We only give the proof for (RU TUIUF), and the same result can be obtained for 
(CUTUIUF),(QUTUIUF) or (ZUTUIUF). 

Let a = a; + a2T +431 + a4F, if a is idempotent in (RU TUIUF), so a* = a, ie., (ay, +a2T + 
a3] +a4F)* = (a; +.a2T +431 +. a4F), which means 


at = 4, 

2a, a7 + as =, 

2(a, + az)a3 + 03 = 43, 

2(a, + a2 +43)a4 + a, = a4. 


Since a, € R, so from at = a, we can get a, = Oor a, = 1. 


Case A: if a; = 0, then from 2a,a2 + as = ay, we can infer as = 47,80 a2 = Nor a2 = 1. 

Case A1: if a; = 0 and ap = 0, so from 2(a, + a2)a3 + a = 43, we can infer a = 43,80 43 = Oor 
a3 = 1. 

Case A11: if a; = 0, a2 = 0 and ag = 0,80 from 2(a, + a2 +.43)a4 + a = a4, We can infer ae = 4, 
so a4 = Oorag = 1. 

Case A111: if a, = az = a3 = ag = 0, i.e., (0,0,0,0) is idempotent in (RU TUIUF). 

Case A112: if a, = az = a3 = Oand ay = 1,i.e., (0,0,0, F) is idempotent in (RUT UIUF). 

Case Al2: if a, = ag = 0 and a3 = 1, so from 2(a; + a2 + a3)aqg + a; = a4, we can infer 
2a4 +03 = a4,80 44 = Vora, = —1. 
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Case A121: if a, = a2 = 0, a3 = 1and a, = 0, ie., (0,0, I,0) is idempotent in (RU TUIU F). 

Case A122: if a, = a2 = 0, a3 = 1and a, = —1,ie., (0,0, I, —F) is idempotent in (RU TUIUF). 

Case A2: if a, = 0 and a2 = 1, so from 2(a, + a2)a3 + a = a3, we can infer 2a3 + ay = 43, SO 
a3 = O0ora3; = —-1. 

Case A21: if a; = 0, a2 = 1, and a3 = 0, so from 2(a, + a2 + 43)a4 + a; = 44, we can infer 
2a4 + a4 = 44,80 44 = Oor ag = —1. 

Case A121: if a, = 0, a2 = 1, a3 = 0 and ay = 0, i.e., (0,T,0,0) is idempotent in (RUT UIUF). 

Case A112: if a, = 0,a2 = 1,43 =O anda, = —1,ie., (0, T,0, —F) is idempotent in (RUT UIUF). 

Case A22: if a, = 0,a2 = 1and a3 = —1,s0 from 2(a1 + a7 +.43)a4 + a; = a4, we can infer ay = aa, 
so a4 = Oorag = 1. 


Case A121: if a; = 0, a2 = 1,a3 = —1and a, = 0,i.e., (0, T, —1,0) is idempotent in (RUT UIUF). 

Case A112: if a, = 0, a2 = 1,a3 = —land a4 = 1, ie., (0, T, —I, F) is idempotent in (RUT UIUF). 

Case B: if a, = 1, then from 2a,a2 + as = ay, we can infer 2a + as = 47,80 a2 = Oor ap = —1. 

Case B1: if a, = 1 and az = 0, so from 2(a1 + a2)a3 + a = 43, we can infer 2a3 + ay = 43, SO 
a3 =Oora3 = —1. 

Case B11: if a; = 1, a2 = 0 and a3 = 0, so from 2(a1 + a2 + a3)a4 + ay = a4, we can infer 
2a4 +04 = a4,80 44 = Vora, = —1. 


Case B111: if a; = 1, a2 = 0, a3 = Oand a4 = 0,ice., (1,0,0,0) is idempotent in (RUT UIUF). 
Case B112: if a, = 1, a2 = 0, a3 =O and ay = —1,ie., (1,0,0,—F) is idempotent in (RUT UIUF). 
Case B12: if a, = 1, a2 = 0 and a3 = —1,s0 from 2(a1 + a2 + a3)a4 + ay = a4, we can infer aa = 44, 


so a4 = Oordag = 1. 


Case B121: if a, = 1, a. =0,a3 = —1and a4 = 0, ie., (1,0,—I,0) is idempotent in (RU TUIUF). 

Case B122: if aj = 1, a2 = 0,a3 = —land ag = 1,i., (1,0, —I, F) is idempotent in (RUT UIUF). 

Case B2: if a; = 1 and az = —1, so from 2(a, + 42)a3 + ay = 43, we can infer ay = 43,80 43 =O0or 
a3 = 1. 

Case B21: if a, = 1, a2 = —1,and a3 = 0, so from 2(a, + a2 + 43)a4+ a = a4, we can infer a = a4, 


so 44 = Oorag = 1. 
Case B121: if a, = 1, a2 = —1, a3 = Oand a, = 0,ie., (1, —T,0,0) is idempotent in (RUT UIUF). 
Case B112: if ay = 1, a2 = —1,a3 = Oand a4 = 1,i.e., (1,—T,0, F) is idempotent in (RUT UIUF). 


Case B22: if a; = 1, a2 = —1 and a3 = 1, so from 2(a, + a2 + 43)a4 + ay = a4, we can infer 
2a4 +04 = a4,80 44 = Vora, = —1. 

Case B121: if a, = 1,a2 = —1,a3 =1and a, =0,ie., (1,—T, I,0) is idempotent in (RUT UIUF). 

Case B112: if a, = 1, a7 = —1, a3 = 1 and ay = —1, ie., (1,—T,I,—F) is idempotent in 
(RUTUIUF). 


From the above analysis, we can get the set of all idempotents in neutrosophic quadruple ring 
(RUT UIUF) are {(1,0,0,0), (0,0,0,F), (0,0, I, —F), (0,0, 1,0), (0, T, —1,0), (0, T, —1,F), (0,T,0,—F), 
(0; 70,0); Gl, —1,0,0), = 7,0, F), (fF), - 10) 0) (80-1 2) 0,04F); 
(1,0,0,0)}. 


The above theorem reveals that the idempotents in neutrosophic quadruple ring (R UT UI U F) 
is fixed when R is C,R, Q or Z. For any ring R, we have the following results. 


Theorem 8. For neutrosophic quadruple ring (RUT UIUF),a =a, + a2T + 431 + agF is idempotent in 
neutrosophic quadruple ring (RU TUIU F) iff a, is idempotent in R, ay = c — a1, a3 = d — (a, + a2) and 


a4 = e — (a, + a2 +43), where c,d and e are any idempotents in R. 


Proof. Necessity: If a = a, +. a2T +431 + a4F is idempotent, i-e., (a, + a2T +431 + agF)* = a, +a2T + 
a3I + a4F, which means 
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at = 4, 

2a, a2 + aa =A), 

2(a1 + a2)a3 + 03 = 43, 
2(a, + a2 +43) a4 ay = a4. 


— 


Since a, € R, from ay = 


From 24,42 + as = az and at = a1, we can get (a + a2) 


is also idempotent in R, denoted by c, so az 


From 2(a, + 42)a3 + aa = a3, and (a, + a)? 


=C— 44. 


ay)? t 2(ay t a2)a3 t 
a3 =d—a,— 4). 
From 2(a, + a2 + 43)aq 4 
a3 +44)? = (a, + az +43)? +2(a, + az +43) a3 4 


a1, we can get a, is idempotent in R. 


2 = at + 2aya2 + a5 = ay +. a2,80 a1 +42 


a, + az, we can get (a, +4) + a3)? = (a+ 


ay = a, + a2 + 43, SO 41 + 42 + 43 is also idempotent in R, denoted by d, so 


i = a4, and (a; + a2 +43)? = a, + a2 +43, we can get (a, + a2 + 
a; = A, +a + 43 + 44, SO a1, + ap + a3 4+ ag is also 


idempotent in R, denoted by e, so a4 = e — a4 — a2 — 43. 
Sufficiency: If a,,c,d and e are arbitrary idempotents in R, let a2 = c — ay, a3 = d — (a, + 42) 


and a4 = e— (a, +a. +43). so (a, + aT +431 + agF)? = (a, + (c—a1)T + (d— a, —an)I +(e 
a, — ay — a3)F)? = at + (2(c — ay)ay + (c — a4)7)T + (2c(d — ay — an) + (d — a, — an)*)I + (2d(e 
ay — a — a3) + (e — ay — a2 — a3)*)F = ay + (c — ay)T + (d — ay — a2) + (e — ay — a2 — 03)F. Thus, 


a =, + a2T + 431 + agF is idempotent. 


Theorem 9. If the number of different idempotents in R is t, then the number of different idempotents in 
neutrosophic quadruple ring (RUT UIU EF) is t*. 


Proof. If the number of different idempotents in R is t, let a1 4 


aoT + a3] +a4F € (Zy UTUIUF) is 


idempotent, so a; is idempotent in R, i.e., a; has t different selections. When a, is selected, a7 = c — a4, 
where c is idempotent, which also has t different selections. When a1, 4 are selected, a3 = d — a, — ap, 
where d is idempotent, which also has ¢ different selections. When 41,42, 43 is selected, a4 = e — a1 — 
az — a3, Where e is idempotent, which also has ¢ different selections. Thus, the number of all selections 


ist-t-t-t = t*, iie., the number of different idempotents in (RU TUIU F) is tf. 


From Theorems 8 and 9 and Remark 3, it follows easily that: 


Corollary 3. In neutrosophic quadruple ring (Zy UTUIUF),a =a, + a2T + a3I + agF is idempotent in 
neutrosophic quadruple ring (Zn UT UIU F) iff ay is idempotent in Zn, az = c — a1, a3 = d — (a, +. a2) and 
a4 = e — (a, +4) +43), where c,d and e are any idempotents in Zy. 


Corollary 4. The number of different idempotents in neutrosophic quadruple ring (Zn UT UI UF) is 2". 


The solving process for neutrosophic quadruple ring (Z; UT UIU F) is given by Algorithm 2. 
Just only input 1, we can get all idempotents in (Z, U TU IU F). The MATLAB code is provided in 


the Appendix C. 
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Algorithm 2: Solving the different idempotents in (Z, UT UIU F) 
Input: 1 


1: Factorization of integer n, we can get n = nh 


ky kt 
kt 


2: Computing the neutral element of 1, ph, pe, my pt, eee . pi pl, my pene “Dy 


and py pe ee py . So, we can get all idempotents in Z, , denoted by c1,c2,--+ , Cot. 
3: Let ID=[]; 
4: fori = 1:2! 
5: ay = Cj 
6: tory = 172! 
ve: az = mod(c; — 41,n); 
8: form =1:2! 
9: a3 = mod(cm — a, — a2,n); 
10: forg = 22° 
11: a4 = mod (cq — a, — a2 — 43,1); 
12: ID = [ID; [a4,a2,43,a4]]; 
13: end 
14: end 
15: end 
16: end 


Output: ID: all the idempotents in (Z;, UT UI UF) 


Example 6. Solve all idempotents in (Zy2 UT UIU F). 

Since n = 12 = 2? -3, from Theorems 4 and 5, we can get the different neutral elements in Zo are 
neut(1), neut(2?), neut(3),neut(29 - 3) and neut (0), i.e., the different idempotents in Zy are 1,4,9,0. From 
Corollary 4, the number of different idempotents in neutrosophic quadruple ring (Z42 UT UIUF) is 2*? = 256. 

From Algorithm 2, the set of all 256 idempotents in (Zy2 UT UI UF) is: {0,1F,4F,9F,I+ 11F,1,I1+ 
3F,1+ 8F,41 + 8F,41 + 9F,41,41 + 5F,91 + 3F,91+4F,91 + 7F,91,T+111,T7+111+F,T+111 
$F Po = OE ed eee, Par Ge, 2 aol ert bai Gb, Loh TP ola Sr ae) 
peel POl-Pae, Ta Bl 727i, il Fear BLar --8l4- Fal --8l ar 4) -8i Ob al Pol LE, al 
91,4T + 91+ 3F,4T +91 + 8F,4T + 8F,4T + 9F,4T,4T + 5F,4T + 51 +3F,4T +51 4+ 4F,4T + 5] 
7F,4AT +51,9T + 31,9T + 31+ F,9T +31 +4F,9T +31+9F,9T +41 +11F,9T +41,9T +41 + 3F,9T 
41+ 8F,9T +71 +8F,9T + 71+ 9F,9T +71,9T +71 +5F,9T +3F,9T +4F,9T + 7F,9T,1+11T,1+ 
117 +F,1+117+4F,1+11T+9F,1+117+14+11F,14+11T4+01+11T+14+3F,1+11T+1 
8F,1+11T +41 +8F,1+11T+41+9F,1+11T+41,1+11T +41+5F,1+11T +91+3F,1+11T 
91+ 4F,1+11T+9I1+7F,14+11T4+91,14+111,1+111+F,14+1114+4F,1+1114+9F,1+11F,1,1+ 
gb, LP OF loi 8r, lol OF Loh Lael 5b 8i or Ep Slee, Leal 7k, a BLL 
3T + 8114+3T+8I1+F,14+3T4+81+4F,14+3T+814+9F,1+3T+914+11F,1+3T+91,1+3T 
91+3F,1+3T4+91+8F,1+3T+8F,1+3T+4+9F,1+37T,14+3T+5F,1+3T+5I1+3F,1+3T+51 
ar La al aol Zbl eel ol Sl +o al elk Laer pela ae lap er ol -9F, 1 
8T +41 +11F,1+87T+411+87T+41+3F,1+87T+41+8F,1+87T+71+8F,1+8T+71+9F,1 
8T +71,14+8T +71+5F,1+8T+3F,1+8T+4F,1+8T+4+7F,14+8T,44+87,4+8T4+F,44 8T 
4F,4+8T+9F,4+8T+1+11F,4+8T+14+8T+1+3F,4+8T+1+8F,4+8T +41 +8F,4+8T 
41+9F,4+8T+41,4+8T+41+5F,4+8T+91+3F,4+8T+91+4F,4+8T +91 +7F,4+ 8T 
914+9T+11L4+9T+111+F,4+9T +111+4F,4+9T +111 +9F,4+9T+11F,4+9T,4+9T 
3F,4+9T+8F,4+9T+3I1+8F,4+9T+314+9F,4+9T+3L44+9T +31+5F,4+9T +81+3F,4 
9T+81+4F,44+9T+81+7F,4+9T+814+8L44+81+F,4+81+4F,4+81+9F,4+91+11F,4 
91,4+91+3F,4+91+8F,44+8F,4+9F,4,4+5F,44+51+3F,44+51+4F,44+51+7F,44+514+5T 
3[4+5T+314+F,4+5T+31+4F,44+5T4+314+9F,4+57T+41+11F,4+5T+4,4+5T +4] 
3F,4+5T +41 4+ 8F,4+5T+714+8F,44+5T+714+9F,44+5T+714+5T +71+5F,4+5T+3F,4+ 
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5T +4F,4+5T +7F,4+57,9+37,9+3T +F,9+3T+4F,9+37T +9F,9+3T +1+11F,94+3T + 
19+3T+14+3F,9+3T+1+8F,9+37T+41+8F,9+3T+41+9F,9+37T+41,9+37T+41+5F,9+ 
3T+914+3F,9+3T+91+4F,94+3T+914+7F,9+3T+91,9+4T +1119+47T +111+F,94+4T 

1114+ 4F,9+4T+111+9F,9+47T+4+11F,9+47T,9+4T +3F,9+4T + 8F,9+4T +314 8F,9+4T 
31+9F,9+4T+3L9+4T+314+5F,9+47T + 81+3F,9+4T+81+4F,9+4T + 81 +7F,9 +4T 
81,9+7T+819+7T+8I1+F,9+7T+81+4F,9+7T+814+9F,9+7T +914 11F,9+7T + 91,9 
7T+91+3F,9+7T +91 +8F,9+7T +8F,9+7T +9F,9+77T,9 +7T +5F,9+7T +51 + 3F,9 
7T+51+4F,94+7T+5I4+7F,9+7T+519+319+31+F,9+31+4F,9+3I1+9F,9+41+11F,9 
ALO} Al + 3F,9- 41 4 6F,94-71 66, 9-71 98,9 + 71,9 471 + OF, 9 oF, 94,9 + 78,9) 


Similarly, we will use the idempotents to divide the elements of the neutrosophic rings (RU T U 
I UF) when R = F. Let us illustrate these with the following example. 


Example 7. Let R = Zs, which is a field. From Example 4, the different idempotents in Z3 are 1,0. From 
Corollary 4, the number of different idempotents in neutrosophic quadruple ring (Z3 UT UIUF) is 2* = 16. 
From Algorithm 2, the set of all 16 idempotents in (Z3 UI) is: E = {0,F,I+2F,1,T+21,T+2I1+ 
P,P Po Teor, ae er eb Aa ar OP or ee 1a 2 1 20 1 FL. We hae 
E(0) = {0}, E(F) = {F,2F},E(1+2F) = {14+ 2F,21+F}, EV) = {1,14 F,21,21 + 2F}, E(T +2I) = 
{2 $2L27T I 2 22l BF) Hq al ET 2b 2b 27 el + B2P 4 2F}, ES + 2F) = 
{P2P, Pala £27 PE2T 2214 2Fb, EP) = qt ee, LP ead i +28 27,27 428,27 + 
220 +2r4-F}, BU 42r) = 41 $2T,24-T) Ber 2) = 14 oT PA 2er 26,247 
F,2--T +2F}, EQL-2T + 1+2F)={1+27 414 2F,1427 +214 F,2+T +1+2F,2+T+21+FI, 
EL+27T +0 ={14 27 +L 1427 IS F,1 427 4201427 -214-2F,24+T+L2+T +i+F,2 
T+2U24 7 +2142F},604+2) = f1+2h,147T+124+12+2T +21}, £0421 +F) ={14+214+ 
Pls 2 2F la Taal + Bl Pd 22 P2128 2 er 2) + P22) 420 FI, 
Ble 2F) = {12 2P Ved 4 Fae DP, Tel OP 24 2 2) 2b 2 2) 2b, 227 
I+F}, 50) = {Lies Lael eb ta Tae Pat 2b et 222 P24 
21,24+ 214+ F,2+2T,24+2T+F,2+2T+1,2+2T+1+4 2F}. So (Z3 UTUIUF) = User Efe). 


5. Conclusions 


In this paper, we study the idempotents in neutrosophic ring (RU I) and neutrosophic quadruple 
ring (RUTUIUF). We not only solve the open problem and conjectures in paper [22] about 
idempotents in neutrosophic ring (Zy U I), but also give algorithms to obtain all idempotents in (Zn U I) 
and (Z, UT UIU F) for each n. Furthermore, if R = F, then the neutrosophic rings (neutrosophic 
quadruple rings) can be viewed as a partition divided by the idempotents. As a general result, if all 
idempotents in ring R are known, then all idempotents in (RU I) and (RU T UI U F) can be obtained 
too. Moreover, if the number of all idempotents in ring R is t, then the numbers of all idempotents in 
(RUI) and (RUTUIUF) are #? and t* respectively. In the following, on the one hand, we will explore 
semi-idempotents in neutrosophic rings, on the other hand, we will study the algebra properties of 
neutrosophic rings and neutrosophic quadruple rings. 
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Shaanxi Provincial Education Department (Program No. 18JS042). 
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Appendix A. The MATLAB code for solving the idempotents in (Zn, -) 


function neut = solve_neut(n) 


% n: nonnegative integer 
% neut: all idempotents in Z_n 


B=[]; 

digits (32); 

for i=1:n 
for j=l1:n 

A1(i, j)=mod((i—1)*(j —1),n); 

end 

end 

al=factor(n); 

a2=unique(al); 

for i=1:length(a2) 
b=length (find (al==a2(i ))); 
B(i)=a2(i)%b; 

end 

D=[1]; 

for i=1:length(a2) 
C=combnk (B, i ); 
A=prod(C,2); 


D=[D;A]; 
end 
D=mod(D,n); 
for i=1:length(D) 
if D(i)== 
neut(i)=1; 
elseif D(i)==0 
neut(i)=0; 
else 
for j=l1:n 
if mod(D(i)+j ,n)==D(i) 
for k=1:n 
if mod(D(i)+k,n)==j 
neut(i)=j; 
break 
end 
end 
end 
end 
end 
end 


neut=sort(neut ); 


Appendix B. The MATLAB code for solving the idempotents in (Z,, U I) 


function ID = Idempotents_ZR(n) 
% n: nonnegative integer 
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% ID: all idempotents in in neutrosophic ring <Z_n \cup I> 
neut = solve_neut(n); 


neutall=[]; 
for i=1:length(neut) 
for j=1:length(neut) 
cl=mod(neut(j)—neut(i),n); 
neutall=[neutall; [neut(i), cl]]; 
end 
end 


y 


ID=sortrows(neutall ’,1)’; 


Appendix C. The MATLAB code for solving the idempotents in (Z, U T UI U F) 


function ID = Idempotents_ZRTIF(n) 
% n: nonnegative integer 
% ID: all idempotents in in neutrosophic quadruple ring <Z_n\cup T\cup I\cup F> 


neut = solve_neut(n); 
neutall=[]; 
for i=1:length(neut) 
al=neut(i); 
for j=1:length(neut) 
a2=mod(neut(j)—al,n); 
for m=1:length(neut) 
a3=mod(neut (m)—al—a2 ,n); 
for q=1:length(neut) 
a4=mod(neut (q)—al—a2—a3 ,n); 
neutall=[neutall; [al a2 a3 a4]]; 
end 
end 
end 
end 


y 


ID=sortrows(neutall ’,1)’; 
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NeutroAlgebra is a Generalization of Partial Algebra 


Florentin Smarandache 


Florentin Smarandache (2020). NeutroAlgebra is a Generalization of Partial Algebra. 
International Journal of Neutrosophic Science 2(1), 8-17 


Abstract 

In this paper we recall, improve, and extend several definitions, properties and applications of our previous 2019 
research referred to NeutroAlgebras and AntiAlgebras (also called NeutroAlgebraic Structures and respectively 
AntiAlgebraic Structures). 


Let <A> be an item (concept, attribute, idea, proposition, theory, etc.). Through the process of neutrosphication, we 
split the nonempty space we work on into three regions {two opposite ones corresponding to <A> and <antiA>, and 
one corresponding to neutral (indeterminate) <neutA> (also denoted <neutroA>) between the opposites}, which may 
or may not be disjoint — depending on the application, but they are exhaustive (their union equals the whole space). 


A NeutroAlgebra is an algebra which has at least one NeutroOperation or one NeutroAxiom (axiom that is true for 
some elements, indeterminate for other elements, and false for the other elements). 


A Partial Algebra is an algebra that has at least one Partial Operation, and all its Axioms are classical (i.e. axioms true 
for all elements). 


Through a theorem we prove that NeutroAlgebra is a generalization of Partial Algebra, and we give examples of 
NeutroAlgebras that are not Partial Algebras. We also introduce the NeutroFunction (and NeutroOperation). 


Keywords: neutrosophy, algebra, neutroalgebra, neutroFunction, neutroOperation, neutroAxiom 


1. Neutrosophication by Tri-Sectioning the Space 
Let X be a given nonempty space (or simply set) included into a universe of discourse U. 


Let <A> be an item (concept, attribute, idea, proposition, theory, etc.) defined on the set XY. Through the process of 
neutrosphication, we split the set X into three regions [two opposite ones <A> and <antiA>, and one neutral 
(indeterminate) <neutroA> between them], regions which may or may not be disjoint — depending on the application, 
but they are exhaustive (their union equals the whole space). 


The region denoted just by <A> is formed by all set’s elements where <A> is true {degree of truth (7)}, the region 
denoted by <antiA> is formed by all set’s elements where <A> is false {degree of falsehood (F)}, and the region 
denoted by <neutroA> is formed by all set’s elements where <A> is indeterminate (neither true nor false) {degree of 
indeterminacy (/)}. 


We further on work with the following <A> concepts: Function, Operation, Axiom, and Algebra. 


Therefore, by tri-sectioning the set Y with respect to each such <A> concept, we get the following neutrosophic 
triplets corresponding to (<A>, <NeutroA>, <AntiA>): 


<Function, NeutroFunction, AntiFunction>, 
<Operation, NeutroOperation, AntiOperation>, 


<Axiom, NeutroAxiom, AntiAxiom>, 
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<Algebra, NeutroAlgebra, AntiAlgebra>. 


A NeutroAlgebra is an algebra which has at least one NeutroOperation or one NeutroAxiom (axiom that is true for 
some elements, indeterminate for other elements, and false for other elements). 


We have proposed for the first time the NeutroAlgebraic Structures (or NeutroAlgebras), and in general the 
NeutroStructures, in 2019 [1] and further on in 2020 [2]. 


The NeutroAlgebra is a generalization of Partial Algebra, which is an algebra that has at least one Partial Operation, 
while all its Axioms are totally true (classical axioms). 


We recall the Boole’s Partial Algebras and the Effect Algebras as particular cases of Partial Algebras, and by 
consequence as particular cases of NeutroAlgebras. 


In comparison between the Partial Algebra and the NeutroAlgebra: 


i) When the NeutroAlgebra has no NeutroAxiom, it coincides with the Partial Algebra. 

ii) There are NeutroAlgebras that have no NeutroOperations, but have NeutroAxioms. These are different 
from Partial Algebras. 

ili) And NeutroAlgebras that have both, NeutroOperations and NeutroAxioms. 


These are different from Partial Algebras too. 
All the above will be proved in the following. 


2-4. Partially Inner-Defined, Partially Outer-Defined, or Partially Indeterminate 
Let U be a nonempty universe of discourse, and X and Y be two nonempty subsets of U. 


Let’s consider a function: 
SX PY. 


Let a € X be an element. Then, there are three possibilities: 


i) [Inner-defined, or Well-defined; corresponding in neutrosophy to Truth (T)/ 
Sia €Y; 

ii) [Outer-defined; corresponding in neutrosophy to Falsehood (F)/ 
f(a) € U-Y; 

ili) [Indeterminacy; corresponding in neutrosophy to Indeterminate (I)/ 


a) fla) = indeterminacy; 

{i.e. the value of f(a) does exist, but we do not know it exactly; 

for example, f(a) = c or d, we know that f(a) may be equal to c or d (but we are not sure to which one); 

or, another example, we only know that f(a) # e, where the previous c, d, e € U}; 

B) f(a) = undefined (i.e. the value of f(a) is not defined, or it does not exist — as in Partial Function); undefined is 
considered part of indeterminacy; 

0) f(indeterminacy) € U, but we either do not know the indeterminacy at all, or we only partially know some 
information about it 

{for example we know that f(a or b or c) € U, where a, b, c € X, but we are not sure if the argument is either a, or b, 
orc}; 

6) more general: f(indeterminacyl) = indeterminacy2, where indeterminacy! is a vaguely known value in X and 
indeterminacy? is a vaguely known value in U; 

&) By the way, there are many types of indeterminacies, we only gave above some elementary examples. 
Consequently we have: 


5-7. Definitions of Total InnerFunction, Total OuterFunction, Total IndeterminateFunction, and 
Total UndefinedFunction 
i) If for any x € X one has f(x) € Y (inner-ness, or well-defined), then fis called a Total InnerFunction 
(or classical Total Function, or in general Function). 
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ii) If for any x € X one has f(x) € U-Y (outer-ness, or outer-defined), then fis called a Total 
OuterFunction (or AntiFunction). 
iii) If for any x € X one has either /(x) = indeterminacy, or f(indeterminacy) € U, or f(indeterminacy1) = 


indeterminacy2, then f is called a Total IndeterminateFunction. 
{ As a particular case of the Total IndeterminateFunction there is the Total UndefinedFunction: when for any x € X 
one has f(x) = undefined. } 


8. Definition of Partial Function 
In the previous literature {[3], [4]}, the Partial Function was defined as follows: 


A function f; X > Y is called a Partial Function if it is well-defined for some elements in X, and undefined for all the 
other elements in X. Therefore, there exist some elements a € X such that f(a) € Y (well-defined), and for all other 
element b € X one has f(b) = (is) undefined. 


* 
We extend the partial function to NeutroFunction in order to comprise all previous i) — iii) situations. 
9. Definition of NeutroFunction 


A function f* X¥ > Yis called a NeutroFunction if it has elements in X for which the function is well-defined {degree 
of truth (7)}, elements in X for which the function is indeterminate {degree of indeterminacy (/)}, and elements in X 
for which the function is outer-defined {degree of falsehood (F)}, where 7, 1, F € /0, 1], with (T, I, F) # C1, 0, 0) that 
represents the (Total) Function, and (T, I, F) 4 (0, 0, 1) that represents the AntiFunction. 


In this definition “neutro” stands for neutrosophic, which means the existence of outer-ness, or undefined-ness, 
unknown-ness, or indeterminacy in general. 


A NeutroFunction is more general, and it may include all three previous situations: elements in X for which the 
function fis well-defined, elements in _X for which function fis indeterminate (including function’s undefined values), 
and elements in X for which function fis outer-defined. 


We have formed the following neutrosophic triplet: 

<Function, NeutroFunction (that includes the Partial Function), AntiFunction>. 

Therefore, according to the above definitions, we have the following: 

10. Classification of Functions 

i) (Classical) Function, which is a function well-defined for all the elements in its domain of definition. 


ii) NeutroFunction, which is a function partially well-defined, partially indeterminate, and partially outer-defined on 
its domain of definition. 


iii) AntiFunction, which is a function outer-defined for all the elements in its domain of definition. 
11. Example of NeutroFunction 


Let U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} be a universe of discourse, and two of its nonempty subsets X = {1, 2, 3, 
4, 5, 6}, Y = {7, 8, 9, 10, 11, 12}, and the function f constructed as follows: 


f: X DY such that 
S() = 7 € Y (well-defined); 
f(2) = 8 € U-Y (outer-defined); 
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(3) = undefined (doesn’t exist); 
K(4) = 9 or 10 or 11 (it does exist, but we do not know it exactly), therefore f(4) = indeterminate; 


ftsome number greater > 5) = 12, {i.e. it can be f(5) = 12 or f(6) = 12, we are not sure about}, therefore 
Jflindeterminate) = 12. 


Similarly we defined the NeutroOperation. 
12. Definition of NeutroOperation 


An n-ary (for integer n > /) operation @: X” > Y is called a NeutroOperation if it is has n-plets in X” for which the 
operation is well-defined {degree of truth (7)}, n-plets in X" for which the operation is indeterminate {degree of 
indeterminacy (/)}, and n-plets in X” for which the operation is outer-defined {degree of falsehood (F)}, where T, [| F 
€ [0, 1], with (T, [, F) # (J, 0, 0) that represents the n-ary (Total) Operation, and (7, [, F) # (0, 0, 1) that represents the 
n-ary AntiOperation. 


Again, in this definition “neutro” stands for neutrosophic, which means the existence of outer-ness, or undefined-ness, 
or unknown-ness, or indeterminacy in general. 


A NeutroOperation is more general, and it may include all previous situations: elements in X” for which the operation 
@ is well-defined, elements for which operation @ is outer-defined, and elements for which operation @ is 
indeterminate (including undefined). 


13. Definition of AntiOperation 


An n-ary (for integer n > /) operation @: X” > Y is called AntiOperation if for all n-plets (x1, x2, ..., Xn) € X” one has 
@(X1, X2, ..., Xn) € U-Y. 


We have formed the neutrosophic triplet: <Operation, NeutroOperation, AntiOperation>. 
Therefore, according to the above definitions, we have the following: 
14. Classification of Operations 


On a given set: 


i) (Classical) Operation is an operation well-defined for all the set’s elements. 

ii) NeutroOperation is an operation partially well-defined, partially indeterminate, and partially outer- 
defined on the given set. 

ili) AntiFunction is an operation outer-defined for all the set’s elements. 


* 


Further, we define the NeutroHyperOperation. 
15. Definition of NeutroHyperOperation 


Similarly, an n-ary (for integer n > /) hyperoperation @: X” > P(Y) is called a NeutroHyperOperation if it is has n- 
plets in .X” for which the operation is well-defined (a1, az, ..., dn) © P(Y) {degree of truth (7)}, n-plets in X” for which 
the operation is indeterminate {degree of indeterminacy (/)}, and n-plets in_X” for which the operation is outer-defined 
(a1, a2, ..., Aan) € P(Y) {degree of falsehood (F)}, where T, 1, F € /0, 1], with (T, [, F) # (1, 0, 0) that represents the 
n-ary (Total) HyperOperation, and (7, [, F) # (0, 0, 1) that represents the n-ary AntiHyperOperation. 


Again, in this definition “neutro” stands for neutrosophic, which means the existence of outer-ness, or undefined-ness, 
or unknown-ness, or indeterminacy in general. 
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A NeutroOperation is more general, and it may include all previous situations: elements in _X” for which the operation 
@ is well-defined, elements for which operation w is outer-defined, and elements for which operation @ is 
indeterminate (including undefined). 


16. Definition of AntiHyperOperation 


An n-ary (for integer n = /) operation @: X” > P(Y) is called AntiHyperOperation if it is outer-defined for all the n- 
plets in X". Or, for any n-plet (x1, x2, ..., Xn) © X” one has w(x/, x2, ..., Xn) € P(Y). 


Again, we have formed a neutrosophic triplet: 

<HyperOperation, NeutroHyperOperation, AntiHyperOperation>. 

Similarly, according to the above definitions, we have the following: 
17. Classification of HyperOperations 


On a given set: 


i) (Classical) HyperOperation is a hyper-operation well-defined for all the set’s elements. 

il) NeutroHyperOperation is a hyper-operation partially well-defined, partially indeterminate, and 
partially outer-defined on the given set. 

iii) AntiHyperFunction is a hyper-operation outer-defined for all the set’s elements. 


* 


18. Definition of Universal Algebra 
In the previous literature there exist the following. 


The (classical) Universal Algebra (or General Algebra) is a branch of mathematics that studies classes of (classical) 
algebraic structures. 


19. Definition of Algebraic Structure 


A (classical) Algebraic Structure (or Algebra) is a nonempty set A endowed with some (totally well-defined) 
operations (functions) on A, and satisfying some (classical) axioms (totally true) - according to the Universal Algebra. 


20. Definition of Partial Algebra 


A (classical) Partial Algebra is an algebra defined on a nonempty set PA that is endowed with some partial operations 
(or partial functions: partially well-defined, and partially undefined). While the axioms (laws) defined on a Partial 
Algebra are all totally (100%) true. 


21. Definition of Effect Algebra 


A set L that contains two special elements 0, / € L, and endowed with a partially defined binary operation @ that 
satisfies the following conditions (Foulis and Bennett [4]). 


For all p, g, r € L one has: 


i) If p@q is defined, then g@p is defined and p@g =q@p [Commutativity]. 

ii) If g@r is defined and p®(q@r) is defined, then p@q is defined and (p@q) @r is defined, and p@(g@r) 
= (pOq) Gr [Associativity]. 

ill) For every p € L there exists a unique q € L such that p@q is defined and p@q = 1 
(Orthosupplementation). 

iv) If /@p is defined, then p = 0 (Zero-One Law). 
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Clearly, the Effect Algebra is a particular case of Partial Algebra, since it has a partial operation @, and all its 
(Commutative, Associative, Orthosupplementation, and Zero-One) Laws are totally true. 


22. Definition of Boole’s Partial Algebras 


Let U be a universe of discourse, Su(U) the collection of subsets of U, and S(U) the partial algebra (Su(U), +, », -, 0, 
1). Two partial operations ( + and — ) were defined by George Boole (Burris and Sankappanavar [5]): 


A+B:= AUB, provided AM B = @, otherwise undefined; 
and 

A-B:= A\B, provided B C A, otherwise undefined; 

one total operation: 

A-B=AQB; 

and two constants: 

if Om 

0:=¢. 


Obviously, Boole’s Partial Algebras are partial algebras since they have at least one partial operation, while its axioms 
are totally true. 


* 


Now we extend the Partial Algebra to NeutroAlgebra, but first we recall the below. 


23. Classification of Axioms: 


i) A (classical) Axiom defined on a nonempty set is an axiom that is totally true (i.e. true for all set’s 
elements). 
ii) A NeutroAxiom (or Neutrosophic Axiom) defined on a nonempty set is an axiom that is true for some 


set’s elements {degree of truth (7)}, indeterminate for other set’s elements {degree of indeterminacy 
(D}, or false for the other set’s elements {degree of falsehood (F)}, where 7, [, F € /0, 1], with (T, [, F) 
# (1, 0, 0) that represents the (classical) Axiom, and (7, 1, F) # (0, 0, 1) that represents the AntiAxiom. 
ili) An AntiAxiom defined on a nonempty set is an axiom that is false for all set’s elements. 
Therefore, we have formed the neutrosophic triplet: <Axiom, NeutroAxiom, AntiAxiom>. 


24, Classification of Algebras 


i) A (classical) Algebra is a nonempty set CA that is endowed with total operations (or total functions, i.e. 
true for all set’s elements) and (classical) Axioms (also true for all set’s elements). 


ii) A NeutroAlgebra (or NeutroAlgebraic Structure) is a nonempty set NA that is endowed with: at least 
one NeutroOperation (or NeutroFunction), or one NeutroAxiom that is referred to the set’s (partial-, neutro- 
, or total-) operations. 


ii) An AntiAlgebra (or AntiAlgebraic Structure) is a nonempty set AA that is endowed with at least one 
AntiOperation (or AntiFunction) or at least one AntiAxiom. 


Therefore, we have formed the neutrosophic triplet: 


<Algebra, NeutroAlgebra (which includes the Partial Algebra), AntiAlgebra>. 
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25. Definition of Universal NeutroAlgebra 


The Universal NeutroAlgebra (or General NeutroAlgebra) is a branch of neutrosophic mathematics that studies 
classes of NeutroAlgebras and AntiAlgebras. 


26. Applications of NeutroFunctions and NeutroAlgebras 


Applicability of Partial Functions, when the domain is not well-known, are in computer science, computability theory, 
programming language, real analysis, complex analysis, charts in the atlases, recursion theory, category theory, etc. 


NeutroFunctions (NeutroOperations), when the domain and/or range are/is not well-known, have a larger applicable 
field since, besides Partial Functions’ undefined values, NeutroFunctions include functions’ outer-defined and/ 
or indeterminate values referred not only to the functions’ not-well-known domain but to the functions’ not-well- 
known range too. 


NeutroAlgebras, in addition to NeutroFunctions, is equipped with NeutroAxioms that better reflect our reality where 
not all individuals totally agree or totally disagree with some regulation (law, rule, action, organization, idea, etc.), 
but each individual expresses partial degree of approval, partial degree of ignorance, and partial degree of 
disapproval of the regulation. NeutroAxioms are true for some elements, indeterminate for others, and false for other 
elements. 


27. NeutroAxioms in our World 


Unlike the idealistic or abstract algebraic structures, from pure mathematics, constructed on a given perfect space 
(set), where the axioms (laws, rules, theorems, results etc.) are totally (100%) true for all space’s elements, our 
World and Reality consist of approximations, imperfections, vagueness, and partialities. 


Most of mathematical models are too rigid to completely describe the imperfect reality. Many axioms are actually 
NeutroAxioms (i.e. axioms that are true for some space’s elements, indeterminate for other space’s elements, and 
false for other space’s elements). See below several examples. 


In Soft Sciences [2] the laws are interpreted and re-interpreted; in social, political, religious legislation the laws 
are flexible; the same law may be true from a point of view, and indeterminate or false from another point of view. 
Thus the law is partially true and partially indeterminate (neutral) or false (it is a neutrosophic law, or NeutroLaw). 
Many interpretations have a degree of objectivity, a degree of neutrality (indeterminacy), and a degree of subjectivity. 
The cultural, tradition, religious, and psychological factors play important roles in interpretations and actions for or 
against some regulations. 


a) For example, “gun control”. There are people supporting it because of too many crimes and violence (and 
they are right), and people that oppose it because they want to be able to defend themselves and their houses 
(and they are right too); there also are ignorant people who do not care (so, they do not manifest for or against 
it). 
Besides ignorant (neutral) people, we see two opposite propositions, both of them true, but from different points of 
view (from different criteria/parameters; plithogenic logic may better be used herein, since the truth-value of a 
proposition is calculated from various points of view — obtaining different results). How to solve this? Going to the 
middle, in between opposites (as in neutrosophy): allow military, police, security, registered hunters to bear arms; 
prohibit mentally ill, sociopaths, criminals, violent people from bearing arms; and background check on everybody 
that buys arms, etc. 
b) Similarly for “abortion”. Some people argue that by abortion one kills a life (which is true), others support 
the idea of the woman to be master of her body (which is true as well), and again the category of ignorants. 
c) A law applying for a category of people (degree of truth), but not applying for another category of people 
(degree of falsehood). 
For example, in India a Hindi man is allowed to marry only one wife, while a Muslim man is allowed to marry up to 
four wives. 
d) Double Standard: a rule applying for some people, but not applying for other people that for example may 
have a higher social rank. 
e) Hypocrisy: criticizing your enemies (but not your friends!) for what your friends do too! 
Or praising your friends (but not your enemies!) for what your enemies do too! 
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That’s why the NeutroAlgebras better model our imprecise reality and they are needed to be studied, since they are 
equipped with NeutroOperations (partially true, partially indeterminate, and partially false operations) and 
NeutroAxioms (partially true, partially indeterminate, and partially false axioms), all designed on a not-well-known 
space. 


28. Theorem 1 

The NeutroAlgebra is a generalization of Partial Algebra. 

As a consequence, NeutroAlgebra is a generalization of Effect Algebra and of Boole’s Partial Algebras. 
Proof. 


Since the Partial Algebra is equipped with partially defined operations, they are NeutroAlgebras according with the 
above definition of NeutroAlgebras. But the converse is not true. 


Further on, the Effect Algebra and the Boole’s Partial Algebras are particular cases of Partial Algebra, therefore 
particular cases of NeutroAlgebra. 


29, Example of NeutroAlgebra that is not a Partial Algebra 
Let the set S = (0, 00), endowed with the real division + of numbers. (S, +) is well defined, since 
+ is a total operation (there is no division by zero). 


Sis NeutroAssociative, because, from x, y, z € S such that 


x+(ytz)=(x+y) +z 


XZ xX 
one gets = or xyz’ = xy or z’ = I (since both x, y #0), whence z = J (the other solution 


ye 


z =-I1 does not belong to S). 


Therefore, (S, +) is: associative for the triplets of the form {(x, y, 1), x, y © S}, while for other triplets {(x, y, z), x, y, 
z eS, and z # /} it is not associative. So, S is partially associative and partially nonassociative (that we call 
NeutroAssociative). 


Thus (S, +) is a classical groupoid, it is neither a partial algebra nor an effect algebra since its operation + is not a 
partial operation (but a total operation), and it is a NeutroSemigroup (since it is well-defined and neutroassociative) 
which means part of the general NeutroAlgebra. 


Thus we proved that there are NeutroAlgebras that are different from Partial Algebras. 
30. Other Examples of NeutroAlgebras vs. Partial Algebras 


Let U = fa, b, c} be a universe of discourse and S' = {a, b} one of its nonempty subsets. 


i) Structure S; = (S, *:), constructed as below using Cayley Table: 
*) | a b 
a | b a 
b | a undefined 


*; is a partially defined operation since b*:b = undefined, but for all x # b or y # b, x*vy is defined. 

The axiom of commutativity is totally true, since a*/b and b*:a are defined, and they are equal: a*:b = a = b*a. 
Therefore, S; equipped with the axiom of commutativity is a partial algebra. 

But S; equipped with the axiom of associativity is not a partial algebra, since the associativity is partially true and 


partially indeterminate or partially false (i.e. NeutroAssociativity): 
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a*)(b*ia) = a*1a = b, and (a*)b)*ia = a*ia =b (degree of truth); 
but a*)(a*ib) = a*1a = b while (a*:a)*ib =b* ib = undefined ¢ b (degree of falsehood). 


Therefore, S; equipped with the axiom of associativity is a Neutro-algebra. 


il) Structure S2 = (S, *2), constructed as below using Cayley Table: 
5 | a b 
a | b a 
b | a c€éS 


*) is an outer-operation since b*2b = c € U— Sis outer-defined, but for all x # b or y# b, x*zy is inner-defined. Because 
*) is not partially defined (since b*2b 4 undefined), S2 cannot be a partial algebra. 

Similarly, the axiom of commutativity is totally true, since a*2b and b*2a are defined, and they are equal: a*2b = a = 
b*2a. 

Therefore, S2 equipped with the axiom of commutativity is an outer-algebra (which is a particular case of 
NeutroAlgebra). 

But S2 equipped with the axiom of associativity is not an outer-algebra, since the associativity is partially true and 
partially indeterminate or partially false (i.e. NeutroAssociativity): 

a*2(b*2a) = a*2.a = b, and (a*2b)*2a =a*2:a =b (degree of truth); 

but a*2(a*2b) = a*2a = b while (a*2a) *2b =b*2b = c ¢ b (degree of falsehood). 


Therefore, S2 equipped with the axiom of associativity is a Neutro-algebra. 


ili) Structure 53 = (S, *3), constructed as below using Cayley Table: 
"2 | a b 
a | b a 


b | 4 aorb 


*; is an indeterminate-operation since b*3b = a or b (indeterminate), but for all x # b or y £ b, x*3y is well-defined. 


The same, because *3 is not partially defined (since b*3b 4 undefined), S3 cannot be a partial algebra. 


Similarly, the axiom of commutativity is totally true, since a*3b and b*3a are defined, and they are equal: a*3b = a = 
b*3a. 

Therefore, $3 equipped with the axiom of commutativity is an indeterminate-algebra (a particular case of 
NeutroAlgebra). 

But S3 equipped with the axiom of associativity is not an indeterminate-algebra, since the associativity is partially true 
and partially indeterminate or partially false (i.e. NeutroAssociativity): 

a*3(b*3a) = a*3a = b, and (a*3b)*3a = a*3a =b (degree of truth); 

but a*3(a*3b) = a*3a = b while (a*3a)*3b =b*3b = (a or b) # b (degree of falsehood). 
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Therefore, S3 equipped with the axiom of associativity is a NeutroAlgebra. 


31. The main distinction between Partial Algebra vs. NeutroAlgebra 


A Partial Algebra has at least one Partial Operation, while all Axioms involving its partial and total operations 


(Associativity, Commutativity, etc.) are 100% true. 


Whilst a NeutroAlgebra has at least one NeutroOperation (which is an extension of Partial Operation) or one 


NeutroAxiom: 
i) When the NeutroAlgebra has no NeutroAxiom, it coincides with the Partial Algebra. 
ii) There are NeutroAlgebras that have no NeutroOperations, but have NeutroAxioms. These are different 
from Partial Algebras. 
ill) And NeutroAlgebras that have both, NeutroOperations and NeutroAxioms. 


Also, these are different from Partial Algebras. 
32. Remark 1 


For the study of NeutroAlgebras the names of axioms (to be taken into consideration if they are partially true, partially 
indeterminate, partially false) and similarly for the study of AntiAlgebras the names of axioms (to be taken into 
consideration if they are totally false) should from the beginning be specified - since many axioms may fall in such 


categories. 
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Abstract 


The study of refined neutrosophic rings is the objective of this paper. Substructures of refined neutro- 
sophic rings and their elementary properties are presented. It is shown that every refined neutrosophic ring is 
aring. 


Keywords: Neutrosophy, refined neutrosophic set, refined neutrosophic group, refined neutrosophic ring. 


1 Introduction 


The notion of neutrosophic ring R(/) generated by the ring R and the indeterminacy component J was 
introduced for the first time in the literature by Vasantha Kandasamy and Smarandache in2 Since then, fur- 
ther_studies have been carried out on neutrosophic ring, neutrosophic nearring and neutrosophic hyperring 
see Liles Recently, Smarandache!4 introduced the notion of refined neutrosophic logic and neutrosophic set 
with the splitting of the neutrosophic components < 7’, /, F' > into the form 

<1, To,...,Tp; hi, lo... ., Lp; f, Fo, ..., Fs > where T;, I;, F;can be made to represent different logical 
notions and concepts. In Smarandache introduced refined neutrosophic numbers in the form (a, 1/1, 

bola,. . . , bnLn) where a, b;, bo,. . . , &, € Ror C. The concept of refined neutrosophic algebraic 
structures was Antroduced by Agboola An®iand An particular, refined neutrosophic Aroups and their 
substructures were studied. The present paper As devoted to the study of refined neutrosophic rings and their 
substructures. At As shown that every refined neutrosophic ring As a ring. 


For the purposes of this paper, it will be assumed that J splits into two indeterminacies J, [contradiction 
(true (T) and false (F))] and Jz [ignorance (true (T) or false (F))]. It then follows logically that: 


hh = =h, (1) 
ils =: 1 =i5.and (2) 
hl, = khh=h. (3) 
If X is any nonempty set, then the set 
X(N, I2) =< X, Ti, Lp >= {(2, yh, 212) DEY, ZE x} (4) 


is called a refined neutrosophic set generated by X, J, and Ig. For x,y,z € X, any element of X (11, Iz) is 
of the form (2, yl, zI2) and it is called a refined neutrosophic element. 

If + and . are the usual addition and multiplication of numbers, then J; with k = 1,2 have the following 
properties: 


GQ) In tip te++ + Th = mI. 
(2) In + (—Ig) = 0. 
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(3) Ip-Lp. +++ Ip = If = Ip for all positive integer n > 1. 
(4) 0.L;, = 0. 
(5) L, ' is undefined with respect to multiplication and therefore does not exist. 


For any two elements (a, bl), cl2), (d, eh, fz) € X(N, Iz), we define 


(a, bl), clz) + (d, el, fz) — (a+d, (b+ e)h, (e+ f)lr), (5) 
(a, bly, cl2).(d,eh, fl2) = (ad,(ae+bd+be+obf +ce)h, 
(af + cd + cf)l2). (6) 


For any algebraic structure (X,*), the couple (X (11, Iz), *) is called a refined neutrosophic algebraic 
structure and it is named according to the laws (axioms) satisfied by *. For instance, if (X, *) is a group, then 
(X (11, Iz), *) is called a refined neutrosophic group generated by X, 11, Io. 

Given any two refined neutrosophic algebraic structures (X (11, I2),*) and (Y (1, 2), *’), the mapping 
@:(X(h, I2),*) > (Y Uh, Iz), *’) is called a neutrosophic homomorphism if the following conditions hold: 


(1) $((a, bl, cl2) * (d, el, fIz)) = o((a, bl, cl2)) *! o((d, ely, fI2)) V(a, bly, lz), (d, eli, f lz) € 
X (11, Ip). 


(2) o(I,) = I, for k = 1,2. 


Example 1.1. SILet Zo(1y, Ia) = {(0,0,0), (1,0, 0), (0, 11,0), (0,0, 22), 

(0,4, I2), 1, 4,0), (1, 0, La), (1, Li, L2)}. Then (Z2(1h, Iz), +) is a commutative refined neutrosophic group 
of integers modulo 2. Generally for a positive integer n > 2, (Z,, (11, Iz), +) is a finite commutative refined 
neutrosophic group of integers modulo n. 


Example 1.2. 5! Let (G(1j, Iz), *) and and (H(J;, Iz), *’) be two refined neutrosophic groups. Let ¢ : 
G(, 12) x H(h, I2) > G(h, Iz) be a mapping defined by ¢(x, y) = x and 

let : G(h, Ig) x H(h, 12) — H(h, Iz) be a mapping defined by ~)(x, y) = y. Then ¢ and w are refined 
neutrosophic group homomorphisms. 


For more details about refined neutrosophic sets, refined neutrosophic numbers and refined neutrosophic groups, 
we refer toS/011) 


2 Main Results 


Definition 2.1. Let (R,+,.) be any ring. The abstract system (R(11, I2),+,.) is called a refined neutro- 
sophic ring generated by R, J, Lo. 

The abstract system (R(11, I2),+,.) is called a commutative refined neutrosophic ring if for all x,y € 
R(I,, Iz), we have xy = yz. If there exists an element e = (1,0,0) € R(11, Iz) such that ex = xe = & for 
all x € R(, Iz), then we say that (R(11, I2),+,.) is a refined neutrosophic ring with unity. 


Definition 2.2. Let (R(1;, Iz), +, .) be a refined neutrosophic ring and let n € ZT. 


(i) If for the least positive integer n such that na = 0 for all x € R(1y, Iz), then we call (R(1y, I2),+,.) a 
refined neutrosophic ring of characteristic n and n is called the characteristic of (R(Ii, I2),+,.). 


(ii) (R(h, Iz), +, .) is called a refined neutrosophic ring of characteristic zero if for all ¢ € R(K, 12), 
nx = 0 is possible only if n = 0. 


Example 2.3. (i) Z(i, 12), Q(h, I2), R(h, Iz), C(h, Iz) are commutative refined neutrosophic rings with 
unity of characteristics zero. 


(ii) Let Zo(I1, 2) = {(0,0,0), (1,0, 0), (0, 11, 0), (0, 0, I2), 
(0, fi, fa), (1, 4,0), (1,0, Ze), (1, i, L2)}. Then (Zo(11, I2),+,.) is a commutative refined neutro- 
sophic ring of integers modulo 2 of characteristic 2. Generally for a positive integer n > 2, (Z,(I1, Iz), +, -) 
is a finite commutative refined neutrosophic ring of integers modulo n of characteristic n. 
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Example 2.4. Let My,.,,(i, 1/2) = ; : . . : aij € R(h, Iz) > be a refined neutro- 
GQn1 An2 tt Ann 


sophic set of all n x n matrix. Then (M* 


nxn(l1; 12), +,-) is a non-commutative refined neutrosophic ring 
under matrix multiplication. 


Theorem 2.5. Let (R(I1, Iz), +, .) be any refined neutrosophic ring. Then (R(11, I2),+,.) is a ring. 


Proof. It is clear that (R(1;, Iz), +) is an abelian group and and that (R(J;, Iz), .) is a semigroup. It remains 
to show that the distributive laws hold. To this end, let x = (a), a2I1,a3I2),y = (b1,b2h, b3l2),z = 
(C1, Coli, c3I2) be any arbitrary elements of R(11, Iz). Then 


x(y +z) ((b1, bot, b3I2) + (1, coli, c312)) 

41, Q211, a3I2)(b1 + 1, (b2 + c2)I1, b3 + c3)I2) 

ay (by + c1), a1 (b2 + co) + a2(b1 + 1) + ag(be + c2) + ao(b3 + c3) + ag(b2 + c2))h, 
ai (bs + ¢3) + a3(b1 + c1) + a3(b3 + c3))L2) 


a by +r Qa1Cy, (a,b2 + ay,C2g 7 ab, + agC, + Ab + a2C2 + agb3 + agC3 + a3b + a3C2)th, 


a1, 4211, agI2) 


a b3 + a4C3 + a3b1 + agcy + a3b3 + a3c3)I2). 


(a1, G21), a312))((b1, boli, b312)) + ((a1, aati, agl2))((a, cat, e312)) 
a1b1, (ayb2 + agby + agb2 + abs + agbo)h, 


a ,b3 + a3b, + azb3)I2) + (arc, (a1C2 + agcC, + A2C2 + A2C3 + a3c2)th, 


ayc3z + a3c1 + a3c3)I2) 


a,b; +r aici, ayb + Ab, + Agb + agb3 + a3b + ay,C92 + agC, + a2C2 + a2C3 + a3C2)1y, 


a b3 + a3b, + a3b, + a3b3 + ayc3 + agcy + a3c3)I2). 


These show that «(y+z) = xy+az. Similarly, it can be shown that (y+z)a = yx+za. Hence (R(K, Iz), +, .) 
is aring. 


Definition 2.6. Let (R(11, I2),+, .) be a refined neutrosophic ring and let J(J,, [2) be a nonempty subset of 
R(1,, Iz). J(h, I2) is called a refined neutrosophic subring of R(1), 2) if (J(1, Iz), +, .) is itself a refined 
neutrosophic ring. 

It is essential that J(J;, 2) contains a proper subset which is a ring. Otherwise, J(J1, I2) will be called a 
pseudo refined neutrosophic subring of R(11, [2). 


Example 2.7. Let (R(i, I2),+,.) = (Z(h, Iz), +) be the refined neutrosophic ring of integers. The set 
J(I, I2) = nZ(h, I2)) for all positive integer n is a refined neutrosophic subring of R(J1, Iz). 


Example 2.8. Let (R(1i, I2),+,.) = (Ze(h, I2), +) be the refined neutrosophic ring of integers modulo 6. 
The set 


J(f1,I2) = {(0,0,0), (0, 1,0), (0,0, Z2), (0, Lh, 12), 
(0/271, 000/215), (0:27, 915); 
(0,311, 0), (0, 0, 322), (0, 311, 312), 
(0,411, 0), (0,0, 412), (0, 411, 412), 
(0,511, 0), (0,0, 522), (0, 511, 5I2)}. 


is arefined neutrosophic subring of R(J;, Iz). 


Theorem 2.9. Let { J, (11, 12)}} be a family of all refined neutrosophic  subrings (pseudo refined neutro- 
sophicsubrings) of a refined neutrosophic ring (R(Iy, I2),+,.). Then (\} Je (Ii, I2)} is a refined neutro- 
sophic_subring (pseudo refined neutrosophic subring) of R(I,, I2). 
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Definition 2.10. Let A(J1, Iz) and B(J;, Iz) be any two refined neutrosophic subrings (pseudo refined neu- 
trosophic subrings) of a refined neutrosophic ring (R(11, Iz), +). We define the sum A(1), Jz) ® B(h, Iz) 
by the set 


A(h, Iz) @ B(Ih, I2) = {a +b:a€ A(h, Ip), bE B(I,, In)} (7) 
which is a refined neutrosophic subring (pseudo refined neutrosophic subring) of R(J;, Iz) 


Theorem 2.11. Let A(J,, Iz) be any refined neutrosophic subring of a refined neutrosophic ring (R(I,, Iz), +) 
and let B(I,, Iz) be any pseudo refined neutrosophic subring of (R(I1, Iz), +). Then: 


(i) A(h, 12) ® A(h, 2) = Ath, 12). 
(ii) BUI, Iz) © BUA, 2) = BU, h). 


(iii) AC, Iz) ® B(h, Iz) is a refined neutrosophic subring of R(Iy, Iz). 
Definition 2.12. Let R be a non-empty set and let + and . be two binary operations on R such that: 
(i) (2, +) is an abelian group. 
(ii) (R, .) is a semigroup. 
(iii) There exists x, y, z € R such that 


a(ytz)=xyt+ uz, (y+ z)e = yr + 2a. 


(iv) R contains elements of the form (x, yl, zIz) with x,y, z € R such that y, z 4 0 for at least one value. 
Then (R, +, .) is called a pseudo refined n eutrosophic ring. 


Example 2.13. Let R be a set given by 
R= {(0,0,0), (0,24, 0), (0,0, 222), (0, 441, 0), (0, 0, 472), (0,641, 0), (0,0, 6Z2)}. 


Then (R, +, .) is a pseudo refined n eutrosophic ring which is also a refined neutrosophic ring where + and. 
are addition and multiplication modulo 8. 


Example 2.14. Let R(), I2) = Zi2(h, Iz) be a refined n eutrosophic ring of integers modulo 12 and let T 
be a subset of Z12(11, Iz) given by 


T = {(0,0,0), (0,24, 0), (0,0, 222), (0,44, 0), (0,0, 472), (0, 4h, 0), (0, 0, 4/2), 
(0, 61,, 0), (0, 0, 622) (0, 84, 0), (0, 0, 824), (0, 10L;, 0), (0,0, 10Z2)}. 
It is clear that (T, +, .) is a pseudo refined n eutrosophic ring. 


Since T C R(h, Ig), it follows that TU R(N, Iz) C R(h, Iz) and consequently, (TU R(K, I2),+,.) is 
a refined n eutrosophic ring. 


Theorem 2.15. Let (R(1,, Iz), +, .) be any refined n eutrosophic ring and let (T, +, .) be any pseudo refined 
neutrosophic ring. Then (T U R(K, I2),+, .) is a refined n eutrosophic ring if and only if T C R(K, 12). 


Theorem 2.16. Let (R(11, Iz), +, .) be any refined n eutrosophic ring and let (T, +, .) be any pseudo refined 
neutrosophic ring. Then (T ® R(I1, Iz), +, .) is a refined neutrosophic ring. 
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Abstract 


This paper is the continuation of the work started in the paper titled “Refined Neutrosophic Rings I’. In 
the present paper, we study refined neutrosophic ideals and refined neutrosophic homomorphisms along 
their elementary properties. It is shown that if R = Z(Jq, Iz) is a refined neutrosophic ring of integers and 
J = nZ(h, Iz) is arefined neutrosophic ideal of R, then R/J = Z,,(h, Ia). 


Keywords: Neutrosophy, refined neutrosophic ring, refined neutrosophic ideal, refined neutrosophic ring 
homomorphism. 


1 Preliminaries 


In this section, we only state some useful definitions, examples and results. For full details about refined 
neutrosophic rings, the readers should see 


Definition 1.1 (. Let (R, + .) be any ring. The abstract system (R(1y, Iz), 4 . ) As called a refined neu- 
trosophic ring Aenerated by R, [1, Iz. (R(U1, Iz), + . ) As called a commutative refined neutrosophic ring Af 
for all x, y € R(, In), we Aave ry = yz. Af there exists an element e = (1, 0,0) € R(, Jy) such that ex = 
xe = Aor all x € R(i, Ip), then we say that (R(1y, I2), + . ) As a refined neutrosophic ring with unity. 


Definition 1.2 (). Let (R(I1, Iz), + - ) be a refined neutrosophic ring and let n € Z’. 


(i) If for the least positive integer n such that nx = 0 for all a € R(t, Iz), we call (R(h, I2),+,.) a 
refined neutrosophic ring of characteristic n and n is called the characteristic of (R(Ii, I2),+,.). 


(ii) (RU, Iz), +, .) is call a refined neutrosophic ring of characteristic zero if for all 2 € R(I1, Iz), nz = 0 
is possible only if n = 0. 


Example 1.3 &. Z(11, Iz), Q(h, Iz), R(h, Iz), C(h, Iz) are commutative refined neutrosophic rings 
with unity of characteristics zero. 


(ii) Let Z2(11, I2) = {(0, 0,0), (1, 0,0), (0, 41,0), (0, 0, La), 
(0,4, Iz), (1, 4,0), (1, 0, La), (1, i, 2)}. Then (Z2(Ni, I2),+,.) is a commutative refined neutro- 
sophic ring of integers modulo 2 of characteristic 2. Generally for a positive integer n > 2, (Z,(11, I2), +, -) 
is a finite commutative refined neutrosophic ring of integers modulo n of characteristic n. 


411 G12 0 °**— An 
iz 421 G22 *"' Gan 

Example 1.4 @&). Let Me, (hi, I2) = : aij © R(Q, Jy) 2 be a refined neutro- 
Qni1 Gn2 ‘'' Ann 


sophic set of all n x n matrix. Then (M®_.,, (I), I2),+,.) is a non-commutative refined neutrosophic ring 
under matrix multiplication. 
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Theorem 1.5 ©). Let (R(t, Iz), +, .) be any refined neutrosophic ring. Then (R(I), Iz), +, .) is a ring. 


Definition 1.6 ©). Let (R(J;, Iz), +, .) be a refined neutrosophic ring and let J(I,, [2) be a nonempty subset 
of R(Iy, Iz). J(11, Iz) is called a refined neutrosophic subring of R(J1, Iz) if (J(h,I2),+4+,.) is itself a 
refined neutrosophic ring. It is essential that J(J,,I2) contains a proper subset which is a ring. Otherwise, 
J (11, Iz) will be called a pseudo refined neutrosophic subring of R(q, I2). 


Example 1.7 ©. Let (R(, 12), +, .) = (Z(1,, I2), +) be the refined neutrosophic ring of integers. The set 
J(I1, 12) = nZ(, I2)) for all positive integer n is a refined neutrosophic subring of R(J1, Iz). 


Example 1.8 ©). Let (R(y, I2),+,-) = (Ze(I1, I2), +) be the refined neutrosophic ring of integers modulo 


6. The set 
J(,lI2) = {(0,0,0), (0, 4,0), (0,0, Zz), (0, 1, Lo), 
(0, 211, 0), (0, 0, 2/2), (0, 24), 212), 
(0, 311, 0), (0, 0, 322), (0, 34), 32), 
(0,411, 0), (0,0, 4/2), (0,4, 412), 
(0,511, 0), (0, 0, 522), (0,54, 5I2)}. 


is arefined neutrosophic subring of R(J1, Iz). 
Definition 1.9 &. Let R be a non-empty set and let + and . be two binary operations on FR such that: 
(i) (2, +) is an abelian group. 
(ii) (R, .) is a semigroup. 
(iii) There exists x, y, z € R such that 


a(yt+z)=xyt+ az, (y+ z)e = yr + 2a. 


(iv) R contains elements of the form (x, yl), zIz) with x, y, z € R such that y, z 4 0 for at least one value. 
Then (R, +, .) is called a pseudo refined neutrosophic ring. 
Example 1.10 &. Let R be a set given by 
R= {(0, 0,0), (0, 244, 0), (0,0, 222), (0,411, 0), (0, 0, 472), (0, 6.44, 0), (0,0, 622)}. 
Then (R, +, .) is a pseudo refined neutrosophic ring where + and . are addition and multiplication modulo 8. 


Example 1.11 @&). Let R(K, Iz) = Zy2(th, Iz) be a refined neutrosophic ring of integers modulo 12 and let 
T be a subset of Z12(, Iz) given by 


T = {(0,0,0), (0,211, 0), (0,0, 272), (0,41;,0), (0,0, 422), (0, 411, 0), (0,0, 422), 
(0, 61,0), (0,0, 612)(0, 81, 0), (0,0, 822), (0, 10/1, 0), (0,0, 10/2)}. 


It is clear that (T’, +, .) is a pseudo refined neutrosophic ring. 


2 Main Results 


In this section except if otherwise stated, all refined neutrosophic rings R(I;, Iz) will be assumed to be 
commutative refined neutrosophic rings with unity. 


Definition 2.1. Let R(1), Iz) be a refined neutrosophic ring. 
(i) Anelement x € R(J,, 2) is called an idempotent element if x? = x. 


(ii) A nonzero element x € R(J;, Iz) is called a zero divisor if there exists a nonzero element y € R(11, Jz) 
such that xy = 0. 


(ii) A nonzero element 7 € R(J;, Iz) is said to be invertible if there exists an element y € R(11, Iz) such 
that cy = 1. 
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Example 2.2. Consider the refined neutrosophic rings Zo(J1, Iz) and Z3(1), Iz) of integers modulo 2 and 
3 respectively. The element « = (1,11, I2) is idempotent in Z2(J), Iz) and the element x = (1,0, J2) is 
invertible in Z3 (I), Iz). The elements x = (0, 4,0) and y = (1, 4,0) are zero divisors in Z2(11, Iz) because 
xy = (0,0,0). 


Definition 2.3. Let R(J,,I2) be a refined neutrosophic ring. Then R(J;, Iz) is called a refined neutro- 
sophic integral domain if it has no zero divisors. 


Theorem 2.4. Z,,(I,, [2) is not a refined neutrosophic integral domain for all n. 


Proof. For nonzero integers a, 3, let x = (0,a,,0) and y = (0,6(1 — I,),0) be arbitrary elements in 
Zn (I, Iz). It is clear that x and y are zero divisors since xy = (0,0,0) Va, 8 € Z* and therefore, Z,,(I1, Iz) 
is not a refined neutrosophic integral domain for all n. 


Corollary 2.5. Let R(1,, Iz) be a refined neutrosophic_ ring where R is an integral domain. Then R(I1, Iz) 
is not necessarily a refined neutrosophic integral domain. 


Theorem 2.6. If R = Z,, is a ring of integers modulo n, then R(I1, Iz) is a finite refined neutrosophic_ ring 
of order n°, 


Definition 2.7. Let F bea field. A refined neutrosophic field is a set F'(11, Iz) generated by F,, I, Iz defined 
by 
F (qi, Iz) _ {(a, yt, 21g) 1 X,Y,% € F}. 


Example 2.8. (i) Q(, J2), R(h, Iz) and C(J, Iz) of rational, real and complex numbers are examples of 
refined neutrosophic fields. 


(ii) Zp(l, Iz) for a prime p is a refined neutrosophic field. 
It is worthy of noting that refined neutrosophic fields are not fields in the classical sense since not every 
element of refined neutrosophic fields is invertible. 


Definition 2.9. Let R(1;, Iz) be a refined neutrosophic ring and let J be a nonempty subset of R(1;, Iz). 
Then J is called a refined neutrosophic ideal of R(;, Iz) if the following conditions hold: 


(i) J is a refined neutrosophic subring of R(1), I2). 
(ii) For every x € Jandr € R(N, Iz), we have xr € J. 


If J is a pseudo refined neutrosophic subring of R(J1, Iz), and, for every x € J andr € R(Iy, Iz), we have 
xr € J, then J is called a pseudo refined neutrosophic ideal of R(I;, Iz). 


Example 2.10. In the refined neutrosophic ring Z4(1,, Iz) of integers modulo 4, the set 
J = {(0,0,0), (2,0, 0), (0, 211, 0), (0,0, 2/2), (2, 2/,, 2I2)} is a refined neutrosophic ideal. 


Example 2.11. Consider 


Z3(l1,I2) = {(0,0,0), (1, 0,0), (2, 0,0), (0, 0, Zz), (0,0, 222), (0, L1, 0), 


: 
(0, Li, Lz), (0, 1, 212), (0, 222, 0), (0,21, 11), (0, 24, 222), 

(1, 0, Zz), (1,0, 222), (1, 4,0), 1, hi, fa), (1, i, 22), (1, 2L2, 0), 
(1,24, ,), (1, 2h, 222), (2, 0, 12), (2,0, 212), (2, 11, 0), 

(2, Th, Iz), (2, L, 212), (2, 212, 0), (2, 21, 1), (2, 2h, 2I2)} 


the refined neutrosophic ring of integers modulo 3. The set 
J = {(0,0,0), (0,4, 0), (0,0, 22), (0, 24,0), (0,0, 2Z2)} 
is a pseudo refined neutrosophic ideal. Consider the set 
Kk = {(0,0,0), (2,0, 0), (0,211, 0), (0, 0, 2/2), (2,24, 2I2)}. 


It can easily be shown that Kc is not a refined neutrosophic ideal of Z3(I,, Iz) and J is the only pseudo refined 
neutrosophic ideal. 
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Theorem 2.12. Let {Ji,(Ii, [2)}} be a family of refined neutrosophic ideals (pseudo refined neutrosophic ide- 
als) of a refined neutrosophic ring R(I,, Iz). Then (\; Jy (11, I2)} is a refined neutrosophic ideal (pseudo 
refined neutrosophic ideal) of R(I,, Iz). 


Definition 2.13. Let J(I,, Iz) and K(J,, Iz) be any two refined neutrosophic ideals (pseudo refined neu- 
trosophic ideals) of a refined neutrosophic ring R(J,, Iz). We define the sum J(1I,, Iz) @ K (11, Iz) by the 
set 

J(h,b)@ Kh, b)={ety:ce J(h, b),y € Kh, b)} 


which can easily be shown to be a refined neutrosophic ideal (pseudo refined neutrosophic ideal) of R(J,, Iz) 


Theorem 2.14. Let J(I,, Iz) be any refined neutrosophic ideal of a refined neutrosophic ring R(Iy, 12) and 
let K (11, Iz) be any pseudo refined neutrosophic ideal of R(I;, Iz). Then: 


(i) J(h, 12) 6 J(h, Ie) = (hi, 12). 
(ii) K(h, bh) @ K(h, bh) = K(h, h). 


(iii) J(11, I2) ® K (Nh, I2) is a pseudo refined neutrosophic ideal of R(I), 12). 
(iv) c+ J=JSVare J. 


Definition 2.15. Let J be a refined neutrosophic ideal of the refined neutrosophic ring R(1), Iz). The set 
R(h, I2)/J is defined by 
R(h, I2)/F = {r +I5:re R(h, I2)}. 


If =7r, + J and § = rg + J are two arbitrary elements of R(I1, [2)/J and &, © are two binary operations 
on R(Iy, I2)/J defined by 


rey = («t+y)t+d, 
ZOY = (ay)+ J. 


It can be shown that (R(11, I2)/J, ®, ©) is a refined neutrosophic ring with the additive identity J. (R(N, I2)/J,®,©) 
is called a refined quotient neutrosophic ring. 


Example 2.16. (i) Let R = Z(J;, Iz) be a refined neutrosophic ring of integers and let J = 2Z(I,, Iz). It 
is clear that J is a refined neutrosophic ideal of R. Now, R/J is obtained as follows: 


R/J — {J, (1,0,0) + J, (0,,0) + J, (0,0, /2) + J, (0,, Je) + J, 
(1, 74,0) a J, (1,0, 2) + J, (1, fi, Lz) + J} 


which is a refined neutrosophic ring of order 8. 


(ii) Let S' = Z(11, Iz) be a refined neutrosophic ring of integers and let K = 3Z(J1, Iz). It is also clear that 
K is arefined neutrosophic ideal of S. Now, S/K is obtained as follows: 


S/K = {K,(1,0,0)+K, (2,0,0)+K,(0,h,0) +K, (0,2l,0) + K, (0,0, Iz) +K, 
(O00) 4K, 0,21, By K(0, 08: 9B) eK: (0d + (0, Ds eK, 

Onis ak a Oe i hig ie LOO ake Oia ee I 

LOT OVA Tilo) FOG Cy toa OO a eG, 

2 O21). hi Or RO de) eK, CO, 2) Oh 0), 

DOT Tce 81s DB) Ay 


~~ a>. 


which is a refined neutrosophic ring of order 27. 
These two examples lead to the following general result: 


Theorem 2.17. Let R = Z(Ih, Iz) be a refined neutrosophic ring of integers and let J = nZ(I), Iz) bea 
refined neutrosophic ideal of R. Then 
R/J=Z,(h, 12). 


Definition 2.18. Let (R(1), I2),+,.) and and (S(J;, Iz), +, .) be two refined neutrosophic rings. The map- 
ping @ : (R(G, I2),4+,.) > (S(h,12),+,.) is called a refined neutrosophic ring homomorphism if the 
following conditions hold: 
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(i) (@ + y) = o(x) + o(y). 
Gi) o(@.y) = o(x).0(y). 
(ii) On) = In Va,y € R(h, Ip) and k = 1,2. 
The image of ¢ denoted by Im¢ is defined by the set 
Imé = {y € S(h, 12) : y = (2) for some x € R(I;, I2)}. 
The kernel of ¢ denoted by Ker@ is defined by the set 
Kero = {a € R(h, In) : ¢(x) = (0,0,0)}. 


Epimorphism, monomorphism, isomorphism, endomorphism and automorphism of ¢ are similarly defined as 
in the classical cases. 


Example 2.19. Let Ri(I,J2) and Ro(11, Iz) be two refined neutrosophic rings. Let ¢ : Ri(1,I2) x 
Ro(t1,I2) > Ri(h, 12) be a mapping defined by d(x, y) = «x and let Ww : Ri(h,le) x Ro(h,ln) > 
R2(I), Iz) be a mapping defined by (x, y) = y for all (x,y) € Ri(, 12) x Re(h, Iz). Then ¢ and w are 
refined neutrosophic ring homomorphisms. 


Example 2.20. Let ¢ : Zo(I1, Iz) x Zo(, I2) > Z2(h, Iz) be a refined neutrosophic ring homomorphism 
defined by $(x, y) = x forall 7, y € Zo(Nh, Iz). Then 


(i) 
Im = {(0,0,0), (1,0,0), (0, 41,0), (0,0, Zs), 
(0, 11, fz), (1, 4,0), (1,0, 2), 1, hi, L2)} 
which is a refined neutrosophic subring. 
(ii) Also, 
Kere = {((0,0,0), (0,0,0)), ((0, 0,0), (1,0, 0)), ((0, 0,0), (0, 41, 0)), 
((0, 0,0), (0, 1, Z2)), ((0,0, 0), (0,0, Z2)), ((0, 0,0), 1, 1, 9)), 
((0, 0,0), (1,0, Z2)), ((0,0, 0), (1, 41, L2))} 
which is just a subring, not a refined neutrosophic subring and equally not a refined neutrosophic ideal. 
This example leads to the following general results: 
Theorem 2.21. Let ¢: Ri (Ih, 2) > Ro(h, In) be a refined neutrosophic ring homomorphism. Then 
(i) Imd¢ is a refined neutrosophic subring R2(Iy, 12). 
(ii) Ker@ is a subring of Ry. 
(iii) Kerd is not a refined neutrosophic subring of Ry. 
(iv) Kerd@ is not a refined neutrosophic ideal of R4. 


Theorem 2.22. Let R = R(1I1,I2) be a refinedn eutrosophic rings andlet J = J(I,,I2) bea refined 
neutrosophic ideal. Then the mapping 6: R — R/J defined by é(r)=r+JIVre Risnota refined 
neutrosophic ring homomorphism. 


Proof. It is clear that @(r + s) = (r+s)+J=(r+J)+(s+J) = ¢(r) + 9(s) and d(rs) = (rs) + J = 


(r+ J)(s + J) = 6(r)d(s). But then, d(J,) 4 I, for & = 1,2 and so, ¢ is not a refined n eutrosophic ring 
homomorphism. 


This is different from what is obtainable in the classical rings and consequently, classical isomorphism 
theorems cannot hold in refined neutrosophic rings. 
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Abstract 


The aim of this paper is to introduce the concept of n-refined neutrosophic ring as a generalization of refined 
neutrosophic ring. Also, wepresent concept of n-refined polynomial ring. We study some basic concepts related to 
these rings such as AH-subrings, AH-ideals, AH-factors, and AH-homomorphisms. 


Keywords: n-Refined neutrosophic ring, AH-ideal, AHS-ideal, AH-homomorphism, n-Refined neutrosophic 
polynomial ring. 


1.Introduction 
Neutrosophy as a new branch of philosophy founded by F.Smarandache became a useful tool in algebraic 


studies.Many neutrosophic algebraic structures were defined and studied such as neutrosophic groups, neutrosophic 
rings, and neutrosophic vector spaces. (See [1,2,3,4,5,6]).Refined neutrosophic theory was introduced by 
Smarandache in 2013 when he extended the neutrosophic set / logic / probability to refined [n-valued] neutrosophic 
set / logic / probability respectively, i.e. the truth value T is refined/split into types of sub-truths such as (T1, To, ...), 
similarly indeterminacy I is refined/split into types of sub-indeterminacies (Ii, lb, ...) and the falsehood F is 
refined/split into sub-falsehood (Fi, F2,..)[10]. In [9], Smarandache proposed a way to split the Indeterminacy 
element I into n sub-indeterminacies J,,[z,...,I,. This idea is very interesting and helps to define new 
generalizations of refined neutrosophic algebraic structures. 


For our purpose we define multiplication operation between indeterminacies I, I, ... , 1, as follows: 
Im1s = Imin(m,gFor examples ifn = 4 we get 


I yl => Io, 1y1y = 11,113 = I,Ifn = 6 we get Io], = Ip, 1414 = 14, 141s = I,Ifh = 2 we get [4], = I, ( 2-refined 
neutrosophic ring). 


AH-subtructures were firstly defined in [1]. AH-ideal in a neutrosophic ring R(I) has the form P+QI, where P,Q are 
ideals in the ring R. We can understand these substructures as two sections, each one is ideal (in rings). These ideals 
are interesting since they have properties which are similar to classical ideals and they lead us to study the concept 
of AHS-homomorphisms which are ring homomorphisms but not neutrosophic homomorphisms. In this article we 
aim to define these ideals in n-refined neutrosophic rings too. 
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2. Preliminaries 
Definition 2.1: [7] 


Let (R,+,X) be a ringR@) = {2+ bl :a,b€ R} is called the neutrosophic ring where I is a neutrosophic element 
with condition /? = I 


Remark 2.2: [4] 

The element I can be split into two indeterminacies I,,] , with conditions: 

l= hie = blib=bh= kh. 

Definition 2.3: [4] 

If X is a set then X(y, I.) = {(a, bl,,clz):ahc€ X} _ is called the refined neutrosophic set generated by X , J, Ip. 
Definition 2.4: [4] 

Let (R,+,X) be a ring, (R(;,12)+,X) is called a 2-refined neutrosophic ring generated by R ,J,, In. 

Theorem 2.5: [4] 

Let (R(U4,/2)+,X) bea 2-refined neutrosophic ring then it is a ring. 

In the following we remind the reader about some AH-substructures. 


Definition 2.6: [2] 


Let (RU,,/2)+,) be a refined neutrosophic ring and Po, P,,P2, be ideals in the ring R then the set P= 
(Po, Py ly, Pola) = {(a, bl,,clz)a € Po, b € Py,c € Pz} is called a refined neutrosophic AH-ideal. 


If Py) = BR = B then P is called a refined neutrosophic AHS-ideal. 


Definition 2.7: [1] 

Let R be a ring and R(I) be the related neutrosophic ring and 
P=R+ARl={ag+ ala »€ Pa, € PB}? o,P, are two subsets of R. 
(a) We say that P is an AH-ideal if Py, P, are ideals in the ring R. 


(b) We say that P is an AHS-ideal if Pp) = FR. 
Definition 2.8: [2] 


(a) LetfR (,l,) > Ty,1,) be an AHS-homomorphism we define AH-Kemel of f by : AH — Kerf = 
{(a,bl,,clz)abce Kerf p}= (Kerfe, Kerf ply Kerf plz) 


(b) let S=(Sq,S 11), SzIz) be a subset ofR (1,12), then: f(S) = fr(So), fr Sah frS2)l2) = 
fr (ao), frlQi ly fr@a)l2)ia i € Si}. 


(c) let S=(So S 11,, S212) be a subset off Cy, Iz). Then 
f-*S) = OF (So), fr “(SDI fr *(S2) 12). 
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Definition 2.9: [2] 


LetfR (11,12) > Ty, 12) be an AHS-homomorphism we say that f is an AHS-isomorphism if it is a bijective map 
and RU, 12), T (14, Iz) are called AHS-isomorphic refined neutrosophic rings. 


It is easy to see that fp will be an isomorphism between R , T . 

Theorem 2.10: 

LetfR (1,12) > Ty, 12) be an AHS-homomorphism then we have : 

(a) AH-Kerf is an AHS-ideal of RU, [,). 

(b) If P is a refined neutrosophic AH-ideal of RC, 12) , f(P) is a refined neutrosophic AH-ideal of T(/;, Iz). 
(c) If P is a refined neutrosophic AHS-ideal of RU, Jz) , f(P) is a refined neutrosophic AHS-ideal of T(J, Iz). 


3. n-Refined neutrosophic rings 
Definition 1.3: 


Let (R,+,x) be a ring and J, 1 < k < n ben indeterminacies. We define R,(I)={ay9 + G/ + ++: + gyn ; € R} to 
be n-refined neutrosophic ring. If n=2 we get a ring which is isomorphic to 2-refined neutrosophic ring R({,, 2). 


Additionand multiplication on R,,(Dare defined as: 

Vico Xl; + Vico Vili = Vis Oi + Wy Vico Xi X Vio Vili = Liijco (Xi x y Mil; 
Where * is the multiplication defined on the ring R. 

It is easy to see that R,,(I) is a ring in the classical concept and contains a proper ring R. 
Definition 2.3: 


Let R,, (I) be an n-refined neutrosophic ring, it is said to be commutative if xy = yx for each x, y € R,(J), if there is 
1e€ R,() such 1x = x1 = x, then it is called an n-refined neutrosophic ring with unity. 


Theorem 3.3: 

Let R,,(1) be an n-refinedneutrosophic ring. Then 

(a) R is commutative if and only if R,,(1) is commutative, 

(b) R has unity if and only if R,,(1) has unity, 

(c) RaQ) = Lio Rh; = (Lie Xilix ¢ © R}. 

Proof: 

(a) Holds directly from the definition of multiplication on R,,(I). 


b) If 1 is a unity of R then for each ag + @J+ --- + gl” € R, (1) we have 
ty 


1-(Ap + Aq] +++ + Agly) = (Ag + Aq] ++ + Ann) 1=A9 + Ay] + +++ + AnIy SO 1 is the unity of R,(1. 
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(c) It is obvious that }7_, RI; < R(). Conversely assume that dg + aI + -+ + gly € R,(1) then by the definition 
we have thata 9 + q@J+ + + gl, © NL, RI;.Thus the proof is complete. 


Definition 4.3: 


(a) Let R,,(1) be an n-refined neutrosophic ring and P = 7_, Pi; = {ag +t @al+-: + gia ; € P} where P; isa 
subset of R, we define P to be an AH-subring if P; is a subring of R for all j AHS-subring is defined by the 
condition P; = B forallij . 


(b)P is an AH-ideal ifP ; is an two sides ideal of R for all i, the AHS-ideal is defined by the condition P; = FP for all 
ii. 


(c) The AH-ideal P is said to be nullif P; = RowP ; = {0} for alli. 
Theorem 5.3: 


Let R,,(D) be an n-refined neutrosophic ring and P is an AH-ideal,(P,+) is an abelian neutrosophic group with k < n 
and r.pé€ P for allp € Pandre R. 


Proof : 
Since P; is abelian subgroup of (R,+ ) andrxe P ,; forallr € R,x € P,, the proof holds. 
Remark 6.3: 


We can define the right AH-ideal by the condition that P; is a right ideal of R, the left AH-ideal can be defined as the 
same. 


Definition 7.3: 

Let R,,(1) be an n-refined neutrosophic ring and P = Yihg Pil; , Q= Niko Qilibe two AH-ideals then we define: 
P+Q = YizoPi + Qi ,PNQ=LieoPiN Qi. 

Theorem 8.3: 


Let R,,(1) be an n-refined neutrosophic ring and P = 17.) Pil; , Q = Nik Qil; be two AH- ideals then P+Q, PNQ are 
AH-ideals. If P, Q are AHS-ideals then P+Q, PNQ are AHS-ideals. 


Proof : 
Since P; + QP; Q; are ideals of R then P+Q, PNQ are AH-ideals of R,, (1). 
Definition 9.3: 


Let R,(I) be an n-refined neutrosophic ring and P = Yo Pilibe an AH-ideal then the AH- radical of P can be 
defined as H — rad(P) = Yi-o(J Pali 


Theorem 10.3: 
The AH-radical of an AH-ideal is an AH-ideal. 


Proof : 
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Since VP is an ideal of R thenAH — Rad(P) is an AH-ideal of R,,(1). 
Definition 11.3: 


Let R,,(1) be an n-refined neutrosophic ring and P = 1.) PJ; be an AH-ideal, we define AH-factor R(D/P = 
dizo R/Pi)i = Lizo@i + RM ix 4 € R. 


Theorem 12.3: 

Let R,,(1) be an n-refined neutrosophic ring and P = )7_, P;J; be an AH-ideal: 
R,,(D/P is aring with the following two binary operations 

Lizo@it RVit VioWit RWi= Lo&it H+ Ai, 

Lizo@i + Ai X VieoWit BWi = Vieo&i x H+ AVi. 

Proof : 

Proof is similar tothat of Theorem 3.9 in [1]. 

Definition 13.3: 


(a) Let R,,(1), T,(1) be two n-refined neutrosophic rings respectively, and fp:R ~ T be a ring homomorphism. We 
define n-refined neutrosophic AHS-homomorphism as : 


f 2 RraOM> ROD; FQ io ili) = Liko fa& Wi. 

(b)fis an n-refined neutrosophic AHS-isomorphism if it is a bijective n-refined neutrosophic AHS-homomorphism. 
(c) AH-Ker f= Yio Ker(frWi= (hizo Xili x i © Kerf p}- 

Theorem 14.3: 


Let R,(D, T,(1) be two n-refined neutrosophic rings respectively and f be an n-refined neutrosophic AHS- 
homomorphism f: R,(D)-> 7,(1). Then 


(a) If P = iL, Pil;is an AH- subring of R,,(1) then f(P) is an AH- subring of T,,(1), 

(b) If P= YL, Pil; is an AHS- subring of R,(1) then f(P) is an AHS- subring of T,,(1), 
(c) If P = YL, Pl; is an AH-ideal of R,,(1) then f(P) is an AH-ideal of f(R,,(D), 

(d)P = Lg Pid; is an AHS-ideal of R,,(1) then f(P) is an AHS-ideal of f(R,(D), 

(c) Rn@ AH — Ker (f) iAHS — isomorwhit¢ (R (D), 

(f) Inverse image of an AH-ideal P in T,,(I) is an AH-ideal in R(1). 

Proof : 

(a) Since f(P;) is a subring of T then f(P) is an AH- subring of T,,(1). 


(b) Holds by a similar way to (a). 
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(c) Since f(P;) is an ideal of f(R) then f(P) is an AH- ideal of f(R(1)). 

(d) It is similar to (c). 

(e) We have R/Ker(fz) = f(R), by definition of AH-factor and AH — Ker(f) we find thatR@ P = f@d)). 
(f) It is similar to the classical case. 

Definition 15.3: 


(a) Let R(I) be a commutative n-refined neutrosophic ring, and P = )}i., P;/; be an AH- ideal, we define P to be a 
weak prime AH-ideal if P; is a prime ideal of R for all i 


(b) P is called a weak maximal AH-ideal if P; is a maximal ideal of R for all i 
(c) P is called a weak principal AH-ideal if P; is a principal ideal of R for all i 
Theorem16.3: 


Let R,(D, T,(1) be two commutative n-refined neutrosophic rings with an n-refined neutrosophic AHS- 
homomorphism f:R ,()> 7(D: 


(a) If P = iL, Pil; is an AHS- ideal of R,(I) and Ker(fz)< P; # R,(D: 
(a) P is a weak prime AHS-ideal if and only if f(P) is a weak prime AHS-ideal in f(R,(D)). 
(b) P is a weak maximal AHS-ideal if and only if f(P) is a weak maximal AHS-ideal in f@ ,,(1)). 


(c) IfQ =X, Qi; is an AHS-ideal of T,,(I)then it is a weak prime AHS-ideal if and only if f~+@) is a weak prime 
inR,, (1). 


(d)if Q = NL, Qi]; is an AHS-ideal of T,,(1) then it is a weak maximal AHS-ideal if and only if f~1@) is a weak 
maximal in R,,(I). 


Proof : 
Proof is similar to that of Theorem 3.8 in [1]. 
Example 17.3: 


Let R = Zbaheingntegeifs = Z 6 be thering of integers modulo 6 with multiplication and addition modulo 
6, we have: 


(a)fpiR ~ T;f (x) = xmod6 is a ring homomorphism, ker(f p)= 6Z, the corresponding AHS-homomorphism 
between R,(1), T,(D is: 


FRM > T4Mf (a+ b+ ch + dk + el,) = (amod 6) + (b mod 91, + (anod 6 )I, + (dmod 6)I3 + 
(nod 6) I4;a,b,,d,eEZ. 


(b) P=<2>,Q =< 3 “are two prime and maximal and principal ideals in R, 


M= P+ PL + Qh+ Qk + PL = {2a+ 2b], + 3clz + 3d& + 2elyja,b,¢od,e € Z} is a weak prime/ maximal 
AH-ideal of R,(I). 
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(c) Ker(fz)= 6Z < P,Q far(P) = {0,2,4}, fr(Q) = 0,3}, 
f(™) = f(P) + f(P)h + f(Qle + f(Q)Iz + fUP)I,which is a weak maximal/ prime/principal AH-ideal of T, (1). 
(d) AH — Kekf) = 6Z+ 6Z1,+ 6Z1,+ 624 + 6Z1,which is an AHS-ideal of R,(). 


(e) R,@) AH — Kerf =R/6Z + R/6Z1, + R/ 6Z1, + R/ 621, + R/ 6ZI,which is  AHS-isomorphic to 
f(R.()) = T@, since R/6Z =T. 


Example 18.3: 
Let R = 4 be a ring with addition and multiplication modulo 8. 


(a) 3-refined neutrosophic ring related with R is Zg,(I)={atbl, + cl, + dha,b,gd €Z 5} 


(b) P={0,4} is an ideal of R, VP={0,2,4,6} M = P+ PI, + Ph + Pk, is an AHS-ideal of Z,,(1), 


AH — RadM) = VP + VPI, + VPI, + VPIzwhich is an AHS-ideal of Zg,(1). 
Example 19.3: 
Let R=Z, the ring of integers modulo 2, letn = 3. The corresponding 3-refined neutrosophic ring is 


Z,,0=0 Ib 1t+hit+ hit bhh+hht+hh+ht+hb+hith+h+hith+hitht 
Iz, 1+ h + b}. 


4. n-Refined neutrosophic polynomial rings 
Definition 1.4: 


Let R,,(1) be a commutative n-refined neutrosophic ring and PR ,Q— R (I) is a function defined as P(x) = 
y™ ax! such a; € R,(1), we call P a neutrosophic polynomial on R,,(1). 


We denote byR,,(I)[x] to the ring of neutrosophic polynomials overR ,,(I). 

Since R,,(J) is a classical ring then R,,(D)[x] is a classical ring. 

Theorem 2.4: 

Let R(1) be a commutative n-refined neutrosophic ring. Then R,(D[x] = Meo R[x]. 
Proof : 


Let P(x) = YL) Poy} € YR x]I,by rearranging the previous sum we can write it as P(x) = Y™,a;x' € 


R,Qx] . 
Conversely, if P(x) = Yio a;x!' € R,(D[ x], then we can write it as 
P(X) = Meo Pi § © Miko R[x] J;, by the previous argument we find the proof. 


Example 3.4: 
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Let Z3(1) be a 3-refined neutrosophic ring and P(x) = 1, + (2+/,) x + (,+13)x? a polynomial over Z3,,(1), then we 
can write P(x) =2x +1, (1+x+x7)+1x?. 


It is obvious that R,()< R,Q[x] . 
Definition4.4: 
Let P(x) =X P;(xy ‘a neutrosophic polynomial overR (I) we define the degree of P by deg P = max(deg P,). 


5. Conclusion 


In this paper we have defined the n-refined neutrosophic ring and n-refined neutrosophic polynomial ring, we have 
introduced and studied AH-structures such as: 


AH-ideal, AHS-ideal, AH-weak principal ideal, AH-weak prime ideal. Authors hope that other n-refined 
neutrosophic algebraic structures will be defined in future research. 
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Abstract 


In this paper, the concepts of Neutro-BE-algebra and Anti-BE-algebra are introduced, and some related properties 
and four theorems are investigated. We show that the classes of Neutro-BE-algebra and Anti-BE-algebras are 
alternatives of the class of BE-algebras. 


Keywords: BE -algebra; Neutro-sophication; Neutro-BE-algebra; Anti-sophication; Anti-BE-algebra. 


1. Introduction 


Neutrosophy, introduced by F. Smarandache in 1998, is a new branch of philosophy that generalized the 
dialectics and took into consideration not only the dynamics of opposites, but the dynamics of opposites and their 
neutrals [8]. Neutrosophic Logic / Set / Probability / Statistics / Measure / Algebraic Structures etc. are all based on 
it. One of the most striking trends in the neutrosophic theory is the hybridization of neutrosophic set with other 
potential sets such as rough set, bipolar set, soft set, vague set, etc. The different hybrid structures such as rough 
neutrosophic set, single valued neutrosophic rough set, bipolar neutrosophic set, single valued neutrosophic vague set, 
etc. are proposed in the literature in a short period of time. Neutrosophic set has been a very important tool in all 
various areas of data mining, decision making, e-learning, engineering, computer science, graph theory, medical 
diagnosis, probability theory, topology, social science, etc [9-13]. 

A classical Algebra may be transformed into a NeutroAlgebra by a process called neutro-sophication, and into 
an AntiAlgebra by a process called anti-sophication. 

In [2], H.S. Kim et al. introduced the notion of a BE-algebra as a generalization of a BCK-algebra. S.S. Ahn et 
al. introduced the notion of ideals in BE-algebras, and they stated and proved several properties of such ideals [1]. A. 
Borumand Saeid et al defined some filters in BE-algebras and investigated relation between them [3]. A. Rezaei et al. 
investigated the relationship between Hilbert algebras and BE-algebras and showed that commutative self-distributive 
BE-algebras and Hilbert algebras are equivalent [4]. In this paper, the concepts of a Neutro-BE-algebra and Anti-BE- 
algebra are introduced, and some related properties are investigated. We show that the class of Neutro-BE-algebra is 
an alternative of the class of BE-algebras. 
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2. NeutroLaw, NeutroOperation, NeutroAxiom, and NeutroAlgebra 


In this section, we review the basic definitions and some elementary aspects that are necessary for this 
paper. 

The Neutrosophy’s Triplet is (<A>, <neutroA>, <antiA>), where <A> may be an item (concept, idea, 
proposition, theory, structure, algebra, etc.), <antiA> the opposite of <A>, while <neutroA> {also the 
notation <neutA> was employed before} the neutral between these opposites. Based on the above triplet 
the following Neutrosophic Principle one has: a law of composition defined on a given set may be true (T) 
for some set elements, indeterminate (/) for other set’s elements, and false (F') for the remainder of the set’s 
elements; we call it NeutroLaw. A law of composition defined on a given sets, such that the law is false (F) 
for all set’s elements is called AntiLaw. Similarly, an operation defined on a given set may be well-defined 
for some set elements, indeterminate for other set’s elements, and undefined for the remainder of the set’s 
elements; we call it NeutroOperation. While, an operation defined on a given set that is undefined for all 
set’s elements is called AntiOperation. 

In classical algebraic structures, the laws of compositions or operations defined on a given set are 
automatically well-defined [i.e. true (T) for all set’s elements], but this is idealistic. Consequently, an axiom 
(let’s say Commutativity, or Associativity, etc.) defined on a given set, may be true (T) for some set’s 
elements, indeterminate (/) for other set’s elements, and false (F') for the remainder of the set’s elements; 
we call it NeutroAxiom. In classical algebraic structures, similarly an axiom defined on a given set is 
automatically true (1) for all set’s elements, but this is idealistic too. A NeutroAlgebra is a set endowed 
with some NeutroLaw (NeutroOperation) or some NeutroAxiom. The NeutroLaw, NeutroOperation, 
NeutroAxiom, NeutroAlgebra and respectively AntiLaw, AntiOperation, AntiAxiom and AntiAlgebra 
were introduced by Smarandache in 2019 [6] and afterwards he recalled, improved and extended them in 
2020 [7]. Recently, the concept of a Neutrosophic Triplet of B/-algebra was defined [5]. 


3. Neutro-BE-algebras, Anti-BE-Algebras 


Definition 3.1. (Definition of classical BE-algebras [1]) 
An algebra (X,*,0) of type (2,0) (i.e. X is anonempty set, * is a binary operation and 0 is a constant 
element of X) is said to be a BE-algebra if: 


(L) The law * is well-defined, ie. (Vx,y € X)(x *y € X). 
And the following axioms are totally true on X: 
(BE1) (vx € X)(x +x =0), 
(BE2) (vx € X)(0*x =X), 
(BE3) (vx € X)(x +0 =0), 
(BEA) (Vx, y,z © X,withx # y)(x *(y*z) =y * (x *Z)). 
Example 3.2. 
(i) Let N be the set of all natural numbers and * be the binary operation on N defined by 


_(y ifx =1; 
xey=ff ifx #1. 


Then (N,*, 1) is a BE-algebra. 
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(ii) Let No = NU{0} and let * be the binary operation on Ny defined by 


_¢( 0 ifx zy; 
at ae i —-Xx otherwise. 
Then (No,* ,0) is a BE-algebra. 

Definition 3.3. (Neutro-sophications) 


The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree of outer- 
defined) 


(NL) (x,y € X)(x *y € X) and (Ax, y € X)(x * y = indeterminate orx *y € X), 
The Neutro-sophication of the Axioms (degree of truth, degree of indeterminacy, degree of falsehood) 
(NBE1) (4x € X)(x * x = 0) and (Ax € X)(x * x = indeterminate or x * x # 0), 
(NBE2) (Ax € X)(0* x = x) and (Ax € X)(0 * x= Indeterminate or 0 * x # x), 
(NBE3) (Ax € X)(x « 0 = 0) and (Ax € X)(x * 0 = indeterminate or x * 0 # 0), 
(NBE4) (Ax, y,z € X,withx # y)(x *(y*z) =y*(x*z)) and 
(Ax, y,z € X,withx # y)(x * (y * z) = indeterminate or x *(y*z) #y*(x* z)). 
Definition 3.4. (Anti-sophications) 
The Anti-sophication of the Law (totally outer-defined) 
(AL) (Vx, y € X)(x*y EX). 
The Anti-sophication of the Axioms (totally false) 
(ABE1) (Wx € X)(x * x #0), 
(ABE2) (Wx € X)(O*x # x), 
(ABE3) (Wx € X)(x *0 #0), 
(ABEA) (Vx, y,z € X,withx #y)(x*(y*z) #y* (x*zZ)). 
Definition 3.5. (Neutro-BE-algebras) 


A Neutro-BE-algebra is an alternative of BE-algebra that has at least a (NL) or at least one (NBEi), i € 
{1, 2,3, 4}, with no anti-law and no anti-axiom. 


Example 3.6. 


(i) Let N be the set of all natural numbers and + be the Neutro-sophication of the Law * on N from Example 2.2. 
(i) defined by 

ifx=1; 

at aoa if x € {3,5,7}; 


otherwise. 


PNIRS 
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Then (N,+, 1) is a Neutro-BE-algebra. Since 


(NL) if x € {3,5,7}, thenx *y= € N, for all y € N, while if x ¢ {3,5,7} and x € N, thenx *y € {1,y} EN, for 
ally EN. 


(NBE1)1*1=16€Nand3*3=-€N, 
(BE2) holds always since 1 * x = x, forallx EN. 


(NBE3) 5*1= # Landif x ¢ {3,5,7}, thenx*1=1, 


(NBE4)5*(3*4) =5* - =? (indeterminate) and 3 * (5* 4) =3* = ? (indeterminate) 


a 
- 


Also, 2 * (3 *4) = 2 * - = ? (indeterminate), but3 *(2*4)=3*1= 
Further, 4 *(8*2) =4*1=1=8*(4* 2). 

(ii) Let S be a nonempty set and P(S) be the power set of S. Then (P(S),N, O) is a Neutro-BE-algebra. 
N is the binary set intersection operation, but 

(NBE1) is valid, since@N @ =@andforal®@#AEP(S)ANA=AFO. 

(NBE2) 9@N@ = @andif@ #A,then@nA=G@ #A, 

(BE3) holds, since AN @ = @, 

(BE4) holds, since AN (BNC) =BN(ANC). 


(iii) Similarly, (P(S),U, 6), (P(S),N, S), (P(S),U, S), where U is the binary set union operation, are Neutro-BE- 
algebras. 


(iv) Let X := {0,a,b,c,d} bea set with the following table. 


Table 1 


*)\O0;albic|ld 


Olc|la|bicljla 


Then (X,*, 0) is a Neutro-BE-algebra. 
(NL) c * 0 =? (indeterminate), and d « d = ? (indeterminate), and for all x, y € {0,a,b}, thenx *y EX. 


(NBE1) a*a=0Oand0*0=c#0 ord *d =? (indeterminate). 
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(NBEZ2) holds since 0 * b = b,and0*d =a #d. 

(NBE3) c * 0 =? (indeterminate) # 0 andif x € {b,d}, thenx *0 = 0, 
(NBE4) d*(c*b) =d*b=0 #c*(d*b) =c*0 =? (indeterminate) and 
a*x(b*c)=a*c=c=b*(a*c). 


(v) Let S be a nonempty set and P(S) be the power set of S. Then (P(S), —, 0) is an Anti-BE-algebra, where — 
is the binary operation of set subtraction, because: 


(BE1) is valid, since A — A = @, 

(NBEZ2) holds, since 9 -A = 6 # Aand@—-G=4@, 

(NBE3) holds, since A - @ =A #@and9-—G=0 

(ABE4) is valid, since for A ¥ B, one has A — (B — C) # B — (A —C), because: 


x € A — (B — C) means (x € Aand x ¢ B-C), or {x € A and (x ¢ B or x € C) }, or {((x € Aand x ¢ B) or (xe Aandx 
€ C)}; while x € B — (A — C) means {(x € Band x ¢ A) or (ke Band x €C)}. 


(vi) Let R be the set of all real numbers and * be a binary operation on R defined by x * y = |x — y|. Then (R,* 
,0) is a Neutro-BE-algebra. 


(BE1) holds, since x * x = |x —x| = 0, forallx ER. 


(NBEZ2) is valid, since if x => 0, then x * 0 = |x — 0| = |x| = x, and if x < 0, then x *0 = |x —0| = |x| =-x # 
x. 
(NBE3) is valid, since if x # 0, then 0 * x = |0 —x| = |—x| # 0, andifx = 0, then0*0=0. 


(NBE4) holds, ifx = 2, y = 3,z = 4 we get |2-|3-4|| = [2 - 1| = 1 and |3-|2-4|| = |3-2| = 1; 

while for x = 4, y =8, z =3 we get [4 -|8-3|| = |4-5| = 1 and [8-|4-3]| = |8-1] = 7 #1. 

Theorem 3.7. 

The total number of Neutro-BE-algebras is 31. 

Proof. 

The classical BE-algebra has: 1 classical Law and 4 classical Axioms: 

1+ 4=5 classical mathematical propositions. 

Let C7” mean combinations of n elements taken by m, where n, m are positive integers, n > m = 0. 


We transform (neutro-sophicate) the classical BE-algebra, by neutro-sophicating some of the 5 classical 
mathematical propositions, while the others remain classical (unchanged) mathematical propositions: 


either only 1 of the 5 classical mathematical propositions (hence we have C2 = 5 possibilities) - so 4 classical 
mathematical propositions remain unchanged, 


or only 2 of the 5 classical mathematical propositions (hence we have C? = 10 possibilities) - so 3 classical 
mathematical propositions remain unchanged, 
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or only 3 of the 5 classical mathematical propositions (hence we have C? = 10 possibilities) - so 2 classical 
mathematical propositions remain unchanged, 


or only 4 of the 5 classical mathematical propositions (hence we have C4 = 5 possibilities) - so 1 classical 
mathematical proposition remainsnchanged, 


or all 5 of the 5 classical mathematical propositions (hence we have Ci = 1 possibilities). 
Whence the total number of possibilities will be: 

C2 +02 +C3 + C2 + Ce = (14+ 198 - CP = 25-1=31. 
Definition 3.8. (Anti-B E-algebras) 


An Anti-BE-algebra is an alternative of BE-algebra that has at least an (AL) or at least one (ABEi),i € 
{1, 2, 3, 4}. 


Example 3.9. 


(i) Let N be the natural number set and X: = N U {0}. Define a binary operation « on X by x *, y =x? + y? +1. 
Then (X,*, 0) is not a BE-algebra, nor a Neutro-BE-algebra, but an Anti-BE-algebra. 


Since x *,x = x? +x? +1 + 0, forall x € X, and so (ABE1) holds. 

For all x € N, we have x * 0 = x2 +1 # 0, so (ABE2) is valid. By a similar argument (ABE3) is valid. 

Since for x # y, one has x *, (y *4Z) =x? + (y? +2741)? +14 y*, (x*,2) =y? 4+ (x? +2741)? +1, 
thus (ABE4) is valid. 

(ii) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation A (i.e. symmetric 
difference) by AAB = (AUB) — (ANB) for every A,B € P(S). Then (P(S),A,S) is not a BE-algebra, nor 
Neutro-BE-algebra, but it is an Anti-BE-algebra. 

Since AAA = 9 # S for every A € P(S) we get (ABE1) holds, and so (BE1) and (NBE1) are not valid. 

Also, for all A,B,C € P(S) one has AA(BAC) = BA(AAC). Thus, (BE4) is valid. 


Since there is at least one anti-axiom (ABE1), then (P(S), A, S) is an Anti-BE-algebra. 


(iii) Let U = {0, a, b, c,d} be a universe of discourse, and a subset S = {0,c}, and the below binary well-defined 
Law * with the following Cayley table. 


Table 2 
* 10 }c 
Cc 
c}/clc 


Then (S,* ,0) is an Anti-BE-algebra, since (ABE1) is valid, because: 0*0 =c# 0 andc*c=c #0, and itis sufficient 
to have a single anti-axiom. 


Theorem 3.10. 


The total number of Anti-BE-algebras is 211. 
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Proof. 

The classical BE-algebra has: 1 classical Law and 4 classical Axioms: 

1+ 4=5 classical mathematical propositions. 

Let C7” mean combinations of n elements taken by m, where n, m are positive integers, n >m = 0. 


We transform (anti-sophicate) the classical BE-algebra, by anti-sophicating some of the 5 classical 
mathematical propositions, while the others remain classical (unchanged) or neutro-mathematical 
propositions: 


either only 1 of the 5 classical mathematical propositions (hence we have C3 = 5 subpossibilities) - so 4 
classical mathematical propositions remain some unchanged others neutro-sophicated or 2+ = 16 
subpossibilities; hence total number of possibilities in this case is: 5-16 = 80; 


or 2 of the 5 classical mathematical propositions (hence we have C? = 10 subpossibilities) - so 3 classical 
mathematical propositions remain some unchanged other neutro-sophicated or 23 = 8 subpossibilities; hence 
total number of possibilities in this case is: 10-8 = 80; 


or 3 of the 5 classical mathematical propositions (hence we have C3 = 10 subpossibilities) - so 2 classical 
mathematical propositions remain some unchanged other neutro-sophicated or 22 = 4 subpossibilities; hence 
total number of possibilities in this case is: 10-4 = 40; 


or 4 of the 5 classical mathematical propositions (hence we have C/ = 5 subpossibilities) - so 1 classical 
mathematical propositions remain either unchanged other neutro-sophicated or 2! = 2 subpossibilities; hence 
total number of possibilities in this case is: 5-2 = 10; 


or all 5 of the 5 classical mathematical propositions (hence we have C2 = 1 subpossibility) - so no classical 
mathematical propositions remain. 


Hence, the total number of Anti-BE-algebras is: 
C4.25-1 + C2.25-2 + C3. 25-3 + C2.25°-4 4.628.255 =5-164+10°84+10°445-241-1= 211. 
Theorem 3.11. 


As a particular case, for BE-algebras, we have: 


1 (classical) BE-algebra + 31 Neutro-BE-algebras + 211 Anti-BE-algebras = 243 = 3 algebras. 
Where, 31 = 2° - 1, and 211 = 3°- 2°. 

Proof. 

It results from the previous Theorem 3.10 and 3.11. 

Theorem 3.12. 


Let U be a nonempty finite or infinite universe of discourse, and S a nonempty finite or infinite subset of U.A 
classical Algebra is defined on S. 


In general, for a given classical Algebra, having n operations (laws) and axioms altogether, for integern > 1, 


there are 3” total number of Algebra / NeutroAlgebras / AntiAlgebras as below: 


1 (classical) Algebra, ( 2” —1) Neutro-Algebras, and (3” —2”) Anti-Algebras. 
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The finite or infinite cardinal of set the classical algebra is defined upon, does not influence the numbers of 
Neutro-BE-algebras and Anti-BE-algebras. 


Proof. 
It is similar to Theorem 3.11, and based on Theorems 3.10 and 3.11. 


Where 5 (total number of classical laws and axioms altogether) is extended/replaced by n. 


5. Conclusion. 


We have studied and presented the neutrosophic triplet (BE-algebra, Neutro-BE-algebra, Anti-BE-algebra) 
together with many examples, several properties and four theorems. 
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Abstract 


In this paper, as an extension of Cl-algebras, we discuss the new notions of Neutro-Cl-algebras and Anti-C]-algebras. 
First, some examples are given to show that these definitions are different. We prove that any proper Cl-algebra is a 
Neutro-BE-algebra or Anti-BE-algebra. Also, we show that any NeutroSelf-distributive and AntiCommutative CI- 
algebras are not BE-algebras. 


Keywords: Cl-algebra, Neutro-Cl-algebra, Anti-Cl-algebra, Self-distributive, NeutroSelf-distributive, AntiSelf- 
distributive, Commutative, NeutroCommuative, AntiCommutative. 


1. Introduction 


H.S. Kim et al. introduced the notion of BE-algebras as a generalization of dual BCK-algebras [1]. A. Walendziak 
defined the notion of commutative BE-algebras and discussed some of their properties [11]. A. Rezaei et al. 
investigated the relationship between Hilbert algebras and BE-algebras [5]. B.L. Meng introduced the notion of CI- 
algebras as a generalization of BE-algebras and dual BCI/BCK-algebras, and studied some relations with BE-algebras 
[2]. Then he defined the notion of atoms in C]-algebras and singular Cl-algebras and investigated their properties [3]. 
Filters and upper sets were studied in detail by B. Piekart et al. [4]. 

Recently, in 2019-2020 F. Smarandache [8, 9, 10] constructed for the first time the neutrosophic triple 
corresponding to the Algebraic Structures as (Algebraic Structure, NeutroAlgebraic Structure, AntiAlgebraic 
Structure), where a (classical) Algebraic Structure is an algebraic structure dealing only with (classical) Operations) 
(that are totally well-defined) and (classical) Axioms (that are totally true). A NeutroAlgebraic Structure is an algebraic 
structure that has at least one NeutroOperation or NeutroAxiom, and no AntiOperation and no AntiAxiom, while an 
AntiAlgebraic Structure is an algebraic structure that has at least one AntiOperation or one AntiAxiom. Moreover, 
some left (right)-quasi neutrosophic triplet structures in BE-algebras were studied by X. Zhang et al. [12]. 
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The aim of this paper is to characterize these definitions to Cl-algebras. Also, the notions of NeutroSelf- 
distributive / AntiSelf-distributive and NeutroCommutative / AntiCommutative in Cl-algebras are studied. Finally, as 
an alternative to the definition of Cl-algebra, Neutro-Cl-algebra and Anti-Cl-algebra are defined. 


2. Preliminaries 


In this section we recall some basic notions and results regarding Cl-algebras and BE-algebras. C]-algebras were 
introduced in [2] as a generalization of BE-algebras (see [1]) and properties of them have recently been studied in [3] 
and [4]. 


Definition 2.1. ((2]) A Cl-algebra is an algebra (X,-,1) of type (2,0) (i.e. X is a non-empty set, — is a binary 
operation and 1 is a constant element) satisfying the following axioms, for all x,y,z € X: 


(CIL) (Vx EX)(x > x = 1); 
(CI2) (Wx EX)(1 > x = x); 
(CI3) (Vx, y,z EX,withx #y)(x ~ Yo z)=y > (x > 2Z)). 


We introduce a binary relation < on X by x < yifand only ifx > y = 1. A Cl-algebra (X, >, 1) is said to be a 
BE-algebra ([1)) if 


(BE) (Vx € X)(« > 1 = 1). 
By (CII) S is only reflexive. 
In what follows, let X be a Cl-algebra unless otherwise specified. A Cl-algebra X is proper if it is not a BE-algebra. 


For example, the set X = {1, a}, with the following Cayley table is a proper Cl-algebra, sincea > 1 =a #1. 


Table 1 
>ilia 
1 lia 
a fla|l 


Theorem 2.2. Let (X,— ,1) be a Cl-algebra. The binary operation — is associative if and only if x > 1 = x, for all 
xEXx, 


Proof. Assume that > is associative. Using (CI2) and associativity, we have 
X=1 9x H (XOX) PK KEXP HP X=HxO 1. 


Conversely, suppose that x > 1 = x, forallx € X. Let x,y,z € X, then by applying assumption and three times (C13), 
we get 


@ry7e z= y) > EP N)H29(@ry)PN=H27 @ry)H29 AP YD) =Hx-CO- 
I)=x>- Yr G@>))=x- (2). 


Thus, (x > y) >z=x->(y>2Z). 


Also, if > is associative relation, then Cl-algebra (X,— ,1) is an Abelian group with identity 1, since 
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KIyexo(yoIayo(eo Dayo. 


Example 2.3. (i) Let R be the set of all real numbers and — be the binary operation on R defined by x > y= y+ x, 
where ~ is the binary operation of division. Then (R — {0}, > ,1) is a Cl-algebra, but it is not a BE-algebra. 


(CI1) holds, since foreveryO #x ER x > x =x+x=1; 

(CI2) valid, since for allx €X,1>x=x; 

(CI3) holds. Let x,y,z € X. Then we have 

xe QYozz=H=x7@ty=H@+y+x=C@+x)+yH=yP FTX =yr(K* Zz). 
(BE) is not valid, since5 > 1=1+5= - # 1. Thus, (R — {0}, ,1) is a proper Cl-algebra. 


(ii) Consider the real interval [0,1] and let > be the binary operation on [0,1] defined by x > y=1—x + xy. Then 
({0,1], > ,1) is not a Cl-algebra (so, is not a BE-algebra), since (CI1) and (CI3) are not valid. Note that (BE) holds, 
sinceex > 1=1—-—x+x%.1=1-x4+x=1. 
Proposition 2.4. ((2]) Let X be a Cl-algebra. Then for all x, y € X, 

(i) y>(Y>x) > x)=1; 

(ii) (x-)-Y-1)N=%-y) 1. 
Definition 2.5. ([1, 2]) A CI/BE-algebra X is said to be self-distributive if for any x,y,z € X, 

xo (¥oz2z)=%>- yy)? (> 2). 


Example 2.6. Consider the Cl-algebra given in Example 2.3 (1). It is not self-distributive. Let x = 5,y:= 4nd 


Zs 7 Then we have 5 > (49 7) =5 972 =— # (594) 9 (597) = 5922 


Proposition 2.7. ((2]) Every self-distributive Cl-algebra X is a BE-algebra. 

Note that if X is self-distributive, then < is transitive ([6]). 

Definition 2.8. ({2, 5, 11]) A CI/BE-algebra X is said to be commutative if for any x,y € X, 
x>(*>y)=y> (yx). 

Example 2.9. ([6]) (i) Let N be the set of all natural numbers and — be the binary operation on N defined by 


y if x=1; 
1 otherwise. 


Then (N,-, 1) is a non-commutative BE-algebra. 


(ii) Let Ng = NU {0 gnd let > be the binary operation on No defined by 


0 ifx> y; 


ein aw ty —-x otherwise. 
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Then (No, ~, 0 )is a commutative BE-algebra ([6]), but it is not self-distributive, since 
5>-(6 ~J7=5->1=0 45-6) > 6-7) =1->2 = 1. 
Proposition 2.10. ({2]) Every commutative Cl-algebra X is a BE-algebra. 


Note that if X is commutative, then < is anti-symmetric ([6]). Hence, if X is a commutative and self-distributive CI- 
algebra, then < is a partially ordered set ([6]). 


3. On NeutroSelf-distributive and AntiSelf-distributive CI-algebras 
Definition 3.1. A Cl-algebra X is said to be NeutroSelf-distributive if 

(4x, y,zEX)(x > (yo z)=(* > y) > @>2z)) and Gx y,zE Xx Yoz)F4ary)- («> 2z)). 
Example 3.2. Consider the non-self-distributive Cl-algebra given in Example 2.3 (i). Ifx = 1then forall y, ze R— 
{0 }we have x > (y > Zz) = (x > y) > («> 2). If x #1, then for all y,z€ R— {0 } we have x > (y > Zz) # 
(x > y) - (x > z). Hence (R — {0}, >, 1) is a NeutroSelf-distributive Cl-algebra. 
Definition 3.3. A Cl-algebra X is said to be AntiSelf-distributive if 


(Vx,y,z€ X,with x #1)(x ~(y > z) # (x7 y) > («> 2Z)). 


Example 3.4. Consider the Cl-algebra given in Example 2.3 (i). Then it is an AntiSelf-distributive Cl-algebra, since 
for all x,y,z € R— {0 jand x + 1, we can see that 


x -(yozZz)= @+y)tx=Tee>y)>(eon= @+x)e (Vea as 
Theorem 3.5. Let X be an AntiSelf-distributive Cl-algebra. Then X is not a BE-algebra. 


Proof. Assume that X is an AntiSelf-distributive Cl-algebra and 1 # x € X. Take y = z = 1 and using AntiSelf- 
distributivity and applying (CI1) two times, we have 


xe-1=x-1791 40-1 - 1) = 1. 
Thus, (Vx € X,with x # I(x > 1 ¥ 1), and so X is not a BE-algebra. 
Corollary 3.6. There is no AntiSelf-distributive BE-algebra. 
Proposition 3.7. Let X be an AntiSelf-distributive Cl-algebra. Then 
(vx, yEX,with x#1)\(x>(x>y)#x-Yy) 
Proof. Let X be a Cl-algebra and x, y € X. Using AntiSelf-distributivity and (CI2), we get 
£3 (xy) # (XIX) (RIN) =1 5 Gay. 


Thus,x > (x > y) #x->Yy. 
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Proposition 3.8. Let X be an AntiSelf-distributive Cl-algebra, andx < y. Thenz>x<¢z-—y,foralll1 #ZEX. 


Proof. Suppose that X is an AntiSelf-distributive Cl-algebra, x < y and 1 #zEX. Then x > y= 1. Applying 
AntiSelf-distributivity and (BE), we get 


(Zo x) 9 @oy) 427 (eX y) =271F 1. 
Thus, z>x<¢z-y,forall14#zex. 
Proposition 3.9. Let X be an AntiSelf-distributive Cl-algebra. Then < is not transitive. 


Proof. Suppose that X is an AntiSelf-distributive Cl-algebra, x < yandy < z. Thenx >y=1andy>z=1. 
Using (CI2) and AntiSelf-distributivity, we have 


x?Z=17 4°97) Here yew P722DAXKP Yr AD=Aax-1F1. 


Thus, x £ z 


4. On NeutroCommutative and AntiCommutative Cl-algebras 
Definition 4.1. A CI/BE-algebra X is said to be NeutroCommutative if 
(ax,y€Xwith x # W(x > («o> y)=yo (yo x)) and Ax,yEex)(x > (x -y) Fy > GY X)). 


Example 4.2. (i) Consider the non-commutative BE-algebra given in Example 2.9 (1). If x,y € N — {1} then x > 
(x-y=y>-Q-x).Ifx =1andy #1,thnx-~@>y)=y#y>QW-x) =1. 


(ii) Consider the Cl-algebra given in Example 2.3 (i). Then it is not a NeutroCommutative Cl-algebra, since, for all 
xyER-{0 }wehaex> (w-y)#y>7(K-x), onlyifx=y=1,thnx>- @>-y=yo-(—-x). 
Thus, there is not x # y such thatx > (x > y) =y > (y> x). 
Definition 4.3. A CI/BE-algebra X is said to be AntiCommutative if 

(vx, y EXwith x#y)\(* > y) -yF#(VX) XX). 
Example 4.4. Consider the Cl-algebra given in Example 2.3 (i). Then it is an AntiCommutative C]-algebra. 


Proposition 4.5. Let X be an AntiCommutative Cl-algebra. Then X is not a BE-algebra. 


Proof. By contrary, let X be a BE-algebra. Then for all x € X, x > 1=1. Hence (x > 1) >1=1->1=1, by 
assumption and (CI1). Now, applying AntiCommutaitivity and (CI2) we get 


1=(% 9-1) 91401 9%) ex Hx x= 1. 
Thus, 1 # 1 which is a contradiction. 
Corollary 4.6. There is no AntiCommutative BE-algebra. 


Proposition 4.7. Let X be an AntiCommutative Cl-algebra. If x < y, then y # (y> x) > x. 
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Proof. Assume that X be an AntiCommutative Cl-algebra and x < y. Then x >y=1. Using (CI2) and 
AntiCommutaitivity, we have 


YH=1lroy=Ary)ryF# rx) x. 
Proposition 4.8. Let X be an AntiCommutative Cl-algebra. Then < is not an anti-symmetric relation on X. 


Proof. Assume that X be an AntiCommutative Cl-algebra. Let x < y andy < x. Thenx > y=1andy>x=1. 
Applying (CI2) and AntiCommutativity, we get 


X=19x=(YPxXy Px# Hy) -y=1l -y=y. 


Corollary 4.9. If X is an AntiSelf-distributive or an AntiCommutative Cl-algebra, then X endowed with the induced 
relation < is not a partially ordered set. 


Proof. By Propositions 3.9 and 4.8, we get the desired result. 


If X is not a partially ordered set, then X is either totally ordered set, or totally unordered set (i.e. for any two distinct 
elements x,y € X,neitherx < ynory < X). 


We have the neutrosophic triplet for the order relationship < in a similar way as for Cl-algebras: 


(totally ordered, partially ordered and partially unordered, totally unordered) or (Ordered, NeutroOrdered, 
AntiOrdered). 


Corollary 4.10. If X is an AntiSelf-distributive or an AntiCommutative Cl-algebra, then x > (y > x) # 1, for all 
x, yEX. 


Proof. Using Corollaries 3.6 and 4.5, X is not a BE-algebra, and so applying (CI3) and (CI1) we get, for all x,y € X 


xe Vex =yr Wx) =y 1 F1. 


5. On Neutro-Cl-algebras and Anti-Cl-algebras 


The Neutro-BE-algebra and the Anti-BE-algebra as an alternative of a BE-algebra was defined in 2020 by A. Rezaei 
and F. Smarandache. Now, we can define Neutro-Cl-algebra and Anti-Cl-algebra (for detail see [7]). 


Definition 5.1. (Neutro-sophications) 

The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree of outer-defined) 
(NL) (Ax, y € X)(x — y EX) and (Ax,yE X)(* > y= indeterminate orx > y € X). 

The Neutro-sophication of the Axioms (degree of truth, degree of indeterminacy, degree of falsehood) 

(NCI) (Ax € X)(x > x = 1) and (4x € X)(x > x= indeterminate or x > x # 1); 


(NCI2) (Ax € X)(1 — x = x) and (Ax € X)(1 > x= indeterminate or 1> x # x); 
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(NCI3) (Ax, y,z€ X,with x #y)(x -(y> z) =y > (* > 2)) and (Ax, y,zE X,with x#y)(x7-(Yoz= 
indeterminate orx > (y>z)#y> («> 2)). 


Definition 5.2. (Anti-sophications) 

The Anti-sophication of the Law (totally outer-defined) 

(AL) (Wx y EX)(x > y € X). 

The Anti-sophication of the Axioms (totally false) 

(ACI) (Vx € X)(x > x # 1); 

(ACI2) (Vx € X)(1 7x # x); 

(ACI3) (Vx, y,z € X,withx # y)(x > (yoz)#y> («> zZ)). 


Definition 5.3. A Neutro-Cl-algebra is an alternative of Cl-algebra that has at least a (NL) or at least one (NCIt), tf € 
{1,2 ,3, with no anti-law and no anti-axiom. 


Definition 5.4. An Anti-Cl-algebra is an alternative of Cl-algebra that has at least an (AL) or at least one (NCIt), ¢ € 


{1,2 ,3. 

A Neutro-BE-algebra ([7]) is a Neutro-Cl-algebra or has (NBE), where 

(NBE) (Ax € X)(x > 1 = 1) and (Ax € X)(x ~ 1 = indeterminate or x > 1 # 1). 
An Anti-BE-algebra ([7]) is an Anti-Cl-algebra or has (ABE), where 

(ABE) (Vx € X)(x > 1# 1). 

Note that any proper Cl-algebra may be a Neutro-BE-algebra or Anti-BE-algebra. 
Proposition 5.5. Every NeutroSelf-distributive Cl-algebra is a Neutro-Cl-algebra. 
Proposition 5.6. Every AntiSelf-distributive Cl-algebra is an Anti-BE-algebra. 


Proposition 5.7. Every AntiCommutative Cl-algebra is an Anti-BE-algebra. 


6. Conclusions 


In this paper, Neutro-C]-algebras and Anti-Cl-algebras are introduced and discussed based on the definition of 
Cl-algebras. By some examples we showed that these notions were different. Some of their properties were provided. 
We proved that any proper Cl-algebra is a Neutro-BE-algebra or Anti-BE-algebra. Further, for every classical CI- 
algebra, it was shown that, if it is AntiSelf-distributive or AntiCommutative, then it is an Anti-BE-algebra. 
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Abstract 


This paper introduces the novel concept of Neutro-BC'K-algebra. In Neutro-BCK-algebra, the outcome of 
any given two elements under an underlying operation (neutro-sophication procedure) has three cases, such as: 
appurtenance, non-appurtenance, or indeterminate. While for an axiom: equal, non-equal, or indeterminate. 
This study investigates the Neutro-BCK-algebra and shows that Neutro-BCK-algebra are different from BCK- 
algebra. The notation of Neutro-BCK-algebra generates a new concept of NeutroPoset and Neutro-Hass- 
diagram for NeutroPosets. Finally, we consider an instance of applications of the Neutro-BCK-algebra. 
Keywords: Neutro- BC K-algebra, NeutroPoset, Neutro-Hass diagram. 


1 Introduction 


Neutrosophy, as a newly-born science, is a branch of philosophy that studies the origin, nature and scope 
of neutralities, as well as their interactions with different ideational spectra. It can be defined as the inci- 
dence of the application of a law, an operation, an axiom, an idea, a conceptual accredited construction on 
an unclear, indeterminate phenomenon, contradictory to the purpose of making it intelligible. Neutrosophic 
Sets and Systems international journal (which is in Scopus and Web of Science) is a tool for publications of 
advanced studies in neutrosophy, neutrosophic set, neutrosophic logic, neutrosophic probability, neutrosophic 
statistics, neutrosophic measure, neutrosophic integral, and so on, studies that started in 1995 and their applica- 
tions in any field, such as the neutrosophic structures developed in algebra, geometry, topology, etc. 
Recently, Florentin Smarandache [2019] generalized the classical Algebraic Structures to NeutroAlgebraic 
Structures NeutroAlgebras) and AntiAlgebraic Structures (AntiAlgebras) and he proved that the 
NeutroAlgebra is a gen-eralization of Partial Algebra. He considered < A > as an item (concept, attribute, 
idea, proposition, theory, etc.). Through the process of neutrosphication, he split the nonempty space and 
worked onto three regions two opposite ones corresponding to < A > and < antiA >, and one 
corresponding to neutral (indeterminate) << neutA > (also denoted < neutroA >) between the opposites, 
regions that may or may not be disjoint -depending on the application, but they are exhaustive (their union 
equals the whole space). A NeutroAlgebra is an algebra which has at least one NeutroOperation operation 
that is well-defined (also called inner-defined) for some elements, indeterminate for others, and outer-defined 
for the others or one NeutroAxiom (axiom that is true for some elements, indeterminate for other elements, 
and false for the other elements). A Partial Alge-bra is an algebra that has at least one partial operation (well- 
defined for some elements, and indeterminate for other elements), and all its axioms are classical (i.e., the 
axioms are true for all elements). Through a theorem he proved that NeutroAlgebra is a generalization of 
Partial Algebra, and examples of NeutroAlgebras that are not partial algebras were given. Also, the 
NeutroFunction and NeutroOperation were introduced, 

Regarding these points, we now introduce the concept of Neutro-BC K-algebras based on axioms of 
BC K-algebras, but having a different outcome. In the system of BC K-algebras, the operation is totally 
well-defined for any two given elements, but in Neutro-BC'K-algebras its outcome may be well-defined, 
outer-defined, or indeterminate. Any BC'K-algebra is a system which considers that all its axioms are true; 
but we weaken the conditions that the axioms are not necessarily totally true, but also partially false, and 
partially indeterminate. So, one of our main motivation is a weak coverage of the classical axioms of BC K- 
algebras. This causes new partially ordered relations on a non-empty set, such as NeutroPosets and Neutro- 
Hass Dia- 
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grams. Indeed Neutro-Hass Diagrams of NeutroPosets contain relations between elements in the set that are 
true, false, or indeterminate. 


2 Preliminaries 


In this section, we recall some definitions and results from which are needed throughout the paper. 

Let n € N. Then an n-ary operation o : X”" — Y is called a NeutroOperation if it has x € X” for which 
o(a) is well-defined (degree of truth (T)), 2 € X” for which o(2) is indeterminate (degree of indeterminacy 
(I)), and a € X” for which o() is outer-defined (degree of falsehood (F)), where T, J, F € [0,1], with 
(T,I,F) # (1,0,0) that represents the n-ary (total, or classical) Operation, and (TJ, fF’) # (0,0, 1) that 
represents the n-ary AntiOperation. Again, in this definition “neutro” stands for neutrosophic, which means the 
existence of outer-ness, or undefined-ness, or unknown-ness, or indeterminacy in general. In this regards, for 
any given set X, we classify n-ary operation on X” by (7); (classical) Operation is an operation well-defined 
for all set’s elements, (i7); NeutroOperation is an operation partially well-defined, partially indeterminate, 
and partially outer-defined on the given set and (iii); AntiOperation is an operation outer-defined for all set’s 
elements. 

Moreover, we have (7); a (classical) Axiom defined on a non-empty set is an axiom that is totally true 
(i.e. true for all set’s elements), (i); NeutroAxiom (or neutrosophic axiom) defined on a non-empty set 
is an axiom that is true for some elements (degree of true = T), indeterminate for other elements (degree of 
indeterminacy = I), and false for the other elements (degree of falsehood = F), where T, J, F are in [0, 1] and 
(T, I, F’) is different from (1, 0,0) i.e., different from totally true axiom, or classical Axiom and (T, I, F’) is 
different from (0, 0,1) i-e., different from totally false axiom, or AntiAxiom. (iz); an AntiAxiom of type C 
defined on a non-empty set is an axiom that is false for all set’s elements. 

Based on the above definitions, there is a classification of algebras as follows. Let X be a non-empty set 
and O be a family of binary operations on X. Then (A, Q) is called 


(i) a (classical) Algebra of type C, if O is the set of all total Operations (i.e. well-defined for all set’s 
elements) and (A, Q) is satisfied by (classical) Axioms of type C(true for all set’s elements). 


(ii) a NeutroAlgebra (or neutro-algebraic structure) of type C, if O has at least one NeutroOperation (or 
NeutroFunction), or (A, ©) is satisfied by at least one NeutroAxiom of type C that is referred to the set’s 
(partial-, neutro-, or total-) operations or axioms; 


(iii) an AntiAlgebra (or anti-algebraic structure) of type C, if O has at least one AntiOperation or (A, O) 
is satisfied by at least one AntiAxiom of type C. 


3 Neutro-BCK-algebra 
3.1 Concept of Neutro-BCK-algebra 


In this section, we introduce several concepts suc has: Neutro-BC' K-algebra, Neutro-BC K-algebra of type 
5, NeutroPoset and Neutro-Hass Diagram and investigate the properties of these concepts. 


Definition 3.1. 2lLet X be a non-empty set with a binary operation “ « ” and a constant “0”. Then, (X, x, 0) 
is called a BC K-algebra if it satisfies the following conditions: 


(BOT-1) (xy) * (x z)) *(2*y) =0, 
(BCT-2) (a (a*y)) *y =0, 

(BCI-3) «xx =0, 

(BCI-4) «*y = Oand y x x = Oimply x = y, 
(BCK-5) 0*x2 =0. 

Now, we define Neutro- BC’ K-algebras as follows. 


Definition 3.2. Let X be a non-empty set, 0 € X be a constant and “ « ” be a binary operation on X. An 
algebra (X, «, 0) of type (2, 0) is said to be a Neutro-BC K-algebra, if it satisfies at least one of the following 
NeutroAxioms (while the others are classical BCK-axioms): 
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NBCI-1) (A2,y,z € X such that ((ax * y) * (7 * z)) * (z * y) =0)) and (4 x,y, z € X such that ((x * y) « (a * 
z)) * (z* y) £0 or indeterminate ); 


NBCI-2) (A.x,y € X such that (x * (x * y)) * y = 0) and (4 z,y € X such that (x * (x * y)) *y # Oor 
ndeterminate ); 


a 


NBCI-3) (Ax € X such that x * z = 0) and (4 z € X such that x « x 4 0 or indeterminate ); 


NBCI-4) (a x,y € X, such that ifx*xy = yxx = 0, we have x = y) and (A x,y € X, such thatif cxy = yxx = 0, 
we have x # y ); 


(NBCK-5) (Ax € X such that 0 * x = 0) and (A x € X such that 0 * x ¥ 0 or indeterminate ). Each above 
NeutroAxiom has a degree of equality (7), degree of non-equality (F’), and degree of indeterminacy (J), 
where (T, I, F') ¢ (1, 0,0), (0,0, 1). 


If (X, x, 0) is a NeutroAlgebra and satisfies the conditions (NBCI-1) to (NBCI-4) and (NBCK-5), then 
we will call it is a Neutro-BC K-algebra of type 5 (i.e. it satisfies 5 NeutroAxioms). 


Example 3.3. Let X = Z. Then 
(i) (X, *, 0) is a Neutro-BC K-algebra, where for all x,y € X, we havex*y=a2—yt+ xy. 
(it) (X, *, 1) is a Neutro-BC K-algebra, where for all x,y € X, we have x * y = xy. 
1 if x an even 


(iit) (X, *, 1) is a Neutro-BC K-algebra, where for all x, y © X, we have x * y = ; : 
zy ifx anodd 


Let X 4 be a finite set. We denote Vgc. (X) and Ny gcK(X) by the set of all Neutro-BC K-algebras 
and Neutro-BC' K-algebras of type 5 that are constructed on X, respectively. 


Theorem 3.4. Let (X, *,0) be a Neutro BC K-algebra. Then 
(i) If |X| =1, then (X, *,0) is a trivial BC K-algebra. 
(it) If |X| = 2, then |NecK(X)| = 2 and |NvecK(X)| =o. 
(iit) If |X| = 3, then there exists 0 A Y C X, such that (Y, *',0) is a nontrivial or trivial BC K-algebra. 


Proof. We consider only the cases (iz), (ii), because the others are immediate. 
(it) Let X = {0,x}. Then we have 2 trivial Neutro-BC K-algebras (X,*1), (X,*2) and an infinite 
number of trivial Neutro- BC K-algebras of type 5 (X, *,0) in Table|1| where w ¢ X. 
(iti) Let X = {0, x, y}. Now consider Y = {0, x} and define a Neutro-BC K-algebra (X, *’,0) in Table 
Clearly (Y, *’, 0) is a non-trivial BC’ K-algebra. If Y = {0}, it is a trivial BC K-algebra. 


Table 1: Neutro-BC'K-algebras of order 2 


«1 |O « x2 | 0 2 | 0 2 aE 
010 @. Ola 05 O) a 0 and | a 4 
0 x 0 x|\|w 0O 
y|0 y 2 


Theorem 3.5. Every BC'K-algebra, can be extended to a Neutro-BC' K-algebra. 


Proof. Let (X,*,0) be a BC’K-algebra and a ¢ X, and U be the universe of discourse that strictly includes 
X Ua. Forall x,y € X U {a}, define x, on X U {a} by x *. y = x * y where, x,y € X andifa € {x,y}, 
define x x. y as indeterminate or x *q y ¢ X Ua. Then (X U {a}, *q, 0) is a Neutro- BC K-algebra. 


Example 3.6. Let X = {0,1, 2,3, 4,5}. Consider Table|3| 
Then 

(i) If a = 0, then (X,*,,0) is a Neutro-BC K-algebra and if a = 1, then (X \ {3,4,5}, *1,0) is a 
BC kK-algebra. 

(it) (X, *2, 0) is a Neutro-BC'K-algebra and (X \ {4,5}, *2,0) isa BC K-algebra. 

(iti) Ifs =t =y =z =0,w = 3, then (X, *3, 0) is a Neutro-BC'K-algebra and for s = t = l,y = 
2,2 = 3, (X \ {5},*3,0) is a BCK-algebra. If s = t = y = z = 0,w = V2, then (X,*3,0) isa 
Neutro-BC K-algebra of type 5 where s,t € {0,1},2 € {4,5}, y € {2,0}, z € {3,0} and w € {3, V2}. 
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Table 2: Neutro-BC'K-algebras and Neutro-BC' K-algebra of type 5 


* |O 1 2 3 4 °5 *2/0 1 2 3 4 =5 *3/0 1 2 3 4 =5 
0;0 0 O 0 2 0 0|;0 0 0 0 0 0|}0 0 0 0 O 5 

1 }|1 0 a 2 0 3 1/1 0 0 0 5 1}/1l 0 ¢ 0 s 0 
2/2 2 O 02 0 » 2;'2 1 0 +0 O and 2/2 2 0 y O 3), 
3/3 0 1 2 0 °5 3.}3 2 1 O 2 3}/3 1 3 0 2 0 
4/0 4 0 1 4 0 4/0 1 0 4 2 4/4 4 4 4 0 1 
5|/4 0 1 0 2 8 5 |5 0 4 O x 5|/0 2 0 2 0 w 


Remark 3.7. In Neutro-BC K-algebra (X, «3, 0), which is defined as in Example[3.6| we have (1,5) €< and 
(5,0) €<, but (1,0) ¢<, where (x, y) €< means x *3 y = 0. Thus <, necessarily, is not a transitive relation. 
So we have the following definition of neutro-partially ordered relation on Neutro-BC k-algebra. 


Definition 3.8. Let X be a non-empty set and R be a binary relation on X. Then R is called a 


(i) neutro-reflexive, if 3 x € X such that (z,x) € R (degree of truth T), and J x € X such that (2, x) is 
indeterminate (degree of indeterminacy J), and J x € X such that (x, x) ¢ R (degree of falsehood F’); 


(iz) neutro-antisymmetric, if 3 «,y € X such that (x,y) € Rand (x,y) € Rimply that x = y (degree of 
truth T), and 4 x,y € X such that (x, y) or (y, x) are indeterminate in R (degree of indeterminacy J), 
and 4 x,y € X such that (x, y) € Rand (y,x) € R imply that x ¥ y (degree of falsehood F); 


(iti) neutro-transitive, if J x,y,z € X such that (x,y) € R,(y,z) € R imply that (x,z) € R (degree of 
truth T),and 4 x,y,z © X such that (a, y) or (y, z) are indeterminate in R (degree of indeterminacy [), 
and 4 x,y, z € X such that (x,y) € R,(y,z) € R, but (x, z) ¢ R (degree of falsehood F’). In all above 
neutro-axioms (7, J, F’) ¢ (1,0, 0), (0,0, 1). 


(iv) neutro-partially ordered binary relation, if the relation satisfies at least one of the above neutro-axioms 
neutro-reflexivity, neutro-antisymmetry, neutro-transitivity, while the others (if any) are among the clas- 
sical axioms reflexivity, antisymmetry, transitivity. 


If R is a neutro-partially ordered relation on X, we will call (X, R) by neutro-poset. We will denote, the 
related diagram with to neutro-poset (X, R) by neutro-Hass diagram. 


We define binary relations ” <, <2 ” on X by (x <, y if or only if a * y = Oor ax <; x) and (x <p yif 
and only if (« * y £ 0 or indeterminate ) or x <2 x ie So we have the following theorem. 


Theorem 3.9. An algebra (X, *,0) is a Neutro-BC K-algebra if and only if it satisfies the following condi- 
tions: 


(Ax,y € X such that ((x*y)*(a*z)) <1 (z*y)) and (Ax, y € X such that ((x*xy)*(a*z)) <2 (z*y)), 


NBCI-2') (Ax,y € X such that (x * (x * y)) <1 y) and (A x,y € X such that (x * (a *y)) <2 y), 


) 
) 

NBCI-3') (Ax,y € X such that x <, x) and (Ax,y € X such that x <2 x), 
) 


Va,y € X, ife <1 yandy <1 2, we get xz = y) and (Va,y € X, ifx <2 yand y <2 &, we get 
=a). 


(NBCK-5') (Ax,y € X such that 0 <; x) and (A.z,y € X such that 0 <2 2). 


Proof. Let (X,*,0) be a Neutro-BC'K-algebra. We prove only the item (N.BCI-1’), other items are similar 
to. Since (X, *, 0) be a Neutro-BC K-algebra, (4 x,y € X such that (x*(x*y))*y = 0) and (4x, y € X such 
that (a « (xx y)) xy 4 0 or indeterminate). By definition, (S x,y € X such that ((x* y) « (@*z)) <1 (z*y)) 
and (4 x,y € X such that ((x * y) * (x * z)) <2 (z* y)). Conversely, let the items (NBCI-1') to (NBCI- 
4’) and (NBCK-4’). Just prove (NBCI-1) and other items are similar to. Since (3 x,y € X such that 
((a*y) *(a*z)) <1 (z*y)) and (A x,y € X such that ((7*y) *(a*z)) <o (z*y)), we get that (A x,y € X 
such that ((a * y) * (a * z)) * (z* y) = 0)) and (A x,y € X such that ((a * y) * (a * z)) * (z*y) # Vor 
indeterminate i? 
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Let (X, x,0) be a Neutro-BCK algebra. Define binary relation < on X, by x < yif and only x <, y and 
y <2 x. So we have the following results. 


Theorem 3.10. Let (X, *,0) be a Neutro-BCK algebra and x,y,z © X. Then 
( 


i) ifa Ayanda <y, theny <2; 
(it) < is a reflexive and symmetric relation on X; 


(iti) < is a neutro-transitive algebra relation on X. 


Proof. (i) Leta # y € X anda < y. If y < ag, by definition we obtain (a * y = y * x = O) and 
(axy=yx*x«x #0) andsoxz = y. 
(iz), (422) It is clear by item (2) and Remark[3.7| 
(zit) It is obtained by (7). 


Corollary 3.11. Let (X, *,0) be a Neutro-BCK algebra. Then (X, *,0,<1), (X,*,0,<2) and (X,*,0,<) 
are neutro-posets. 


Let (X1, *1, 01) and (Xo, *2,02) be BC K-algebras, where X; MN X2 = 0. For some x, y € X, define an 
xvxy if if eye X1\ Xe 
uxgy if if z,ye Xo\ xX, 
01 if if cE X1,yE Xe 
Og if if ce Xe,yE X1 


operation * as follows: x * y = , where 0; * 02 = O02 and O02 * 01 = 0}. 


Theorem 3.12. Let (X1,*1,01) and (X2, *2,02) be BC K-algebras, where X11 X_ = Wand X = X, UX». 
Then 


(i) (X,*,01) is a Neutro-BC K-algebra; 
(ii) (X,*, 02) is a Neutro-BC K-algebra; 


Proof. (i) We only prove (NBCI-4). Let x * y = 01. It follows that x € X; and y € X2 oraz,y € X4. 

If x,y € X1, because (X1,*1,01) is a BC K-algebra, y * x = 0, implies that x = y. But for x € X, and 

y € Xo, we have y * x # 0) so (N BCI-4) is valid in any cases. Other items are clear. 
(iz) It is similar to item (¢). 


Example 3.13. Let X; = {a,b} and Xo = {w,x,y, z}. Then (Xj, *, a) and (Xo, *, w) are BC’ K-algebras. 
So by Theorem]3.12] (X1 U Xj, *, a) and (X, U Xj, *, w) are Neutro-BC K-neutralgebras in Table|3] 


Table 3: BC'K-algebras and Neutro-BC' K-algebra 


*}a b w u@ y Zz 
a\a a waa a 
b|b oa aaa a 
wila w www w 
x] w w cw w ow 
y | w w y x w ow 
z|w ow Zu Lf Ww 


Corollary 3.14. Let (X41, *1,01) and (X2, *2,02) be BC K-algebras. Then 
(2) (X,*, 01, <1), (X, *, 02, <2) and (X, *, 02, <2) are posets. 


(it) (X,*,01, <2), (X, *, 02, <1) are neutro-posets. 


Example 3.15. Consider the Neutro-BC K-algebra in Example Then we have neutro-posets (X, *,w, <1 
), (X, *, a, <2) and (X, *, 02, <) in Table [4] where — means that elements are not comparable and J means 
that are indeterminates. 


Definition 3.16. Let (X, x, 0) be a Neutro-BC'K-algebra, 9 © X and Y C X. Then 
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Table 4: neutro-posets 


<i:}/a b way z <o}|a bw a y z <|a bw au y 2z 
a a- @e y 2 ala baa«ey z alaaw aaa 
b|- b wu y 2 b |b b wn y z bla b b b bb 
wla wwwww, wilawiwi tI If,wiw bw - - = 
xz cu L£ Ww Lv XL & x l|a a2 IL « I TT tla b-—- & -— = 
yly yweyy vig vv J lye i vie be’ -—- yy - 
z Zz £ w f@ Yy 2 z|z 2 I I I z zl|a b- -—~ — 2g 


(i) Y is called a Neutro-BC'K-subalgebra, if (1) 0 € Y, (2) for all w,y € Y, we have x xy € Y, (3) 
satisfies in conditions (N BCI-3), (NBCI-4) and (NBCK-5). 


(it) 0 € X is called a source element, if it is a minimum or maximum element in neutro-Hass diagram of 
(X, *, 0). 


Theorem 3.17. Let (X,*,0) be a Neutro-BC K-algebra and Y C X. If Y is a Neutro-BC K-subalgebra of 
X, then 


(i) (Y,*, 0) is a Neutro-BC K-algebra. 
(it) X is a Neutro-BC K-subalgebra of X. 


Proof. They are clear. 


Corollary 3.18. Let (X,*,0) be a Neutro-BC K-algebra and |X| = n. Then there exist m < n and 
X1,02,-+-,Lm © X such that ({0, 21, £2,...,%m}, *, 0) is a Neutro-BC K-algebra of X. 


Theorem 3.19. Let X be a non-empty set. Then there exists a binary operation “e” on X and 0 € X such 
that 

(i) (X,¢, 20) is a Neutro-BC' K-algebra. 

(it) Forall®0 AY CX, Y U {xo} is a Neutro-BC'K-subalgebra of X. 


(iti) If X is a countable set, then in neutro-Hass diagram (X,e,%9), we have |Maximal(X)| = 1 and 
Minimal(X) = |X| —1(|X| is cardinal of X). 


(iv) neutro-Hass diagram (X,¢, 29) has a source element. 


Proof. Let x,y € X. Fixed xp € X and define x * y = y. 
(<) Some modulations show that (X, *, vo) is a Neutro- BC K-algebra. 
(it) By Theorem|3.4]and definition, it is clear. 
(iti) Let X = {x0, 11,22, %3,...}. Then by Corollary |3.11} (X,<, xo) is a neutro-poset and so has a 
neutro-Hass diagram as Figure[I] 


Xo 


Se We De. Mase os ie a 


Figure 1: neutro-Hass diagram (X, <, x9) with source x. 


Theorem 3.20. Let (X,<x) be a chain. Then 
(2) there exists xx on X and0 € X such that (X,*x,0) is a Neutro-BC K-algebra. 
(it) for all x,y © X, we have x < y if and only if y <x «. 


(iii) In neutro-Hass diagram (X, ¢, xo), 0 is source element. 
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there exists *x on X and0 € X such that (X,*x,0) is a Neutro-BC K-algebra. 


Proof. Let 0, x,y € X, where 0 = Min(X). 
zrVy 


(i) Define z *x y = ue == ¥ Some modulations show that (X,*x,0) is a Neutro-BCK- 
xAy otherwise 
algebra. 
(it) Let x,y € X. Clearly x «x = a, then by definition x < y if and only if x * y = 0 and yx a # O if and 
only if y = Oif and only if y <x @. 
(iti) By item (i2), we get the neutro-Hass diagram (X,<x,0) in Figure[1] so 0 is source element. 


Let (X1, *1, 01) and (X9, *2, 02) be two Neutro-BC K-algebras, where X,1X2 = Q. Define * on X;UXo, 
xvxy if cyeX1\ Xe 
byz*y=Qauxoy if c,ye Xo\X1. 
Yy otherwise 
Theorem 3.21. Let (X1,*1, 01) and (X2, *2, 02) be two Neutro-BC K-algebras. Then 
(2) (X1 U Xa, *, 01) is a Neutro-BC K-algebra. 


(it) (XU Xe, *, 02) is a Neutro-BC K-algebra. 


Proof. It is obvious. 


Let (Xj, *1, 01) and (X9, *2, 02) be two Neutro-BC' K-algebras. Define * on X1 x X9, by (x, y)*(2’, y’) = 
(a *1 2", y *2 y’), where (x,y), (2’,y’) © X1 x Xo. 
Theorem 3.22. Let (X1,*1,01) and (X92, *2, 02) be two Neutro-BC K-algebras. Then (X1 x X2,*, (01, 02)) 
is a Neutro-BC K-algebra. 


Proof. We prove only the item (N BCI-4). Let (x,y), (a, y’) © X1 x Xo. If (x,y) * (a’,y’) = (a, y’) * 
(x,y) = (01, 02), then (% #1 x’, y *2 y’) = (01,02) and (a *; 2, y! *2 y) = (02, 01). It follows that (x, y) = 
(x’,y’). In a similar way, (x, y) * (2’, y’) = (2’,y’) * (a, y) A (01, 02), we get that (x,y) = (a’,y’). Thus, 
(X1 x Xo, *, (01, 02)) is a Neutro-BC K-algebra. 


3.2 Application of Neutro-BC' kK -algebra 


In this subsection, we describe some applications of Neutro-BC K-algebra. 

In the following example, we describe some applications of Neutro-BC K-algebra. We discuss applica- 
tions of Neutro-BC'K-algebra for studying the competition along with algorithms. The Neutro-BC'K -algebra 
has many utilizations in different areas, where we connect Neutro-BC'K -algebra to other sciences such as eco- 
nomics, computer sciences and other engineering sciences. We present an example of application of Neutro- 
BC kK-algebra in COVID-19. 


Example 3.23. (COVID-19) Let X = {a = China, b = Italy,c = USA, d = Spain, e = Germany, f = 
Iran} be a set of top six COVID-19 affected countries. There are many relations between the countries of 
the world. Suppose * is one of relations on X which is described in Table [5] This relation can be economic 
impact, political influence, scientific impact or other chasses. For example x * y = z, means that the country 
z influences the relationship * from country x to country y. Clearly (X, *, China) is a Neutro-BC K-algebra. 


Table 5: Neutro-BC'K-algebra 


* China Italy USA Spain Germany Iran 
China China Tran Spain Germany Italy USA 
Italy China Italy Iran Germany Spain Germany 
USA China Italy USA USA Iran Iran 
Spain China China China Spain USA Italy 

Germany | China Germany — Italy Spain Germany Italy 
Tran China Spain USA USA China Iran 


And so we obtain neutro-Hass diagram as Figure(2| Applying Figure 2] we obtain that China is main source 
of COVID-19 to top five affected countries and Iran, Spain, Italy are indeterminated countries in COVID-19 
affection together, USA effects Spain and Germany effects Iran. 
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China 


Germany 


USA 
Italy 


Spain 
Tran 


Figure 2: neutro-Hass diagram (X, *, China) associated to infected COVID-19 . 
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1. From Paradoxism to Neutrosophy 


11. Paradoxism 


Paradoxism is an international movement in science and culture, founded and developed by 
Smarandache in 1980s, based on excessive use of antitheses, oxymoron, contradictions, and 
paradoxes in science, literature, and arts. During three decades (1980-2020) hundreds of authors from 
tens of countries around the globe contributed papers in various languages to 15 international 
paradoxist anthologies. 

1.2. Neutrosophy 


In 1995, the author extended the paradoxism (based on opposites) to a new branch of philosophy called 
neutrosophy (based on opposites and their neutral) that gave birth to many scientific branches, such as 
neutrosophic logic, neutrosophic set, neutrosophic probability and statistics, neutrosophic algebraic 
structures, and so on with multiple applications in engineering, computer science, administrative work, 


medical research, biology, psychology, social sciences etc. 


1.3. Extensions 


Neutrosophy is also an extension of Dialectics (characterized by the dynamics of opposites in 
philosophy), and of Yin-Yang Ancient Chinese philosophy (based also on opposites: male/female, 
good/bad, sky/earth, etc.) that was founded and studied two and half millennia ahead of Hegel’s and 


Marx’s Dialectics. 
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2. From Classical Algebras to NeutroAlgebras and AntiAlgebras 
2.1. Operation, NeutroOperation, and AntiOperation 


When we define an operation on a given set, it does not automatically mean that the operation is well- 
defined. There are three possibilities: 


— The operation is well-defined (or inner-defined) for all set's elements (as in classical algebraic structures; 
this is classical Operation). 

— The operation if well-defined for some elements, indeterminate for other elements, and outer-defined 
for others elements (this is NeutroOperation). 

— The operation is outer-defined for all set's elements (this is AntiOperation). 


2.2. Axiom, NeutroAxiom, and AntiAxiom 


Similarly for an axiom defined on a given set endowed with some operation(s). When we define an 
axiom on a given set, it does not automatically mean that the axiom is true for all set’s elements. We 
have three possibilities: 


— The axiom is true for all set's elements [totally true] (as in classical algebraic structures; this is classical 
Axiom). 

— The axiom if true for some elements, indeterminate for other elements, and false for other elements (this 
is NeutroAxiom). 

— The axiom is false for all set's elements (this is AntiAxiom). 


Similarly for any statement, theorem, lemma, algorithm, property, etc. For example: Classical Theorem 
(which is true for all space’s elements), NeutroTheorem (which is partially true, partially indeterminate, 
and partially false), and AntiTheorem (which is false for all space’s elements). 


2.3. Algebra, NeutroAlgebra, and AntiAlgebra 
An algebraic structure who’s all operations are well-defined and all axioms are totally true is called 
Classical Algebraic Structure (or Algebra). An algebraic structure that has at least one NeutroOperation 


or one NeutroAxiom (and no AntiOperation and no AntiAxiom) is called NeutroAlgebraic Structure 
(or NeutroAlgebra). 
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An algebraic structure that has at least one AntiOperation or AntiAxiom is called AntiAlgebraic 
Structure (or AntiAlgebra). Therefore, a neutrosophic triplet structure is formed: 
<Algebra, NeutroAlgebra, AntiAlgebra>. 


“Algebra” can be any classical algebraic structure, such as: groupoid, semigroup, monoid, group, 
commutative group, ring, field, vector space, BCK-Algebra, BCI-Algebra, etc. 


3. Foundation of NeutroAlgebra and AntiAlgebra 


The classical algebraic structures were generalized in 2019 and improved and extended in 2020 by 
Smarandache [1, 2, 3] to NeutroAlgebraic Structures (or NeutroAlgebras) whose operations and 
axioms are partially true, partially indeterminate, and partially false as extensions of partial algebra, 
and to AntiAlgebraic Structures (or AntiAlgebras) whose operations and axioms are totally false. 


4. Foundation of NeutroStructures and AntiStructures 


And in general, we extended any classical Structure, which is a space characterized by some properties, 
ideas, laws, shapes, hierarchy, etc., in no matter what field of knowledge, to a NeutroStructure and an 
AntiStructure. So, we formed a general neutrosophic triplet: Structure, NeutroStructure, and 
AntiStructure. 
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Abstract: In all classical algebraic structures, the Laws of Compositions on a given set are well-defined. 
But this is a restrictive case, because there are many more situations in science and in any domain of 
knowledge when a law of composition defined on a set may be only partially-defined (or partially 
true) and partially-undefined (or partially false), that we call NeutroDefined, or totally undefined 
(totally false) that we call AntiDefined. 

Again, in all classical algebraic structures, the Axioms (Associativity, Commutativity, etc.) defined 
on a set are totally true, but it is again a restrictive case, because similarly there are numerous 
situations in science and in any domain of knowledge when an Axiom defined on a set 
may be only 

partially-true (and partially-false), that we call NeutroAxiom, or totally false that we call AntiAxiom. 
Therefore, we open for the first time in 2019 new fields of research called NeutroStructures and 


AntiStructures respectively. 


Keywords: Neutrosophic Triplets, (Axiom, NeutroAxiom, AntiAxiom), (Law, NeutroLaw, 
AntiLaw), (Associativity, NeutroAssociaticity, AntiAssociativity), (Commutativity, 
NeutroCommutativity,  AntiCommutativity), (WellDefined, NeutroDefined, AntiDefined), 
(Semigroup, NeutroSemigroup, AntiSemigroup), (Group, NeutroGroup, AntiGroup), (Ring, 
NeutroRing, AntiRing), (Algebraic Structures, NeutroAlgebraic Structures, AntiAlgebraic 
Structures), (Structure, NeutroStructure, AntiStructure), (Theory, NeutroTheory, AntiTheory), 
S-denying an Axiom, S-geometries, Multispace with Multistructure. 


1. Introduction 


For the necessity to more accurately reflect our reality, Smarandache [1] introduced for the first 
time in 2019 the NeutroDefined and AntiDefined Laws, as well as the NeutroAxiom and AntiAxiom, 
inspired from Neutrosophy ([2], 1995), giving birth to new fields of research called NeutroStructures 
and AntiStructures. 

Let’s consider a given classical algebraic Axiom. We defined for the first time the neutrosophic 
triplet corresponding to this Axiom, which is the following: (Axiom, NeutroAxiom, AntiAxiom); while 
the classical Axiom is 100% or totally true, the NeutroAxiom is partially true and partially false (the 
degrees of truth and falsehood are both > 0), while the AntiAxiom is 100% or totally false [1]. 

For the classical algebraic structures, on a non-empty set endowed with well-defined binary 
laws, we have properties (axioms) such as: associativity & non-associativity, commutativity & 


non-commutativity, distributivity & non-distributivity; the set may contain a neutral element with 
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respect to a given law, or may not; and so on; each set element may have an inverse, or some set 
elements may not have an inverse; and so on. 

Consequently, we constructed for the first time the neutrosophic triplet corresponding to the 
Algebraic Structures [1], which is this: (Algebraic Structure, NeutroAlgebraic Structure, AntiAlbegraic 
Structure). 


Therefore, we had introduced for the first time [1] the NeutroAlgebraic Structures & the 


AntiAlgebraic Structures. A (classical) Algebraic Structure is an algebraic structure dealing only with 


(classical) Axioms (which are totally true). Then a NeutroAlgebraic Structure is an algebraic 
structure that has at least one NeutroAxiom, and no AntiAxioms. 


While an AntiAlgebraic Structure is an algebraic structure that has at least one AntiAxiom. 


These definitions can straightforwardly be extended from Axiom/NeutroAxiom/AntiAxiom to any 
Property/NeutroProperty/AntiProperty, Proposition/NeutroProposition/AntiProposition, 
Theorem/NeutroTheorem/AntiTheorem, Theory/NeutroTheory/AntiTheory, etc. and from 
Algebraic Structures to other Structures in any field of knowledge. 


2. Neutrosophy 

We recall that in neutrosophy we have for an item <A>, its opposite <antiA>, and in between them their 
neutral <neutA>. 
We denoted by <nonA> = <neutA> U <antiA>, where U means union, and <nonA> means what is not <A>. 


Or <nonA> is refined/split into two parts: <neutA> and <antiA>. 


The neutrosophic triplet of <A> is: ((A), (neutA), (antiA)), with (neutA) U (antiA) = (non). 


3. Definition of Neutrosophic Triplet Axioms 


Let UW be a universe of discourse, endowed with some well-defined laws, a non-empty set 
S ©'U, and an Axiom a, defined on S, using these laws. Then: 
1) Ifallelements of 5 verify the axiom a, we have a Classical Axiom, or simply we say Axiom. 
2) Ifsome elements of 5 verify the axiom a and others do not, we have a NeutroAxiom (which is 
also called NeutAxiom). 


3) Ifnoelements of S verify the axiom a, then we have an AntiAxiom. 


The Neutrosophic Triplet Axioms are: 
(Axiom, NeutroAxiom, AntiAxiom) with 
NeutroAxiom U AntiAxiom = NonAxiom, 
and NeutroAxiom  AntiAxiom = ~ (empty set), 


where f) means intersection. 


Theorem 1: The Axiom is 100% true, the NeutroAxiom is partially true (its truth degree > 0) and 
partially false (its falsehood degree > 0), and the AntiAxiom is 100% false. 


Proof is obvious. 
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Theorem 2: Let d: {Axiom, NeutroAxiom, AntiAxiom} > [0 ,1] represent the degree of negation 
function. 


The NeutroAxiom represents a degree of partial negation {d € (0, 1)} of the Axiom, while the 
AntiAxiom represents a degree of total negation {d = 1} of the Axiom. 


Proof is also evident. 


4, Neutrosophic Representation 
We have: (A) = Axiom; 
(neutA) = NeutroAxiom (or NeutAxiom),; 
(antiA} = AntiAxiom;and {(monA) = NonAxiom. 


Similarly, as in Neutrosophy, NonAxiom is refined/split into two parts: NeutroAxiom and AntiAxiom. 


5. Application of NeutroLaws in Soft Science 

In soft sciences the laws are interpreted and re-interpreted; in social and political legislation the 
laws are flexible; the same law may be true from a point of view, and false from another point of 
view. Thus, the law is partially true and partially false (it is a Neutrosophic Law). 
For example, “gun control”. There are people supporting it because of too many crimes and violence 
(and they are right), and people that oppose it because they want to be able to defend themselves 
and their houses (and they are right too). 
We see two opposite propositions, both of them true, but from different points of view (from 
different criteria/parameters; plithogenic logic may better be used herein). How to solve this? 
Going to the middle, in between opposites (as in neutrosophy): allow military, police, security, 
registered hunters to bear arms; prohibit mentally ill, sociopaths, criminals, violent people from 


bearing arms; and background check on everybody that buys arms, etc. 


6. Definition of Classical Associativity 


Let MZ be a universe of discourse, and a non-empty set § € 7, endowed with a well-defined 


binary law *. The law * is associative on the set S, iff Va,b,c ES, a*(b*c)=(a* b)*c. 


7. Definition of Classical NonAssociativity 


Let UW be a universe of discourse, and a non-empty set 5 © U, endowed with a well-defined 
binary law *. The law * is non-associative on the set 5, iff Ja,b,c¢ © 5S, such that 
a*(b*c) + (a* b)*c. 

So, it is sufficient to get a single triplet a,b,c (where a,b,c may even be all three equal, or only 
two of them equal) that doesn’t satisfy the associativity axiom. 

Yet, there may also exist some triplet d,e,f €S that satisfies the associativity axiom: 
d+ (e* f) =(d+e) +f. 

The classical definition of NonAssociativity does not make a distinction between a set (S,*) 
whose all triplets a, b,¢ © S, verify the non-associativity inequality, anda set (53,*) whose some 


triplets verify the non-associativity inequality, while others don’t. 
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8. NeutroAssociativity & AntiAssociativity 


If (A) = (classical) Associativity, then (nonA) = (classical) NonAssociativity. 
But we refine/split ({nonA) into two parts, as above: 

(neutA) = NeutroAssociativity; 

(antiA) = AntiAssociativity. 


Therefore, NonAssociativity = NeutroAssociativity U AntiAssociativity. 


The Associativity’s neutrosophic triplet is: <Associativity, NeutroAssociativity, AntiAssociativity>. 


9. Definition of NeutroAssociativity 


Let U be a universe of discourse, endowed with a well-defined binary law *, and a 
non-empty set 5 © UW. 
The set (5,*) is NeutroAssociative if and only if: 
there exists at least one triplet a,,b,,c, €S such that: a, * (b, * c,) = (a, * by) * cy; and 
there exists at least one triplet a,b,c, €S5 such that: a, * (b, * c,) + (a, * by) * cy. 


Therefore, some triplets verify the associativity axiom, and others do not. 


10. Definition of AntiAssociativity 

Let WU bea universe of discourse, endowed with a well-defined binary law *, and a non-empty 
set 5 © UW. 
The set (S,*) is AntiAssociative if and only if: for any triplet a,b,c ES one has 


a= (b 7 c) = (a 7 b) * ¢. Therefore, none of the triplets verify the associativity axiom. 


11. Example of Associativity 
Let N = {0, 1, 2, ..., 9, the set of natural numbers, be the universe of discourse, and the set 


a= fo, DA osuy 9} CN, also the binary law * be the classical addition modulo 10 defined on N. 


Clearly the law * is well-defined on S, and associative since: 


a+(b+c)=(a+b) +c (mod 10), forall a,b,c € S. 


The degree of negation is 0%. 


12. Example of NeutroAssociativity 

a= {0, a ey. Sper 9} and the well-defined binary law * constructed as below: 

a*b=2a+b (mod 10). 

Let’s check the associativity: a* (b* c) = 2a+(b*c)=2a+2b+c 

(a*b)*c =2(a* b) +c =—2(2a+ b) +c =—4a+2b+c 

The triplets that verify the associativity result from the below _ equality: 
2a+2b+e=4a+2b+c or 2a = 4a (mod 10) or O= 2a (mod 10), whence a € {0, 5}. 
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Hence, two general triplets of the form: {(0,b,c),(5,b,c),where b,c€ 5} verify the 


associativity. 

2 
10 
While the other general triplet: {(a, b,c), where a € 5 \ {0,5}, while b,c € S } 


The degree of associativity is — = 20%, corresponding to the two numbers {0,5} out of ten. 


do not verify the associativity. 


8 
The degree of negation of associativity is a 80%. 


13. Example of AntiAssociativity 
5S = {a, b}, and the binary law * well-defined as in the below Cayley Table: 


. | a b 
a |b b 
b | a a 


Theorem 3. For any x,y,z ES, x*(y* z) + (x* y)*z. 
Proof. We have 2° = 8 possible triplets on 5: 
1) (a,a,a) 
a*(a*a)=a*b=b 

while (a*a)*a=b*a=azb. 
2) (a,a,b) 
a*(a*b)=a*b=b 
(a*a)*b=b*b=ab. 

3) (a,b,a) 
a*(b*a)=—a*a=b 
(a*b)*a=b*ea=ab. 

4) (b,a,a) 
b*(a*a)=b*b=a 
(b*a)*a=at*a=—bFa. 

5) (a,b,b) 
a*(b*b)=a*a=b 
(a*b)*b=b*eb=ab. 

6) (b,a,b) 
b«(a*b)=b*b=a 
(b*a)*b=a*eb=bFa. 

7) (b,b,a) 
b«(b*a)=b*a=a 
(b*b)*a=a*a=b Fa. 

8) (b,b,b) 
b*(b*b)=b*a=a 
(b*b)*b=a*b=bFa. 
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Therefore, there is no possible triplet on 5 to satisfy the associativity. Whence the law is 


8 
AntiAssociative. The degree of negation of associativity is == 100%. 


14. Definition of Classical Commutativity 
Let WU be a universe of discourse endowed with a well-defined binary law *, and a non-empty 


set S © ‘Ul. The law * is Commutative on the set 5, iff VYa,b ES, a*b—b«a. 


15. Definition of Classical NonCommutativity 

Let U be a universe of discourse, endowed with a well-defined binary law *, and a non-empty 
set S © Ul. The law * is NonCommutative on the set 5, iff a,b €S,suchthata*b+b*a. 
So, it is sufficient to get a single duplet a,b € S that doesn’t satisfy the commutativity axiom. 
However, there may exist some duplet ¢,@ €3S that satisfies the commutativity axiom: 
c*#d=—dé*c. 

The classical definition of NonCommutativity does not make a distinction between a set (S,,*) 
whose all duplets a,b € 5, verify the NonCommutativity inequality, and a set (s,,*) whose 
some duplets verify the NonCommutativity inequality, while others don’t. 

That’s why we _ refine/split the NonCommutativity into NeutroCommutativity and 


AntiCommutativity. 


16. NeutroCommutativity & AntiCommutativity 
Similarly to Associativity we do for the Commutativity: 

If (A) = (classical) Commutativity, then (nonA) = (classical) NonCommutativity. 
But we refine/split (nonA) into two parts, as above: 

(neutA) = NeutroCommutativity; 

(antiA) = AntiCommutativity. 
Therefore, NonCommutativity = NeutroCommutativity U AntiCommutativity. 
The Commutativity’s neutrosophic triplet is: 

<Commutativity, NeutroCommutativity, AntiCommutativity>. 
In the same way, Commutativity means all elements of the set commute with respect to a given 
binary law, NeutroCommutativity means that some elements commute while others do not, while 


AntiCommutativity means that no elements commute. 


17. Example of NeutroCommutativity 


a> {a, b, c} and the well-defined binary law *. 


a b Cc 

= 
a b Cc Cc 
b a 
b Cc 
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a*b=b* a=c (commutative); 


{ a*tc=e 


crta-hb+ec (not commutative); 


{ b*ec=a 
c*b=—ba 


(not commutative). 


i 
a ® 33% commutative, and = 


2 pair 


We conclude that (S,*) is - © 67% not commutative. 


Therefore, the degree of negation of the commutativity of (5,*) is 67%. 


18. Example of AntiCommutativity 
5S = {a, b}, and the below binary well-defined law *. 


a 
a | b b 
b | a a 


where 2b = b, b* a =a +b (not commutative) 
Other pair of different element does not exist, since we cannot take a * @ nor b * b. The degree of 


negation of commutativity of this (5,*) is 100%. 
19. Definition of Classical Unit-Element 


Let WU be a universe of discourse endowed with a well-defined binary law * and a non-empty 


sets & UW. 


The set 5 has a classical unit element @ ES, iff @ is unique, and for any X &S one has 


x*e—-e+*x =<. 


20. Partially Negating the Definition of Classical Unit-Element 
It occurs when at least one of the below statements occurs: 
1) There exists at least one element a@ € & that has no unit-element. 
2) There exists at least one element b € Sthat has at least two distinct unit-elements @, @; € 5, 
@, = @3, such that: 
b*e,=e,*b=b, 
b*e,=—e,*b=b. 
3) There exists at least two different elements c,d €S, c+ d, such that they have different unit- 


elements €,€3 € 5, &, + €g, with c* e, = e€,* c= c, and d*e,—e,*d=d. 


21. Totally Negating the Definition of Classical Unit-Element 
The set (5,*) has AntilnitElements, if: 
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Each element x € & has either no unit-element, or two or more unit-elements (unicity of unit- 


element is negated). 


22. Definition of NeutroUnitElements 
The set (S,*) has NeutroUnit Elements, if: 
1) [Degree of Truth] There exist at least one element a € S 


that has a single unit-element. 
2) [Degree of Falsehood] There exist at least one element b € S that has either no unit- 


element, or at least two distinct unit-elements. 


23. Definition of AntiUnit Elements 
The set (5,*) has AntiUnit Elements, if: 


Each element x € 5 has either no unit-element, or two or more distinct unit-elements. 


24. Example of NeutroUnit Elements 
S = {a,b,c}, and the well-defined binary law *: 


7 a b c 

b b a 
b b b a 
c a b c 


Since, 

a*c—c*a-a 

c*c=c 

the common unit element of a and c is c (two distinct elements a+ ¢€ have the same unit element c). 
From b*¥a=a*b=b 

b*eb=b 


we see that the element } has two distinct unit elements @ and b. 


Since only one element b does not verify the classical unit axiom (i.e. to have a unique unit), out of 3 
1 r. 
elements, the degree of negation of unit element axiom is = © 33%, while : © 67% is the degree 


of truth (validation) of the unit element axiom. 


25. Example of AntiUnit Elements 


5 = {a,b,c}, endowed with the well-defined binary law * as follows: 
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a b Cc 
= 
a a a a 
b a Cc 

a Cc b 


Element @ has 3 unit-elements: @, B, €, because: 
a*a-—a 

a*b=>b*a=a 

and a*c>—c*a>—a@. 

Element b has no u-it element, since: 
bea=az+b 

b*eb=c+b 

and b*c=b but c*# b+b. 
Element € has no unit-element, since: 
c*a>—-aytc 
c*b=—c but b*¥c—bsec, 


and e*c=b sc. 


3 
The degree of negation of the unit-element axiom is 7 = 100%. 


26. Definition of Classical Inverse Element 
Let UW be a _ universe of discourse endowed with a _ well-defined _ binary 
law * and a non— empty set 5 © UW. 


Let @ € S be the classical unit element, which is unique. 


For any element x € 5, there exists a unique element, named the inverse of X, denoted by x? 
such that: 
et we Me a 


27. Partially Negating the Definition of Classical Inverse Element 

It occurs when at least one statement from below occurs: 
1) There exists at least one element a € 5 that has no inverse with respect to no ad-hoc unit-element; 
or 


2) There exists at least one element b € S that has two or more inverses with respect to some ad-hoc unit-elements. 
28. Totally Negating the Definition of Classical Inverse Element 


Each element has either no inverse, or two or more inverses with respect to some ad-hoc 


unit-elements respectively. 
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29. Definition of NeutroInverse Elements 
The set (5,*) has NeutroInverse Elements if: 


1) [Degree of Truth] There exist at least one element that has a unique inverse with respect to some 


ad-hoc unit-element. 
2) [Degree of Falsehood] There exists at least one element ¢ © S that does not have any inverse 


with respect to no ad-hoc unit element, or has at least two distinct inverses with respect to 


some ad-hoc unit-elements. 


30. Definition of AntiInverse Elements 


The set (5,*) has Antilnverse Elements, if: each element has either no inverse with respect to no 


ad-hoc unit-element, or two or more distinct inverses with respect to some ad-hoc unit-elements. 


31. Example of NeutroInverse Elements 


S = {a, b, c}, endowed with the binary well-defined law * as below: 


a b Cc 
= 
a a b Cc 
b b a a 
c b b b 


Because @ * @ = a, hence its ad-hoc unit/neutral element meut(a@) = a and correspondingly its 
inverse element is inv(a) = a. 

Because b * a = a * b = b, hence its ad-hoc inverse/neutral element neut(b) = a; 

from b * b= a, we get inv(b) = pb 

No neut(c), hence no inv(c). 


Hence a and b have ad-hoc inverses, but c doesn’t. 


32. Example of AntiInverse Elements 


Similarly, S = {a, b, ch, endowed with the binary well-defined law * as below: 


a b Cc 
= 
a b b Cc 
b a a a 
c c a a 


There is no neut(a) and no neut(b), hence: no inv(a) and no inv(b). 
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c*a=a*c=c , hence: neut(c) =a. 
c* b= b*c=a , hence: inv(c) = 5b; 


c*c=c*c=a, hence: inv(c) =c; whence we get two inverses of c. 


33. Cases When Partial Negation (NeutroAxiom) Does Not Exist 
Let’s consider the classical geometric Axiom: 
On a plane, through a point exterior to a given line it’s possible to draw a single parallel to that line. 
The total negation is the following AntiAxiom: 
On a plane, through a point exterior to a given line it’s possible to draw either no parallel, or two or 
more parallels to that line. 
The NeutroAxiom does not exist since it is not possible to partially deny and partially approve this 
axiom. 
34. Connections between the neutrosophic triplet (Axiom, NeutroAxiom, AntiAxiom) and the 
S-denying an Axiom 
The S-denying of an Axiom was first defined by Smarandache [3, 4] in 1969 when he constructed 
hybrid geometries (or S-geometries) [5 — 18]. 


35. Definition of S-denying an Axiom 

An Axiom is said S-denied [3, 4] if in the same space the axiom behaves differently (i-e., validated 
and invalided; or only invalidated but in at least two distinct ways). Therefore, we say that an axiom 
is partially or totally negated { or there is a degree of negation in (0, 1] of this axiom }: 
http://fs.unm.edu/Geometries.htm. 


36. Definition of S-geometries 

A geometry is called S-geometry [5] if it has at least one S-denied axiom. 
Therefore, the Euclidean, Lobachevsky-Bolyai-Gauss, and Riemannian geometries were united 
altogether for the first time, into the same space, by some S-geometries. These S-geometries could be 
partially Euclidean and partially Non-Euclidean, or only Non-Euclidean but in multiple ways. 

The most important contribution of the S-geometries was the introduction of the degree of 
negation of an axiom (and more general the degree of negation of any theorem, lemma, scientific or 
humanistic proposition, theory, etc.). 

Many geometries, such as pseudo-manifold geometries, Finsler geometry, combinatorial Finsler 
geometries, Riemann geometry, combinatorial Riemannian geometries, Weyl geometry, Kahler 


geometry are particular cases of S-geometries. (Linfan Mao). 


37. Connection between S-denying an Axiom and NeutroAxiom / AntiAxiom 


“Validated and invalidated” Axiom is equivalent to NeutroAxiom. While “only invalidated but in at 


least two distinct ways” Axiom is part of the AntiAxiom (depending on the application). 

“Partially negated” ( or 0<d <1, where d is the degree of negation ) is referred to NeutroAxiom. 
While “there is a degree of negation of an axiom” is referred to both NeutroAxiom ( when 0<d<1) 
and AntiAxiom ( when d= 1 ). 
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38. Connection between NeutroAxiom and MultiSpace 

In any domain of knowledge, a S-multispace with its multistructure is a finite or infinite (countable 
or uncountable) union of many spaces that have various structures (Smarandache, 1969, [19]). The 
multi-spaces with their multi-structures [20, 21] may be non-disjoint. The multispace with 
multistructure form together a Theory of Everything. It can be used, for example, in the Unified Field 
Theory that tries to unite the gravitational, electromagnetic, weak, and strong interactions in physics. 

Therefore, a NeutroAxiom splits a set M, which it is defined upon, into two subspaces: one 
where the Axiom is true and another where the Axiom is false. Whence M becomes a BiSpace with 


BiStructure (which is a particular case of MultiSpace with MultiStructure). 


39. (Classical) WellDefined Binary Law 
Let UW be a universe of discourse, a non-empty set 5 © U, and a binary law * defined on U. 


For any X,Y © 5,onehas x*yES. 


40. NeutroDefined Binary Law 
There exist at least two elements (that could be equal) a,b €S such that a*b ES. And 


there exist at least other two elements (that could be equal too) ¢,@ € S suchthat c*d¢S. 


41. Example of NeutroDefined Binary Law 
Let U = {a, b, c} be a universe of discourse, and a subset 5 = {a, b} endowed with the below 


NeutroDefined Binary Law *: 


. a b 
a | b b 
| ¢ 


Wesee that a*b=b €S, b*¥a=a ES, but b*b=c€S. 


42. AntiDefined Binary Law 


For any xX, ¥y ©€S onehasx*y €S. 


43. Example of AntiDefined Binary Law 
Let U = {a, b, c, d} a universe of discourse, and a subset 5 = f{a, b}, and the below binary 


well-defined law *. 


. a b 
a | e d 
| d c 


where all combinations between a and b using the law * give as output c or d who do not belong to S. 
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44. Theorem 4 (The Degenerate Case) 
If a set is endowed with AntiDefined Laws, all its algebraic structures based on them will be 
AntiStructures. 


45. WellDefined n-ary Law 

Let UW be a universe of discourse, a non-empty set 5 © U, and a n-ary law, for n integer, 
m = 1, defined on UW. 
L:U" - t. 


For any X4),X, -,X,, © 5, one has L@,, Xz, oy ES. 


46. NeutroDefined n-ary Law 

There exists at least a n-plet @y,@,..,@, €S such that [(q,, a,...,a,)€ 8. The 
elements @ 4, @, ...,@,, may be equal or not among themselves. 
And there exists at least a n-plet by, b3,...,b,,€S5 such that L(y Az «5 An) €S. The 


elements By, 3, .-.,b,, may be equal or not among themselves. 


47. AntiDefined n-ary Law 


For any X4)X zy .-»X,, © 5, one has L@,, Xz, ye ES. 


48. WellDefined n-ary HyperLaw 
Let UW be a universe of discourse, a non-empty set 5 C, U, and a n-ary hyperlaw, for n 
integer, m = 1: 
H:U" — P(U), where P(U) is the power set of UW. 
For any Xgy%gp ---yXy, € H, one has H(x4,Xp,--.X,,) E P(S). 


49. NeutroDefined n-ary HyperLaw 

There exists at least a n-plet @y,@ ,...,@,, €S such that H(a,,a3, ...,a,,) € P(S). The 
elements @ 4, @, ...,@,, may be equal or not among themselves. 
And there exists at least a n-plet by, b3,...,b,, €S5 such that H(b,, b,,...,b,,) € P(S). The 


elements by, 3, ...,.,, may be equal or not among themselves. 


50. AntiDefined n-ary HyperLaw 


For any Xgy%qy --pXq_ ES, one has H(X4,X,---,Xq_) EPS). 


The most interesting are the cases when the composition law(s) are well-defined (classical way) and 


neutro-defined (neutrosophic way). 
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51. WellDefined NeutroStructures 
Are structures whose laws of compositions are well-defined, and at least one axiom is 


NeutroAxiom, while not having any AntiAxiom. 


52. NeutroDefined NeutroStructures 
Are structures whose at least one law of composition is NeutroDefined, and all other axioms are 


NeutroAxioms or Axioms. 


53. Example of NeutroDefined NeutroGroup 


Let U = {a, b, c, d} be a universe of discourse, and the subset 


a= fa, b, c}, endowed with the binary law *: 


a b Cc 
= 
a a c Cc 
b a a a 
c a 


NeutroDefined Law of Composition: 

Because, for example: a*b=c € S, but c*c=d¢ S. 

NeutroAssociativity: 

Because, for example: a*(a*c) = a*c = c and (a*a)*c =a*c = c; 

while, for example: a*(b*c) = a*a =a and (a*b)*c =c*c =d # a. 

NeutroCommutativity: 

Because, for example: a*c = c*a=c, but a*b = c while b*a=a#c. 

NeutroUnit Element: 

There exists the same unit-element a for a and c, or neut(a) = neut(c) = a, since a*a = a and c*a =a*c=c. 
But there is no unit element for b, because b*x =a, not b, for any x € S (see the above Cayley Table). 
NeutroInverse Element: 

With respect to the same unit element a, there exists an inverse element for a, which is a, or inv(a) = a, 
because a*a =a, and an inverse element for c, which is b, or inv(c) = b, because c*b = b*c = a. 

But there is no inverse element for b, since b has no unit element. 


Therefore (S, *) is a NeutroDefined NeutroCommutative NeutroGroup. 


54. WellDefined AntiStructures 


Are structures whose laws of compositions are well-defined, and have at least one AntiAxiom. 


55. NeutroDefined AntiStructures 
Are structures whose at least one law of composition is NeutroDefined and no law of 


composition is AntiDefined, and has at least one AntiAxiom. 


56. AntiDefined AntiStructures 
Are structures whose at least one law of composition is AntiDefined, and has at least one 


AntiAxiom. 
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57. Conclusion 

The neutrosophic triplet (<A>, <neutA>, <antiA>), where <A> may be an “Axiom”, a 
“Structure”, a “Theory” and so on, <antiA> the opposite of <A>, while <neutA> (or <neutroA>) their 
neutral in between, are studied in this paper. 

The NeutroAlgebraic Structures and AntiAlgebraic Structures are introduced now for the first 
time, because they have been ignored by the classical algebraic structures. Since, in science and 
technology and mostly in applications of our everyday life, the laws that characterize them are not 
necessarily well-defined or well-known, and the axioms / properties / theories etc. that govern their 
spaces may be only partially true and partially false ( as <neutA> in neutrosophy, which may be a 
blending of truth and falsehood ). 

Mostly in idealistic or imaginary or abstract or perfect spaces we have rigid laws and rigid 
axioms that totally apply (that are 100% true). But the laws and the axioms should be more flexible in 


order to comply with our imperfect world. 
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Abstract 


Given 2, 7, k € {1, 2, 3, 4}, the notion of (7, 7, &)-length neutrosophic subalgebras in 
BCK/BCtT-algebras is introduced, and their properties are investigated. Char- 
acterizations of length neutrosophic subalgebras are discussed by using level sets of 
interval neutrosophic sets. Conditions for level sets of interval neutrosophic sets to 
be subalgebras are provided. 
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1. Introduction 


The intuitionistic fuzzy set, which has been introduced by Atanassov [1], 
consider both truth-membership and falsity membership. The neutrosophic 
set developed by Smarandache [6, 7, 8] is a formal framework which gen- 
eralizes the concept of the classic set, fuzzy set, interval valued fuzzy set, 
intuitionistic fuzzy set, interval valued intuitionistic fuzzy set and paracon- 
sistent set etc. Neutrosophic set theory is applied to various part, includ-ing 
algebra, topology, control theory, decision making problems, medicines and 
in many real life problems. Wang et al. [9, 11] presented the con-cept of 
interval neutrosophic sets, which is more precise and more flex-ible than the 
single-valued neutrosophic set. An interval-valued neutro-sophic set is a 
generalization of the concept of single-valued neutrosophic set, in which 
three membership (t, 7, f) functions are independent, and their values 
belong to the unit interval [0, 1]. The interval neutrosophic set can represent 
uncertain, imprecise, incomplete and inconsistent in-formation which exists 
in real world. Jun et al. [4] discussed interval neutrosophic sets in BC K/ 
BCT-algebras. They introduced the notion of (T (i, j), I[(k, 1), F (m, n))- 
interval neutrosophic subalgebras in BC K/BCTI-algebras for i, j, k, 1, m,n 
€ {1, 2, 3, 4}, and investigated several properties and relations. They also 
introduced the notion of interval neutrosophic length of an interval 
neutrosophic set, and investigated related properties. 

In this paper, we introduce the notion of (7, j, &)-length neutrosophic 
subalgebras in BC K/BCI-algebras for i, 7, k € {1, 2, 3, 4}, and investigate 
several properties. We consider relations of (i, 7, k)-length neutrosophic 
subalgebras, and discuss characterizations of (7, j, k)-length neutrosophic 
subalgebras. Using subalgebras of a BC'K-algebra, we construct (i, j, k)- 
length neutrosophic subalgebras for i, 7, k € {1, 4}. We consider conditions 
for level sets of interval neutrosophic set to be subalgebras of a BC K/BCI- 
algebra. 


2. Preliminaries 


By a BCI-algebra we mean a system X := (X, *, 0) € K(r) in which the 
following axioms hold: 


(I) ((e*y) * (w*z)) *(2*y) =0, 
(Il) (wx (wy) xy =0, 
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(IID) « «x =0, 


(IV) rxy=y*xr=0>2r=y 


for all x,y,z € X. Ifa BCI-algebra X satisfies 0* « = 0 for all x € X, then 
we say that X is a BC’ K-algebra. 

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra 
of X ifaxye€S for allz,yeS. 

The collection of all BC K-algebras and all BCJ-algebras are denoted 
by Bx(X) and 8;(X), respectively. Also B(X) := Be (X)U B;(X). 

We refer the reader to the books [2] and [5] for further information 
regarding BC K/BCI-algebras. 

By a fuzzy structure over a nonempty set X we mean an ordered pair 
(X, p) of X and a fuzzy set p on X. 


DEFINITION 2.1 ((3]). For any (X,*,0) € B(X), a fuzzy structure (X, jy) 
over (X, *,0) is called a 


e fuzzy subalgebra of (X, *,0) with type 1 (briefly, 1-fuzzy subalgebra of 
(X, *,0)) if 


(Va,y © X) (u(x * y) > min{u(x), u(y)}), (2.1) 


e fuzzy subalgebra of (X, *,0) with type 2 (briefly, 2-fuzzy subalgebra of 
(X, *,0)) if 


(Va,y © X) (u(x *y) < min{u(x), u(y)}), (2.2) 


e fuzzy subalgebra of (X, *,0) with type 3 (briefly, 3-fuzzy subalgebra of 
(X, *,0)) if 


(Va,y € X) (ula * y) > max{u(x), u(y)}), (2.3) 


e fuzzy subalgebra of (X, *,0) with type 4 (briefly, 4-fuzzy subalgebra of 
(X, *,0)) if 


(Va,y © X) (u(a *y) < max{p(x), u(y)})- (2.4) 
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Let X be a non-empty set. A neutrosophic set (NS) in X (see [7]) is a 
structure of the form: 


A:= {(a; Ar(a), Ar(a), Ar(@)) | a € X} 


where Ar: X — [0, 1] is a truth membership function, Ay: X — [0, 1] is an 
indeterminate membership function, and Ar: X — (0, 1] is a false 
membership function. 

An interval neutrosophic set (INS) A in X is characterized by truth- 
membership function T'4, indeterminacy membership function [4 and falsi- 
ty-membership function F'4. For each point « in X, T(x), Ia(x), Fa(x) € 
(0, 1] (see [11, 10]). 

In what follows, let (X, *, 0) € B(X) and P*((0, 1]) be the family of all 
subintervals of [0, 1] unless otherwise specified. 


DEFINITION 2.2 ({11, al} An interval neutrosophic set in a nonempty set 
X is a structure of the form: 


E:= {(x,2|T](x), T(x), Z[F |(x)) | x € X} 
where 
TT]: X > P*((0, 1]) 
which is called interval truth-membership function, 
TI] : X > P*((0, 1]) 
which is called interval indeterminacy-membership function, and 
T[F]:X > P*((0, 1)) 
which is called interval falsity-membership function. 
For the sake of simplicity, we will use the notation Z := (Z[T], Z[J], Z[F]) 
for the interval neutrosophic set 
E:= {(x, TT |(x), Z| (x), Z[F \(x)) |e € X}. 


Given an interval neutrosophic set Z := (Z[T], Z[J], Z[F]) in X, we con- 
sider the following functions (see [4]): 
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T[Tling : X [0,1], x inf{Z[T](a)} 
T[Ding : X — [0,1], «+ inf{Z[I](x)} 
T[Fline : X > [0,1], a inf{Z[F](x)} 
and 
DT | sus t X — (0,1), 2 sup, ZiT] (a) 
L[I]sup : X > [0,1], > sup{Z[I](x)} 
LF sup : X > [0,1], c+ sup{Z[F](2)}. 


DEFINITION 2.3 ([4]). Given an interval neutrosophic set Z := (Z[T], Z[J], 
T[F]) in X, we define the interval neutrosophic length of ZT as an ordered 
triple Zz := (Z[T]e,Z[I|e, Z[F |e) where 


L[T]e: X — [0,1], c+ Z[T]sup(x) — Z[L]ine (2), 


Tle: X > [0,1], c+ L[LT]sup(x) — Zine (2), 
and 
LF le: X > [0,1], 2 Z[F|sup(x) — Z[F]ine (2), 


which are called interval neutrosophic T-length, interval neutrosophic 
I-length and interval neutrosophic F-length of Z, respectively. 


3. Length neutrosophic subalgebras 


DEFINITION 3.1. Given i,j,k € {1,2,3,4}, an interval neutrosophic set 
fT := (ZT), Ti], Z[F]) in X is called an (i,7,k)-length neutrosophic sub- 
algebra of (X,*,0) if the interval neutrosophic T-length of Z is an i-fuzzy 
subalgebra of (X,*,0), the interval neutrosophic J-length of Z is a j-fuzzy 
subalgebra of (X,*,0), and the interval neutrosophic F-length of ZT is a 
k-fuzzy subalgebra of (X, x, 0). 


Example 3.2. Consider a BC'K-algebra X = {0,1,2,3,4} with the binary 
operation * which is given in Table 1 (see [5]). 

Let Z := (Z[T], Z[Z], Z[F]) be an interval neutrosophic set in (X, *,0) where 
TT], Z[I] and T[F] are given as follows: 
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Table 1. Cayley table for the binary operation “x*” 


* 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 1 0 0 

2 2 2 0 0 0 

3 3 3 3 0 0 

4 4 3 4 1 0 
[(0.1,0.8) ifa=0, 
(0.3,0.7] ifa=1, 
TT]: X > P*( (0.0,0.6] ifa = 2, 
[0.4,0.8]) if a =3, 
[(0.2,0.5) ifa=4, 
(0.2,0.8) ifa=0O, 
(0.4,0.8) ifa=1, 
TI]: X > P*( (0.1,0.6] ifa=2, 
(0.6,0.9] ifa=3, 
(0.3,0.5] ifa=4, 

and 
[0.1,0.4) ifa =O, 
(0.4,0.8] ifa=1, 
DF ex a Pe (0.1,0.5] ifa =2, 
[0.2,0.7) ifa =3, 
[(0.3,0.9) ifa=4. 
Then the interval neutrosophic length Zp := (Z[T]e, Z[L]e, Z[F]c) of TF is 


given by Table 2. 


It is routine to verify that Z := (Z[T], Z[J], Z[F]) is a (1,1, 4)-length neu- 


trosophic subalgebra of (X, *, 0). 
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Table 2. Interval neutrosophic length of Z 


Xx LT \¢ TThc TF |e 
0 0.7 0.6 0.3 
1 0.4 0.4 0.4 
2 0.6 0.5 0.4 
3 0.4 0.3 0.5 
4 0.3 0.2 0.6 


PROPOSITION 3.3. Given an (i,j, k)-length neutrosophic subalgebra ZT := 
(Z[T], Z{I], ZLF]) of (X,*,0), we have the following assertions. 


() 1f44,k (13) then 
(V2 € X)(Z[T]e(0) = Z[T]e(x), Z[L]e(0) 


(2) If i,j,k € {2,4}, then 
(Va € X)(Z[T]e(0) < Z[T}e(x), Z[T]e(0) < Z[e(x), Z[F ]e(0) (3.2) 
BB , 


(3) If i,j € {1,3} and k € {2,4}, then 


(Va € X)(Z[T]e(0) > Z[T]e(x), Z[L]e(0) = Z[L]e(x), Z[F]e(0) 
(3.3) 
<T[F]e(x)). 
(4) If i,j © {2,4} and k € {1,3}, then 
(Va € X)(Z[T]e(0) < Z[T]e(x), Z[L]e(0) < Z[]e(x), Z[F]e(0) 
(3.4) 
> TF] e(z)). 
Proor: Let Z := (Z eb TI], Z[F]) be an (i,j, &)-length neutrosophic sub- 


algebra of (X,*,0). If (i, 7,4) = (1,3,1), then 
L[Te(0) = Z[T]e(w * x) > min{Z[T]e(x), Z|T]e(x) } = Z[T]e(@) 


124 


Florentin Smarandache (author and editor) Collected Papers, IX 


T[T]e(0) = L[Te(a * a) > max{Z[T]o(x), Z[L]e(@) } = ZUL]e(x) 


TF \e(0) = Z[F ]e(a * x) > min{Z[F]e(a),Z[F]e(x)} = Z[F]e(x) 


for all  € X. Similarly, we can verify that (3.1) is true for other cases of 
(i,97,k). Using the similar way to the proof of (1), we can prove that (2), 
(3) and (4) hold. 
THEOREM 3.4. Given a subalgebra S of (X,*,0) and Aj, Ao, Bi, Bo, 
C1,C2 € P*((0,1]), let Z := (Z[T], ZI], ZF ]) be an interval neutrosophic 
set in (X,*,0) given by 


Ag if re S, 


TT]: X > P*((0,1])), rH { A, otherwise, oP) 
. : Bo if ES, 

Et]: X + P*((0,1)), oe { B, otherwise, 69) 
7 Co if zx € S, 

TF]: X > P*([0,1])), tH { C, otherwise. on) 


(1) If Ai € Ao, Bi € Bo and Cy ¢ Co, then T := (Z[T], TI], Z[F]) is a 
(1,1,1)-length neutrosophic subalgebra of (X,*,0). 

(2) If Ay D Ao, Bi D Bo and Cy DC, then T := (ZT), TI], T[F]) ts a 
(4,4, 4)-length neutrosophic subalgebra of (X, *,0 

(3) If Ay € Ao, Bi D Bo and Ci ¢ Co, then T := (Z[T], TI], Z[F]) is a 
(1,4,1)-length neutrosophic subalgebra of (X, *,0 

(4) If Ay > Ao, By, ¢ Bo and C 2) Co, then ZT := ( 

( 


TT], LI], TLF]) is a 
(4,1,4)-length neutrosophic subalgebra of (X,*,0 


). 

(5) If Ay € Ao, Bi € Bo and Ci D Co, then T := (ZT), TI], Z[F]) is a 
(1,1,4)-length neutrosophic subalgebra of (X,*,0). 

(6) If Ay D Ao, By QD Bo and Cy ¢ Co, then T := (Z[T], TI], L[F]) is a 
(4,4, 1)-length neutrosophic subalgebra of (X, *,0). 


PROOF: We will prove (3) only, and others can be obtained by the similar 
way. Assume that A; ¢ Ao, Bi D Bo and Cy © Cy. If x € S, then 
T[T](a) = Ag, T[I](x) = Bo and T[F](x) = C2. Hence 
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L[T]e(x) = L[T]sup(x) — Z[L]ine (x) = sup{ Ag} — inf {Ag}, 
L[Te(x) = LUZ] sup(@) — Z[Jine(a) = sup{ Bz} — inf{ Bo}, 
ZF le(z) = Z[F]sup(z) — ZF line) = sup{Co} — inf {C2}. 
Ifa €é S, then Z[T](x) = Aj, Z[I|(x) = By and Z[F|(x) = Ci, and so 
LT e(z) =2 [1 sup(e) — ZT line) = sup{Ai} = inf {Aj}, 
L[Te(x) = LUZ] sup(@) — Z[LJine(z) = sup{ Bi} — inf{ By}, 
LF e(x) = Z[F |sup(x) — Z[F]ine(x) = sup{Cy} — inf{C}}. 
Since Aj € Ao, By 2) Bo and C7} G Co, we have 


sup{A2} — inf{A2} > sup{A1} — inf{A;}, 
sup{ Bp} — inf{ Bo} < sup{ Bi} — inf{ By}, 
sup{C2} — inf {C2} > sup{C,} — inf{C;}. 


Let z,y Ee X. If x,y € S, then x * y € S and so 
L[T\e(x * y) = sup{ Az} — inf{Ao} = min{Z[T] (x), Z[T]o( 
TlI]e(x * y) = sup{ Bo} — inf{ Bo} = max{T[T]e(x), ZL] e(y 
F\e(x * y) = sup{C2} — inf {C2} = min{Z[F]e(x), Z[F]e(y)}. 
If z,y ¢ S, then 
T\e(a * y) > sup{A,} — inf{ Ai} = min{Z[T]¢(x), Z[T]6( 
T[Fo(ee xy) < sup{ By} — inf{ By} = max{Z[]e(2), Ze 
TF le(a * y) > sup{C1} — inf {C,} = min{Z[F]e(x), Z[F]e(y)}. 


Assume that « € S andy ¢ S (or, x € S andy € S$). Then 


L[T]e(x * y) > sup{Ai} — inf{Ai} = min{Z[T] (x), Z[T]e(y)}, 
TIe(a * y) < sup{B,} — inf{ Bi} = max{Z[T]e(x), Z[L]e(y)}, 
T[Fle(a * y) > sup{C} — inf{C,} = min{Z[F],(x), Z[F]e(y)}. 


Therefore Z := (Z[T], Z[J], Z[F]) is a (1,4, 1)-length neutrosophic subalge- 
bra of (X, *, 0). 
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Remark 3.5. We have the following relations. 


(1) Every (i, 7, &)-length neutrosophic subalgebra of (X,*,0) for i,7,k € 
{1,3} is a (1,1, 1)-length neutrosophic subalgebra of (X, *, 0). 


(2) Every (i, 7, k)-length neutrosophic subalgebra of (X,*,0) for i, 7,k € 
{2,4} is a (4,4, 4)-length neutrosophic subalgebra of (X, «, 0). 


(3) Every (i,7,&)-length neutrosophic subalgebra of (X,*,0) for i,j € 
{1,3} and k € {2,4} is a (1,1,4)-length neutrosophic subalgebra of 
(X, *, 0). 


(4) Every (i,7,&)-length neutrosophic subalgebra of (X,*,0) for i,j € 
{2,4} and k € {1,3} is a (4,4, 1)-length neutrosophic subalgebra of 
(X, *, 0). 


(5) Every (7,7,)-length neutrosophic subalgebra of (X,»*,0) for i,k € 
{2,4} and 7 € {1,3} is a (4,1,4)-length neutrosophic subalgebra of 
(X, *, 0). 


(6) Every (i, 7,&)-length neutrosophic subalgebra of (X,*,0) for i,k € 
{1,3} and 7 © {2,4} is a (1,4,1)-length neutrosophic subalgebra of 
(X,*,0). 


The following example shows that the converse in Remark 3.5 is not 
true in general. We consider the cases (5) and (6) only in Remark 3.5. 


Example 3.6. Consider the BC’ K-algebra (X,*,0) in Example 3.2. Given 
a subalgebra S = {0,1,2} of (X,*,0), let Z := (Z[T], Z[J], Z[F]) be an 
interval neutrosophic set in (X,*,0) given by 


. 0.2,0.7) if eS, 
LE) ee Pr Aly { ae at otherwise 

. 0.2,0.9) if eS, 
Tf]: X + P*([0,1)), oe { nate otherwise, 
and 


(0.4,0.5) if eS, 


LiF): xX P* (0,1), ee { (0.3,0.6] otherwise. 


Then Z := (Z[T], ZZ], Z[F]) is a (4,1,4)-length neutrosophic subalgebra 
of (X,*,0) by Theorem 3.4(4). Since 
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TT e(2) = Z[Z]sup(2) 


and 
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—T[T]ine(2) = 0.9 — 0.2 = 0.7 


T[Te(3 * 2) = Z[Te(3) = ZF sup(3) — L[Zline(3) = 0.7 — 0.3 = 0.4, 


we have Z[J]¢(3 * 2) = 0.4 < 0.7 = max{Z[Z]e(3),Z[Z]e(2)}. Hence Z := 
(Z|T], ZI], Z[F]) is not an (é,3,k)-length neutrosophic subalgebra of 
(X, *,0) for i,k € {2,4}. Given a subalgebra S = {0,1,2,3} of (X,*,0), 
let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in (X,*,0) given 
by 


I(T] : X + P*((0, 1), oof 6 


amex rane (Baad 


and 


(0.2, 0.8) 


LP]: x + P* (0,1), 2 { (0.3, 0.6] 


ifwe S, 
otherwise, 


if xe S, 
otherwise, 


ifveS, 
otherwise. 


Then Z := (Z[T], Z[J], Z[F]) is a (1,4, 1)-length neutrosophic subalgebra of 
(X, *,0) by Theorem 3.4(3). But it is not an (i,2,k)-length neutrosophic 
subalgebra of (X,*,0) for i,k € {1,3} since 


T[L]e(4* 2) = Z[L]e(4) = 0.5 > 0.2 = min{Z[I]¢(4), Z[L]e(2)}. 


Given an interval neutrosophic set Z := (Z[T], Z[I], Z[F]) i 
we consider the following level sets: 


Up(L T :ar) = {x EX | Z[T]¢(x) > ar}, 

Ueg(L I]; a7) = {x EX | Z[I}e(x) > ar}, 

Uc(L|F :Qp) — {x EX | Z[F ]e(x) > ar}, 
and 

Ly(Z|T}; Br) := {x € X | T[T]e(x) < Br}, 

Le(L[I1]; Br) == {xv € X | Z[T]e(x) < Br}, 

Ly (ZF); Br) = {2 € X | TF ]e(xz) < Br}. 
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THEOREM 3.7. Given an interval neutrosophic set I := (Z[T], T[I], Z[F']) in 
(X, *, 0) and for any ar, ar, ar € (0, 1], the following assertions are 
equivalent. 


(1) Z:= (Z[T], ZL], Z[F}) ts a (1,1,1)-length neutrosophic subalgebra of 
(X,*,0). 


(2) Up(Z[T];ar), Uc(Z{l];az) and Up(Z[Fl;ar) are subalgebras of 
(X,*,0) whenever they are nonempty. 


Proor: Assume that Z := (Z[T], Z[J], Z[F]) is a (1,1,1)-length neutro- 
sophic subalgebra of (X,*,0) and let ar, ar, ar € [0,1] be such that 
Uc(Z[T];ar), Uc(Z[I];ar) and Up(Z|F];ar) are nonempty. If a,y € 
U;:(Z[T]; ar), then Z[T]¢(a) > ap and T[T]e(y) > ar. Hence 


LT} c(a * y) 2 min{Z[T]o(x),Z[T]e(y) } = ar, 


that is, xy € Up(Z[T]; ar). Similarly, we can see that if x, y € Ue(Z[I]; ar), 
then x x y € U,(Z[I];a7), and if x,y € Ug(Z[Fl;ar), then x * y 
€ U¢(Z[F]; ar). Therefore Ue(Z[T]; ar), Ue(Z[I]; ar) and Uc(Z[F]; ar) are 
subalgebras of (X, *, 0). 

Conversely, suppose that (2) is valid. If there exist a,b € X such that 


T[T|e(a x b) < min{Z[T],(a), Z[T]¢(b)}, 


then a,b € U;(Z[T];ar) by taking ar = min{Z[T]e(a), Z[T]e(b)}, and so 
a*xb € U¢(Z[T];ar). It follows that Z[T]e(a * 6) > a7, a contradiction. 
Hence 


L|T\e(x * y) = min{Z[T]o(x), Z|T]e(y) 
for all x,y € X. Similarly, we can check that 

LT]o(x * y) 2 min{Z[T]o(x), Z|] e(y) } 
and 


T[Fle(x * y) = min{Z|F}e(x), Z[F]e(y)} 


for all x,y € X. Thus Z := (Z[T], T[J], Z[F]) is a (1,1, 1)-length neutro- 
sophic subalgebra of (X, *, 0). 
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COROLLARY 3.8. If Z := (Z[Z], Z[Z], Z[F]) is an (i,j, k)-length neutro- 
sophic subalgebra of (X,*,0) for i,j,k € {1,3}, then U;(Z[T]; ar), 
U;¢(Z[L]; a7) and U;(Z|F]; ar) are subalgebras of (X,*,0) whenever they 


are nonempty for all ar, a7, ar € [0,1]. 


The following example shows that the converse of Corollary 3.8 is not 


true. 


Example 3.9. Consider a BC I-algebra X = {0,1,2,a,b} with the binary 
operation * which is given in Table 3 (see [5]). 


Table 3. Cayley table for the binary operation “x 


66) 


* 0 1 2 a b 
0 0 0 0 a a 
1 1 0 1 b a 
2 2 2 0 a a 
a a a a 0 0 
b b a b 1 0 


Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in (X, *,0) given 


by 


TT]: X > P*([0,1]), tH 


TI]: X > P*((0,1]), rH 
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and 


TF]: X > P*([0,1]), tH 


(0.1,0.6) ifx= 
(0.6,0.9) ifa= 
(0.4,0.8] ifa= 
(0.5,0.7] ifa= 
(0.5,0.7] ifa= 
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Then the interval neutrosophic length Zp := (Z[T]e, Z[L]e, Z[F]c) of TF is 
given by Table 4. 


Table 4. Interval neutrosophic length of Z 


Hence we have 


X_ 2 ai ZF 
0 0.6 0.7 0.5 
1 0.2 0.7 0.3 
2 0.5 0.4 0.4 
a 0.3 0.3 0.2 
b 0.2 0.3 0.2 
0 if ap € (0.6, 1], 
{0} if ap € (0.5, 0.6], 
U(L[T];or) = {0,2}  ifar € (0.3,0.5], 
{0,2,a} if ar € (0.2, 0.3], 
x if ar € [0,0.2], 
0 if a € (0.7, 1], 
{0,1} ifaz € (0.40.7, 
Ue(Z LN]; a1) {0,1,2} if a7 € (0.3,0.4], 
xX if a; € [0, 0.3], 
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0 if or € (0.5, 1], 
{0} if ar € (0.4, 0.5], 
{0,2} if ap € (0.3, 0.4], 
{0,1,2} if ap € (0.2, 0.3], 
Xx if ap € (0, 0.2], 


and so U¢(Z[T];ar), Ue(Z[L];ar) and Ue(Z|F];ar) are subalgebras of 
(X, *,0) for all ar, a7, ap € [0,1] such that U(Z[T]; ar), Ue(Z[L]; ar) and 
U;(Z[F];ar) are nonempty. But Z := (Z[T], Z[J], Z[F]) is not an (, 7, k)- 
length neutrosophic subalgebra of (X,*, 0) for i,j,k € {1,3} with (7, 7,k) A 


(1,1, 1) since 
L[T]e(b* 2) =ZT[T 


Ti Ie(ax1) =ZL 
and/or 


T[Fle(b* 1) =2[F 


e(b) = 0.2 0.5 = max{Z 


e(a) = 0.3 7 0.7 = max{Z 


e(a) = 0.2 7 0.3 = max{Z 


Fle(b), Z[F |e}. 


THEOREM 3.10. Given an interval neutrosophic set I := (Z[T], Z[I], Z|F]) 
in (X,*,0) and for any Br, 81, Br € [0,1], the following assertions are 


equivalent. 
(1) ts 
(X,*, 0). 


(Z[T], Z[I], Z[F]) ts a (4,4, 4)-length neutrosophic subalgebra of 


(2) Le(Z[T]; br), Le(L{L]; Br) and Ly(Z[F); Br) are subalgebras of (X, x, 0) 


whenever they are nonempty. 


PROOF: Suppose that Z := (Z[T], Z[I], Z[F]) is a (4,4,4)-length neutro- 
sophic subalgebra of (X,*,0) and let Gr, G7, Br € [0,1] be such that 
Lo(Z[T]; Br), Le(Z[L]; Br) and Ly(Z[F]; Gr) are nonempty. For any x,y € 
X,ifa,y € Le(Z[T]; Br), then Z[T]e(x) < Br and Z[T]e(y) < Br. It follows 


that 


LT e(x * y) S max{Z|T]o(x), Z[T]e(y)} < Gr 


and so that « xy € Le(Z[T]; Gr). Similarly, if c,y € Le(Z[Z]; Gr), then 
axy € Le(Z[I]; Br), and if x,y € Le(Z[F]; Br), then x *y € Le(Z[F]; Sr). 
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Therefore (2) is valid. 

Conversely, assume that Lo(Z[T]; br), Le(Z[1]; Br) and Le(Z[F']; Br) are 
subalgebras of (X, *, 0) whenever they are nonempty for all Br, 67, Bre (0, 
1]. If there are a, b € X such that 


TF |e(a * b) > max{Z[F ]e(a), Z[F |e(b)}, 


then a,b € Lo(Z[F]; Gr) by taking 8r= max{TZ[F']p(a), Z[F']e(b)}. Thus a * b 
€ L(Z[F |; Br ), which implies that Z[F ]c(a * 6) < Br. This is a 
contradiction, and so 


T[F ]e(x * y) < max{Z[F ]e(x), Z[F ]e(y)} 
for all x, y € X. Similarly, we get 
TT ]e(x * y) < max{Z[T]¢(x), Z[T]e(y)} 
and 
LT [I] e(x * y) < max{Z[I]e(x), Z[L]e(y)} 


for all x, y € X. Consequently, Z := (Z[T], Z[I], Z[F']) is a (4, 4, 4)-length 
neutrosophic subalgebra of (X, *, 0). 


CoROLLARY 3.11. If Z := (Z[T J, Zi], Z[F ]) is an (2, 7, &)-length neu- 
trosophic subalgebra of (X, *, 0) for 7, 7, k € {2, 4}, then L,(Z[T]; Br), Ex 
(Z[I]; Gr) and L,(Z[F']; Br) are subalgebras of (X, x, 0) whenever they are 
nonempty for all Br, 87, 8r€ [0, 1]. 


The following example shows that the converse of Corollary 3.11 is not 
true. 


Example 3.12. Consider the BC I-algebra X = {0, 1, 2, a, b} in Example 3.9 
and let Z:= (Z[T'], Z[J], Z[F']) be an interval neutrosophic set in (X, x, 0) 
given by 


(0.5,0.7) ife=0, 
(0.2,0.6] ife=1, 
TIT]: X > P*((0,1]), cH ¢ [0.3,0.6] ifa=2, 
(0.1,0.7] ifv=a, 
(0.2,0.8] ifa=b, 
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TI]: X > P*((0,1]), rH 


LF]: X > P*([0,1]), tH 
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(0.66,0.99) ifx=0, 
(0.15,0.59) ifz=1, 
(0.22,0.88) ifx=2, 
(0.35,0.90] ifx=a, 
(0.20,0.75) ife=b, 
(0.75,0.90) ifx=0, 
(0.45,0.90) ife=1, 
(0.25,0.50] ifx=2, 
(0.50,0.85) ifz=a, 
(0.15,0.60] ifa=b. 


Then the interval neutrosophic length Zp := (Z[T]e, Z[L]e, Z[F Je) of TF is 
given by Table 5. 


Table 5. Interval neutrosophic length of Z 


Hence we have 


x LIT \¢ TIhc TF |e 
0 0.2 0.33 0.15 
1 0.4 0.44 0.45 
2 0.3 0.66 0.25 
a 0.6 0.55 0.35 
b 0.6 0.55 0.45 
0 if Br € [0,0.2), 
{0} if Br € (0.2,0.3), 
Le(Z[T]; br) = 4 {0,2} if Br € [0.3,0.4), 
{0,1,2} if Br € (0.40.6), 
x if Br € (0.6, 1], 
0 if Br € [0,0.33), 
{o} if Br € [0.33, 0.44), 
Laie) =e: 10,0 if By € (0.44, 0.55), 
{0,1,a,b} if By € (0.55, 0.66), 
xX if By € (0.66, 1], 
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and 
) if Br € [0,0.15), 
{0} if Br € [0.15, 0.25), 
Le(Z[F]; br) = 4 {0,2} if Br € [0.25, 0.35), 
{0,2,a} if Br © [0.35, 0.45), 
xX if Br € (0.45, 1], 


which are subalgebras of (X,*,0) for all Br, 81, Gr € [0,1] such that 
L¢(Z[T]; Br), Le(Z[I]; Br) and Le(Z[F]; Br) are nonempty. But Z := (Z[T], 
TI], Z[F]) is not an (2,7, k)-length neutrosophic subalgebra of (X, *, 0) for 
i,j,k € {2,4} with (i,j,k) 4 (4,4,4) since 


T[T]e(a* 1) = 0.6 £ 0.4 = min{Z[T]e(a), Z[T]e(1)}, 


T[I]c(a * 0) = 0.55 £ 0.33 = min{Z[J]p(a), Z[I]2(0)}, 
and/or 
T[Fe(2 * a) = 0.35 £ 0.25 = min{Z[F],(2), Z[F]e(a)}. 


Using the similar way to the proofs of Theorems 3.7 and 3.10, we have 
the following theorem. 


THEOREM 3.13. Given an (i, j,k)-length neutrosophic subalgebra I := (Z[T], 
LI], Z[F]) of (X,*,0) for i,j,k € {1,2,3,4}, the following assertions are 
valid. 
(1) If t,7 € {1,3} and k © {2,4}, then Ue(Z[T]; a7), Ue(Z[I];ar) and 
Le(Z[F]; Gr) are subalgebras of (X,*,0) whenever they are nonempty. 


(2) If i,k © {1,3} and j © {2,4}, then Ug(Z[T]; ar), Le(Z[L]; Br) and 
Ue(Z[F]; ar) are subalgebras of (X,*,0) whenever they are nonempty. 


(3) Ift © {2,4} and j,k © {1,3}, then Le(Z[T]; Br), Ue(Z[L];ar) and 
U;(Z[F]; ar) are subalgebras of (X,*,0) whenever they are nonempty. 


(4) Ifi,7 € {2,4} and k € {1,3}, then Le(Z|T]; Br), Le(Z[1]; Br) and 
U;(Z[F]; ar) are subalgebras of (X,*,0) whenever they are nonempty. 
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i,k € {2,4} and j © {1,3}, then Le(Z[T]; Br), Ue(Z[I];ar) and 
Le(Z[F]; Gr) are subalgebras of (X,*,0) whenever they are nonempty. 


(6) Ifi © {1,3} and j,k © {2,4}, then Up(Z[T]; ar), Le(Z[I]; Br) and 
Le(Z[F]; Gr) are subalgebras of (X,*,0) whenever they are nonempty. 


THEOREM 3.14. If an interval neutrosophic set I := (Z[T], Z[I], Z[F]) is 
a (2,3,2)-length neutrosophic subalgebra of (X,*,0), then Up(Z[T]; ar)°, 
Lo(Z[L]; Br)° and Up(Z[F];ar)° are subalgebras of (X,*,0) whenever they 
are nonempty for all ar, 81, ar € [0,1]. 


Proor: Assume that Z := (Z[T], Z[J], Z[F]) is a (2,3,2)-length neu- 
trosophic subalgebra of (X,*,0). Let ar, 81, ar € [0,1] be such that 
Uc(Z[T];ar)°, Le(Z[I]; G1) and Up(Z[F];ar)° are nonempty. If z,y € 
U¢(Z[T]; ar)°, then Z[T]¢(a) < ap and Z[T]e(y) < ar. Hence 

) 


L[T\e(x * y) < min{Z[T]e(x), Z[T]e(y)} < ar, 


and so w*y € Up(Z[T];a7r)°. Ifa, y € Le(Z[L]; G7)°, then Z[I]e(x) > By and 
T(Ie(y) > By. Thus 


L[T]o(a * y) = max{Z[T]o(x), Z[L]e(y)} > Br, 


which implies that x * y € Le(Z{[I]; 6r)°. Let x,y € Ue(Z[F];ar)°. Then 
T[F]e(a) < ap and T/F]e(y) < ar. Hence 


L[F\o(@ * y) S min{Z[F]e(a),Z[F]e(y)} < ar, 


and so « * y € U;(Z[F];ar)°. Therefore Up(Z[T]; ar)°, Le(Z[I]; 8r)° and 
Up(Z|F]; ar)© are subalgebras of (X,*,0) for all a7, Br, ar € [0,1]. 


The converse of Theorem 3.14 is not true in general as seen in the 
following example. 


Example 3.15. Consider a BC I-algebra X = {0,1, a,b,c} with the binary 
operation * which is given in Table 6 (see [5]). 

Let Z := (Z[T], Z[I], Z[F]) be an interval neutrosophic set in (X, *,0) given 
by 
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Table 6. Cayley table for the binary operation “x 
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66? 


ay TLe, TF |e) of Z is 


* 0 1 a b Cc 
0 0 0 a b c 
1 1 0 a b c 
a a a 0 c b 
b b b c 0 a 
c c c b a 0 
(0.50,0.75) ifa =O, 
(0.25,0.70) ifa=1, 
TT]: X > P*( [(0.10,0.65) ifa=a, 
(0.05,0.70) ifa=b, 
(0.10,0.75] ifa=c, 
[(0.05,0.80] ifa=0, 
(0.10,0.80) ifv=1, 
TI]: X > P*( [(0.26,0.89] ifa=a, 
(0.16,0.79) ifa=b, 
(0.07,0.75] ifa=c, 
and 
(0.23,0.67) ifa =O, 
(0.03,0.58] ifa=1, 
TF]: X > P*( (0.18,0.73) ifa=a, 
(0.14,0.80] ifa=b, 
(0.07,0.73] ifa=c. 
Then the interval neutrosophic length Z, := (Z[T 
given by Table 7. 
Then 
) if ar € [0, 0.25], 
{0} if ar € (0.25, 0.45], 
U(Z[T];ar)° = ¢ {0,1} if ap € (0.45, 0.55], 
{0,1,a} if ar € (0.55, 0.65], 
xX if ar € (0.65, 1], 
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Table 7. Interval neutrosophic length of Z 


x LT \¢ TThc TF le 

0 0.25 0.75 0.44 

1 0.45 0.70 0.55 

a 0.55 0.63 0.55 

b 0.65 0.63 0.66 

Cc 0.65 0.68 0.66 
0 if By € (0.75, 1], 
fo} if Br € [0.70, 0.75), 


[ 
[ 
Ly (Z|; 8r)° = 4 {0,1} if By € [0.68,0.70), 
{0,1,c} if By € [0.63, 0.68), 
Xx if By € [0,0.63), 


and 
0 if ap € [0, 0.44], 
eee) ee if ap € (0.44, 0.55], 
UdZlFlior)=% fo 1.4} if ap € (0.55,0.66), 
xX if a € (0.66, 1] 


are subalgebras of (X,*,0) whenever they are nonempty for all a7, 67, 
ar € [0,1]. But Z := (Z[T], Z[J], Z[F]) is not a (2, 3, 2)-length neutrosophic 
subalgebra of (X,*,0) since 


L[T]e(b* a) =Z[T]e(c) = 0.65 > 0.55 = min{Z[T]o(b), Z[T]e(a)}, 


L{I]e(b * c) = L[I]e(a) = 0.63 < 0.68 = max{Z[I]o(b), Z[L]e(c)}, 
and/or 
LF ]e(b * a) = Z[F]e(c) = 0.66 > 0.55 = min{Z[F]¢(b), Z[F]e(a)}. 


By the similar way to the proof of Theorem 3.14, we have the following 
theorem. 


THEOREM 3.16. Given an (i, j,k)-length neutrosophic subalgebra TZ := (Z[T), 
TI], L[F]) of (X,*,0), the following assertions are valid. 


738 


Florentin Smarandache (author and editor) 


(1) If (i,j,k) = (2,2,2), then Up(Z[T];ar)°, Us(Z[I];ar)° and 


Ue(Z[F]; ar)© are subalgebras of (X,*,0) whenever they are nonemp- 
ty for all wp, a7, ar € [0,1]. 


(2) If (4,3, k) — (2, 2,3), then U(Z[T];ar)°, Ue(Z[I]; a7)° 


and L¢(Z[F]; Br)* are subalgebras of (X,*,0) whenever they are non- 
empty for allar, ar, Br € [0,1]. 


(3) If (3,3, k) = (2, 3,3), then U(ZT]; ar)°, Le(Z{I]; Br)° 


and Le(Z[F]; Br)° are subalgebras of (X,*,0) whenever they are non- 
empty for all ar, Br, Br € [0,1]. 


(4) If (7, 3, k) = (3, 2,2), then L,(ZT]; r)°, Ue(Z[I]; ar)° 


and U;(Z[F]; ar)° are subalgebras of (X,*,0) whenever they are non- 
empty for all Br, ar, ar € [0,1]. 


(5) If (3,3, k) = (3, 2,3), then L,(ZT]; Pr)°, Ue(Z[I]; ar)° 


and Le(Z[F]; Br)° are subalgebras of (X,*,0) whenever they are non- 
empty for all Br, az, Br € [0,1]. 


(6) If (4,3, k) = (3, 3,2), then Le(L|T); Br)°, Le(Z[I}; Br)° 


and U;(Z[F]; ar)° are subalgebras of (X,*,0) whenever they are non- 
empty for all Br, Br, ar € [0,1]. 


(7) i (4,3, k) = (3, 3,3), then Le(L|T]; br)°, Le(Z{I]; Br)° 


and Le(Z[F]; Br)° are subalgebras of (X,*,0) whenever they are non- 
empty for all Br, Br, Br € [0,1]. 
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Abstract 


More general form of (€, € Vq)-neutrosophic ideal is introduced, and their prop- 
erties are investigated. Relations between (€, €)-neutrosophic ideal and (€, € 
Vd(kp ,kr ,kp ))-neutrosophic ideal are discussed. Characterizations of (€, € 
Vd(kr ,kr skp ))-neutrosophic ideal are discussed, and conditions for a neutrosophic 
set to be an (€, € V(k-p,k7 ,k))-eutrosophic ideal are displayed. 

Keywords: Ideal, neutrosophic €-subset, neutrosophic q,-subset, neutrosophic 


€ Vqax-subset, (€, € VO(k-,k; kp) )-neutrosophic ideal. 
2010 Mathematical Subject Classification: 06F35, 03G25, 03B52. 


1. Introduction 


Smarandache [23, 24] introduced the concept of neutrosophic sets which 
is a more general platform to extend the notions of the classical set and 
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(intuitionistic, interval valued) fuzzy set. Neutrosophic set theory is ap- 
plied to several parts which are referred to the site http://fs.gallup.unm. 
edu/neutrosophy.htm. Jun [10] introduced the notion of neutrosophic sub- 
algebras in BC K/BCI-algebras based on neutrosophic points. Borumand 
and Jun [22] studied several properties of (€, € Vq)-neutrosophic sub- 
algebras and (q, € V q)-neutrosophic subalgebras in BCK/BCI-algebras. 
Jun et al. [11] discussed neutrosophic \V-structures with an application 
in BCK/BCI-algebras, and in [13, 14] introduced neutrosophic quadruple 
numbers based on a set and construct neutrosophic quadruple BC Kk /BCI- 
algebras. 

Song et al. [25] introduced the notion of commutative M/-ideal in 
BC kK-algebras and investigated several properties. Bordbar, Jun and et 
al. [21] and [17] introduced the notion of (g, € V q)-neutrosophic ideal, 
and (€, € V qg)-neutrosophic ideal in BCK/BCI-algebras, and investigated 
related properties. Also in [7, 26], they discussed the notion of BM BJ- 
neutrosophic sets, subalgebra and ideals, as a generalisation of neutrosophic 
set, and investigated it’s application and related properties to BCI /BCK- 
algebras. 

For more information about the mentioned topics, please refer to [3, 4, 
8, 12, 16, 18, 19, 20]. 

In this paper, we introduce a more general form of (€, € V q)-neutroso- 
phic ideal, and investigate their properties. We discuss relations between 
(€, €)-neutrosophic ideal and (€, € V q(ky,k;,k-))-neutrosophic ideal. We 
consider characterizations of (€, € V q(k;,k;,k~))-neutrosophic ideal. We 
investigate conditions for a neutrosophic set to be an (€, € V q(ky,ky,kr))- 
neutrosophic ideal. We find conditions for an (€, € V q(kp,k;,k-))-neutro- 
sophic ideal to be an (€, €)-neutrosophic ideal. 


2. Preliminaries 


By a BCI-algebra we mean a set X with a binary operation * and the 
special element 0 satisfying the axioms: 


(al) ((@ *y) * (a * z)) *(z*y) = 0, 
(a2) (w@*(w@*y))*¥y =0, 


(a3) cxax=0, 
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(a4)axy=yxr=0S2r=y, 
for all, y, z€ X. Ifa BCI-algebra X satisfies the axiom 
(a5) 0* a =O foralla€ X, 


then we say that X isa BC K-algebra. A subset I of a BCK/BCI-algebra X 
is called an ideal of X (see [9, 15]) if it satisfies: 


del, (2.1) 
(Va,yEeX)(axyel,yel => vel). (2.2) 
The collection of all BC K-algebras and all BCI-algebras are denoted 

by Bx(X) and B;(X), respectively. Also B(X) := Br (X)U Br(X). 
We refer the reader to the books [9] and [15] for further information 


regarding BCK/BC algebras. 
For any family {a; | i € A} of real numbers, we define 


\/ {ai | i € A} = sup{a; |i € A} 
and 
/\{ai | i € A} = inf{a; | i € A}. 


If A = {1,2}, we will also use a1 Vag and a; Aag instead of \/ {a; | 7 € {1,2}} 
and {ai | 7 € {1,2}}, respectively. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [23]) isa 
structure of the form: 


A:= {(«; Ar(@), Ar(@), Ar(a)) | x € X} 


where Ar : X — [0,1] is a truth membership function, Ay : X —> [0,1] 
is an indeterminate membership function, and Ar : X — [0,1] is a false 
membership function. For the sake of simplicity, we shall use the symbol 
A= (Ar, Ar, Ar) for the neutrosophic set 


A:= {("; Ar(x), Ar(x), Ar(x)) |x € X}. 


Given a neutrosophic set A = (Ar, Ar, Ar) ina set X, a, € (0,1] and 
y € [0, 1), we consider the following sets (see [10}): 


Te(A; a) = {x € X | Ar(2) > a}, 
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Te (A; B) = {x € X | Ar(a) > B}, 
Fe(A;7) = {z € X | Ar(z) < 7}. 
We say Te(A;a), [e(A; 8) and Fe(A;¥) are neutrosophic €-subsets. 


3. Generalizations of neutrosophic ideals based on neu- 
trosophic points 


In what follows, let kr, ky and kr denote arbitrary elements of [0, 1) unless 
otherwise specified. If kp, ky and kp are the same number in [0,1), then 
it is denoted by k, ie., k= kp =k; = kp. 

Given a neutrosophic set A = (Ar, A7, Ar) ina set X, a, 8 € (0,1] and 
+ € [0,1), we consider the following sets: 
T, 


arp (Asa) = {2 € X | Ar(z)+at+kr > 1}, 

Tq, (A; 8) = {a € X | Ar(x) +8 +k > I}, 

Fy, (Ay) = {ee X | Ar(z) +7 +kr < VY, 

Tev g., (Asa) = {2 € X | Ar(x) > a or Ar(x) +a+kr > 1}, 
Tev qx, (Aj 8) = {@ € X | Az(x) 2 B or Ay(x) + B+ ky > 1}, 
Fev pp (Ary) = {2 € X | Ar(z) <7 or Ar(x) +7 +kp < 1. 


We say T7,,,, (A; a), Tq, (A; 8) and Fay (A;y) are neutrosophic q,-subsets; 
and Tey q,,,, (A; a), Tev fies (A; 8) and Fey dk p (A; y) are neutrosophic € V gx- 
subsets. For yp € te, G, Wk» Vkr> Wkrs Ukr» © Vq, € V dks € V dkr) € V dkrs 
€ V qn}, the element of T,(A; a) (resp., Iy,(A; 6) and Fy(A;7)) is called a 
neutrosophic Ty-point (resp., neutrosophic Iy-point and neutrosophic Fy - 
point) with value a (resp., 3 and y). 

It is clear that 


Tev gy, (As @) = Te (Aja) U Ty, (As), (3.1) 
Tey qx, (As B) = Le(A; B) U Iq, (A; 8), (3.2) 
Fev app (As) = Fe(As 7) U Fa, (451): (3.3) 
THEOREM 3.1. Given a neutrosophic set A= (Ar, A;,Ar) in X € B(X), 


the following assertions are equivalent. 
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(1) The nonempty neutrosophic €-subsets Te(A; a), Ie(A; 8) and Fe(A;7) 
are ideals of X for all a € (+££, 1], B € (4,1) and y€ (0, 4). 


(2) A=(Ar,Ar, Apr) satisfies the following assertion. 


Ar(x) < Ar(0) Vv 46 
(Vz EX)| Ay(x) < Ar(0) V4 (3.4) 
Ap(a) > Ap(0) A +48 


and 


Vv L> Ar(axy) A Ar(y) 
(Va,y € X) pe eaees L> Ay(xxy) A Ar(y) (3.5) 
= oe: < Ar(x*y) V Ar(y) 


Proor: Assume that the nonempty neutrosophic €-subsets T-(A;a), 
Te(A; 8) and Fe(A;7) are ideals of X for all a (£1), B (48 ll 
and 7 € [0, +4#£). If there are a,b € X such that Ar(a) > Ar(0) Vv 4£2, 
then a € Te(A;aq) and 0 ¢ Te(A;aq) for aq := Ar(a) € (4447, 1]. This 
is a contradiction, and so Ar(x) < Ar(0) V +4££ for all z € X. We also 
know that A;(x) < A7(0) V 48! for all « € X by the similar way. Now, 
let x € X be such that Ap(x) < Ar(0) A +4. If we take 72 := Ar(z), 
then 7, € (0, inkr) and so 0 € Fe(A;7) since Fe(A;7xz) is an ideal of X. 
Hence Ar(0) < 7 = Ar(x), which is a contradiction. Hence Ar(x) > 
Ap(0)\ +5 for all x € X. Suppose that Ay(x)V +48 < Ay(x*y)A Ar(y) 
for some x,y € X and take 6 := Ay(x xy) A Ar(y). Then 6 € (55,1) 
and x * y,y € I<(A;). But x ¢ I<(A; 8) which is a contradiction. Thus 
Ar(x) V 48 > Ar(x xy) A Ar(y) for all x,y € X. Similarly, we have 
Ar(a) V 52 > Ar(x *y) A Ar(y) for all x,y € X. Suppose that there 
exist «,y € X such that Ap(x) A inke > Apr(a xy) V Ar(y). Taking 
y := Ap(x xy) V Ar(y) implies that y € [0, i-kr), x*xy € Fe(A;7) 
and y € Fe(A;7), but « ¢ Fe(A;7). This is a contradiction, and so 
Ap(z) A +458 < Ap(a*y) V Ap(y) for all x,y € X. 

Conversely, suppose that A = (Ar, A;, Ar) satisfies two conditions 
(3.4) and (3.5). Let a € (*+4£7,1], B € (44%, 1] and 7 € [0, +4££) be such 
that T-(A;a@), [-(A; 8) and F-(A;7) are nonempty. For any x € T-(A;a), 
y € Ie(A; 8) and z € Fe(A;7), we get 
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Ar(0) V 4£2 > Ar(t) >a > HES 
A1(0) V + > Ar(y) > 
Ap(0) A RE < Ap(z) $7 < SE, 


and so Ar(0) > a, A7(0) > 6 and Ap(0) < y. Hence 0 € Te(A;a), 
0 € I¢(A; 8) and 0 € Fe (A;7). Let a,b, 2, y,u,v € X be such that a* be 
Te (Aja), b € Te(Aj;a), oxy € Ie(A; 8), y € Ie(Aj 8), uxvu € Fe(A;), 
and v € Fe(A;7¥). It follows from (3.5) that 

Ar(a 


) v 4582 > Ap(a*b) A Ar(b) > 
Aj(x) V 5 > Ar(x*y) A Ar(y) > 
Ap(u) A 1582 < Ap(u*v) V Ap(v) <7 < ite 


Hence Ar(a) > a, Ar(x) > 6 and Ap(u) < ¥, that is, a € Te(A;a), 
x € I¢(A; 8) and u € Fe(A;7). Therefore Tel ;a@), I¢(A;B) and Fe(A;7) 
are ideals of X for all a € (4+4£7, 1], 8 € (45%, 1] and 7 € [0, +44). 


COROLLARY 3.2 ([21]). Given a neutrosophic set A = (Ar, Ar, Ar) in 
X € B(X), the following assertions are equivalent. 


(1) The nonempty neutrosophic €-subsets Te (A; a), Ie(A; 8) and Fe(A; y) 
are ideals of X for all a, 8 € (0.5, 1] and y € [0,0.5). 


(2) A=(Ar,Ar, Ap) satisfies the following assertion. 


(Vee X)} A(x) < Ar(0) V0.5 
Ap(2) > Ap(0)A0.5 
and 
Ar(«) V0.5 > Ar(a * y) \ Ar(y) 
(Va,yEX)| Ar(x) V0.5 > Ar(a xy) A Ar(y) 


DEFINITION 3.3. A neutrosophic set A = (Arp, A;,Ar) in X € B(X) is 
called an (€, © V (k7,k7,k-))-neutrosophic ideal of X if the following asser- 
tions are valid. 
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GET e(Ajaz) = 0€ Teva, (Ai ae) 
(Vee X)| wele(A; Bz) > 0€ Teva, (Ase) |, (3.6) 
ae Fe(A;ye) > 0€ Feva., (As Y2) 
rxyeTe(Aj ax), ye Te (A; dy) > © E Tev qu (Aj a A ay) 
(Va,yEX) | reyele(A; Br), ye le(A; By) > © © Tevg,, (As Be A By) 
a ye Fe(Aj ye), ye Fe(Aj yy) > 2 © Fevay,, (Ai Ye V Vy) 
(3.7) 
for all az, Qy, Bx, By € (0, 1] and yx, 7y € (0,1). 


Example 3.4. Let X = {0,1,2,3,4} be a set with the binary operation * 
which is given in Table 1. 


oy 


Table 1: Cayley table for the binary operation “x 


BwWNer Oo] * 
RwWNrF OO 
re NYO CFR 
Lwor co} r 
LroOoOoNnNoOCwW 
oOworof 


Then (X,*,0) is a BC’ K-algebra (see [15]). Consider a neutrosophic set 
A= (Ar,Ar, Ar) in X which is given by Table 2. 


Table 2: Tabular representation of A = (Ar, Az, Ar) 


X Ar(x) Aj(x) Ap(2) 
0 0.6 0.5 0.45 
1 0.5 0.3 0.93 
2 0.3 0.7 0.67 
3 0.4 0.3 0.93 
4 0.1 0.2 0.74 
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Routine calculations show that A = (Ar, A7, Ar) is an (€, € V (k7,k;,ke))- 
neutrosophic ideal of X for kp = 0.24, ky = 0.08 and kp = 0.16. 


THEOREM 3.5. A neutrosophic set A = (Ar, Ar, Ar) in X € B(X) is an 
(€, © Vaer,kr,ke))-neutrosophic ideal of X € B(X) if and only if A = 
(Ar, Ar, Ar) satisfies the following assertions. 


Ar(0) > Ar(x) A +482 


(Vz € X)| A;(0) > Ay(x) A 45 aks ; (3.8) 
Hee (x )v Ape 
Ar(x) = \{Ar(a*y), Ar(y), 37} 
(Va,yEX)] Ar(x) > Af{Ar(e*y), Ar(y), Zt} Y- (3.9) 
Ap(x) < V{Ar(x *y), Ar(y), 3} 
ProoF: Assume that A = (Ar,A;,Ar) in X € B(X) is an 


(€, © V Qkr,kr,ke))-neutrosophic ideal of X € B(X). If Ar(0) < Ar(a) A 
1-kr for some a € X, then there exists a, € (0,1) such that A7(0) < 
Qq < Ar(a) A +4£*. It follows that aq € (0,4+4£7], @ € Te(Asaa) and 
0¢ Te(A;a,). Also, Ar(0)+aatkr < 2aat+kr <1, ie, 0¢ To, (A; aa). 
Hence 0 ¢ Tey ,.(A; Qa), a contradiction. Thus Ap(0) > Ar(x)A 1-£r for 
all x € X. Similarly, we have A;(0) > A;(x) \+5* for all x € X. Suppose 
that Ap(0) > A(z) V +4££ for some z € X and take 7, = Ap(z) V 4. 
Then y, > +444,z€ Fe(Ary.) and 0 ¢ Fe(A;7,). Also Ar(0)+ 72+kpr > 
1, that is, 0 ¢ Fu, (A;yz). This is a contradiction, and thus Ar(0) < 
Ap(a)V ISR for all z € X. Suppose that A;(a) < \{Az(a*b), A7(b), ""} 
for some a,b € X and take B := A{Aj(a * b), A7(b), +44}. Then 6 < 
At axb € Ie(A;B), b € Ic(A;B) and a ¢ Ie(A;). Also, we have 
Ar(a)+B+k <lie,a¢ Foy (A; 8). This is impossible, and therefore 
Ar(x) > MUA Gea G ‘= =k} for all x,y € X. By the similar way, we 
can verify that Ar(x) > A{Ar(x2 *y), Ar(y), kr} for all x,y € X. Now 
assume that Ar(a) > V{Ar(ax b), Ar(b), Life} for some a,b € X. Then 
there exists y € [0,1) such that Ap(a) > y > V{Ap(a*b), Ap(b), FF}. 
Then y > Lake ax*xb € Fe(A;7), b € Fe(A;7y) and a ¢ Fe(A;¥). Also, 
Ap(a)+ 7+kr > lie, a¢ Fa, (A;y). Thus a ¢ Fevq,,, (As 7), which is a 
contradiction. Hence Ap(x) < V{Ar(x*y), Ar(y), +} for all z,y € X. 
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Conversely, suppose that A = (Ar, Ay, Ap) satisfies two conditions (3.8) 
and (3.9). For any 2, y, z € X, let az, By € (0, 1] and 7, € [0, 1) be such that x 
€ Te(A; az), y € Ie(A; By) and z € Fe(A; yz). Then Ar(x) > ag, Ar(y) > By 
and Ar(z) < yz. Assume that Ar(0) < az, Ar(0) < 6,and Ap(0) > yz. If Ar 
(x) < +=*2, then : 


Ar(0) > Ar(z) A 3% = Ar(2) 2 az, 


a contradiction. Hence Ar(a) > ae and so 


Ar(0) +a + kr > 2Ar(0) + kr > 2 (Ar(a) A EE) + kr = 1. 


Hence 0 € Ty, (A; @x) © Tev qx, (Aj ae). Similarly, we get 0 € Iq, (A; By) 
C leven, (A; B,). If Ap(z) > ifr then Ar(0) < Ar(z)V ae = Ap(z)< 
yz which is a contradiction. Hence Ar(z) < Lee , and thus 


Ap(0) +72 +kp < 2Ap(0) + kp < 2(Ap(z) V SEF) +hp = 1. 


Hence 0 € Fg, (Aj¥z) © Fevqe, (Ai). For any a,b,p,q,z,y € X, let 
Qa, A, Bp, Bq € (0,1) and yz,7y € [0,1) be such that a*b € Te(A; aq), 
be Te(A; ap), p* ¢ € Te (A; Bp), g € Te (A; Bq), o*y € Fe(As az), and y € 
Fe(A;yy). Then Ar(a* b) > aa, Ar(b) = as, Ar(p * g) = Bp, Ar(q) = Ba, 
Ap(a*y) <x, and Ar(y) < yy. Suppose that a ¢ Te(A; ag A ay). Then 
Ar(a) < Qa A ap. If Ar(a* b) A Ar(b) < 1 fr then 


Ar(a) > [\{Ar(a*b), Ar(b), SR} = Ar(a*b) A Ar(b) > aa A ao. 
This is a contradiction, and so Ay(a * b) A Ar(b) > a Thus 
Ar(a)+ (aa Aap) + kp > 2Ar(a) + kr 
> 2(\{Ar(a*b), Ar(b), SEE}) + kr = 1, 


which induces a € To. (A; Qa Aap) C Tey der (A; aa Aap). By the similarly 
way, we get p € Teva, (A; Bp A Bq). Suppose that x ¢ Fe(A; 7x V Jy), that 
is, Ap(x) > x2 V yy. If Ar(x *y) V Ap(y) > +4£, then 


Ap(2) < \/{Ar(@*y), Ar(y), ®} = Ap(e*y) V Ar(y) S Ye VWs 


which is impossible. Thus Ap(x * y) V Ap(y) < +4££, and so 
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Ar(2) + (Y2 V Wy) + kr < 2Ar(2) 
<2(\ViAr(e*y), Ar(y), SRE}) + kp = 1. 


This implies that x € Fy, (Aj YaVYy) © Fev ac, (Ai YeV Vy). Consequently, 
A = (Ar, Az, Ap) is an (€, © V Q(kp,k;,ke))-neutrosophic ideal of X € 
B(X). 


COROLLARY 3.6 ({21]). For a neutrosophic set A = (Ar, Ar, Ar) in X € 
B(X), the following are equivalent. 


(1) A= (Ar, Ar, Apr) is an (€, € V q)-neutrosophic ideal of X € B(X). 
(2) A= (Ar,Ar, Ar) satisfies the following assertions. 


(Va € X) A;(0) > Ay(x) A0.5 5 


< 
Ar(x) = MAr(@ *y), Ar(y), 0.5} 
(Va,yEX)| Ar(x) = AtAr(w*y), Ar(y), 0.5} 
Ar(x) < V{Ar(a *y), Ar(y), 0.5} 


THEOREM 3.7. A neutrosophic set A = (Ar,Ar,Ar) in X © B(X) is 
an (€, © VQ(kp,ky,ke))-neutrosophic ideal of X € B(X) if and only if the 
nonempty neutrosophic €-subsets Te(A; a), Ic (A; 8) and Fe(A; 7) are ide- 
als of X for alla € (0, I=Xr), Be (0, ton] and y € [£., 1). 


PROOF: Suppose that A = (Ar, Az, Ar) is an (€, € V Q(kp,k;,ke))-neutro- 
sophic ideal of X € B(X) and let a € (0,44£7], B € (0,454) and 
7 € [4+5££,1) be such that Te (A; a), rar 8) and F-(A;7) are nonempty. 
Using (3. 8), we get Ar(0) > Ar(x) A fe , Ar(O) > Ar(y) A LAL and 
Ap(0) < Ap(z) V +45" for all  € Te(A;a), y € Ie(A; 8) and z € Fe(A;7). 
It follows that A7r(0) > a ifr =a, A;(0) > BA = B, and Ap(0) < 
yV Lee = 7, that is, 0 € Te(A;a), 0 € Ie(A;8) and 0 € Fe(A;74). 
Let x,y,a,b,u,v € X be such that «* y € Te(A;a), y € Te(A;Q), 
axb € Ic(A;8),b € Ic(AjB), uxv © Fe(A;y), and v € Fe(A;7) for 
a € (0,*+5£7], B € (0,45%] and y € [44££,1). Then Ar(x* y) > a 
Ar(y) > a, Ay(a*b) > B, Ar(b) > B, Ar(uxv) <7, and Ap(v) < ¥. It 
follows from (3.9) that 
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Ar(z) 2 A{Ar(e*y), Ar(y), Gt} 2 aA SF =a, 
Ay(a) > A{Ar(a* b), Ar(b), *5" ayes st = B, 
Ap(u) < V{Ap(u*v), Ap(v), SE} SyV TE = 7 


and so that « € Te(A;a), a € Ie(A;8) and u € Fe(A;7). Therefore 
Te(A;a), Ie(A;8) and Fe(A;7) are ideals of X for all a € (0, *4£], 
Be (0, +484] and 7 € [+4££, 1). 

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X € B(X) 
such that the nonempty neutrosophic €-subsets T-(A;a), I<(A;() and 
Fe(A;7) are ideals of X for all a € (0, 47], 6 € (0,48.] and 7 € 
[+4££,1). If there exist x,y,z € X such that Ar(0) < Ar(x) A +£., 
Ay(0) < Ar(y) A +84, and Ap(0) > Ap(z) V +4£4, then 0 ¢ Te(A;az), 
0 ¢ Ic(A; By) and 0 ¢ Fe(A;7z) by taking a, := Ar(zx) A tke = 
Ar(y) A Lee and yz := Ar(z) V Lhe This is a contradiction, and so 
Ar(0) > Ar(a)A Lae A,(0) > Ar(x)A ae and Ar(0) < Ar(x)V ee 
for all x € X. Now, suppose that there x,y,a,b,u,v € X be such that 
Ar(x) < A{Ar(e *y),Ar(y), = x}, Ar(a ) < A{Ar(ab), Ar(b), 45 ae 
and Ap(u) > V{Ar(u* v),A (i). ifr}. If we take a := A{Ar(x * 
y), Ar(y), kr} B = A{Ar(a * b), Ar(b), +4}, and Ya V{Ar(u * 
v), Ar(v), ick} then a < Iake, B< ik, y> SRE, xxy € Te(A;a), 
y € Te(A;a), axb € Te(A;B), b € Ie(A; 8), uxv © Fe(A;7), and v € 
Fe(A;y7). But « ¢ Te(A;a), a ¢ Te(A; 8) and u €¢ Fe(A; 1), which induces 
a contradiction. Therefore Ar(x) > Mare *y), Ar(y ve —!r} A;(x) > 
AM{Ar(@*y), Ar(y), Ao ft 7 and Ap(2) < V{Ar(r*y), Ar(y), i-ke} for all 
x,y € X. Using Theorem 3.5, we conclude that A = (Ar, Ar, Ar) is an 
(€, © V dkp,k7,kr))-neutrosophic ideal of X € B(X). 


COROLLARY 3.8 ([21]). A neutrosophic set A = (Ar, Ar, Ar) in X € B(X) 
is an (€, € V q)-neutrosophic ideal of X € B(X) if and only if the nonempty 
neutrosophic €-subsets Te (A; a), [e(A; 6) and Fe(A;7) are ideals of X for 
all a, 8 € (0,0.5] and y € (0.5, 1). 


It is clear that every (€, €)-neutrosophic ideal is an (€, € V q(ky,ky,kr)) 
neutrosophic ideal. But the converse is not true in general. For example, 
the (€, © V Qkp,k;,k~))-neutrosophic ideal A = (Ap, Ay, Ar) with kp = 
0.24, ky = 0.08 and kp = 0.16 in Example 3.4 is not an (€, €)-neutrosophic 
ideal since 2 € I¢(A;0.56) and 0 ¢ Ie(A; 0.56). 
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We now consider conditions for an (€, € V q(kp,k;,k,) )-neutrosophic 
ideal to be an (€, €)-neutrosophic ideal. 


THEOREM 3.9. Let A = (Ar, Ar, Ar) be an (€, © V Q(kr,k;,kr)) -neutroso- 
phic ideal of X € B(X) such that 


(Vx € X) (Ar(2) < 4, Ar(x) < 4, Ap(z) > 4). 
Then A = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal of X € B(X). 


Proor: Let z,y,z € X, a,6 € (0,1) and y € [0,1) be such that a € 
Te(A;a), y € Ice(A; 8) and z € Fe(A;7). Then Ar(x) > a, Ar(y) > 6 and 
Ar(z) <7. It follows from (3.8) that 


Ar(0) > Ar(a) A joer. = Ar(r) >a, 
A7(0) > Ar(y) A 4£ = Ar(y) = B, 
Ar(0) < Ap(z) V Lee = Ap(z) <7. 


Hence 0 € Te(A; a), 0 € Ie (A; G) and 0 € Fe(A;7). For any 2, y, a,b, u,v € 
X, let az, Gy, Ba, Bo € (0,1) and yu, yw € [0,1) be such that x *y € 
Te (A; az), ye Te(A; ay), axbe Te(A; Ba), be 1e(A; Bo), UkUE Fel Ay ya); 
and v € Fe(A;yy). Then Ar(a * y) > az, Ar(y) > ay, Ar(a* b) > Ba, 
Ar(b) > 8, Ar(uxv) < Yu, and Ar(v) < yz. It follows from (3.9) that 


Ar(x) > \f{Ar(2 *y), Ar(y), £2} = Ar(a*y) A Ar(y) > ae A ay, 
Ay(a) > A{Ar(a* b), Ar(b), #4} = Ar(a b) A Ar(b) > Ba A Bo, 
Ap(u) < V{Ar(u*v), Ar(v), 522} = Ap(u*v) V Ap(v) <u VW- 


Thus x € Te(A;az A ay), a € Te(A; Ba A By) and wu € Fe(Asyu V Ww): 
Therefore A = (Ar, Ay, Ar) is an (€, €)-neutrosophic ideal of X € B(X). 


COROLLARY 3.10 ((21]). Let A = (Ar, Ar, Ar) be an (€, € V q)-neutroso- 
phic ideal of X € B(X) such that 


(Va € X)(Ar(2) < 0.5, Ar(x) < 0.5, Ar(ax) > 0.5). 
Then A = (Ar, Az, Ap) is an (€, €)-neutrosophic ideal of X € B(X). 


THEOREM 3.11. Given a neutrosophic set A = (Ar, Ar, Ar) in X € B(X), 
if the nonempty neutrosophic € V q,-subsets Tey q,.,, (A; a), Lev ax, (A; 8) 
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and Feyq,,(A;7) are ideals of X for all a € (0, Afr), Be (0,458) 
and y € [+£.,1), then A = (Ar,Az,Ap) is an (€, © V Q(ky,kr,kr))- 
neutrosophic ideal of X. 


ProoF: Let A = (Ar, Az, Ar) be a neutrosophic set in X € B(X) such 
that the nonempty neutrosophic € V g;,-subsets Tey q,.,, (A; a), Tey dk, (A; 8) 
and Fevq,,,(A;7) are ideals of X for all a € (0, ifr), B € (0, tft] 


and y € [45££,1). If Ar(0) < Ar(x) A 42 := az, Ar(0) < Ar(y) A 
Le := By, and Ar(0) > Apr(z) V Lee := yz for some x,y,z € X, 
then z € Te(A;ax) © Tev ane (A; Ox), y € Ic(A; By) © Lev ax, (A; By), 
z € Fe(Ayyz) © Fevar, (Airz), 0 € Te(Aiar), 0 € Ie(A; Ay), and 0 ¢ 
Fe(A;yz). Also, since Ar(0) +azg +kr < 2a, +kr < 1, ie, 0 ¢ 
Ty,. (A @x); A;(0) + By +kr < 2By +k < 1, ie., 0 ¢ Tq, (A; By), 
Ap(0)+%+hp > 29,+kr > 1, ie, 0 € Fy, (Airz), we get 0 ¢ 
Tev gun (Aj Ox), 0 € Dev qx, (A; By), and 0 ¢ Fev q,,,(As yz). This is a contra- 
diction, and thus (3.8) is valid. Suppose that there exist a,b € X such that 
Ar(a) < A\{Ar(a*b), Ar(b), +584}. Taking 8 := \{Ar(a*b), Ar(b), *4*5} 
implies that a «6 € Ie(A; 8) C Teva, (As 8), 6 © Le(Aj B) © Dev gy, (As 8). 
Since Tev q,, (A; 8) is an ideal of X, it follows that a € Lev ax, (A; 8), 
ie, a € Ie(A;B) or a € Iy,,(A;B), and so that a € Ig, (A;A), ie., 
A;(a)+8+k; > 1, since a ¢ I-(A; 6). But Ay(a) + 6 +k; < 284+k; <1, 
a contradiction. Hence A;(x) > A{Ar(a*y), Ar(y), okt} for all z,y € X. 
Similarly, we can verify that Ar(a) > A{Ar(a *« y), Ar(y), ifr} for all 
z,y € X. Assume that Ap(a) > \V{Apr(a * 6), Ap(b), #2} := 7 for 
some a,b € X. Thena ¢ Fe(A;y), a*b € Fe(A;y) © Feva,, (457): 
be Fe(A37) © Feva,,, (As 7). Since Fey q,,, (Aj 7) is an ideal of X, we have 
ae Fev a, (Ai): On the other hand, Ar(a)+y+kr > 2y+ kr > 1, 
that is, a ¢ Fy, (A;y). Hence a ¢ Fev q,,(A; 7), a contradiction. Thus 
Ap(z) < V{Ap(a * y), Ar(y), 42} for all c,y € X. Therefore (3.9) 
is valid, and consequently A = (Ar, Az, Apr) is an (€, € V q(kp,ky,kr))- 
neutrosophic ideal of X by Theorem 3.5. 


COROLLARY 3.12 ([21]). Given a neutrosophic set A = (Ar, A;,Apr) in 
X € 6(X), if the nonempty neutrosophic € Vq-subsets Tey ,q(A; a), 
Tey q(A;8) and Fey,(A;7) are ideals of X for all a,6 € (0,0.5) and 
y € [0.5,1), then A = (Arp, A;, Ap) is an (€, € Vgq)-neutrosophic ideal 
of X. 
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4. Conclusions 


More general form of (€, € Vq)-neutrosophic ideal was introduced, and 
their properties were investigated. Relations between (€, €)-neutrosophic 
ideal and (€, € Vd(kp,e;,k-))-neutrosophic ideal were discussed. Charac- 
terizations of (€, © Vq(kp,k,ke))-neutrosophic ideal were discussed, and 
conditions for a neutrosophic set to be an (€, © Vq(kp,k;,ke) )-neutrosophic 
ideal were displayed. 

These results can be applied to characterize the neutrosophic ideals 
in a BCK/BCI-algebra. In our future research, we will focus on some 
properties of ideal such as intersections, unions, maximality, primeness and 
height, and try to find the relations between these properties of ideals and 
the results of this paper. For instance, how we can define the prime and 
maximal neutrosophic ideals? Whatis the meaning of height of these types 
of ideals? For information about the maximality, primeness and height of 
ideals, please refer to [1, 2, 6, 5]. 
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Extension of HyperGraph to n-SuperHyperGraph 
and to Plithogenic n-SuperHyperGraph, and 
Extension of HyperAlgebra to n-ary 
(Classical-/Neutro-/Anti-)HyperAlgebra 
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Florentin Smarandache (2020). Extension of HyperGraph to n-SuperHyperGraph and to Plithogenic 
n-SuperHyperGraph, and Extension of HyperAlgebra to n-ary (Classical-/Neutro-/Anti-)HyperAlgebra. 
Neutrosophic Sets and Systems, 33, 290-296 


Abstract: We recall and improve our 2019 concepts of n-Power Set of a Set, n-SuperHyperGraph, 
Plithogenic n-SuperHyperGraph, and n-ary HyperAlgebra, n-ary NeutroHyperAlgebra, n-ary 
AntiHyperAlgebra respectively, and we present several properties and examples connected with the 
real world. 


Keywords: n-Power Set of a Set, n-SuperHyperGraph (n-SHG), n-SHG-vertex, n-SHG-edge, 
Plithogenic n-SuperHyperGraph, n-ary HyperOperation, n-ary HyperAxiom, n-ary HyperAlgebra, 
n-ary NeutroHyperOperation, n-ary NeutroHyperAxiom, n-ary NeutroHyperAlgebra, n-ary 
AntiHyperOperation, n-ary AntiHyperAxiom, n-ary AntiHyperAlgebra 


1. Introduction 


In this paper, with respect to the classical HyperGraph (that contains HyperEdges), we add the 
SuperVertices (a group of vertices put all together form a SuperVertex), in order to form a 
SuperHyperGraph (SHG). Therefore, each SHG-vertex and each SHG-edge belong to P(V), where V is 
the set of vertices, and P(V) means the power set of V. 

Further on, since in our world we encounter complex and sophisticated groups of individuals 
and complex and sophisticated connections between them, we extend the SuperHyperGraph to 
n-SuperHyperGraph, by extending P(V) to P”(V) that is the n-power set of the set V (see below). 
Therefore, the n-SuperHyperGraph, through its n-SHG-vertices and n-SHG-edges that belong to 
P»(V), can the best (so far) to model our complex and sophisticated reality. 

In the second part of the paper, we extend the classical HyperAlgebra to n-ary HyperAlgebra and its 
alternatives n-ary NeutroHyperAlgebra and n-ary AntiHyperAlgebra. 


2. n-Power Set of a Set 


Let U be a universe of discourse, and a subset V C U. Let n 2 1 be an integer. 
Let P(V) be the Power Set of the Set V (i.e. all subsets of V, including the empty set @ and the whole 


set V). This is the classical definition of power set. 
For example, if V = {a, b}, then P(V) = {@, a, b, ta, b} }. 


But we have extended the power set to n-Power Set of a Set [1]. 
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For n = 1, one has the notation (identity): P1(V) = P(V). 
For n = 2, the 2-Power Set of the Set V is defined as follows: 
P2(V) = P(P(V). 
In our previous example, we get: 
P2(V) = P(P(V) = PU, a, b, {a,b HW ={@, a, b, {a,b}; (6, a}, 1b, b}, (G, ta, b}}, ta, ta, b}}, tb, {a, b}}; 
{@,a,b},{@, a, {a, b}}, {, b, ta, b}}, {a, b, {a, b}}; {¢, a, b, fa, b}} }. 
Definition of n-Power Set of a Set 
In general, the n-Power Set of a Set V is defined as follows: 
Prt(V) = P(P*(V)), for integer n 2 1. 


3. Definition of SuperHyperGraph (SHG) 
A SuperHyperGraph (SHG) [1] is an ordered pair SHG = (GC P(V), ECP(V)), where 
(i) V={V1, V2, ..., Vm is a finite set of m > 0 vertices, or an infinite set. 
(ii) | P(V) is the power set of V (all subset of V). Therefore, an SHG-vertex may be a single 


(classical) vertex, or a super-vertex (a subset of many vertices) that represents a 


group (organization), or even an indeterminate-vertex (unclear, unknown vertex); 


¢ represents the null-vertex (vertex that has no element). 

(iii) E={E1, Ez, ..., En}, for m2 1, is a family of subsets of V, and each Ej is an SHG-edge, 
Ei € P(V). An SHG-edge may be a (classical) edge, or a super-edge (edge between 
super-vertices) that represents connections between two groups (organizations), or 
hyper-super-edge) that represents connections between three or more groups 
(organizations), multi-edge, or even indeterminate-edge (unclear, unknown edge); 
¢ represents the null-edge (edge that means there is no connection between the 


given vertices). 


4. Characterization of the SuperHyperGraph 
Therefore, a SuperHyperGraph (SHG) may have any of the below: 

-  SingleVertices (Vi), as in classical graphs, such as: V1, V2, etc.; 

-  SuperVertices (or SubsetVertices) (SVi), belonging to P(V), for example: SVi3 = ViV3, SV257 = 
V2Vo7, etc. that we introduce now for the first time. A super-vertex may represent a group 
(organization, team, club, city, country, etc.) of many individuals; 

The comma between indexes distinguishes the single vertexes assembled together into a 
single SuperVertex. For example SV123 means the single vertex Siz and single vertex S3 are 
put together to form a super-vertex. But SVi23means the single vertices S: and S23 are put 
together; while SV12,3 means S1, S2, 53 as single vertices are put together as a super-vertex. 

In no comma in between indexes, i.e. SVi23 means just a single vertex V123, whose index is 
123, or SV123 = V123. 

-  IndeterminateVertices (i.e. unclear, unknown vertices); we denote them as: IV1, [V2, etc. that 
we introduce now for the first time; 

- NullVertex (i.e. vertex that has no elements, let’s for example assume an abandoned house, 


whose all occupants left), denoted by @V . 
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-  SingleEdges, as in classical graphs, i.e. edges connecting only two single-vertices, for 
example: E15 = {V1, Vs}, E23= {V2, V3}, etc.; 

- HyperEdges, i.e. edges connecting three or more single-vertices, for example HE146 = {V1 V4, 
V6}, HE245,7,3,9 = {V2, V4, Vs, Vz, Vs, Vo}, etc. as in hypergraphs; 

-  SuperEdges (or SubsetEdges), i.e. edges connecting only two SHG-vertices (and at least one 
vertex is SuperVertex), for example SE3,6,45,79 = {SVi36, SV4579} connecting two 
SuperVertices, SE9/2,345) = {V, SV2345} connecting one SingleVertex Vo with one SuperVertex, 
SV2,345, etc. that we introduce now for the first time; 

-  HyperSuperEdges (or HyperSubsetEdges), i.e. edges connecting three or more vertices (and at 
least one vertex is SuperVertex, for example HSE3,45,236 = {V3, Vas, V236}, HSE1234,456789,567,5679 = 
{SV 1234, SV 456789, SVs67, SV5679}, etc. that we introduce now for the first time; 

-  MultiEdges, i. two or more edges connecting the same (single-/super-/indeterminate-) 
vertices; each vertex is characterized by many attribute values, thus with respect to each 
attribute value there is an edge, the more attribute values the more edges (= multiedge) 
between the same vertices; 

-  IndeterminateEdges (i.e. unclear, unknown edges; either we do not know their value, or we 
do not know what vertices they might connect): [E1, IE2, etc. that we introduce now for the 
first time; 

- NullEdge (i.e. edge that represents no connection between some given vertices; for example 


two people that have no connections between them whatsoever): denoted by @E . 


5. Definition of the n-SuperHyperGraph (n-SHG) 
A n-SuperHyperGraph (n-SHG) [1] is an ordered pair n-SHG = (Gi CP"(V), En C P"(V)), where P"(V) 


is the n-power set of the set V, for integer n 2 1. 


6. Examples of 2-SuperHyperGraph, SuperVertex, IndeterminateVertex, SingleEdge, 
Indeterminate Edge, HyperEdge, SuperEdge, MultiEdge, 2-SuperHyperEdge 
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supervertex 


SV45 


£. ty supervertex 
of a SVi23 
cS 


superedge 
(Vi23, Vis} = SE1 23,45 


{V3, Vs, Ve} = HE3 56 
hyperedge 


Figure 1. 2-SuperHyperGraph, 
(IE7,s = Indeterminate Edge between single vertices V7 and Vs, since the connecting curve is dotted, 
IVo is an Indeterminate Vertex (since the dot is not filled in), 
while MEs¢is a MultiEdge (double edge in this case) between single vertices Vs and Ve. 


Let Vi and V2 be two single-vertices, characterized by the attributes a = size, whose attribute 
values are {short, medium, long}, and a2 = color, whose attribute values are {red, yellow}. 
Thus we have the attributes values ( Size{short, medium, long}, Color{red, yellow} ), whence: V1(ai{s1, 11, 
Ii}, a2{r1, y1}), where s1 is the degree of short, mi degree of medium, I: degree of long, while 11 is the 
degree of red and y1 is the degree of yellow of the vertex V1. 
And similarly V2( az{s2, mz, b}, a2lr2, y2} ). 
The degrees may be fuzzy, neutrosophic etc. 

Example of fuzzy degree: 
Viu( ai{0.8, 0.2, 0.1}, a2f0.3, 0.5} ). 

Example of neutrosophic degree: 


Vi( aif (0.7,0.3,0.0), (0.4,0.2,0.1),(0.3,0.1,0.1) }, a2f (0.5,0.1,0.3), (0.0,0.2,0.7) } ). 


Examples of the SVG-edges connecting single vertices V1 and V2 are below: 


{V,,Vo}= Ex2 


Figure 2. SingleEdge with respect to attributes a: and a2 all together 
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MET} 


Vi V, 


MEy3 


Figure 3. MultiEdge: top edge with respect to attribute a1, and bottom edge with respect to attribute a2 


MEy3(s1) 


MEY} (m1) 


MEY 3 (4) 


V, 


MEV3(4) 


ME{301) 


Figure 4. MultiEdge (= Refined MultiEdge from Figure 3): 
the top edge from Figure 3, corresponding to the attribute a, is split into three sub-edges with respect 
to the attribute a: values s1, m1, and 11; 
while the bottom edge from Figure 3, corresponding to the attribute a2, is split into two sub-edges 
with respect to the attribute a2 values 11, and y1. 


Depending on the application and on experts, one chooses amongst SingleEdge, MultiEdge, 
Refined-MultiEdge, Refined RefinedMultiEdge, etc. 


7. Plithogenic n-SuperHyperGraph 

As a consequence, we introduce for the first time the Plithogenic n-SuperHyperGraph. 
A Plithogenic n-SuperHyperGraph (n-PSHG) is a n-SuperHyperGraph whose each n-SHG-vertex 
and each n-SHG-edge are characterized by many distinct attributes values (a1, a2, ..., dp, p= 1). 
Therefore one gets n-SHG-vertex(a1, az, ..., ap) and n-SHG-edge(az, az, ..., ap). 
The attributes values degrees of appurtenance to the graph may be crisp / fuzzy / intuitionistic fuzzy 
/ picture fuzzy / spherical fuzzy / etc. / neutrosophic / refined neutrosophic / degrees with respect to 
each n-SHG-vertex and each n-SHG-edge respectively. 

For example, one has: 

Fuzzy-n-SHG-vertex(ar(t1), a2(t2), ..., ap(tp)) and Fuzzy-n-SHG-edge(ai(t1), a2(t2), ..., ap(tp)); 
Intuitionistic Fuzzy-n-SHG-vertex(a1(t1, fi), a2(te, fo), ..., ap(tp, fo)) 
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and Intuitionistic Fuzzy-n-SHG-edge(ai(t1, fi), a2(t2, f2), ..., ap(tp, fo)); 
Neutrosophic-n-SHG-vertex(a1(t1, i1, fi), aa(t2, 12, f2), ..., ap(tp, tp, fo) 

and Neutrosophic-n-SHG-edge(ai(t1, i1, fi), a2(t2, i2, fz), ..., apltp, tp, fo)); 
etc. 


Whence we get: 


8. The Plithogenic ( Crisp / Fuzzy / Intuitionistic Fuzzy / Picture Fuzzy / Spherical Fuzzy / etc. / 
Neutrosophic / Refined Neutrosophic ) n-SuperHyperGraph. 


9. Introduction to n-ary HyperAlgebra 
Let U be a universe of discourse, a nonempty set S Cc U. Let P(S) be the power set of S (i.e. all 
subsets of S, including the empty set @ and the whole set S), and an integer n > 1. 

We formed [2] the following neutrosophic triplets, which are defined in below sections: 

(n-ary HyperOperation, n-ary NeutroHyperOperation, n-ary AntiHyperOperation), 

(n-ary HyperAxiom, n-ary NeutroHyperAxiom, n-ary AntiHyperAxiom), and 

(n-ary HyperAlgebra, n-ary NeutroHyperAlgebra, n-ary AntiHyperAlgebra). 


10. n-ary HyperOperation (n-ary HyperLaw) 
A n-ary HyperOperation (n-ary HyperLaw) *n is defined as: 


* 2S” — P(S), and 


Vd,,d,....a, €S onehas * (d,,a),...,a,) € P(S). 


The n-ary HyperOperation (n-ary HyperLaw) is well-defined. 
11. n-ary HyperAxiom 
A n-ary HyperAxiom is an axiom defined of S, with respect the above n-ary operation *1, that is true 


for all n-plets of S". 


12. n-ary HyperAlgebra 
A n-ary HyperAlgebra (S, *n), is the S endowed with the above n-ary well-defined HyperOperation *n. 


13. Types of n-ary HyperAlgebras 
Adding one or more n-ary HyperAxioms to S we get different types of n-ary HyperAlgebras. 


14. n-ary NeutroHyperOperation (n-ary NeutroHyperLaw) 
A n-ary NeutroHyperOperation is a n-ary HyperOperation *» that is well-defined for some n-plets of S" 


ies G45) ES 5 (6, G5.050,)'eP(S) | 


and indeterminate [ie. H(b,,b,,...,b,) €S",*,(b,,0,,....0,) = indeterminate] 
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or outer-defined [i.e. H(c,,C,,...,€,) €S",* (€,,C),-.€,) € P(S)] (or both), on other n-plets of S". 


15. n-ary NeutroHyperAxiom 

A n-ary NeutroHyperAxiom is an n-ary HyperAxiom defined of S, with respect the above n-ary 
operation *1, that is true for some n-plets of S", and indeterminate or false (or both) for other n-plets of 
Pi 


16. n-ary NeutroHyperAlgebra is an n-ary HyperAlgebra that has some n-ary NeutroHyper- 


Operations or some n-ary NeutroHyperAxioms 


17. n-ary AntiHyperOperation (n-ary AntiHyperLaw) 
A n-ary AntiHyperOperation is a n-ary HyperOperation *: that is outer-defined for all n-plets of S" [i.e. 


(S15 Sy 5-098) ES”, *, (5,8 55-+-5,) € PCS) J. 


18. n-ary AntiHyperAxiom 
A n-ary AntiHyperAxiom is an n-ary HyperAxiom defined of S, with respect the above n-ary 


operation *: that is false for all n-plets of S". 


19. n-ary AntiHyperAlgebra is an n-ary HyperAlgebra that has some n-ary AntiHyperOperations 


or some n-ary AntiHyperAxioms. 


20. Conclusion 

We have recalled our 2019 concepts of n-Power Set of a Set, n-SuperHyperGraph and 
Plithogenic n-SuperHyperGraph [1], afterwards the n-ary HyperAlgebra together with its 
alternatives n-ary NeutroHyperAlgebra and n-ary AntiHyperAlgebra [2], and we presented 
several properties, explanations, and examples inspired from the real world. 
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Abstract 


The aim of this paper is to introduce the notion of neutrosophic aw-closed sets and study some of the prop- 
erties of neutrosophic aw-closed sets. Further, we investigated neutrosophic aw- continuity, neutrosophic aw- 
irresoluteness, neutrosophic aw connectedness and neutrosophic contra aw continuity along with examples. 


Keywords: neutrosophic topology, neutrosophic aw-closed set, neutrosophic aw-continuous function and 
neutrosophic contra aw-continuous mappings. 


1 Introduction 


Zadeh [19] introduced truth (t) or the degree of membership of an object in fuzzy set theory. The falsehood (f) 
or the degree of non-membership of an object along with membership of an object introduced by Atanassov 
[4,5,6] in intuitionistic fuzzy set. Neutrosophic (i) or the degree of indeterminacy of an object along with 
membership and non-membership of an objects for incomplete, imprecise, indeterminate information was 
introduced by Smarandache [16,17] in 1998. The neutrosophic triplet set consist of three components ( t, f, 7) 
= (truth, f alsehood, indeterminacy). The neutrosophic topological spaces introduced and developed by 
Salama et al., [15]. This leads to many investigation among researchers in the field of neutrosophic topology 
and their application in decision making algorithms [8,11,12,13,14]. Arokiarani et al.,[3] introduced and 
studied a-open sets in neutrosophic topological spaces. Devi et al., [7,9,10] introduced aw-closed sets in 
general topology, fuzzy topology and intuitionistic fuzzy topology. In this article, we introduce neutrosophic 
aw-closed sets in neutrosophic topological spaces. Also, we introduce and investigate neutrosophic aw- 
continuous,neutrosophic aw-irresoluteness, neutrosophic aw connectedness and neutrosophic contra aw- 
continuous mappings. 


2 Preliminaries 
Let ( X,7 ) be the neutrosophic topological space(NTS). Each neutrosophic set(NS) in ( X,7 ) is called a 


neutrosophic open set(NOS) and its complement is called a neutrosophic closed set (NCS). 
We provide some of the basic definitions in neutrosophic sets. These are very useful in the sequel. 


Definition 2.1. [17] A neutrosophic set (NS) A is an object of the following form 


U={(u, wy (u), vo (u), wu (u)) :we X} 


where the mappings py: X > I, vy: X + ITand wy: X — I denote the degree of membership (namely wy 
(u)), the degree of indeterminacy (namely vy (u)) and the degree of nonmembership (namely wy (w)) for 
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each element u € X to the set U, respectively and 0 < py(u) + vy(u) + wy (u) < 3 for each u € X. 


Definition 2.2. [17] Let U and V be NSs of the form U = {(u, wu (u),vu(u),wu(u)) : u € X} and 
V= {(u, wy (u), vy (u), wy (u)) :UE X}. Then 


(Gi) U CV ifand only if py (u) < py (u), Yu(u) 2 vy (u) and wy (u) 2 wy (wu); 
(ii) U = {(u, vy (u), wu (u), wu (u)) 2 ue X}; 
ii) UNV = {(u, pu (u) A py (u), vu (u) V vy (u), wu(u) V wy (u)) ue X}; 
(iv) UUV = {(u, po (u) V py (u), vu (u) A vv (u), wu (u) Awy(u)) sue Xf. 


We will use the notation U = (u, py, vu, wu) instead of U = {(u, uy (u), vy (u), wy (u)) : u € X}. The 
NSs 0. and 1. are defined by 0. = {(u,0,1,1):u¢€ X} and 1. = {(u,1,0,0) : ue X}. 
Let r,s,t € [0,1] such that0 < r+s5+t < 3. A neutrosophic point (NP) P(r,s,t) 18 neutrosophic set 
defined by 
a (r, 8, t)(2) ifu=p 
P(r.s,t)(U) = { (0,1, 1) otherwise 
Let f be a mapping from an ordinary set X into an ordinary set Y, If V = {(y, wy (y), vv (y), wv (y)) : 
y € Y}isaNS in , then the inverse image of V under f is a NS defined by 


f-(V) = {(u, fu )(u), Fw (a), F*(wy )(u)) su € X} 
The image of NSU = {(v, pu (v), vu (v),wu(v)) : uv € Y} under f isa NS defined by f(U) = {(v, f(uu)(v), fu) (v), f(wu) 


v € Y} where 


sup pu(u), if f7'(v) 40 
f(uu)(v) = 4 ve f-*) 


0 otherwise, 


inf vy(u), if flv) £0 
f(v)(v) = ué f-1(v) u(u) (v) | 
1! otherwise, 
in 7 — 
f(wu)(v) = ee sree f f-*(v) e 0 
1 otherwise, 


foreachu € Y. 


Definition 2.3. [15] A neutrosophic topology (NT) in a nonempty set X is a family 7 of NSs in X satis- 
fying the following axioms: 


(NTI) Ov, 1. € 7; 
(NT2) Gi N G2 € 7 for any G1, G2 € T; 
(NT3) UG; € 7 for any arbitrary family {G; : i € J} Cr. 


Definition 2.4. [15] Let U be a NS in NTS _X. Then 
Nint(U) = U{O : O is an NOS in X and O C U} is called a neutrosophic interior of U; 
Nel(U) = N{O : O is an NCS in X and O D U} is called a neutrosophic closure of U. 


Definition 2.5. [15] Let py,,,4) be a NP in NTS X. A NS U in X is called a neutrosophic neighborhood 
(NN) of p(,,s,z) if there exists a NOS V in X such that p¢54) © V CU; 


Definition 2.6. [3] A subset U of a neutrosophic space (X,7) is called 


1. aneutrosophic pre-open set if VU C Nint(Ncl(U)) and a neutrosophic pre-closed set if Nel(Nint(U)) C 
U, 


2. aneutrosophic semi-open set if U C Ncl(Nint(U)) and a neutrosophic semi-closed set if Nint(Ncl(U)) C 
U, 


3. aneutrosophic a-open set if U C Nint(Ncl(Nint(U))) and aneutrosophic a-closed set if Nel(Nint(Ncl(U))) C 
U, 
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The pre-closure (resp. semi-closure, a-closure) of a subset U of a neutrosophic space (X, 7) is the inter- 
section of all pre-closed (resp. semi-closed, a-closed) sets that contain U and is denoted by Npcl(U) (resp. 
Nscl(U), Nacl(U)). 


3 On neutrosophic aw-closed sets 


Definition 3.1. A subset A of a neutrosophic topological space (X, 7) is called 


1. a neutrosophic Nw-closed set if Ncl(U) C G whenever U C G and G is neutrosophic semi-open in 
(X,7). 


2. a neutrosophic aw-closed (Naw-closed) set if Nwcl(U) C G whenever U C G and G is an Na-open 
set in (X, 7). Its complement is called a neutrosophic aw-open (Naw-open) set. 


Definition 3.2. Let U be a NS in NTS X. Then 
Nawint(U) = U{O : O isan NawOS in X and O C U} is said to be a neutrosophic aw-interior of U; 
Nawcdl(U) =N{O : O is an NawCS in X and O D U} is said to be a neutrosophic aw-closure of U. 


Theorem 3.3. Every Na-closed set and N-closed set are Naw-closed set. 
Proof. Let U be an Na-closed set, then U = Nacl(U). Let U C G, G is Na-open. Since U is Na-closed, 
Nwcel(U) C Nacl(U) C G. Thus U is Naw-closed. 


Theorem 3.4. Every neutrosophic semi-closed set in a neutrosophic set is an N aw-closed. 
Proof. Let U be a Nsemi-closed set in (X,7), then U = Nscl(U). Let U C G, Gis Na-open in (X,7T). 
Since U is Nsemi-closed, Nwcl(U) C Nscl(U) C G. This shows that U is Naw-closed set. 

The converses of the above theorems are not true as explained in Example 3.5. 


Example 3.5. Let X = {u, v, w} and neutrosophic sets A, B, C be defined by: 


A = ((0.1, 0.4, 0.7), (0.9, 0.6, 0.3), (0.9, 0.6, 0.3)) 
B = ((0.6,0.6, 0.4), (0.2, 0.7, 0.8), (1, 0.6, 0.5)) 
C = ((0.1,0.4, 0.8), (0.2, 0.6, 0.4), (0.6, 0.5, 0.9)) 


Let 7 = {0., A, 1.}. Then B is Naw-closed in (X,7) but not Na-closed and thus it is not N-closed and C 
is Naw-closed in (X,7) but not N semi-closed. 


Theorem 3.6. Let (X,7) be a NTS and let U € NS(X). If U is Naw-closed set and U C V C Nwel(U), 
then V is Naw-closed set. 

Proof. Let G be a Na-open set such that V C G. Since U C V, then U C G. But U is Naw-closed, so 
Nwcel(U) C G. Since V C Nwcl(U). Since Nwel(V) C Nwel(U) and hence Nwcl(V) C G. Therefore V 
is a Naw-closed set. 


Theorem 3.7. Let U be a Naw-open set in X and Nwint(U) C V C U, then V is Naw-open. 
Proof. Suppose U is Naw-open in X and Nwint(U) C V C U. Then U is Naw-closed and U C V C 
Nwcl(U). Then U is a Naw-closed set by theorem 3.5. Hence V is a Naw-open set in X. 


Theorem 3.8. A NS U ina NTS (X,rT) is a Naw-open set if and only if V C Nwint(U) whenever V 
is a Na-closed set and V C U. 

Proof. Let U be a Naw-open set and let V be a Na-closed set such that V C U. Then U C V and hence 
Nuwel(U) CV, since U is Naw-closed. But Nwel(U) = Nwint(U), thus V C Nwint(U). 

Conversely, suppose that the condition is satisfied, then Nwint(U) C V whenever V is Na-open set and 
U CV. This implies that Nwel (U) CV = G where G is Na-open set and U CG. Therefore U is Naw- 
closed set and hence U is Naw-open. 


Theorem 3.9. Let U be a Naw-closed subset of (X,7). Then Nwcl(U) — U does not contain any non- 


empty Naw-closed set. 
Proof. Assume that U is a Naw-closed set. Let F' be a non-empty Naw-closed set, such that F C 
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Nwel(U) — U = Nwel(U) NU. ie, F C Nwcl(U) and F C U. Therefore, U C F. Since F isa 


Naw-open set, Nwel(U) C F > F C (Nwel(U) —U) NA (Nwel(U)) © Nwel(U) N Nwel(U). ie., F C ¢. 
Therefore F’ is empty. 


Corollary 3.10. Let U be a Naw-closed set of (X,7). Then Nwel(U) — U does not contain no non-empty 
N-closed set. 
Proof. The proof follows from the Theorem 3.9. 


Theorem 3.11. If U is both Nw-open and Naw-closed set, then U is a Nw-closed set. 
Proof. Since U is both Nw-open and Naw-closed set in X, then Nwcl(U) C U. Also we have U C 
Nwcl(U). This gives that Nwcl(U) = U. Therefore U is a Nw-closed set in X. 


4 Onneutrosophic aw-continuity, connectedness and contra-continuity 


Definition 4.1. Let (X,7) and (Y, oc) be any two neutrosophic topological spaces. 


1. A function f : (X,7) — (Y,¢) is said to be a neutrosophic aw-continuous (briefly, Naw-continuous) 
function if the inverse image of every open set in Y is a Naw-open set in X. 
Equivalently, if the inverse image of every open set in (Y,o) is Naw-open in (X, 7); 


2. A function f : (X,7) — (Y,¢) is said to be a neutrosophic aw-irresolute (briefly, N aw-irresolute) 
function if the inverse image of every Naw-open set in Y is a Naw-open set in X. 
Equivalently, if the inverse image of every Naw-open set in (Y,o) is Naw-open in (X, rT); 


Definition 4.2. A NTS (X, 7) is said to be neutrosophic-awT) ;2(NawT; /2 in short) space if every NawC in 
X isan NC in X. 


Definition 4.3. Let (X,7) be any neutrosophic topological space. (X,7) is said to be neutrosophic aw- 
disconnected (in shortly Naw-disconnected) if there exists a Naw-open and Naw-closed set F’ such that 
F # 0. and F # 1,. (X,7T) is said to be neutrosophic aw-connected if it is not neutrosophic aw- 
disconnected. 


Theorem 4.4. Every Naw-connected space is neutrosophic connected. 

Proof. For a Naw-connected (X, 7) space and let (X, 7) not be neutrosophic connected. Hence, there exists a 
proper neutrosophic set, F =< LR (a) F(a) YF) >> F #0. and F ¥ 1X, such that F is both neutrosophic 
open and neutrosophic closed in (X,7). Since every neutrosophic open set is Naw-open and neutrosophic 
closed set is Naw-closed, X is not Naw-connected. Therefore, (X,7) is neutrosophic connected. 

However, the converse is not true. 


Example 4.5. Let X = {u,v, w} and neutrosophic sets A, B and C be defined by: 


A = ((0.4, 0.5, 0.5), (0.4, 0.5, 0.5), (0.5, 0.5, 0.5)) 
B = ((0.7,0.6, 0.5), (0.7, 0.6, 0.5), (0.3, 0.4, 0.5)) 
C = ((0.5, 0.6, 0.5), (0.5, 0.6, 0.5), (0.5, 0.6, 0.5)) 
( 


Let 7 = {0., A, B,1,}. It is obvious that (X,7) is NTS. Now, (X,7) is neutrosophic connected. However, 
it is not a Naw-connected. 


Theorem 4.6. Let (X,7) be a neutrosophic awT} 2 space. (X,7) is neutrosophic connected iff (X,7) is 
Naw-connected. 


Proof. Let (X, 7) is neutrosophic connected. Suppose that (X,7) is not Naw-connected, and there exists 
a neutrosophic set F’ which is both Naw-open and Naw-closed. Since (X,7) is neutrosophic awT /2> F is 
both neutrosophic open and neutrosophic closed. Therefore, (X,7) is not a neutrosophic connected which is 
contradiction to our hypothesis. Hence, (X,7) is Naw-connected. 
Conversely, let (X,7) is Naw-connected. Suppose that (X, 7) is not neutrosophic connected, and there exists 
aneutrosophic set F such that F’ is both NCs and NOs € (X,7). Since the neutrosophic open set is Naw-open 
and the neutrosophic closed set is Naw-closed, (X,7) is not Naw-connected. Hence, (X, 7) is neutrosophic 
connected. 
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Theorem 4.7. Suppose (X,7) and (Y,c) are any two NTSs. If g : (X,7) > (Y,c) is Naw-continuous 
surjection and (X,7) is Naw-connected, then (Y,) is neutrosophic connected. 

Proof. Suppose that (Y, 7) is not neutrosophic connected, such that the neutrosophic set F is both neutrosophic 
open and neutrosophic closed in (Y,o). Since g is Naw-continuous, g~!(F) is Naw-open and Naw-closed 
in (Y,c). Thus, (Y,o) is not Naw-connected. Hence, (Y, ) is neutrosophic connected. 


Theorem 4.8. Let g : (X,7) — (Y,c) be a function. Then the following conditions are equivalent. 
(i) gis Naw-continuous; 
(ii) The inverse f~!(U) of each N-open set U in Y is Naw-open set in X. 

Proof. It is clear, since g~'!(U) = g-1(U) for each N-open set U of Y. 


Theorem 4.9. If g : (X,7) > (Y,a) be a Naw-continuous mapping, then the following statements holds: 
(i) giNawNcl(U)) C Nel(g(U)), for all neutrosophic set U in X; 
(ii) NawNcl(g~'(V)) C g~'(Nel(V)), for all neutrosophic set V in Y. 

Proof. 


(i) Since Nel(g(U)) is neutrosophic closed set in Y and g is Naw-continuous, then g~'(Ncl(g(U))) is 
Naw-closed in X. Now, since U C g~1(Nel(g(U))). So, Nawel(U) C g~!(Nel(g(U))). Therefore, 
g(NawNcl(U)) C Nel(g(V)). 


(ii) By replacing U with V in (i), we obtain g(/Nawcel(g~1(V))) C Nel(g(g~!(V))) CG Nel(V). Hence 
Nawel(g~1(V)) € g7+(Nel(V)). 


Theorem 4.10. Let g be a function from a NTS (X,7) to a NTS (Y,o). Then the following statements are 
equivalent. 


(i) g is a neutrosophic aw-continuous function. 


(ii) For every NP pir,s,2) € X and each NN U of G(P(r,8,t))> there exists a Naw-open set V such that 
P(r,8,t) EV & g 0}. 


(iii) For every NP py,,s,4) € X and each NN U of g(p(r,s,4)), there exists a Naw-open set V such that 
Pcr,s,t) © V and g(V) CU. 


Proof. (7) = (ii). If p(p,s,4) is a NP in X and also if U be a NN of g(p,,s,¢)), then there exists a NOS W in Y 
such that 9(p(r,s,4)) € W C U. we have g is neutrosophic aw-continuous, V = g_'(W) isan NawOS and 


P(r,s,t) € g *(9(P(r5,t))) c g'(W) =VC g '(U). 


Thus (11) is a valid statement. 

(ii) = (dit). Let pcp,s,4) be a NP in X and take U be a NN of 9(p,,,s,4)). Then there exists a NawOS U such 
that p(r,s,2) € V © g (VU) by (ii). Thus, we have pr,,s,4) € V and g(V) € g(g~*(U)) C U. Hence (iii) is 
valid. 

(itt) > (2). Let V be a NOS in Y and let py,s,4) € g-*(V). Then g(pr,s,4)) € g(g'(V)) C V. Since V isa 
NOS, it follows that V is a NN of 9(p(,,s,4)) So from (iii), there exists a NawOS U such that p,,s,4) € U and 
g(U) C V. This implies that 


Pret) €U Cg *(gU)) Cg? (V). 


Then, we know that g~!(V) isa NawOS in X. Thus g is neutrosophic aw-continuous. 


Definition 4.11. A function is said to be a neutrosophic contra aw-continuous function if the inverse im- 
age of each NOS V in Y is aNawCS in X. 


Theorem 4.12. Let g : (X,7) > (Y,c) be a function. Then, the following assertions are equivalent: 


(i) g is a neutrosophic contra aw-continuous function; 
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(ii) g~'(V) isa Naw CS in X, for each NOS V in Y. 


Proof. (i) = (ii) Let g be any neutrosophic contra aw-continuous function and let V be any NOS in Y. Then, 
V isa NCS in Y. By the assumption g~!(V) is a NawOS in X. Hence, we get that g~!(V) isa NawC'S in 
x, 

The converse of the theorem can be done in the same sense. 


Theorem 4.13. Let g : (X,rT) > (Y,c) be a bijective mapping from an NTS X into an NTS Y. The 
mapping g is neutrosophic contra aw-continuous if Ncl(g(U)) C g(Nawint(U)), for each NS U in X. 
Proof. Let V be any NCS in X. Then, Ncl(V) = V, and also g is onto, by assumption, it shows that 
g(Nawint(g"(V))) 2 Nel(g(g-(V))) = Nel(V) = V. Hence g-!(g(Nawint(g-1(V)))) 2 g71(V). 
Since g is an into mapping, we have Nawint(g~!(V)) = g~!(g(Nawint(g~1(V)))) D g71(V). Therefore 
Nawint(g-1(V)) 

=g '(V), so g~*(V) isa NawOS in X. Hence g is a neutrosophic contra aw-continuous mapping. 


Theorem 4.14. Let g : (X,7) — (Y,c) be a mapping. Then the following statements are equivalent: 
(i) g is a neutrosophic contra aw-continuous mapping; 


(ii) for each NP p,,5,4) in X and NCS V containing g(P(r,8,t)) there exists NawOS U in X containing 
Pcr,s,t) Such that A C f~1(B); 


(iii) for each NP 7,54) in X and NCS V containing p(,.,5 4) there exists NawOS U in X containing p(,.,s,4) 
such that g(U) CV. 


Proof. (i) = (ii) Let g be an neutrosophic contra aw-continuous mapping, let V be any NCS in Y and 
let pr,,s,t) be a NP in X and such that g(pi,,s,z)) € V. Then po,s2) € 9 '(V) = Nawint(g!(V)). Let 
U = Nawint(g~'(V)). Then U is an NawOS and U = Nawint(g~1(V)) C g“1(V). 

(ii) = (iii) The results follows from the evident relations g(U) C g(g~1(V)) CV. 


(itt) = (i) Let V be any NCS in Y and let p,,5,4) be a NP in X such that p,,52) € g~'(V). Then 
g(p(r,s,t)) € V. According to the assumption, there exists an NawOS U in X such that pis) € U 
and g(U) C V. Hence pos1, € U C g-'(g(U)) C g71(V). Therefore py,.1) € U = awint(U) C 
Nawint(g~'(V)). Since, pc,,s,z) is an arbitrary NP and g~'(V) is the union of all NPs in g~'(V), we obtain 


Corollary 4.15. Let X, X1 and X2 be NTSs, p, : X > X1 x Xo (i =1, 2) and po : X > X1 x X2 are the 
projections of X; x X»_ onto X;, (i = 1, 2). If g : X + X1 x Xe is a neutrosophic contra aw-continuous, 
then p;g are also neutrosophic contra aw-continuous mapping. 

Proof. The proof follows from the fact that the projections are all neutrosophic continuous functions. 


Theorem 4.16. Let g : (X1,7) — (Y%,¢c) be a function. If the graph h : X1 > X, x Y; of g is neu- 
trosophic contra aw-continuous, then g is neutrosophic contra aw-continuous. 

Proof. For every NOS V in Y; holds g-!(V) =1Ag7'(V) =h71(1 x V). Since h is a neutrosophic contra 
aw-continuous mapping and 1 x V isa NOS in X1 x Yi, g-1(V) isa NawCS in X4, so g is a neutrosophic 
contra aw-continuous mapping. 


5 Conclusions 
In this paper, we introduced and investigated the neutrosophic aw closed sets and its properties. Also, we in- 


vestigated the continuity, irresolute, connectedness and contra-continuity in terms of neutrosophic aw closed 
sets. 
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The Neutrosophic Triplet of Bl-Algebras 
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Akbar Rezaei, Florentin Smarandache (2020). The Neutrosophic Triplet of Bl-Algebras. 
Neutrosophic Sets and Systems, 33, 313-321 


Abstract: In this paper, the concepts of a Neutro-Bl-algebra and Anti-BI-algebra are introduced, 
and some related properties are investigated. We show that the class of Neutro-Bl-algebra is an 
alternative of the class of BJ-algebras. 


Keywords: B]-algebra; Neutro- BI -algebra; sub-Neutro- BI -algebra; Anti- BI -algebra; sub-Anti- 
BlI-algebra; Neutrosophic Triplet of Bl-algebra. 


1. Introduction 


1.1. BI-algebras 


In 2017, A. Borumand Saeid et al. introduced Bl-algebras as an extension of both a (dual) 
implication algebras and an implicative BCK-algebra, and they investigated some ideals and 
congruence relations [1]. They showed that every implicative BCK-algebra is a Bl-algebra, but the 
converse is not valid in general. Recently, A. Rezaei et al. introduced the concept of a (branchwise) 
commutative BI-algebra and showed that commutative BI -algebras form a class of lower 
semilattices and showed that every commutative Bl-algebra is a commutative BH-algebra [2]. 


1.2 Neutrosophy 


Neutrosophy is a new branch of philosophy that generalized the dialectics and took into 
consideration not only the dynamics of opposites, but the dynamics of opposites and their neutrals 
introduced by Smarandache in 1998 [5]. Neutrosophic Logic / Set / Probability / Statistics etc. are all 
based on it. 

One of the most striking trends in the neutrosophic theory is the hybridization of neutrosophic 
set with other potential sets such as rough set, bipolar set, soft set, vague set, etc. The different 
hybrid structures such as rough neutrosophic set, single valued neutrosophic rough set, bipolar 
neutrosophic set, single valued neutrosophic vague set, etc. are proposed in the literature in a short 
period of time. Neutrosophic set has been a very important tool in all various areas of data mining, 
decision making, e-learning, engineering, computer science, graph theory, medical diagnosis, 
probability theory, topology, social science, etc. 


1.3 NeutroLaw, NeutroOperation, NeutroAxiom, and NeutroAlgebra 


In this section, we review the basic definitions and some elementary aspects that are necessary 
for this paper. 
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The Neutrosophy’s Triplet is (<A>, <neutroA>, <antiA>), where <A> may be an item (concept, 
idea, proposition, theory, structure, algebra, etc.), <antiA> the opposite of <A>, while <neutroA> 
{also the notation <neutA> was employed before} the neutral between these opposites. 

Based on the above triplet the following Neutrosophic Principle one has: a law of composition 
defined on a given set may be true (T) for some set’s elements, indeterminate (/) for other set’s 
elements, and false (F) for the remainder of the set’s elements; we call it NeutroLaw. 

A law of composition defined on a given sets, such that the law is false (F) for set’s elements is 
called AntiLaw. 

Similarly, an operation defined on a given set may be well-defined for some set’s elements, 
indeterminate for other set’s elements, and outer-defined for the remainder of the set’s elements; we 
call it NeutroOperation. 

While, an operation defined on a given set that is outer-defined for all set’s elements is called 
AntiOperation. 

In classical algebraic structures, the laws of compositions or operations defined on a given set 
are automatically well-defined [i.e. true (T) for all set’s elements], but this is idealistic. 

Consequently, an axiom (let’s say Commutativity, or Associativity, etc.) defined on a given set, 
may be true (T) for some set’s elements, indeterminate (J) for other set’s elements, and false (F) 
for the remainder of the set’s elements; we call it NeutroAxiom. 

In classical algebraic structures, similarly an axiom defined on a given set is automatically true 
(T) for all set’s elements, but this is idealistic too. 

A NeutroAlgebra is a set endowed with some NeutroLaw (NeutroOperation) or some 
NeutroAxiom. 

The NeutroLaw, NeutroOperation, NeutroAxiom, NeutroAlgebra and respectively AntiLaw, 
AntiOperation, AntiAxiom and AntiAlgebra were introduced by Smarandache in 2019 [4] and 
afterwards he recalled, improved and extended them in 2020 [5]. 


2. Neutro-BI-algebras, Anti-BI-Algebras 


In this section, we apply Neutrosophic theory to generalize the concept of a BI-algebra. Some 
new concepts as, Neutro-sub- BI -algebra, Anti-sub- BI -algebra, Neutro- BI -algebra, 
sub-Neutro- BI -algebra, NutroLow-sub-Neutro- BI -algebra, AntiLow-sub-Neutro- BI -algebra, 
Anti- BI -algebra, sub-Anti- BI -algebra, NeutroLow-sub-Anti- BI -algebra and 
AntiLow-sub-Anti-Bl-algebra are proposed. 


Definition 2.1. (Definition of classical BI-algebras [1]) 


An algebra (X,*,0) of type (2,0) (i.e. X isa nonempty set, * is a binary operation and 
0 is a constant element of X) is said to be a Bl-algebra if it satisfies the following axioms: 

(B) (vx € X)(x * x = O), 

(BI) (Wx,y © X)(x * (y * x) = Xx). 

Example 2.2. ([1]) 

(i) Let X beaset with 0 € X. Define a binary operation * on X By 


_ (0 ifx=y; 
xey=fy ifx#y. 


Then (X,*,0) isa Bl-algebra. 


(ii) Let S be anonempty set and P(S) be the power set of S. Then (P(S),—,@) isa Bl-algebra. 
Since A—A=@ and for every AE P(S). Also, A— (B—A) =AN(BNA‘)° = AN (BS UA) =A, 
for every A,B € P(S). Thus, (B) and (BI) hold. 
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Definition 2.3. (Definition of classical sub-BI-algebras) 


Let (X,*,0) be a Bl-algebra. A nonempty set S of X is said to be a sub-Bl-algebra of X if 
(Vx,y €S)(x * yES). 


We note that X and {0} are sub-B]-algebra. 


Example 2.4. Let X := {0,a,b,c}bea set with the following table. 


Table | 
*10 |albic 
0;0/0|0}0 
a|O|a\|0O 
b|b |b |0]0 
clc |b ]a]|0O 


Then (X,*,0) isa Bl-algebra. We can see that S = {0,a,b} is asub-algebra of X, T = {0,a,c}is 


notasub-algebra, since, a,c €T, butc * a= bE€T. 


Definition 2.5. (Definition of Neutro-sub-BI-algebras) 


Let (X,*,0) bea Bl-Algebra. A nonempty set NS of X is said to be a Neutro-sub-Bl-algebra of 
X if (Ax,y € NS)(x * y € NS)and (4x,y € NS) such that x*y € NS or x * y =indeterminate. 

We note that X and {0} are not Neutro-sub-B]-algebras. Since * is a binary operation, and so 
x *y €X, forall x,y € X. Also, there are no x, y € {0} such that x * y € {0}. 

Example 2.6. Consider the Bl-algebra (X,*,0) given in Example 24. S = {0,a,c} is a 
Neutro-sub-Bl-algebra, since 0*a =0€S,a*0=ae€ES andc*0=c€S,butc+a=bES. 

Definition 2.7. (Definition of Anti-sub-BI-algebras) 

Let (X,*,0) be a Bl-algebra. A nonempty set AS of X is said to be an Anti-sub-Bl-algebra of X 
if (Vx,y € AS)(x *y € AS). 

We note that X and {0} are not Anti-sub-Bl-algebra. Since * is a binary operation, and so 
x*y €X,forall x,y € X. Also, (Vx,y € {0})(x * y € {0}). 


Example 2.8. Consider the BI -algebra (X,*,0) given in Example 2.4. S= {c} is an 
Antisub-Bl-algebra, since c*c =0€S. 

In classical algebraic structures, a Law (Operation) defined on a given set is automatically 
well-defined (i.e. true for all set’s elements), but this is idealistic; in reality we have many more 
cases where the law (or operation) are not true for all set’s elements. In NeutroAlgebra, a law 
(operation) may be well-defined (T) for some set’s elements, indeterminate (/) for other set’s 
elements, and outer-defined (F) for the other set’s elements. We call it NeutroLaw 
(NeutroOperation). 

In classical algebraic structures, an Axiom defined on a given set is automatically true for all 
set’s elements, but this is idealistic too. In NeutroAlgebra, an axiom may be true for some of the 


set’s elements, indeterminate (/) for other set’s elements, and false (F) for other set’s elements. 
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We call it NeutroAxiom. 

A NeutroAlgebra is a set endowed with some NeutroLaw (NeutroOperation) or 
NeutroAxiom. NeutroAlgebra better reflects our imperfect, partial, indeterminate reality. 

There are several NeutroAxioms that can be defined on a Bl-algebra. We neutrosophically 
convert its first two classical axioms: (B) into (NB), and (BI) into (NBI). Afterwards, the 
classical axiom (BI) is completed negated in two different ways (ABI1) and (ABI2) respectively. 

e (NB) (Ax € NX)(x *y x = 0) and (Ax € NX)(x *y x # 0), 

© (NBI) (Ax, y € NX)(x *y (y *y x) = x) and Gx, y € NX)(x *y (Y *y X) #X), 

© (ABI1) (Wx € NX, 4y € NX)(x *y (y *y x) #X), 

e (ABI2) (Ax € NX, Vy € NX)(x *y (vy *y X) #X). 

In this paper we consider the following: 

Definition 2.9. (Definition of Neutro-BI-algebras) 

An algebra (NX,*y, Oy) of type (2,0) (ie. NX is anonempty set, *, is a binary operation and 
Oy is a constant element of X) is said to be a NeutroBl-algebra if it satisfies the following 
NeutroAxioms: 

(NB) (Ax € NX)(x *yx = Oy) and (Ax € NX)(x *y x # Oy or indeterminate), 
(NBI) (Ax,y € NX)(x *y (y *y xX) = x) and (4x, y € NX)(x *y (y *y X) # xX Or indeterminate). 

Example 2.10. 

(i) Let NX:= { 0y, a, b,c} be a set with the following table. 

Table 2 


*y | Oy | a b jc 
Oy | Oops | Oae| On| Oy 
a ja Ov |a |b 
b |b |b |a |b 
c c b |b On 


Then (NX, *y, Oy) is a Neutro-Bl-algebra. Since a *y a = Oyand b*+y b=a # Oy.Also, 


a*y (Db *y A) =A*y b =aand Cty (b*tyC) =C*yb=b#e. 


(ii) Let R be the set of real numbers. Define a binary operation *y on R by x*yy=x+yt1. 
Then (R,*y,0) is a Neutro-Bl-algebra. Since if x = 0, then 0*,0=0+0+1=1+#0,andif x= 
—0.5, then x#yX=x+x+1=2x+1=-1+1= 0, so (NB) holds. For (NBI), let x ER. If 
y= —x —2, then x *y (y*y x) =x,andif y # —x — 2, then x *y (y*y x) #X. 


(iii) Consider the BI-algebra given in Example 2.2 (ii), it is not a Neutro-Bl-algebra. Since (NB) 
and (NBI) are not valid. 


(iv) Let S be a nonempty set and P(S) be the power set of S. Then (P(S),N,%) is a 
Neutro-Bl-algebra. Since 9 @ = @, and for every A# 0, ANA=A#@. Further, if A&B, then 
An(BnA)=ANA=A. Also, since A,A° € P(S), we get AN(ASN A) =ANGD=O#A. Thus, 
(NB) and (NBI) hold. Moreover, by a similar argument (P(S), U,@), is not a Bl-algebra, but is a 
Neutro-BI-algebra. 


(v) Similarly, (P(S),N,S) and (P(S),U,S) are Neutro-Bl-algebras. 
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(vi) Let R be the set of real numbers. Define a binary operation *y on R by x*yy =x?—y. 
Then (R,*y,0) isnot a Bl-algebra. Since 3 *y 3 = 3* —-3 = 6 #0, so (B) is not valid. If x € {0,1}, 
then x *y x = 0. If x € {0,1}, x *y x #0. Hence (NB) holds. If x € {—y, y}, then x *y (y *y x) = x. 
If x€é{-y,y}, then x*y (y*yx)#x. Thus, (NBI) is valid. Therefore, (R»*y,0) is a 
Neutro-BI-algebra. 


(vii) Let R be the set of real numbers. Define a binary operation *y on R by x*yy=x?-y. 
Then (R,*y,0) is not a Bl-algebra. Since 3 *y 3 = 3-3 =24 #0, so (B) is not valid. If x€ 
{-1,0,1}, then x*yx =O. If x € {-1,0,1}, x*yx#0. Hence (NB) holds. If x=y, then 
X*y (VY ty X) =x. If x #y, then x *y (y *y X) # x. Thus, (NBI) is valid. Therefore, (R,*y,0) is a 
Neutro-Bl-algebra. 


Definition 211. (Definition of sub-Neutro-BI-algebras) 


Let (NX,*y,0) be a Neutro- BI -algebra. A nonempty set NS of NX is said to be a 
sub-Neutro-Bl-algebra of NX if (Vx,y € NS)(x *y y € NS) and NS is itself a Neutro-Bl-algebras. 

Note that NX is a sub-Neutro-Bl-algebra, because *y is a binary operation, and so it is close. 
{ 0y}is not a sub-Neutro-Bl-algebra, since it is not a Neutro-Bl-algebra because Oy = Oy *y Oy € 
{Oy}. 

Example 212. Consider the Neutro-Bl-algebra (NX,*y, Oy) given in Example 2.10 (i). NS = 
{0y,a,b}is a sub-Neutro-Bl-algebra of NX, but NT = {0y,b,c} is not a sub-Neutro-Bl-algebra, 
since bE NT, b+yb=a€ NT. 

Definition 2.13. (Definition of NeutroLaw-sub-Neutro-BI-algebras) 

Let (NX,*y,0y) be a Neutro- B/ -algebra. A nonempty set NS of NX is said to be a 
NeutroLaw-sub-Neutro-Bl-algebra of NX if (Ax,y € NS)(x *y y € NS)and (4x, y € NS)(x *y y € NS). 

{As a parenthesis, we recall that NS had to be itself a Neutro-Bl-algebra, and this could 
occur by NS satisfying one or more of the following: the (VB) NeutroAxiom, the 
(NBI) NeutroAxiom, or the NeutroLaw. We chose, as a particular definition, the 
NeutroLaw.} 

We note that neither NX nor {0} are NeutroLaw-sub-Neutro-algebra. 

Example 2.14. From Example 2.12, NT = {0y,b,c} is a NeutroLaw-sub-Neutro-BI-algebra. 
Since b*#yc =b ENT andb*y b=aé NT. 

Definition 2.15. (Definition of AntiLaw-sub-Neutro-BI-algebras) 

Let (NX,*y,0y) be a Neutro- BJ -algebra. A nonempty set AS of NX is said to be an 
AntiLaw-sub-Neutro-Bl-algebra of X if (Wx,y € AS)(x *y y € AS). 

{Similarly, as a parenthesis, we recall that AS had to be itself an Anti-Bl-algebra, and 
this could occur by AS satisfying one or more of the following: the (AB) AntiAxiom, the 
(NBI) AntiAxiom, or the AntiLaw. We chose, as a particular definition, the AntiLaw.} 

In this case NX is not an AntiLaw-sub-Neutro-Bl-algebra, but {0y} may or may not be an 
AntiLaw-sub-Neutro-algebra. If Oy *y Oy € { Oy}, then it is not an AntiLaw-sub-Neutro-algebra. If 
On *y Oy € { Oy}, then it is. 
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Example 2.16. Let NX:= { Oy, a, b,c} be a set with the following table. 
Table 3 


Then (NX,*y, Oy) isa Neutro-Bl-algebra. AS = {b,c} is an AntiLaw-sub-Neutro-Bl-algebra, 


because b*y b=b*yc=c*yb=c*yc=aE€EAS. 


Definition 2.17. (Definition of Anti-BI-algebras) 


An algebra (AX,*,,0,4) of type (2,0) (ie. AX is anonempty set, *, isa binary operation and 0, 
is a constant element of AX) is said to be an Anti-Bl-algebra if it satisfies the following AntiAxioms, 

(AB) (Vx € AX)(x *, x # 04), 

(ABI) (Wx,y © AX)(x *, (Vy *4 Xx) #X). 

Example 2.18. 

(i) Let N be the natural number and AX:= NU {0}. Define a binary operation * on AX by 
X*,y=xt+yt1. Then (AX,*,,0) is an Anti-Bl-algebra. Since x*,x =x+y+1+#0, for all x€ 
AX, and x *4 (yV*4x) =xX*4(Vtx4+1) =x4+(*4+y4+1)4+1=2x+y4+2 £0, forall x,y € AX. 

(ii) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation A 
(i.e. symmetric difference) by AAB = (AUB) — (ANB) for every A,B € P(S). Then (P(S),A,S) is 
not a Bl-algebra neither Neutro-Bl-algebra nor Anti-Bl-algebra. Since AAA = @ # S for every A € 
P(S) we get (AB) hold, and so (B) and (NB) are not valid. Also, for every A,B € P(S) — {0}, we 
have AA(BAA) = B # A, and since 9 € P(S), we get GA(O@AD) = O. Thus, (ABI) is not valid. 

(iii) Similarly, (P(S),A,@) is nota Bl-algebra neither Neutro-Bl-algebra nor Anti-Bl-algebra. 

(iv) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation V 
as AVB = (AUB) UC, for every A,B € P(S), where C is a given set of P(S) and C ¢ {@,A, B}. 
Then (P(S) — {S},V, 9) is an Anti-Bl-algebra. Since AVA = (AU A) UC =AUC, which can never be 
equal to @ since C# 9. Hence (AB) holds. Also, AV(BVA) # A and so (ABI) holds. 

(v) Let R be the set of real numbers. Define a binary operation *, on R by x*,y =x? +1. 
Then (R,*,4,0) isnot a Bl-algebra. Since 3 x, 3 = 37+1=10#0,s0 (B) isnot valid. Let x,y € R, 
then x*,x=x*+1+#0 and x *,(y*,x) =x*,(y?+1) =x?+1#0. Thus, (R*,4,0) is an 
Anti-B]-algebra. 

(vi) Let R be the set of real numbers. Define a binary operation *, on R by x *,y =x? +1. 
Then (R,*,4,0) isnot a Bl-algebra. Since 3 x, 3 = 37+1=10#0,s0 (B) isnot valid. Let x,y € R, 
then x *,x = x? +1 #0, thus one has (AB), and x *4 (y *,4 x) =x *4 (vy? +1) =x? +1#0, or one 
has (ABI). Therefore, (IR,*,,0) is an Anti-BlJ-algebra. 

Definition 219. (Definition of sub-Anti-BI-algebras) 

Let (AX,*,,0,) be an Anti- BJ -algebra. A nonempty set AS of AX is said to be a 
sub-Anti-Bl-algebra of X if (Vx,y € AS)(x *, y € AS). 

We note that AX is a sub-Anti-Bl-algebra, but {0,} is not a sub-Anti-Bl-algebra, since 
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O4 *4 04 € {04}. 

Example 2.20. Consider the Anti-B/-algebra (AX,*,,0) given in Example 2.18 (i). N is a 
sub-Anti-Bl-algebra of AX. Since x*,y=x+y+1EN, forall x,y EN. 

Definition 221. (Definition of NeutroLaw-sub-Anti-BI-algebras) 

Let (AX,*,,0,) be an Anti- BI -algebra. A nonempty set AS of AX is said to be a 
NeutroLaw-sub-Anti-Bl-algebra of X if (Ax,y € AS)(x *,y € AS) and (4x,y € AS) (x *4 y € AS). 

In this case AX and {0,}are not NeutroLaw-sub-Anti-Bl-algebras. Since Ax,y € AX such that 
x*,y € AX, and similarly for {0,}. 

Example 2.22. Let AX: = {0,, a, b,c} be aset with the following table. 

Table 4 


*, |0,]/a bic 


0O,/b |alela 
aja |c|bib 
b |b |c lala 


c |e |bjlatla 


Then (AX,*,,0,) isan Anti-Bl-algebra. NS = {a,b} isa NeutroLaw-sub-Anti-Bl-algebra, since 
a*x,b=beENS and b*,a=c €NS. 


Definition 2.23. (Definition of AntiLaw-sub-Anti-BI-algebras) 


Let (AX,*,,0) be an Anti- BI -algebra. A nonempty set AS of AX is said to be an 
AntiLaw-sub-Anti-Bl-algebra of X if (Wx,y € AS)(x *, y € AS). 

In this case AX is not an AntiLaw-sub-Anti- BI -algebra, but {0,} may or may not be an 
AntiLaw-sub-Anti-Bl-algebra. If 04 #40, € {0,4}, then it is not an AntiLaw-sub-Anti-algebra. If 
04 *4 0,4 € {0,4}, thenitis. 

Example 2.24. Consider the Anti-Bl-algebra (AX,*, *,0,) given in Example 2.22. AS = {0,}is 
an AntiLaw-sub-Anti-Bl-algebra of AX, since 0,4 *4 0, = b € AS. 


Note. It is obvious that the concepts of Bl-algebra and Anti-Bl-algebra are different. In the 
following example we show that the concept of Neutro-Bl-algebra is different from the concepts of 


BlI-algebra and Anti-B]-algebra. 


Example 2.25. Let X = R— {0}, endowed with the real division + of numbers. (X,+) is well 
defined, since there is no division by zero. Put x :=3 and y:= 2, we obtain 2+ (3 +2) = - #2, 


and so (BI) is not valid. Then (X,+,—1) is not a Bl-algebra, but it is a Neutro-Bl-algebra, since if 
x=y:=+1, then x+y = (41) + (41) =1#-1. If x =3 and y:=—3, then x+y =3+(-3)= 
—1, and so (NB) holds. For (NBI), again x = y = —1, we get (—1) + ((-1) > (-1)) = —1, and if 


x:=4 and y= 7, wehave 4+(7+4)= “ # 4,so (NBI) holds. Also, we can see that (X,+,—1) is 


not an Anti-Bl-algebra, since (AB) and (ABI) are not valid. 
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3. The Neutrosophic Triplet of BlI-algebra 


In 2020, F. Smarandache defined a novel definition of Neutrosophic Triplet of (Algebra, 
NeutroAlgebra, AntiAlgebra) [4]. In this section we give a particular example, when the Algebra is 
replaced by a Bl-algebra, and we get (Bl-algebra, Neutro-Bl-algebra, Anti-BlI-algebra) as below. 


Definition 3.1. Let U be a nonempty universe of discourse, and X, NX and AX be nonempty 
sets of U, and an operation * defined on the set X, and the same operation restrained to the set NX 
(denoted as *n) and to the set AX (denoted as *a) respectively. A triplet (x, NX, AX) endowed with a 
triplet of binary operations (+*,*,,*,) and a triplet of constants (0,0y,0,) is said to be The 
Neutrosophic Triplet of BI-algebra for briefly NT-BI-algebra if it satisfies the following Axioms 
{(B), (BD}, NeutroAxioms {(NB), (NBI)}, or AntiAxioms {(AB), (ABI)} respectively: 


(B) (Vx €X)(x *x = 0), 
(BI) Wx y EX)(x*(y*x) =X), 
(NB) (Ax € NX)(x *y x =Oy) and (Ax € NX)(x *y x # Oy or is indeterminate), 
(NBI) (Ax,y € NX)(x *y (¥*n X) =X) and 
(Ax,y © NX)(x *y (y *y X) # x oris indeterminate), 
(AB) (Vx € AX)(x *,x #0,), 
(ABI) (Wx,y © AX)(x *4 (y *4X) #%X). 
Definition 3.2. A triplet ((S,* ,0), (NS,*y, Ov), (AS,*4,*4)), Where S © X, NS © NX and AS & AX 
is said to be a sub-NT-Bl-algebra of NT-Bl-algebra ((X,* ,0), (NX,*y, On), (AX,*4,*4)) if: 
(i) (S,*,0) is a sub-Bl-algebra of (X,* ,0), 
(ii) (NS,*y,0y) is a sub-Neutro-Bl-algebra of (NX,*y,0y), 
(iii) (NS,*,4,0,) is an sub-Anti-Bl-algebra of (AX,*,, 04). 
4. Conclusions 


In this paper, we introduced the notions of new types of sub- BI -algebras. Also, 
Neutro- BIJ -algebras, sub-Neutro- BIJ -algebras, NeutroLow-sub-Neutro- BI -algebras, 
AntiLow-sub-Neutro- BI _ -algebras, Anti-Bl-algebras, sub-Anti- BI __ -algebras, 
NeutroLow-sub-Anti- B] -algebras, AntiLow-sub-Anti- B] -algebras are studied and by several 
examples showed that the notions are different. Finally, the concept of a Neutrosophic Triplet of 
Bl-algebra is defined. For future work we would define some types of NeutroFilters, Neutroldeals, 
AntiFilters, Antildeals in the Neutrosophic Triplet of BJ-algebras. 
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NeutroAlgebra of Neutrosophic Triplets using {Zn , x} 
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W. B. Vasantha Kandasamy, llanthenral Kandasamy, Florentin Smarandache (2020). 
NeutroAlgebra of Neutrosophic Triplets using {Zn, x}. Neutrosophic Sets and Systems, 
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Abstract. Smarandache in 2019 has generalized the algebraic structures te NeutreAlgebraic structures and 
AntiAlgebraic structures. In this paper, authers, fer the first time, define the NeutreAlgebra ef neutresephic 
triplets greup under usual + and x, built using {Z,, x}, n a cempesite number, 5 < n < ov, which are net 
partial algebras. As idempetents in Z, alene are neutrals that centribute te neutresephic triplets greups, we 
analyze them and build NeutreAlgebra ef idempetents under usual + and x, which are net partial algebras. 
We preve in this paper the existence theerem fer NeutreAlgebra ef neutresephic triplet greups. This preves the 
neutrals assecaited with neutresephic triplet greups in {Z,,, x } under preduct is a NeutreAlgebra ef triplets. We 
alse preve the nen-existence theerem ef NeutreAlgebra fer neutresephic triplets in case ef Z, when n = 2p, 3p 
and 4p (fer seme primes p). Several epen preblems are prepesed. Further, the NeutreAlgebras ef extended 


neutresephic triplet greups have been ebtained. 


Keywords: neutresephic triplets; neutresephic extended triplets; neutresephic triplet greup; neutresephic 
extended triplet greup; NeutreAlgebra; partial algebra; NeutreAlgebra ef neutresephic triplets; NeutreAlgebra 
ef neutresephic extended triplets; AntiAlgebra 


1. Introduction 


The neutresephic theery prepesed by Smarandache in [1] has beceme a pewerful teel in 
the study/analysis ef real-werld data as they are deminated by uncertainty, incensistency, 
and indeterminacy. Neutresephy deals with the neutralities and indeterminacies ef real-werld 
preblems. The innevative cencept ef neutresephic triplet greups was intreduced by [2], which 


gives fer any element a in (C,*), the anti(a) and neut(a) satisfying cenditiens 


a * neut(a) = neut(a) *a=a 
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and 
a * anti(a) = anti(a) * a = neut(a) 


where neut(a) is not the identity element or the classical identity of the group. They call 
(a, neut(a), anti(a)) as the neutrosophic triplet group. These neutrosophic triplets built using 
Zy are always symmetric about the neutral elements. For if (a, neut(a), anti(a)) is neutro- 
sophic triplet then (anti(a), neut(a),a) there by giving a perfect symmetry of a and anti(a) 
about the neut(a). The study of neutralities have been carried out by several researchers in 
neutrosophic algebraic structures like neutrosophic triplet rings, groups, neutrosophic quadru- 
ple vector spaces, neutrosophic semi idempotents, duplets and triplets in neutrosophic rings, 
neutrosophic triplet in biaglebras, neutrosophic triplet classical group and their applications, 
triplet loops, subgroups, cancellable semigroups and Abel-Grassman groupoids [2}124). 

has defined a classical group structure on these neutrosophic triplet groups and has 
obtained several interesting properties and given open conjectures. Smarandache defined 
the Neutrosophic Extended Triplet, when the neutral element is allowed to be the classical 
unit element. Zhang et al has defined neutrosophic extended triplet group and have obtained 
several results in {25]. Later have obtained some results on neutrosophic extended triplet 
groups with partial order defined on it. More results about neutrosophic triplet groups and 
neutrosophic extended triplet groups can be found in 5 

We in this paper study the very new notion of NeutroAlgebra introduced by [33]. Several 
interesting results are obtained in [1.2}/34}/36], and they introduced Neutro BC Algebra and 
sub Neutro BI Algebra and so on. NeutroAlgebras and AntiAlgebras in the classical number 
systems were studied in [37]. 

Here we introduce NeutroAlgebra under the usual product and sum in case of idempotents 
in the semigroups {Z,, x}, n a composite number, 5 < n < co. This study is very important 
for all the neutrosophic triplets in {Z,, x}, happen to be contributed only by the idempotents, 
which are the only neutrals in {Z,,, x}. We obtain NeutroAlgebras under usual + and x in the 
case of neutrosophic triplet groups and neutrosophic extended triplet groups. It is pertinent 
to keep on record we define classical product on neutrosophic triplets, and they are classical 
groups under product of these triplets. This paper has six sections. Section one is introductory 
in nature, and basic concepts are recalled in section two. Section three obtains the existence 
and non-existence theorem on NeutroAlgebras under usual + or x using neutrosophic triplet 
groups. In section four, a similar study is carried out in the case of neutrosophic extended 
triplet groups. The fifth section provides a discussion on this topic, and the final section gives 
the conclusions based on our study and some open conjectures which will be taken for future 


research by the authors. 


781 


Florentin Smarandache (author and editor) Collected Papers, IX 


2. Basic Concepts 


Here we recall some basic definitions which is important to make this paper a self contained 


one. 


Definition 2.1. Let us assume that N is an empty set and with binary operation * defined 
on it. N is called a neutrosophic triplet set (NTS) if for any a € N, there exists a neutral of 
“a” (denoted by neut(a)), and an opposite of “a” (denoted by anti(a)) satisfying the following 
conditions: 
a * neut(a) = neut(a) *a=a 
a * anti(a) = anti(a) «a = neut(a). 
And, the neutrsophic triple is given by (a, neut(a), anti(a)). 


In a neutrosophic triplet set (N, *), a € N, neut(a) and anti(a) may not be unique. 


In the definition given in [2i, the neutral element cannot be an unit element in the usual 
sense, and then this restriction is removed, using the concept of a neutrosophic extended triplet 
in [26]. 

The classical unit element can be regarded as a special neutral element. The notion of 
neutrosophic triplet groups and that of neutrosophic extended triplet groups are distinctly 


dealt with in this paper. 


Definition 2.2. Let us assume that (N, *) is a neutrosophic triplet set. Then, N is called a 
neutrosophic triplet group, if it satisfies: 

(1) Closure Law, i.e., axb € N,Va,b€ N; 

(2) Associativity, i.e., (a * b) *c=ax* (b*c),Va,b,cE N 
A neutrosophic triplet group (V,*) is said to be commutative, if a* b= bx a,Va,beE N. 


Let (A) be a concept (as in terms of attribute, idea, proposition, or theory). By the 
neutrosphication process, we split the non-empty space into three regions two opposite ones 
corresponding to (A) and (anti A), and one neutral (indeterminate) (neut A) (also denoted 
(neutro A)) between the opposites, which may or may not be disjoint; depending on the 
application, but their union equals the whole space. 

A NeutroAlgebra is an algebra that has at least one neutro operation or one neutro axiom 
(axiom that is true for some elements, indeterminate or false for the other elements) [33]. A 
partial algebra has at the minimum one partial operation, and all its axioms are classical. 
Through a theorem in [34], proved that NeutroAlgebra is a generalization of partial algebra, 
and also give illustrations of NeutroAlgebras that are not partial algebras. Boole has defined the 
Partial Algebra (based on Partial Function) as an algebra whole operation is partially well- 


defined, and partially undefined (this undefined goes under Indeterminacy with respect 
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to NeutroAlgebra). Therefore, a Partial Algebra (Partial Function) has some elements for 
which the operation is undefined (not outer-defined). Similarly an AntiAlgebra is a nonempty 
set that is endowed with at least one anti-operation (or anti-function) or at least one anti- 


axiom. 


3. NeutroAlgebras of neutrosophic triplets using {Z,,, x } 


Here for the first time authors build NeutroAlgebras using neutrosophic triplets group built 
using the modulo integers Z,; n a composite number. Neutrosophic triplet groups and ex- 
tended neutrosophic triplet groups were studied by [25}[26}. First we define NeutroAlgebra 
using the non-trivial idempotents of Z,,, . a composite number. This study is mandatory as 
all the neutral elements of neutrosophic triplets build using Z,, are only the non-trivial idempo- 
tents of Z,. Next we give the existence and non existence theorems in case of NeutroAlgebras 
for these neutrosophic triplet sets. We give some interesting properties about them. Further 
it is important to note unless several open conjectures about idempotents in Z, given in (13, 
are solved or some progress is made in that direction it will not be possible to completely char- 
acterize NeutroAlgebras of the neutrosophic triplet groups or extended neutrosophic triplet 
groups. We will be using to get NeutroAlgebras of idempotents and NeutroAlgebra of 
neutrosophic triplet sets. First we provide examples of NeutroAlgebra using subsets of the 


semigroup {Z,,, x} and then NeutroAlgebra of idempotents in {Z,, x}. 


Example 3.1. Let S = {Z15, x} be a semigroup under product modulo 15. Now consider the 
subset A = {5,10,14} € S. The Cayley table for A is given in Table [1] where outer-defined 


elements are denoted by od. 


TABLE 1. Cayley Table for A 


5 | 10} 14 
10] 5 | 10 
10} 5 | 10) 5 
14/10} 5 | od 


We see the table has outer-defined elements denoted by od. So A is a NeutroAlgebra which 
is not a partial algebra, since the operation 14 x 14 is outer-defined. 14 x 14 = 1 (mod 15), 
but 1 ¢ {5,10,14}. Therefore Table 1 is only a NeutroAlgebra. Every subset of S need not be 
a NeutroAlgebra. For take B = {3,6,9,12} a subset in S. Consider the Cayley table for B is 
given in Table [2] 

B is not a NeutroAlgebra as every term in the cell is defined and associativity axiom is 


totally true.. 
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TABLE 2. Cayley Table for B 


x | 3} 6) 9) 12 
3 | 9 | 3 | 12) 6 
6 | 3 | 6 12 
9 );12/ 9 3 
12; 64)12| 3) 9 


Clearly B is a subsemigroup of S’, in fact a group under x modulo 15 with 6 as its multi- 
plicative identity, so S is a Smarandache semigroup [10]. 
Consider C = {2,7,8} a subset of S. The Cayley table for C is given in Table [3] this has 


every cell to be outer-defined. 


TABLE 3. Cayley Table for C 


Co;N]| NM] X 
° 
Q 
° 
Q 
° 
Q 


So C is not a NeutroAlgebra or a subsemigroup but an AntiAlgebra since the operation x 


is totally outer-defined under x modulo 15. 


Thus we can categorically put forth the following facts. 
Every classical algebraic structure A with binary operations defined on it is such that any 


proper subset B of A with inherited operation of A falls under the three categories; 


(1) B can be a proper substructure of a stronger structure of A with the inherited opera- 
tions of A. 

(2) B can only be a NeutroAlgebra, which may be a Partial Algebra, when some operation 
is undefined, and all other operations are well-defined and all axioms are true. 

(3) B can be an AntiAlgebra when at least one operation is totally outer-defined. or at 
least one axiom is totally false. 

Under these circumstances if one wants to get a NeutroAlgebra which is not a partial 
algebra for a proper subset of a classical algebraic structure one should exploit the special 
axioms satisfied by them, to this end we study the property of idempotents in the semigroup 
1 25 

We also in case of neutrosophic triplet group obtain a NeutroAlgebra which is not a partial 


algebra. 
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First we give examples of NeutroAlgebra which are not partial algebras using idempotents 


of the semigroup S = {Z,,, x}. 


Example 3.2. Let S = {Z%, x} be the semigroup under product modulo 6. The nontrivial 
idempotents of S are V = {3,4}. The Cayley table for V is given in Table [4| 


TABLE 4. Cayley Table for V 


x| 3] 4 
od 
od| 4 


So V is a NeutroAlgebra under x but not a partial algebra. For the same V define operation 
+ modulo 6, the Cayley table for V is given in Table |5] and V is AntiAlgebra and not a partial 


algebra either. 


TABLE 5. Cayley Table for V 


+|3)4 
3 | od | od 
4 | od | od 


Suppose we take W = {0,1,3,4} the collection of trivial and non trivial idempotents of S, 


and if we take S as a whole set but study the idempotent axiom in W we see from Table [6] 


TABLE 6. Cayley Table for W 


el_wlre!o)] x 
oO;OoO;}o;o;o 
ml wle | O]r 
Wl wl wloysw 
elo; r}|o;]-e 


Suppose we find the Cayley table for W under + we get the Cayley table given in the 
following Table 

W itself is a NeutroAlgebra under usual + with several undefined terms. W under usual 
product is a subsemigroup of idempotents of S; where as S under sum of idempotents is a 


NeutroAlgebra which is not a partial algebra under the axiom of the property of idempotency. 


Now if we take for any subset of S the axiom of idempotent property we get NeutroAlgebras 
which are not partial algebras. 


To this effect we provide an example. 
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TABLE 7. Cayley Table for W 


+/0} 1/3 
0/0) 1)3 
1|1}od)|4 | od 
3/3] 4 )0] 1 
4 |4]}]od]1 | od 
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Example 3.3. Let S = {Z42, x} be the semigroup under product modulo 42. The trivial and 
non trivial idempotents of S are B = {0,1,7, 15, 21,22, 28,36}. We define + modulo 42 on 


this set of idempotents keeping the resultant what we need is the axiom of idempotency. The 


Cayley table for B is given in Table 


TABLE 8. Cayley Table for B 


+);0/ 1 | 7 | 15 |} 21] 22 | 28 | 36 
O;} Oj] 1 4} 7 | 15] 21 | 22 | 28 | 36 
1 | 1 | od J od | od | 22 | od J od | od 
7 | 7 | od} od | 22 | 28] od]od} 1 
15 | 15 | od | 22 | od | 36 | od | 1 J od 
21 | 21 | 22) 28) 36); 0; 1 | 7 | 15 
22 | 22 | od} od | od} 1 | od J od | od 
28 | 28|od}od| 1 | 7 | od} od | 22 
36 | 36 |} od) 1 | od | 15] od | 22 | od 


Thus B is a NeutroAlgebra which is not a partial algebra under the axiom of idempotency. 


Thus we have a large class of NeutroAlgebras which are not partial algebras. 


As the main theme of this paper is study of neutrosophic triplets using modulo integers 


{Zn, x} and prove the existence theorem and non-existence theorem of NeutroAlgebra of 


neutrosophic triplet groups. 


In view of all these we have the following existence theorem of NeutroAlgebra of neutrosophic 


triplets. 


Theorem 3.4. Let S = {Z,, x}, n not a prime, 5 <n < oo. Let V be the collection of all 


non trivial idempotents that is all neutrals of S, where 0 and 1 are not in S. Then V under 


product is a NeutroAlgebra of triplets. 


Proof. Let W = {wy,we,..., wz} be the non trivial idempotents of S. It is proved in 


that if W; is the set of all neutrosophic triplets of a non trivial idempotent w; in S which 
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serves as the neutral for the collection W; then {W;, x} is a neutrosophic triplet classical 
group under usual product and 7 varies over all neutrals; 1 <i < t. If V is the collection of all 
neutrosophic triplets (this V will include all W; for different neutrals or non trivial idempotents 
in S), associated with S = {Z,, x}; then V is not closed under usual product and there 


are many undefined elements under usual product so V is a NeutroAlgebra of neutrosophic 


triplets. Hence the claim. 


In view of this we have the following partial non existence theorem of NeutroAlgebra of 
neutrosophic triplets under + for Zn, where n = 2,3 and 4 for some values of P provided 
in the Tables 9, 10 and 11. We have for Z,, n a product of more than two primes can have 


NeutroAlgebra of neutrosophic triplets under +. 


Theorem 3.5. Let S = {Znp, x}; where n = 2, 8 and 4, (p a specific prime and np is not 
a square of a prime, prime values refer Tables |9, and{11) be a semigroup under product 
modulo np. If V denotes the collection of all idempotents associated with the non trivial 


idempotents of Znp then {V,+} is never a NeutroAlgebra of triplets for n = 2, 3 and 4. 


Proof. Recall from that there are two idempotents in all the three cases when n = 2p or 


3p or 4p given in Tables [9] [10] and g 


TABLE 9. Idempotent table for Zo, 


S.no | Zo, | p | ptl 
1 Zo | 3 | 4 
2 |Z0/ 5 | 6 
3 |Z44|/ 7] 8 
4 Zo} 11} 12 
oe ||) a 
6 234 | 17} 18 
7 238 | 19} 20 
8 | Zs | 23) 24 
9 | Zs5g | 29} 30 


We see any sum of the idempotents is 1 and product is 0. 

Here in Z3, and Z4, also sum of idempotents is 1 and that product is 0. Tables are provided 
for them 13}. In case of 2p the nontrivial idempotents are p and p+ 1, clearly under sum this 
is a set. Thus we have proved the non-existence of NeutroAlgebra of idempotents under ’+’. 


To this effect first provide an example. 
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TABLE 10. Idempotent table for Z3,, 


S.No. | Z3p |p |p+1|2p |2p+1 
1 Z15 \|- |6 10 | - 

2 Zy |7 |- - 15 

3 233 «| - T2 22 | - 

4 Z39 | 13 | - - 27 

5 Bei. || | 48 34 |- 

7 Zs7 | 19) - - 39 

8 Ze9 | - | 24 46 | - 

9 Zis9|- | 54 106 | - 


TABLE 11. Idempotent table for Z4, 


S.No. | Za |p | p+1| 3p | 3p+1 
1 Z2 |- |4 9 - 

2 Zo |5 |- - 16 

3 Zog | - 8 21 | - 

4 Zaa |- | 12 33 | - 

5 452 | 13 | - - 40 

6 Z7 |- | 20 57 | - 

7 Z212 | 53 | - - 160 

8 Z388 | 97 | - - 292 

9 2332 | - | 84 249 | - 


Example 3.6. Consider the semigroup S = {Zj9, x}. The nontrivial idempotents of S which 
contribute to the neutrosophic triplet set are; {6,5} in Z19. Consider the neutrosophic triplet 
set V = {(5, 5,5), (6, 6,6), (8, 6, 2), (2,6,8), (4,6,4)}. It is proved V\{(5, 5, 5)} is a neutrosophic 
triplet classical group under x [13]. Now the Cayley table of V under usual product x is given 
in Table 


TABLE 12. Cayley Table for V 


x (5,5,5) | (6,6,6) | (8,6,2) | (2,6,8) | (4,6,4) 
(5,5,5) | (5,5,5) od od od od 
(6,6,6) od (6,6,6) | (8,6,2) | (2,6,8) | (4,6,4) 
(8,6,2) od (8,6,2) | (4,6,4) | (6,6,6) | (2,6,8) 
(2,6,8) od (2,6,8) | (6,6,6) | (4,6,4) | (8,6,2) 
(4,6,4) od (4,6,4) | (2,6,8) | (8,6,2) | (6,6,6) 
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Clearly V is a NeutroAlgebra under usual product and not a partial algebra. Since we have 
not included the neutrals that is non trivial idempotents like 0 and 1 we have this to be only 


a NeutroAlgebra of triplets. 


TABLE 13. Cayley Table for V 


+ | (5,5,5) | (6,6,6) | (8,6,2) | (2,6,8) | (4,6,4) 
(5,5,5) | od od od od od 
(6,6,6) | od od od od od 
(8,6,2) | od od od od od 
(2,6,8) | od od od od od 
(4,6,4) | od od od od od 


Thus the neutrosophic triplets collection yields only a set under addition where no pair of 
neutrosophic triplets gives under sum a neutrosophic triplet. Hence our claim no NeutroAl- 
gebra neutrosophic triplets under addition. So V in Table [13] is an AntiAlgebra. Likewise the 
cases 3p and 4p from tables. 

So if we include the non trivial idempotents 0 and 1 then we can get NeutroAlgebra of 


idempotents under + which is carried out in the following section. 


Example 3.7. Consider the semigroup S' = {Zj05, x} under x modulo 105. The non trivial 
idempotents are V = {15, 21, 36, 70, 85,91}. Let M be the collection of all neutrosophic triplets 
using the idempotents in V. M contains elements say { (15, 15, 15), (21, 21, 21), (36, 36, 36), 
(30, 15, 60), (51, 36, 81)}, from the Cayley table of M under + we see there are some undefined 
terms also given in Table 


TABLE 14. Cayley Table for M@ 


is (15,15,15) | (21,21,21) | (36,36,36) | (30,15,60) | (51,36,81) 
(15,15,15) od (36,36,36) od od od 
(21,21,21) | (36,36,36)| od od | (51,36,81)| od 
(36,36,36) od od od od od 
(30,15,60) od (51,36,81) od od od 
(51,36,81) od od od od od 


Hence we have a NeutroAlgebra of neutrosophic triplets under +. 


We propose some open problems in this regard in the final section of this paper. 
Now we find ways to get NeutroAlgebra of neutrosophic triplets under +. The possibility is by 


using extended neutrosophic triplets group we can have for all Z,,, n any composite number 
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NeutroAlgebra of neutrosophic triplets under +. Unless the conjectures proposed in is 
solved complete characterization is not possible, only partial results and examples to that 
effect are possible. 


In the following section we discuss NeutroAlgebra of extended neutrosophic triplet sets. 


4. NeutroAlgebra of extended neutrosophic triplets using {Z,,, x} 


In this section we prove the existence of NeutroAlgebra of extended neutrosophic triplets 
using {Z,, x}, for more about extended neutrosophic triplets refer under both + and 
x. Throughout this section we assume the collection of idempotents contains both the trivial 
idempotents 1 and 0. It is thus mandatory the neutrosophic triplet set collection contains (0, 
0, 0) and (1, 1, 1) apart from the neutrosophic triplets of the form (a, 1, anti a@ = inverse of 
a), where a is in Z, which has inverse in Zp. 

We first prove the collection of all trivial and non trivial idempotents in Z, is a NeutroAl- 


gebra under + and also under x. 


Theorem 4.1. Let S = {Z,, x} be the semigroup under product modulo n,5 <n < co. Let 
V = {Collection of all idempotents in Z, including 0 and 1 }. 


(1) V \ {0,1} is a NeutroAlgebra of idempotents under x modulo n. 
(2) Vis a NeutroAlgebra of idempotents under + mod n. 


Proof. Consider V \ {0,1} for every x in V \ {1,0} is such that « x x = x, so V \ {1,0} isa 
NeutroAlgebra under x. Hence (1) is true. 

Proof of (2): To show V is a NeutroAlgebra of idempotents under +. Since 0 is in V we 
have for every x € V; 0+2 = 2 is in V, however we do not in general have the sum of two 


idempotents to be an idempotent. For instance 1 +1 = 2 is not an idempotent so (V,+) has 


undefined elements, hence undefined. Thus (2) is proved. 


We provide an example to this effect. 


Example 4.2. Let S = {Zj0, n, x} be the semigroup under x modulo 10. The trivial and non 
trivial idempotents are V= {0, 1, 5, 6}. It is easily verified V is a NeutroAlgebra under-+, for 6 + 
6 = 2 modulo 10. However V is not a NeutroAlgebra under x, but V\ {0, L}is a NeutroAlgebra 
under x modulo 10. For 6 + 5 = 1 modulo 10, so V \{1, 0} is a NeutroAlgebra. Now the 
neutrosophic triplets of S associated with the idempotents Vare N = { (0, 0, 0),(1, 1, 1), (5, 1, 
5), (3, 1, 7), (7, 1, 3), (5, 5, 5), (6, 6, 6), (4 ,6, 4), (2, 6, 8) and (8, 6, 2) }. We see N under + isa 
NeutroAlgebra, for (1, 1, 1) + (7, 1, 3) = (8, 2, 4) is not in N. N is not a NeutroAlgebra under +. 
But N \ { (0, 0, 0), (1, 1, 1), (5, 1, 5), (3, 1, 7), (7, 1, 3) } = W neutrosophic triplets formed by 


the non trivial idempotents 5 and 6 is a NeutroAlgebra as (5, 
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5, 5) x (2, 6, 8) = (0, 0, 0) which is not in W. Hence the claim. If {(0,0,0)} is added, then 
the set V becomes a NeutroAlgebra under +. 


TABLE 15. Cayley Table for V 


+ | (0,0, 0) | (5,5,5) | (6,6,6) | (8,6,2) | (2,6,8) | (4,6,4) 
(0, 0, 0) | (0, 0, 0) | (5,5,5) | (6,6,6) | (8,6,2) | (2,6,8) | (4,6,4) 
(5,5,5) | (5,5,5) od od od od od 
(6,6,6) | (6,6,6) od od od od od 
(8,6,2) | (8,6,2) od od od od od 
(2,6,8) | (2,6,8) od od od od od 
(4,6,4) | (4,6,4) od od od od od 


Theorem 4.3. Let S = {Z,,x} be a semigroup under x modulo n, where n is not a prime 
and5<n< oo. Let N = {collection of all extended neutrosophic triplet set including (0, 0, 


0), and all neutrosophic triplets associated with the trivial idempotent 1}. 


(1) N is a NeutroAlgebra under + of extended neutrosophic triplets set. 
(2) N \ {(0,0,0)} ts a NeutroAlgebra of extended neutrosophic triplet set under product 


modulo n. 


Proof. Let N be the collection of all extended neutrosophic triplets including (0, 0, 0) and (1, 
1, 1) and other triplets associated with the neutral 1. 

Proof of (1): In the case extended triplet N we see sum of two idempotents need not be 
idempotent for (1, 1, 1) + (1, 1, 1) = (2, 2, 2) is not in N, hence N is the NeutroAlgebra 
of extended neutrosophic triplets which is not a partial algebra as the axiom of neutrosophic 
triplets is not satisfied. 

Proof of (2): Consider N \ {(0,0,0)}. Clearly in general the product of any two idempotents 
is not an idempotent in Z,, and several triplets are undefined and do not in general satisfy 
the triplet relation (13}. Hence the claim. 


5. Discussions 


The study of NeutroAlgebra introduced by is very new, here the authors built Neu- 
troAlgebra using idempotents of {Z,, x} a semigroup under x modulo n for appropriate n 
which are not partial algebras. Likewise NeutroAlgebra built using neutrosophic triplets set 
and extended neutrosophic triplets set. Some open problems based on our study is proposed 


in the section on conclusions. 
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6. Conclusions 


For the first time authors have NeutroAlgebra using idempotents of a semigroup S = 
{Z,, x}; n a composite number 5 < n < oo, neutrosophic triplets and extended neutrosophic 
triplets. We have obtained NeutroAlgebras of idempotents which are not partial algebras un- 
der the classical operation of + and x only using S = {Z,, x}, the semigroup under product 
for appropriate n. We have obtained both existence and non-existence theorem for NeutroAl- 
gebras of idempotents in S. We suggest certain open problems for researchers as well as these 
problems will be taken by the authors for future study. 

Problem 1: Does there exist a n (n a composite number) such that using {Z,,, x} there 
are no non trivial NeutroAlgebra of neutrosophic triplet set and NeutroAlgebra in extended 
neutrosophic triplet set? 

Problem 2. Does there exist an, n a composite number such that {Z,, x} has its collection 


of trivial and non trivial idempotents denoted by N to be such that; 


e (N,+) is not NeutroAlgebra of idempotents ? 
e (N, x) is not a NeutroAlgebra of idempotents? 


Problem 3: Prove in case of {Z3p, x} and {Z4,, x}, the idempotents are only of the form 
mentioned in Tables 10 and {11} respectively. 
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Neutrosophic N —bi-ideals in semigroups 


K. Porselvi, B. Elavarasan, Florentin Smarandache, Young Bae Jun 


Porselvi, B. Elavarasan, Florentin Smarandache, Young Bae Jun (2020). Neutrosophic 
N-bi-ideals in semigroups. Neutrosophic Sets and Systems, 35, 422-434 


Abstract: In this paper, We introduce the notion of neutrosophic X-bi-ideal for a semigroup. We 
infer different semigroups using neutrosophic N -bi-ideal structures. Moreover, for regular 


semigroups, neutrosophic X-product and intersection of neutrosophic N-ideals are identical. 


Keywords: Semigroup, ideal, bi-ideal, neutrosophic N— ideals, neutrosophic X& -bi-ideals, 


neutrosophic & —product. 


1. Introduction 


In 1965, Zadeh [16] introduced the idea of fuzzy sets for modeling the ambiguous theories in the 
globe. In 1986, Atanassov [1] generalized fuzzy set and named as intuitionistic fuzzy set, and 
discussed it. Also from his view point, there are two degrees for any object in the world. They are 
degree of membership to a vague subset and degree of non-membership to that given subset. 

Smarandache generalized fuzzy and intuitionistic fuzzy set, and referred as Neutrosophic set 
(see [2, 3, 6, 13-15]). It is identified by a truth, a falsity and an indeterminacy membership function. 
These sets are applied to many branches of mathematics to overcome the complexities arising from 
uncertain data. Neutrosophic set can distinguish between absolute membership and relative 
membership. Smarandache used this in non-standard analysis such as result of sport games 
(winning/defeating/tie), decision making and control theory, etc. This area has been studied by 
several authors (see [5, 10-12]). 

In [8], M. Khan et al. presented and discussed the concepts of neutrosophic 8 —subsemigroup 
of semigroup. In [5], Gulistan et al. have studied the idea of complex neutrosophic subsemigroups. 
They have introduced the notion of characteristic function of complex neutrosophic sets, direct 
product of complex neutrosophic sets. 

In [4], B. Elavarasan et al. introduced the concepts of neutrosophic & —ideal of semigroup and 
explored its properties. Also, the conditions are given for neutrosophic X —structure becomes 
neutrosophic ® —ideal. Further, presented the notion of characteristic neutrosophic X& —structure 
over semigroup. 

Throughout this article, X denotes a semigroup. Recall that for any subsets A and B of X, 
AB = {uw|u € A and w € B}, the multiplication of A and B. 

For a semigroup X, 


(i) @#U CX isasubsemigroup of X if U* CU. 
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(ii) A subsemigroup U of X is left (resp., right) ideal if XU G U (resp., UX G U).U is an ideal of X 
if U is both left and right ideal of xX. 

(iii) X is left (resp., right) regular if for each s € X, there exists x € X such that s = xs*(resp., s = 
s*x) [7]. 

(iv) X is regular if for each s € X, there exists x € X such that s = sxs [9]. 

(v) X is intra-regular if for everys € X, there exist x,y € X suchthat s = xs*y [9]. 

(vi) A subsemigroup Yof Xis bi-ideal if YXY CY. For any r’€X, B(r') = {r',r'’,r'Xr'} is the 


principal bi-ideal of X generated by r’. 


2. Basics of neutrosophic & — structures 


In this section, we present the required basic definitions of neutrosophic & —structures of X that 
we need in the sequel. 

The collection of functions from a set X to [—1,0] is denoted by 3(X,[-1,0]). Note that 
f © 3(X,[-1,0]) is a negative-valued function from X to [—1,0] (briefly, 8 —function on X). Here 
X —structure means (X,f) of X. 


Definition 2.1. [8] A neutrosophic ® — structure of X is defined to be the structure: 
eae a ae ae 


(Twin, Fu) \TwG@D,IwGO, Fw) 
where Ty is the negative truth membership function on X, Iy is the negative indeterminacy 


membership function on X and Fy is the negative falsity membership function on X. 


Note that for any x € X, Xy satisfies the condition —3 < Ty(x) + Iy(x) + Fy(x) < 0. 


Definition 2.2. [8] A neutrosophic 8 —structure Xy of X is called a neutrosophic % —subsemigroup 
of X if the below condition is valid: 


Ty (gil) < Tw (gi) ¥ Tw (hy) 
(v Gh; E x) Iy (gih;) = In (gi) A Iy (hj) ; 
Fy(gihj) < F(a) v Fw (hy) 


Let Xy be a neutrosophic X — structure of X and let A,6,e € [-1,0] with -3<A+ 5+ e< 
0. Then the set Xy(A,6,€) = {x € X|Ty(x) <A, Iy(x) = 6, Fy(x) < €} is called a (A, 6, €) — level set 
of Xn. 


Definition 2.3. [4] A neutrosophic ® —structure Xy of X is called a neutrosophic & —left (resp., 
right) ideal of X if it satisfies: 
Ty (gih;) < Ty (hj) (resp. Ty(gihj) < Tw (gi) 
(Vv Guhy € x) Iv (gih;) > Iy (hj) (resp., Iy(gih;) > Iy(gi)) 
Fy(gihj) < Fy(hj) (resp., Fy(gihj) < Fw(gi)) 


If Xy is both neutrosophic ® —left and neutrosophic X —right ideal of X, then it is called a 
neutrosophic 8 —ideal of X. 


Definition 2.4. A neutrosophic 8 —subsemigroup Xy of X is a neutrosophic X —bi-ideal of X if 
the following condition is valid: 
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Ty (rst) < Ty(r)v Ty (t) 
(Vr,s,t EX)! Iy(rst) = Iy(r)a In) 
Fy(rst) < Fy(r)v Fy(t) 
Clearly any neutrosophic X —left (resp., right) ideal is neutrosophic ® —bi-ideal, but the 


neutrosophic & —bi-ideal is not necessary to be a neutrosophic & —left (resp., right) ideal. 


Example 2.5. Consider the semigroup X = {0,a,b,c} with binary operation as follows: 


0 a b ¢ 
(—0.9,-0.1,-0.7)’ (—0.8,—0.2,-0.5) ’ (—0.7,—0.3,—0.3)’ (—0.5,—0.4,—0.1) 


Then Xy = { } is a neutrosophic X —bi-ideal of 


X, but Xy isnot neutrosophic & —left ideal as well as neutrosophic X —right ideal of X. 


Definition 2.6. [8] For ®#A € X, the characteristic neutrosophic & —structure of X is denoted by 
Xa(Xy) and is defined to be neutrosophic & —structure 

xX 
aT) Xa Dm Xan) 


Xa(Xy) = 
where 


—-1lifxeA 


Xa(T)y : X> [-1,0], x > {0 otherwise, 


OifxeA 
—1 otherwise, 
—-1ifxeA 
0 otherwise. 


XaW)n i X> [-1, 0], x { 


Xa(Fw:X> [-1,0], x > { 


a age x Xx 
Definition 2.7. [8] Let Xn: = (a In, Fey and Xm: = (um Im Fm) , 
(i) Xyis called a neutrosophic 8 — substructure of Xy over X, denoted by Xy & Xv, if 
Ty(t) = Ty), In) S Iv@), Fy(t) = Fy(t) vte xX. 
If Xy ©Xy and Xy & Xy, then we say that Xy = Xy. 
(ii) The neutrosophic 8 — product of Xy and Xy is defined to 
be a neutrosophic & —structure of X, 


Xy OXy t= us = |n ex}, 


(TnNom, INom, FNoM) Tnom(h), Inom(h), Fnom(h) 


where 
tro vTy(s)} if dr,s €X such thath=rs 
(Ty ° Ty) (A) = Tyom(h) = h=rs 
0 otherwise, 
VV tv) Aly(s)} if dr,s € X such that h=rs 
Uy ° Im )(h) = Ivem(h) = Hers 
-1 otherwise, 


(Fy © Fy)(h) = Fyay(h) = \\eo v Fy(s)} if dr,s €X suchthath =rs 


h=rs 
0 otherwise. 
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t 
(Tnom(t), INom(t), FNom(t)) 


(iii) For t € X, the element is simply denoted by 


(Xy © Xy)() = (Tyem(t), Inem(t), Fnuem(t)) for the sake of convenience. 
(iv) The union of Xy and Xy isaneutrosophic 8 —structure over X is defined as 
Xy UXy = Xyum = (x; Tyum, Ivum, Fyum); 
where 
(Ty U Ty) Chi) = Tyum hi) = Ty Chi) 4 Tu Ch), 
Uy V Iu) Ci) = Iyum hi) = In Ch) v Iu (hi), 
(Fy U Fy) (hi) = Fvum (Chi) = Fy (hi) a Fu (hi) Wh; € X. 
(v) The intersection of Xy and Xy isaneutrosophic X —structure over X is defined as 
Xy VXy = Xnam = (x; Tyam, Ino, Fyom)» 
where 
(Ty N Ty) Ci) = Tami) = Ty Chi) v Tu Ch), 
Uy 0 Iu) Ci) = Iam (hi) = In Chi) 4 Iu (hi), 
(Fy 9 Fy) Chi) = Fam (hi) = Fy Chi) v Fu hi) V Ay € X. 


3. Neutrosophic & —bi-ideals of semigroups 


In this section, we examine different properties of neutrosophic ® —bi-ideals of X. 


Theorem 3.1. For ®#B © X, the following assertions are equivalent: 
(i)  Xp(Xy) isaneutrosophic &® —bi-ideal of X, 
(ii) B isabi-idealof X. 
Proof: Suppose 7,(Xy) isaneutrosophic ® —bi-ideal of X.Letr,t€ B and s€X. Then 
Xe T)w(rst) S$ x8M) vO) VXe8 MT) wn) = -1, 
Xen (rst) = X8COn 1) A Xe8On@ = 9, 
Xen (rst) < Xe F)w@) V X82 )nv@© = -1. 
Thus rst € B and hence B isa bi-ideal of X, 
Conversely, assume 8B isa bi-ideal of X. Let r,s,t € X. 
If r€B and t EB, then rst € B. Now 
Xe (T)n (rst) = -1 = 8M) vO) VAXBM vO), 
Xe n(rst) = 0 = xen) A Xen), 
Xe(F)nv(rst) = -1 = ¥en) V Xe (Pn @). 
Ifr €B ort¢ B, then 
Xe) n(rst) $0 = xe8MnvO VxeBMnO, 
Xen (rst) = -1 = XgOn) Axes On 
Xe(F)n (rst) <0 = Xe Inv@) V xen. 
Therefore ¥g(Xy) is a neutrosophic & —bi-ideal of X. 


Theorem 3.2. Let ,6,¢ € [-1,0] be such that -3 < A+ 6+ € <0. If Xy is aneutrosophic & —bi- 
ideal, then (A, 6, €) —level set of Xx is a neutrosophic bi- ideal of X whenever Xy(A,6,€) # 9. 


Proof: Suppose Xy (A,6,e)# @ for A,6,e €[-1,0] with -3< A+ 6+e <0. Let Xy be a 
neutrosophic X —bi-ideal and let x,y,z € Xy(A,6,e€). Then 


Ty (xyz) S Ty(X)VTy(z) SA, 
Ty (xyz) = In(x)A Iy(Z) = 6, 
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Fy (xyz) < Fy(x)VFy(z) < € 


which imply xyz € Xy(A,6,€). Therefore Xy(A,6,€) is aneutrosophic & —bi-ideal of xX. 

Theorem 3.3. Let X, be aneutrosophic & — structure of X. Then the equivalent assertions are: 
(i) XyOXy S Xy and Xy Oxx(Xy) OXy S Xy for any neutrosophic X — structure Xy, 
(ii) Xy isaneutrosophic X —bi-ideal of X. 


Proof: Suppose (i) holds. Then Xy is neutrosophic 8 — subsemigroup of X by Theorem 4.6 of [8]. 
Let r,s,t € X and let a =rst. Then 


(Tu)(rst) S (Ty °Xx(T)ny ° Tu) (rst) = \\ {Tu ° xXx(T)w) (rs) v Ty (63 


a=rst 


= NAG ven Ov THO} 


a=bt b=rs 


< \ tu VT} STO) VIO, 
In (rst) = Clo xx(Dw © Ind(rst) = \f (due xxOnd(rs) alu CO} 


a=rst 


= VV cnn xe Ow} IO} 


a=bt b=rs 


> VF lr S(O} = lI IO) 


a=rst 


(Fu) (rst) S (Fu °xXx(F)n ° Fu)(rst) = \\ {Fu ° Xx Fw) (rs) v Fru (0)} 


a=rst 


= NAO vw Ov FO) 


a=bt b=rs 


< [\ Fu@v Ful} < Foy F(t). 


a=rst 


Therefore Xy isaneutrosophic X — bi-ideal of xX. 
For converse, suppose (ii) holds. Then Xy O Xy & Xy by Theorem 4.6 of [8]. 


Let x EX. If x =rb andr=st forsomer,b,s,t € X, then 


(Tu °Xx(T)ny ° Tu) (x) = Nu °¥x(T)n) (r) v Ty (b)} 


x=rb 


= \f\ Gnd v x(n OF MOY} 


x=rb r=st 


= \\ \ Cu (s)} v Ty (b)} 


x=rb r=st 


= Ax=rp{Tu (si) v Ty(b)} for some s; € X and r= s;t; 


> \\ Ty (sitib) = Ty (x), 


x=s;jtjb 


Um °xXx(Dn 2° Iu)(x) = VV iu ° Xx ()y)(r) A Iu (b)} 


x=rb 
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= VV Gus On O} 0D} 


x=rb r=pq 


= VV (Vi Ty(s)}_ 0 Iu (b)} 


x=rb r=st 


= Vy-ap Uy (si) a Iy(b)}, for some s; € X and r = 5;t; 


< VF tu(siteb) =I, 


x=s;tjb 
(Fu etx n° Ful) = f\ (Ene tx Pn) v Fu@)} 
x=rb 


= (Jn) vey 3 v Fuld} 


x=rb a=st 


= \(f\Gu dv Fu()} 


x=rb r=st 


= Ayarp{Fu (si) v Fy(b)} for some s; € X and a = s;t; 


> \\ Fy(s;tyb) = Fy (x). 
x=s;jtjb 


Otherwise x # rb or a # st forall r,b,s,t € X. Then 


(Tu °Xx(T)n ° Tu) (x) = 0 = Ty (x), 
Um exxCn ° Iu)(x) = -1 S Iy(x), 
(Fu °Xx(F)n ° Fu)(x) = 0 = Fy (x). 


Therefore Xy OXx(Xy) OXy S Xy for any neutrosophic % — structure Xy over X. 


Definition 3.4. A semigroup X is called neutrosophic X— left (resp., right) duo if every 
neutrosophic X —left (resp., right) ideal is neutrosophic X —ideal of X. 

If X is both neutrosophic % —left duo and neutrosophic X —right duo, then X is called 
neutrosophic & —duo 


Theorem 3.5. If X is regular left duo (resp., duo, right duo), then the equivalent assertions are: 
(i) Xy in X is neutrosophic & —bi- ideal, 
(ii) Xy in X is neutrosophic & —right ideal (resp., ideal, left ideal). 


Proof: (i) = (ii) Suppose X, is a neutrosophic & —bi- ideal and g,h € X. As X is regular, we get 
g =gtg € gX NXg for some t € X which gives gh € (gX NXg)X S gX NXg as X is left duo. So 
gh=gs and gh=s'g for some s,s'€X. As X is regular, Jr€X: gh =ghrgh= gsrs'g = 
g(srs')g. Since Xy is neutrosophic & —bi- ideal, we have 


Ty (gh) = Tu (g(srs')g) S Tu (9) V Tu(g) = Tu (9), 
Iy (gh) = I(g(srs')g) 2 Im(g) AIm(Q) = Iu (Q), 
Fy (gh) = Fu(g(srs')g) S Fu(g) V Fu(g) = Fu(g)- 
Therefore Xy is neutrosophic X —right ideal. 
(ii) = (2) Suppose Xy is neutrosophic & —right ideal and let x,y,z € X. Then 
Ty (xyz) S Ty (x) S Ty (x) V Ty (2), 
Ty (xyz) = Iy(x) = Iy(x) Aly), 
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Fy (xyz) < Fy (x) < Fy (x) V Fy (2). 


Therefore Xy is aneutrosophic X —bi-ideal. 


Theorem 3.6. If X is regular, then the equivalent assertions are: 
(i) X is left duo (resp., right duo, duo), 
(ii) X is neutrosophic 8 —left duo (resp., right duo, duo). 


Proof: (i) = (ii) Let r, s € X, we have rs € (rXr)s € r(Xr)X € Xr as Xris left ideal. Since X is 
regular, we have rs = tr for some t € X. 


If Xy is neutrosophic & —left ideal, then Ty (rs) = Ty (tr) < Ty(r), Iu(rs) = Iy(tr) = Iy(r) and 
Fy (rs) = Fy(tr) < Fy(r). Thus Xy is neutrosophic X —right ideal and therefore X is neutrosophic 
X —left duo. 


(ii) = (D Let A bea left ideal of X. Then y,(Xy) is aneutrosophic & —left ideal by Theorem 
3.5 of [4]. By assumption, ¥,(Xy) is neutrosophic 8 —ideal. Thus A is a right ideal of X. 


Theorem 3.7. If X is regular, then the equivalent assertions are: 
(i) Every neutrosophic & —bi-ideal is a neutrosophic ® —right (resp., left ideal, ideal) ideal, 
(ii) Every bi-ideal of X is a right ideal (resp., left ideal, ideal). 


Proof: (i) = (ii) Let A be a bi-ideal of X. Then by Theorem 3.1 y,(Xy) is neutrosophic 
N —bi-ideal for a neutrosophic & —structure X,. Now by assumption, 7,(Xy) is neutrosophic 
N —right ideal. So by Theorem 3.5 of [4], A is right ideal. 


(ii) = ( Let Xy bea neutrosophic & —bi-ideal and let r,s € X. Then we get rXr is a bi-ideal 
of X. By hypothesis, we can have rXr is rightideal. Since X is regular, we can get re rXr. So rs € 
(rxr)X € rXr implies rs = rxr forsome x € X. Now, 

Ty (rs) = Ty (rxr) S Ty (1) V Ty (1) = Tu), 
Iy (rs) = Im(rxr) = Iu) AIu (7) = Iu) 
Fy (rs) = Fy(rxr) < Fy(r) V Fy(r) = Fy(r). 
Thus Xy is aneutrosophic ® —right ideal of X. 


Theorem 3.8. For any X, the equivalent conditions are: 
(i) X is regular, 


(ii) Xy NXy = Xy OXyOXy for every neutrosophic X —bi-ideal Xy and neutrosophic X — 
ideal Xy of X. 


Proof: (i) > (ii) Suppose Xis regular, Xy is aneutrosophic X — bi-ideal and Xy is a neutrosophic 
N— ideal of X. Then by Theorem 3.3, we have Xy OXy@OXy & Xy and Xy OXyOXy S Xy. So 
Xi OXON So KX 


Let r'€X. As X is regular, there is p € X such that r’ =r'pr’ = r'pr'pr'. Now 


Tuonom(1') = \\ {Tu (d) V Tyom (e)} 


ri=de 


= Niue (\ tror'r v moO 


ri=rle v=pripri 
< \ tu V ODS THD Y THO) = Tow), 
ri=rie 


Iyonom(1') = Vrr=ae{lu (a) A Ivem(e)} 
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= VV tert PC n@r'p)s nD 


ri=rie v=pr'pr' 


> VF a) 1 tO} = lO Al) = bow, 


ri=rle 


Fyonea() = [\ (Fu(d) Vv Few (e)3 


ri=de 


= \ tury (\ Gr@r'r) v Fue 
ri=rie v=pr'pr! 
<[\ Fu @Dv Fy} S Fu) V Fy) = Fun). 


Thus Xypan © XyOXnNOXy andhence Xypy = Xy OXyOXy.- 
(ii) > (D Suppose (ii) holds. Then XyN Xx (Xy) = XyOXx(XyJOXy. But Xy N Xx (Xp) = 
Xy, So Xy = XyOxx(Xy)OXy for every neutrosophic & — bi-ideal Xy of X. 
Let u’ € X. Then Yg(y)(Xy) is neutrosophic & — bi-ideal by Theorem 3.1. 
By assumption, we have 
Xe) T) u=XaunM) om ° Xx) ? Xam) = XeunxeuynT) mu 
Xe cur) u=Xeun Zu °XxC)ny ° Xen m = Xe xe), 
XB(ur(F )uM=Xe (uw) (F)u °Xx(F)n ° XB(ur) (Fu = XB(un)XxB(ur) (F)u- 
Since u’ € B(u’), we have 
Xewxeau)yT) mW’) = XeanM au) =-1, 
Xew)xew) Du’) = Xen uw’) = 0, 
XB(un)XB(ur) (F)u(u') = XB(u) (F)u@) =—-1 
Thus u’€ B(u’)XB(u') and hence X is regular. 


Theorem 3.9. For any X, the below statements are equivalent: 


(i) X is regular, 
(ii) XyANXy = XyOXy for every neutrosophic X— bi-ideal X, and neutrosophic & — left 
ideal Xy of X. 


Proof:(i) > (ii) Let Xy and Xy be neutrosophic & — bi-ideal and neutrosophic 8 —left ideal of X 
respectively. Letr€ X. Then 4x € X : r=rxr. Now 
Tron) = [\ Cu @) vTwOY} S THY Te) S TV Ty) = Tron 
Inn 7) = \f Clee) » by VD} & Ie) ty Ger) & Ine) & fy) = ban), 
Font) = f\ (Fu QW) v Fu (v)} S Fac()v Fu (a7) S Fu (Pv Fiv(r) = Fun (0): 

Therefore Xyay S Xy OXy. ‘ 

(ii) > (D Suppose (ii) holds, and let X,andXy be neutrosophic N— right ideal and 
neutrosophic N— left ideal of X respectively. Since every neutrosophic %— right ideal is 
neutrosophic N— bi-ideal, Xy is neutrosophic N— bi-ideal. Then by assumption, Xyp~y S 
Xy OXy. By Theorem 3.8 and Theorem 3.9 of [4], we can get XyOXy © Xy and XyOXy S Xy and 
SO XuOXn Cc Xu Nn Xy = Xuan: Therefore XuOXn = Xuan: 


Let KandL be right and left ideals of X respectively, and r €KNL. Then 
Xx XuOXL Xu) = Xe (Xu) 1X,(Xm) which implies yx¢,(Xy) = Xenr(Xm). Since r€ K NL, we have 
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XxarM)u@) = -1 = Xe.) uO), Xeat. Ou) = 0 = Xe. Ou) and Xx (F)u(r) = -1= 
Xxi(F)u(r) whichimply r€ KL.Thus KNL& KLE KNL. So KNL=KL. Thus X is regular. 


Theorem 3.10. For any X, the equivalent conditions are: 
(i) X is regular, 
(ii) XyAXy S Xy OXy for every neutrosophic X — right ideal Xy and neutrosophic X — 
bi-ideal Xy, of X. 


Proof: It is same as Theorem 3.9. 


Theorem 3.11. For any X, the equivalent assertions are: 
(i) X is regular, 
(ti) =X, NXyAXy S X,OXy OXy for every neutrosophicX — right ideal X, neutrosophic & — 
bi-ideal X,, and neutrosophic &® — left ideal Xy of X. 


Proof: (i) > (ii) Suppose X is regular, and let X,,Xy,Xy be neutrosophic X — right, bi-ideal, left 
ideals of X respectively. Let r€ X. Then there is x € X withr= rxr = rxrxr. Now 


Tromon(T) = \ {T, @) v Tyen (V)} S Ti (rx)v Tuyen (xr) S TL (r)v{Ty (r)v Ty (xr)} 


<T,(1)vTy(r)v Ty (1) = Traman(), 


Iromon 7) = \f CC)» Ingen OY} = LG) A Ion PX) = LOVED» br} 


= 1 (r)alM@) 0 In (1) = Itaman (7), 


Fremont) = /\ (Fu @#) v Fuew 0D} S FuCTOY Finan (7X7) < FL (P)vFu (rv Fu Ger) 


< Fi(r)vFu(r)v Fur) = Finman(r)- 
Therefore X,;amaw © X,OXy OXy. 


(ii) > () Suppose (ii) holds, and let X, and X, be neutrosophic % — right and neutrosophic 
N— left ideal of X respectively, and Xy, a neutrosophic X —bi-ideal of X. Then 7x(Xy) is a 
neutrosophic X — bi-ideal by Theorem 3.1. Now X, NXy = X, NXx(Xu) A Xv S X, OXx (Xu )OXy S 
X,OXy. Again by Theorem 3.8 and Theorem 3.9 of [4], we can get X,OXy & X, NXyand so X,OXy = 
VenX,. 


Let K and L be right and left ideals of X respectively. Then yx (Xy)Ox, (Xm) = Xx (Xu) 9 
xX,(Xy). By Theorem 3.6 of [4], we have ¥«,(Xuy) = Xeni(Xu). Letr€ K NL. Then 


XerT) m7) = Xa) u (7) = -1, 
X«LO)u 1) = Xen. Ou(r) = 0, 
Xx. )u) = Xeou(F)u@) = -1. 
Sore KL. Thus KNLEKLEKNL. Hence KNL=KL. Therefore X is regular. 


Theorem 3.12. For any X, the equivalent conditions are: 
(i) X is regular and intra- regular, 
(ii) Xy NXy S Xy OXy for every neutrosophic XN — bi-ideals Xy,Xy of X. 


Proof: (i) > (ii) Let Xy and Xy be neutrosophic & — bi-ideals. Let h € X. Then by regularity of 
X, h=hxh=hxhxh for some x €X. Since X is intra-regular, dy,z€X : h=yh?z. Then 
h = hxyhhzxh. Now 
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Tyon(h) = \\tu (r) v Ty(t)} S Ty (hxyh)v Ty (hzxh) S$ Ty(h)v Ty(h) = Tuan (A), 


h=rt 


Tyen (A) = VV tn) A Iy(t)} 2 Iy(hxyh) a Iy(hzxh) = Iy(h) A In (A) = Iman), 
h=rt 
Fun (h) = /\\ Gu (r) v Fy(t)} S Fu (hxyh)v Fy(hzxh) < Fy(h)v Fy(h) = Fun (h)- 


h=rt 
Therefore XyMXy S Xy OXy for every neutrosophic X — bi-ideals Xy and Xy. 


(ii) > (OD Suppose (ii) holds, and let Xy and Xy be neutrosophic X — right and left ideal of X 
respectively. Then Xy and Xy are neutrosophic X — bi-ideals. By assumption, Xynn S Xy OXy. 
By Theorem 3.8 and Theorem 3.9 of [4], we can get XyOXy GXy and XyOXy SXy and so 
XyOXny S Xy AN Xy = Xuan. Therefore XyOXy = Xyan- 


Let K,L be right, left ideals of X respectively. Then yx (Xy)Ox, (Xm) = Xn (Xu) NX,(Xu)- 


By Theorem 3.6 of [4], Xx (Xu) = XearXu)- Let reEKnL. Then XeatT) u(r) =-1= 
XxiT) ua), Xen Our) = 0 = XetLQu@) and Year(F)u(r) = -1 = Xx. (F)u(r) which imply re€ 
KL. Thus KNL& KLE KANL andhence KNL=KL. Therefore X is regular. 

Also, for r € X, Xp¢r)(Xu) 9 Xe) Xu) = Xe) Xu)OX 0) (Xu). By Theorem 3.8 and Theorem 3.9 
of [4], we get Xa)(Xu) = Xecryacr) Xu). SinceXay Mu) = -1 = Xe~mMMu@Mand xYaoyOu) = 


0, we get Xa~a~)Mu@) = -1= Xemam Pu) and YeqeqWu(r) =0 which imply re 
B(r)B(r). Thus X is intra-regular. 


Theorem 3.13. For any X, the equivalent conditions are: 
(i) X is intra-regular and regular, 
(ii) Xy NXy S (Xy OXy) N (XyOXy) for every neutrosophic X — bi-ideals Xy and Xy of X. 


Proof:(i) > (ii) Suppose X is regular and intra- regular, and let Xy and Xy be neutrosophic & — 
bi-ideals of X. Then by Theorem 3.12, Xy OXy 2 Xy 1 Xy. Similarly we can prove that Xy OXy 2 
Xy VXy.Therefore (Xy OXy) N (XyOXy) 2 XyNXy for every neutrosophic X — bi-ideals X, and 
Xy of X. 


(ii) > (D Let Xy and Xy be neutrosophic & — bi-ideals of X. Then Xy NXy S Xy OXy gives 
X is intra-regular and regular by Theorem 3.12. 


Theorem 3.14. For any X, the equivalent assertions are: 
(i) X is intra-regular and regular, 
(ii) Xy NXy S Xy OXyOXy for every neutrosophic & — bi-ideals Xy and Xy of X. 


Proof: (i) > (ii) Let Xy and Xy be neutrosophic & — bi-ideals, and a € X. As X is regular, a = 
axa = axaxaxa for some x €X. Since X is intra-regular, a = ya*z for some y,z €X. Then a= 
(axya)(azxya)(azxa). Now 


Tyonom(@) = \\ {Tu (k) v Tyom(m)} 


a=km 
= \\ {Ty (axya) v At Ty) V Tu O33 
a=(axya)v v=rt 


< Ty (axya)v Ty (azxya)v Ty (azxa) 
S Ty(@)v Ty(@)v Ty (a) = Tunn (Q), 


Ivonom (@) = VV Uu(k) A Ivem(m)} 


a=km 
= VV {Iy(axya) A (Vin A Iy (t)}3 
a=(axya)v v=rt 
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> Iy(axya) a Iy(azxya)a Iy(azxa) 
2 Iy(a) A Iy(a) Aly (@) = Iman (@), 


and 


Fuonom(@) = \ {Fu (k) v Fyom(m)} 


a=km 


= \\ aCe) v(f\\ UO v Od 
a=(axya)v v=rt 
< Fy (axya)v Fy (azxya)v Fy (azxa) 
< Fy(a@)v Fy (@)v Fy (a) = Funn(@). 
Therefore XyN Xy S Xy OXyOXy for every neutrosophic & — bi-ideals Xy and Xy of X. 
(ii) > (d) Let hj € X. Then 
XB(nj) Xm) S Xan) Xm) 9 Xan Xu) S Xacnjy) Xu)O Xen Xu) OXan Xu): 


So 
Xa(n) Thy) 2 Xa(nampacny m(hy), 
Xe(nj)Ou(hy) = Xa(njacnpacr Om (Ay), 
XB(nj) (F)u (hj) = Xa(n/anpacry Fm (hy). 
Since Xe(nj) Tu (h;) =-1= Xe(n,) Pu (hy) and Xe(n) Om(Ay) =0, we get 
Xa(necnpecn Tm (hy) oS Xa(njacnpecny Fu (hy) and Xa(nanpacny Dm (hy) =0 which 
imply h; € B(h;)B(hj;)B(h;). Therefore X is intra-regular and regular. 


Theorem 3.15. For any X, the equivalent assertions are: 
(i) X is intra-regular, 


(ii) For each neutrosophic & —ideal Xy of X, Xy(a) = Xy(a?) Va e X. 


Proof: (i) = (ii) Let a € X. Then a = ya*z for some y,z €X. For a neutrosophic X —ideal Xy, 
we have 

Ty (a) = Ty (ya*z) S Ty(a7z) S Ty (a?) < Ty (a), 

Iy(@) = Iy(ya*z) = Iy(a*z) = Iy(a*) = Iy(a), 


Fy (a) = Fy(ya?z) < Fy(a’z) < Fy(a’) < Fy(a), 
so Ty(a) = Ty(a?); Iy(a) = Iy(a2) and Fy(a) = Fy(a’) for alla € X. Therefore Xy(a) = Xy(a’) 
(ii) > (i) Let a € X. Then I(a’) is an ideal of X. Thus Xia2)(Xu) is neutrosophic & —ideal 
by Theorem 3.5 of [4]. By assumption, ¥;(q2)(Xm)(@) = X1(a2)(Xm) (a7). Since Xj(q2)(T)u(a*) = 


=L= X1(a2) F)u(a’) and X1a2)D ua’) =0, we get Xi q2)(T)u(@) = -1= Xq2)(F)m(a) and 
X1a2))u(@) = 0 imply a € I(a*). Thus X is intra-regular. 


Theorem 3.16. For any X, the equivalent assertions are: 
(i) X is left (resp., right) regular, 
(ii) For each neutrosophic X& —left (resp., right) ideal Xy of X, Xy(a) =Xy(a*) Vae xX. 


Proof: (i) > (ii) Suppose X is left regular. Then a=ya? for some ye€X Let Xy be 
neutrosophic X— left ideal. Then Ty(a) = Ty(ya?) < Ty(a*) and so Ty(a) = Ty(a?),Iy(a) = 
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Iy(va?) = Iy(a) and so Iy(a) = Iy(a7), and Fy(a) = Fy(ya?) < Fy(a) and so Fy(a) = Fy(a’). 
Therefore Xy(a) = Xy(a’) forall a € X. 

(ii) > @® Let Xy be neutrosophic X —left ideal. Then for any a€ X, we have Yj) (q2)(T)u(a) = 
X1ca2)(T) (a?) = —1, X12) u(@) = X1ca2))u(a*) =0 and X1¢a2) (Fu (a) = X1a2)(F)u(a*) =-1 
imply a € L(a?). Thus X is left regular. 


Corollary 3.17. Let X be a regular right duo (resp., left duo). Then the equivalent conditions are: 


(i) X is left regular, 


(ii) For each neutrosophic X —bi- ideal Xy of X, we have Xy(a) = Xy(a’) forall a € X. 


Proof: It is evident from Theorem 3.5 and Theorem 3.16. 


Conclusions 

In this paper, we have presented the concept of neutrosophic ® — bi —ideals of semigroups and 
explored their properties, and characterized regular semigroups, intra-regular semigroups and 
semigroups using neutrosophic N-bi-ideal structures. We have also shown that the neutrosophic 
N-product of ideals and the intersection of neutrosophic X-ideals are identical for a regular 
semigroup. In future, we will focus on the idea of neutrosophic 8 —prime ideals of semigroups and 
its properties. 
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Neutrosophic Components Semigroups and 
Multiset Neutrosophic Components Semigroups 
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W.B. Vasantha Kandasamy, llanthenral Kandasamy, Florentin Smarandache (2020). 
Neutrosophic Components Semigroups and Multiset Neutrosophic Components 
Semigroups. Symmetry, 12, 818; DOI: 10.3390/sym12050818 


Abstract: Neutrosophic components (NC) under addition and product form different algebraic 
structures over different intervals. In this paper authors for the first time define the usual product 
and sum operations on NC. Here four different NC are defined using the four different intervals: 
(0, 1), [0, 1), (0, 1] and [0, 1]. In the neutrosophic components we assume the truth value or the false 
value or the indeterminate value to be from the intervals (0, 1) or [0, 1) or (0, 1] or [0, 1]. All the 
operations defined on these neutrosophic components on the four intervals are symmetric. In all the 
four cases the NC collection happens to be a semigroup under product. All of them are torsion free 
semigroups or weakly torsion free semigroups. The NC defined on the interval [0, 1) happens to be 
a group under addition modulo 1. Further it is proved the NC defined on the interval [0, 1) is an 
infinite commutative ring under addition modulo 1 and usual product with infinite number of zero 
divisors and the ring has no unit element. We define multiset NC semigroup using the four intervals. 
Finally, we define n-multiplicity multiset NC semigroup for finite n and these two structures are 
semigroups under + modulo 1 and {M(S),+, x} and {n-M(S), +, x} are NC multiset semirings. 
Several interesting properties are discussed about these structures. 


Keywords: neutrosophic components (NC); NC semigroup; multiset NC; n-multiplicity; 
multiset NC semigroup; special zero divisors; torsion free semigroup; weakly torsion free semigroup; 
infinite commutative ring; group under addition modulo 1; infinite neutrosophic communicative 
ring; multiset NC semirings 


1. Introduction 


Semigroups play a vital role in algebraic structures [1-5] and they are applied in several fields 
and it is a generalization of groups, as all groups are semigroups and not vice versa. Neutrosophic sets 
proposed by Smarandache in [6] has become an interesting area of major research in recent days both 
in the area of algebraic structures [7-11] as well as in applications ranging from medical diagnosis 
to sentiment analysis [12,13]. The study of neutrosophic triplets happens to be a special form of 
neutrosophic sets. Extensive study in this direction have been carried out by several researchers 
in [8,14-17]. Here we are interested in the study of neutrosophic components (NC) over the intervals 
(0, 1), (0, 1], [0, 1) and [0, 1]. So far researchers have studied and applied NC only on the interval 
[0, 1] though they were basically defined by Smarandache [18] on all intervals. Further they have 
not studied them under the usual operation + and x. Here we venture to study NC on all the four 
intervals and obtain several interesting algebraic properties about them. 

Smarandache multiset semigroup studied in [19] is different from these semigroups. Further 
these multiset NC semigroups are also different from multi semigroups in [20] which deals with multi 


structures on semigroups. 
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Any algebraic structure becomes more efficient for application only when it enjoys some strong 
properties. In fact a set endowed with closed associative binary operation happens to be a semigroup. 
This semigroup structure does not yield many applications like algebraic codes or commutative rings 
or commutative semirings. Basically to have a vector space one needs at least the basic algebraic 
structure to be a group under addition. The same is true in case of algebraic codes. However none of 
the intervals [0, 1] or (0, 1) or (0, 1] can afford to have a group structure under +. One can not imagine 
of a group structure under product for no inverse element can be got for any element in these intervals. 
But when we consider the interval [0, 1) we see it is a group under addition modulo 1. 

In fact for any collection of NC which are triplets to have a stronger structure than a semigroup 
we need to have a strong structure on the interval over which it is built. That is why this paper studies 
the NC on the interval [0, 1). These commutative rings in [0, 1) can be used to built both algebraic 
codes on the NC for which we basically need these NC to be at least a commutative ring. With this 
motivation, we have developed this paper. 

This paper further proves that multiset NC built on the interval [0, 1) happens to be a commutative 
semiring paving way to build multiset NC algebraic codes and multiset neutrosophic algebraic codes 
which can be applied to cryptography with indeterminacy. 

The paper is organized as follows. Section one is introductory in nature. Section 2 recalls the 
basic concepts of partial order, torsion free semigroup and neutrosophic set. Section 3 introduces NC 
on the four intervals [0, 1], (0,1), [0, 1) and (0, 1] and mainly prove they are infinite NC semigroups 
which are torsion free. The new notion of weakly torsion free elements in a semigroup is introduced in 
this paper and it is proved that NC semigroups built on intervals [0, 1] and [0, 1) are weakly torsion 
free under usual product x. We further prove the NC built using the interval [0, 1) happens to be an 
infinite order commutative ring with infinite number of zero divisors and it has no unit. In Section 4 
we prove multiset NC built using these four intervals are multiset neutrosophic semigroups under 
usual product x. We prove only in case of [0, 1) the multiset NC is a ring with infinite number of zero 
divisors and in all the other interval, M(S) is a torsion free or weakly torsion free semigroup under x. 
Only in case of the interval [0, 1), M(S) is semigroup under modulo addition 1. In Section 5 we define 
n-multiplicity multiset NC on all the intervals and obtain several interesting properties. Discussions 
about this study are given in Section 6 and the final section gives conclusions and future research 
based on their structures. 


2. Basic Concepts 


In this section we introduce the basic concepts needed to make this paper a self contained one. 
We first recall the definition of partially ordered set. 


Definition 1. There exist some distinct elements a,b € S such that a < bora > b, and other distinct elements 
b,c € S such that neither b < cnorb > c, then we say (S, <) is a partially ordered set. We say (S,<) isa 


totally ordered set if for every pair a,b,€ S we havea <borb>a. 
The set of integers is a totally ordered set and the power set of a set X; P(X) is only a partially ordered set. 


Next we proceed on to define torsion free semigroup. 


Definition 2. A semigroup {S, x } is said to be a torsion free semigroup if fora,b © S,a #b,a" # b" for any 
1<n<ow. 


We recall the definition of semiring in the following from [21]. 


Definition 3. For anon empty set S, {S,+, x } is defined as a semiring if the following conditions are true 


1. {S,+} isa commutative semigroup with 0 as its additive identity. 
2. {S, x} is a semigroup. 
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3. ax (b+c)=axb+axc foralla,b,c,€ S follows distribution law. 


If {S, x } is a commutative semigroup we call {S,+, x } as a commutative semiring. 


For more, see [21]. 
For example, set of integers under product is a torsion free semigroup. Finally we give the basic 
definition of neutrosophic set. 


Definition 4. The Neutrosophic components (NC) is a triplet (a, b, c) where a is the truth membership function 
from the unit interval [0, 1], b is the indeterminacy membership function and c is the falsity membership function 
all of them are from the unit interval [0, 1]. 


For more about Neutrosophic components (NC), sets and their properties please refer [6]. 
Next we proceed onto define the notion of multiset. 


Definition 5. A neutrosophic multiset is a neutrosophic set where one or more elements are repeated with same 
neutrosophic components or with different neutrosophic components. 


Example 1. M = {a(0.3,0.4,0.5),a(0.3,0.4, 0.5), b(1,0,0.2),b(1,0,0.2),c(0.7,1,0)} is a neutrosophic 
multiset. For more refer [18]. However we in this paper use the term multiset NC to denote elements of 
the form {5(0.3, 0.4,1),3(0.6,0,1), (0,0.7,0.5)} so 5 is the multiplicity of the NC (0.3, 0.4, 1) and 3 is the 
multiplicity of the NC (0.6, 0, 1) and 1 is the multiplicity of the NC (0, 0.7, 0.5). 


For more about multisets and multiset graphs [18,22]. 


3. Neutrosophic Components (NC) Semigroups under Usual Product and Sum 


Throughout this section {x,y,z} will denote the truth value, indeterminate value, false value 
where x,y,z belongs to [0,1], the neutrosophic set. However we define special NC on the intervals 
(0, 1), (0, 1] and [0, 1). We first prove S; = {(x,y,z)/x,y,z € (0,1)} is a semigroup under product and 
obtain several interesting properties about NC semigroups using the four intervals (0, 1), (0, 1], [0, 1) 
and [0, 1]. 


Example 2. Let a = (0.3,0.8,0.5) and b = (0.9,0.2,0.7) be any two NC in S;. We define product a x b = 
(0.3, 0.8, 0.5) x (0.9, 0.2, 0.7) = (0.3 x 0.9, 0.8 x 0.2,0.5 x 0.7) = (0.27, 0.16, 0.35). It is again a neutrosophic 
set in Sj. 


Definition 6. The four NC Sy = {(x,y,z)/x,y,z € (0,1)}, So = {(x,y,z)/x,y,z € [0,1)}, S3 = 
{(x,y,z)/x,y,z € (0,1]} and S4 = {(x,y,z)/x,y,z € [0,1]} are all only partially ordered sets for if a = (x, 
y, z) and b =(s,r, t) are in S; then a < b ifand only ifx <s,y <1,z < t; but not all elements are ordered in 
S;, that is why we say S; are only partially ordered sets, and denote it by (S;, <);where < denotes the classical 
order relation over reals; 1 <i < 4. 


For instance if a = (0.3,0.7,0.5) and b = (0.5, 0.2,0.3) are in S; then a and b cannot be compared. 
If d = (0.8,0.5,0.7) and c = (0.6,0.2,0.5), thend > core < d. 
In view of this we have the following theorem. 


Theorem 1. Let 5; = {(x,y,z)/x,y,z € (0,1)} be the collection of all NC which are such that the elements 
x, y and z do not take any extreme values. 


1.  {54, x} is an infinite order commutative semigroup which is not a monoid and has no zero divisors. 
2. Everya = (x,y,z) in S, will generate an infinite cyclic subsemigroup under product of S; denoted by 
(P, x). 
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2 


3. The elements of P forms a totally ordered set, (for ifa = (x,y,z) € P weseea* =a Xa <a). 


4, {5&,, x} has no idempotents and {5S}, x } is a torsion free semigroup. 


Proof. Proof of 1: Clearly if a = (x,y,z) and b = (r,s,t) are in S), thena x b = (x x r,y x s,z x t) isin 
Sy;asx xr,y x sand z x t € (0,1). Hence, {S1, x } is a semigroup under product. Further as number 
of elements in (0, 1) is infinite so is S;. Finally as the product in (0, 1) is commutative so is the product 
in S;. Hence the claim. (1, 1, 1) is not in S; as we have used only the open interval (0, 1), we see {S,,  } 
is not a monoid. S; has no zero divisors as the elements are from the open interval which does not 
include 0, hence the claim. 

Proof of 2: Let a = (x,y,z) be in S, we seeaxa = (xX x,y Xy,z XZ) = a*, and so on 
axax...Xa=a" = (x",y",z") and n can take values from (0,00). Thus a in S generates a cyclic 
subsemigroup of infinite order, hence the claim. 

Proof of 3: Let P = (a), a generates the semigroup under product, it is of infinite order and from 
the property of elements in (0, 1); 4 > a? > a? > and so on > a". Hence the claim. 

Proof of 4: If any a = (x,y,z) € S1 as x,y,z € (0,1), and x, y and z are torsion free so is a. We see 
a’ #a for anya € Sj. Further if a 4 b for non € (0,00); a" = b". Hence the claim. 


Definition 7. The four NC 51,52,S3 and S4 mentioned in definition 6 under the usual product x forms a 
commutative semigroup of infinite order defined as the NC semigroups. 


Theorem 2. Let Sy = {(x,y,z)/x,y,z € [0,1)} be the collection of NC. {S2, x } is only a semigroup and not 
a monoid and has infinite number of zero divisors. Further all other results mentioned in Theorem 1 are true 
with an additional property if a 4 b; (a,b € Sz) we have 


lim a” = lim b” = (0,0,0) 
n—-0o0 n—-o0o0 


as (0,0, 0) € Sp. 


Proof as in case of Theorem 1. 
In view of this we define an infinite torsion free semigroup to be weakly torsion free if a ¢ b; but 
lim a” = lim b” 
n— oo n—-o0o 
Thus Sp is only a weakly torsion free semigroup. 
It is interesting to note 5; is contained in Sz and in fact S; is a subsemigroup of S.The differences 
between S$, and 5 is that S» has infinite number of zero divisors and the lim a” = (0,0,0) exists in Sz 
n—-oo 


and Sj is torsion free but Sz is weakly torsion free. 


Theorem 3. Let S3 = {(x,y,z)/x,y,z € (0,1]} be the collection of NC. {S3, x} is a monoid and has no 
zero divisors. 


Results 2 to 4 of Theorem 1 are true. Finally S; is a subset of 53, in fact 5; is a subsemigroup of 53. 
The main difference between Sj and 53 is that S3 is a monoid and S, is not a monoid. The difference 
between S» and S3 is that S3 has no zero divisors but Sy has zero divisors and S3 is a monoid. 

Next we prove a theorem for 54. 


Theorem 4. Let S4 = {(x,y,z)/x,y,z € [0,1]}. {S4, x} is a semigroup and is a monoid and has zero 
divisors. Other three conditions of Theorem 1 is true, but S4 like So is only a weakly torsion free semigroup. 


Proof as in case of Theorem 1. We have S; contained in Sz and S» is contained in S4 and S$, 
contained in S3 and $3 is contained in Sq. 
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However, it is interesting to note Sz and S3 are not related in spite of the above relations. 

Now we analyse all these four neutrosophic semigroups to find out, on which of them we can 
define addition modulo 1. 5; does not include the element (0, 0, 0) as 0 is not in (0, 1), so S; is not even 
closed under addition modulo 1. So S; in not a semigroup or a group under plus modulo 1. Since 53 
and S4 contains (1, 1, 1) we cannot define addition modulo 1; hence, they can not have any algebraic 
structure under addition modulo 1. Now consider {S2,+}, clearly {S2,+} is a group under addition 
modulo 1. 

In view of all these we have the following theorem. 


Definition 8. The NC {S2,+} under usual addition modulo 1 is a group defined as the NC group denoted by 
Loo) 


Theorem 5. {S2,+} is a group under addition modulo 1. 


Proof. For any y,x € S2,x + y (mod 1) € Sz. (0, 0, 0) € Sz acts as additive identity. Further for every x 
there is a unique y € S2 with x + y = (0,0, 0). Hence the theorem. 


Definition 9. The NC S2 under the operations of the usual addition + modulo 1 and usual product x forms a 
commutative ring of infinite order defined as the NC commutative ring denoted by {S2,+, x}. 


Theorem 6. {52,+, x } is a commutative ring with infinite number of zero divisors and has no multiplicative 
identity (1, 1, 1). 


Proof. Follows from the Theorem 1 and the fact 52 is closed under + modulo 1 by Theorem 5. 
The distributive property is inherited from the number theoretic properties of modulo integers. As 1 is 
not in {0,1); (1, 1, 1) is not in S2, hence the result. 


Next we proceed on to define multiset NC semigroups in the following section. 


4. Multiset NC Semigroups 


In this section we proceed on to define multiset NC semigroups using 51, 52,53 and S4. We see 
M(S1) = {Collection of all multiset NC using elements of S; }. On similar lines we define M(S2), M(S3) 
and M(S4) using 52,53 and S4 respectively. We prove {M(S2),+, x} is a multiset neutrosophic 
semiring of infinite order. 

Recall [18], A is a multi neutrosophic set, then A = {5(0.3,0.7,0.9), 12(0.6.0.2,0.7),8(0.1,0.5,0.1), 
(0.6, 0.7,0.5) }; that is in the multiset neutrosophic set A; (0.3, 0.7, 0.9) has occurred 5 times; (0.6, 0.2, 
0.7) has occurred 12 times or its multiplicity is 12 in A and so on. 

Let M(S,) = {Collection of all multisets using the elements from S$}, M(S;) is an infinite collection. 
We just show how the classical product is defined on M(S}1). 

Let A = {9(0.3,0.2,0.4),2(0.6,0.7,0.1), (0.1,0.3,0.2)} and B = {5(0.1,0.2, 0.5), 10(0.8, 0.4, 0.5) } in 
M(S;,) be any two multisets. We define the classical product x of A and B as follows; 


A x B = {9(0.3,0.2,0.4) x 5(0.1,0.2,0.5),9(0.3,0.2,0.4) x 10(0.8,0.4, 0.5), 
2(0.6,0.7,0.1) x 5(0.1,0.2,0.5),2(0.6,0.7,0.1) x 10(0.8, 0.4, 0.5), 
(0.1,0.3,0.2) x 5(0.1,0.2,0.5), (0.1,0.2,0.5) x 10(0.8, 0.4, 0.5) } 

= {45(0.03, 0.04, 0.2), 90(0.24, 0.08, 0.2), 10(0.06,0.14, 0.05), 

20(0.48, 0.28, 0.05), 5(0.01, 0.06, 0.1), 10(0.08, 0.08, 0.25) }; 


A x B is in M(S1), thus {M(S;), x } is a commutative semigroup of infinite order defined as the 
multiset NC semigroup. 
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Definition 10. Let M(S;) be the multi NC using elements of S;(i = 1,2,3,4), {M(S;), x} on the usual 
product x is defined as the multiset neutrosophic semigroup for i = 1,2,3 and 4. 


Definition 11. Let {S, x } be the multiset NC semigroup under x , elements of the form (a,0,0), (0, b,c) 
and so on which are infinite in number with a,b,c € S2 contribute to zero divisors. Hence multisets using these 
types of elements contribute to zeros of the form n(0,0,0); 1 <n < 0. As the zeros are of varying multiplicity 
we call these zero divisors as special type of zero divisors. 


We will provide examples of them. 


Example 3. Let R = {(S2), x} be the multiset NC semigroup under product. Let A = (0.6, 0, 0) and B = 
(0, 0.4, 0.5) be in R, A x B = (0,0, 0). Take D = {9(0.6,0.9,0)} and E = 9(0, 0, 0.4) in R; we get Dx E = 
{81(0,0,0)}. Take W = {7(0,0.5,0),4(0,0.6,0)} and V = {(0.7,0,0.4),20(0.8, 0,0) } be two multisets in R; 
W x V = {7 x 44(0,0,0) +7 x 20(0,0,0) +4 x 44(0,0,0) +4 x 20(0,0,0)} = {704(0,0,0)} is a special 
type of zero divisor of R. 

Thus M(Sz) is closed under the binary operation x. 


Theorem 7. The neutrosophic multiset semigroups {M(S;), x} for i = 1, 2, 3, 4 are commutative and of 
infinite order satisfying, the following properties for each M(S;);i = 1, 2, 3, 4. 


1. {M(S1), x} has no trivial or non-trivial special type of zero divisors and no trivial or non-trivial 
idempotents. 

2. {M(S2), x} has infinite number of special type of zero divisors and no non-trivial idempotents. 

3.  {M(S3), x} has no trivial or non-trivial special zero divisors but has (1, 1, 1) as identity and has no non 
trivial idempotents. 

4,  {M(Sq), x } has non-trivial special type of zero divisors and has (1, 1, 1) as its identity and has idempotents 
of the form {(0,1,0), (1,1,0), (0,0,1), (1,0, 1) and so on }. 


Proof. 1. Follows from the fact that 5; has no zero divisors and idempotents as it is built on the 
interval (0, 1). 

2. Evident from the fact S2 is built on [0, 1) so has special type of zero divisors by definition but no 
idempotent. 

3. True from the fact S3 is built on (0, 1], so (1, 1, 1) € M(S3). 

4. $4 which is built on [0, 1] has infinite special type of zero divisors as (0, 0, 0) € S4 by Definition 11 
and (1, 1, 1) € M(S4) and has idempotents of the form {(0,1,0), (1,1,0), (0,0,1), (1,0,1) and 
so on }. 

Hence the claims of the theorem. 


Now we proceed onto define usual addition on M(S,) 

S, = {(x,y,z)/x,y,z € (0,1)} in not even closed under addition. For there are x,y € (0,1) such 
that x + y is 1 or greater than 1, so these elements are not in (0, 1), hence our claim. 

Recall Sy = {(x,y,z)/x,y,z € [0,1)}. We can define addition modulo 1 and product under that 
addition both S2 and [0,1) are closed. 

Let a = (0.7,0.6,0.9) and b = (0.5,0.9,0.4) be in Sz, we find a + b mod 1. 

a+b = (0.7,0.6,0.9) + (0.5,0.9,0.4) = (0.7 + 0.5(mod 1),0.6 + 0.9(mod 1),0.9 + 0.4(mod 1)) = 
(0.2, 0.5, 0.3) is in Sp. (0, 0, 0) in S2 acts as the additive identity. 

For every a4 € Sp there is a unique b € Sp such that a+ b = (0,0,0)mod 1. Thus (S2,+) isa NC 
group of infinite under addition modulo 1. Further (S2, x) is a semigroup under product of infinite 
order which is commutative and not a monoid as (1, 1, 1) is not in Sp. 

Now we illustrate how addition is performed on any two neutrosophic multisets in M(Sz). 

Let A = {7(0.3, 0.8, 0.45), 9(0.02, 0.41, 0.9), (0.6, 0.3,0.2)} and B = {5(0.1,0,0.9),2(0.6,0.5,0)} be 
any two multisets of M(S2). To find the sum of A with B under addition modulo 1. 
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A+B = { 35{(0.3, 0.8, 0.45) + (0.1, 0, 0.9)]mod 1, 45[(0.02, 0.41, 0.9) + (0.1, 0, 0.9)]mod 1, 5[(0.6, 0.3, 
0.2) + (0.1,0, 0.9)]mod 1, 14[(0.3, 0.8, 0.45) + (0.6, 0.5,0)]mod 1, 18[(0.02, 0.41, 0.9) + (0.6, 0.5, 0)|mod 1, 
2[(0.6, 0.3, 0.2) + (0.6, 0.5, 0)Imod 1} = {35(0.4, 0.8, 0.35), 45(0.12, 0.41, 0.8), 5(0.7, 0.3, 0.1), 14(0.9, 0.3, 
0.45), 18(0.62, 0.91, 0.9), 2(0.2, 0.8, 0.2)} 

is in M(S2). This is the way addition modulo 1 operation is performed. For M(S3) and M(S4) we 
can not define usual addition modulo 1 as (1, 1, 1) € M(S3) and M(Sq). 

Next we proceed on to describe the product of any two elements in M(S2). We take the above A 
and B and find A x B. A x B = {35{(0.3,0.8,0.45) x (0.1, 0, 0.9)], 45[(0.02, 0.41, 0.9) x (0.1, 0, 0.9)], 5[(0.6, 
0.3, 02)x (0.1, 0, 0.9)], 14[(0.3, 0.8, 0.45) x (0.6, 0.5 0)], 18[(0.02, 0.41. 0.9) x (0.0.6, 0.5, 0)], 2[(0.6, 0.3, 0.2) 
x (0.6, 0.5, 0)]} = {35(0.03, 0, 0.405), 45(0.002,0, 0.81), 5(0.06, 0, 0.18), 14(0.18, 0.4, 0), 18(0.012, 0.205, 0), 
2(0.36, 0.15, 0)}, is in M(S). 


Theorem 8. {M(S2),+} is a multiset NC semigroup under addition modulo 1. 


Proof. M(Sz) is closed under the binary operation addition modulo 1. Thus M(S>) is the neutrosophic 
multiset semigroup under + modulo 1. 


Now we proceed on to define a special type of zero divisors. In view of this we have the 
following theorem. 


Theorem 9. R = {M(S2), x } is an infinite commutative multiset NC semigroup, which is not a monoid and 
has special type of zero divisors. 


Proof. We see M(S2) under the binary operation product is closed and is associative as the base set Sz 
is associative and commutative and is closed under the binary operation product. Thus { (Sz), x } is 
commutative semigroup of infinite order. Further M(S2) does not contain (1, 1, 1) so {M(Sz), x } is 
not a monoid. 

From the above definition and description of special zero divisors R has infinite number 


of them. 


We have the following theorem. 


Theorem 10. {M(S2),+, x} is a NC multiset commutative semiring of infinite order which has infinite 
numbers of special type of zero divisors. 


Proof. Follows from Theorem 8 and Theorem 9. 


Next we proceed on to define n- multiplicity neutrosophic multisets and derive some properties 
related with them. M(S3) and M(S,4) are just multiset NC semigroups under product and in fact they 
are monoids. Further M(S,) has infinite number of special zero divisors. 


5. n-Multiplicity Neutrosophic Set Semigroups Using S,, 52,53 and S4 


In this section we define the new notion of n-multiplicity NC using 51, 52,53 and S4. We prove 
these n-multiplicity NC are of infinite order but what is restricted is the multiplicity n, that is any 
element cannot exceed multiplicity n; it can maximum be n, where n is a positive finite integer. Finally 
we prove {M(S2),+, x } where S = [0,1) is a NC n-multiset commutative semiring of infinite order. 

We will first illustrate this situation by some examples before we make an abstract definition 


of them. 

Example 4. Let 4-M(S,) = {collection all multisets with entries from Sy = {(x,y,Z)/x,y,Z € 
(0,1)}, such that any element in S, can maximum repeat itself only four times}. Here n = 
4, A = {4(0.5,0.7,0.4),3(0.1,0.9,0.7), 4(0.1,0.2,0.3),4(0.7,0.8, 0.4), 4(0.8, 0.8, 0.8), 2(0.9,0.9, 0.9), 
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3(0.7,0.9,0.6), (0.6,0.1,0.1)} be a 4-multiplicity multiset from 4-M(S}). We see the NC 
(0.5, 0.7, 0.4), (0.1, 0.2, 0.3), (0.7, 0.8,0.4) and (0.8, 0.8,0.8) have multiplicity four which is the highest 
multiplicity an element of 4-M(S,) can have. The NC (0.1, 0.9, 0.7) and (0.7,0.9,0.6) have multiplicity 
3. The multiplicity of (0.9, 0.9, 0.9) is two and that of (0.6, 0.1, 0.1) is one. Clearly S; does not contain 
the extreme values 0 and 1 as Sy, is built using the open interval (0, 1). However on M(S,) we can not 
define addition. 


Thus 4-M(S;) can not have the operation of addition defined on it. Now we show how the 
operation x is defined on 4-M(Sj) for the some A, B € 4-M(S;). Now 


A x B = {3(0.3,0.7,0.8),2(0.5, 0.9, 0.6), 4(0.2, 0.3, 0.4)} x {(0.1,0.3, 0.7), 2(0.5,0.7,0.1)} 
= {3(0.03,0.21, 0.56), 2(0.05, 0.27, 0.42), 4(0.02, 0.09, 0.28), 
6(0.15, 0.49, 0.08), 4(0.25, 0.63, 0.06), 8(0.1, 0.21, 0.04) } 


we now use the fact we can have maximum only 4 multiplicity of an element so we replace 
6(0.15, 0.49, 0.08) by 4(0.15, 0.49, 0.08) and 8(0.1, 0.21, 0.04) by 4(0.1, 0.21, 0.04). Now the thresholded 
product is {(3(0.03, 0.21, 0.56), 2(0.05, 0.27, 0.42), 4(0.02, 0.09, 0.28), 4(0.15, 0.49, 0.08), 4(0.25, 0.63, 0.06), 
4(0.1, 0.21, 0.04))} € 4-M(S}). 

{4-M(S}), x} is a commutative neutrosophic multiset semigroup of infinite order and the 
multiplicity of any element cannot exceed 4. 

This semigroup is not a monoid and it has no special zero divisors or zero divisors or units. 


Definition 12. 12 Let n-M(S;) ={ collection of all multisets with entries from S; of at-most multiplicity 
nj2<n <oo}(1 <i < 4).n-M(S;) under usual product, x is defined as the n-multiplicity NC semigroup, 
1<i<4. 


In view of this we have the following theorem. 


Theorem 11. Let n-M(S;) = {t(x,y,z)|x,y,z € Sj;1 < t < n} be the n-multiplicity neutrosophic multisets 
(ists) 


1. n-M(S;) is not closed under the binary operation ‘+’ under usual addition, for i = 1, 3 and 4. 
n-M(S;) is a (n-multiplicity neutrosophic multiset) semigroup under the usual product for i = 1, 2, 3 
and 4, 

3. {n-M(S;), x} isa monoid for i = 3 and 4. . 

4, {n-M(S;), x} has no special zero divisors if S; = S, and S3 but they have no non trivial idempotents. S2 
and special zero divisors and no non trivial idempotents, but S4 has both non trivial special zero divisors 
and non trivial idempotents. 


Proof. Proof of 1: If A = {(0.3,0.8,0.9)} and B = {(0.4,0.3,0.1)} €n-M(S;). A+B = {(0.7, 11, 
1.0)} ¢ n-M(S;) as S; when built using S3 and S4 and by example 4 n-M(S,). Only M(Sz) is closed 
under addition. 

Proof of 2: Since (S;, x) is closed under product so is n-M(5;) with replacing the numbers greater 
than n by n in the resultant product; i = 1,2,3 and 4 are semigroups, hence the claim. 

Proof of 3: As (1,1,1) € $3 and S4 so is inn-M(5S3) and n-M(Sq) respectively so they are monoids. 

Proof of 4: n-M(S;) has no special zero divisors in case of S; and S3. Finally S; = {(x,y,z)|x,y,z € 
S;}, has zero divisors and special zero divisors in case of Sz and S4 for i = 2 and 4, and non trivial 


idempotents contributed by 0’s and 1’s only in case of S4. Hence the theorem. 


Example 5. Let 5-M(S2) = {Collection of all neutrosophic multisets which can occur at most 
5-times that is the multiplicity is 5 with elements from Sy = {(x,y,z)|x,y,z € [0,1)}} Let A = 
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4(0.2,0.5,0.7),3(0.1,0.2,0.3),5(0.3,0.1,0.2), (0.1,0.2,0.8) € 5-M(S2) We see the multiplicity of (0.3, 0.1, 
0.2) is 5 others are less than 5. 

Let A = {3(0.3, 0.2, 0), 4(0.5, 0.6, 0.9), 5(0.1, 0.2, 0.7)} and B = {4(0.8, 0.1, 0.9), 2(0.6, 0.6, 0.6)} € 
5-M(S2). Now we first find A x B = {5(0.24, 0.02, 0), 5(0.4, 0.06, 0.81), 5(0.08, 0.02, 0.63), 5(0.06, 0.12, 
0.42)} € 5(M(S2)). 

A+B = {5(0.1, 0.3, 0.9), 5(0.9, 0.8, 0.6), 5(0.3, 0.7, 0.8), 5(0.9, 0.3, 0.6), 5(0.1, 0.2, 0.5), 5(0.7, 0.8, 
0.3)} € 5-M(S2). Addition is done modulo 1. However we have closure axiom to be true under + for elements 
in So and in case of S1;0 € S; = (0, 1)). This closure axiom is flouted. 

Tf addition modulo 1 is done we have to see that 1 is not included in the interval and 0 is included in that 
interval so we need to have only closed open interval [0, 1). Under these two constraints only we can make S> as 
well as M(S2) and n-M(S2) as semigroups under addition modulo 1. 


We can built strong structure only using the [0, 1). 


Theorem 12. Let n-M(S>) = Collection of all multisets of S built using Sy = {(x,y,z)|x,y,z € [0,1)} with 
multiplicity less than or equal ton;2 <n < 

{ n-M(Sz2), x } is a commutative neutrosophic multiset semigroup of infinite order and is not a monoid, 
n-M(S2) has infinite number of zero divisors. 


Proof. If A and B € n-M(S2) we find A x B and update the multiplicities in A x B to be less than or 
equal to nso that A x B € n-M(S2). by Theorem 11(2). 
Clearly (1,1,1) ¢ n-M(Sz) so is not a monoid. 


Theorem 13. B = {n-M(S2),+, x}, the n-multiplicity multiset NC is a commutative semiring of infinite 
order and has no unit, where Sy = [0,1). 


Proof. Follows from the fact { n-M(S2), +} is a commutative semigroup under addition modulo 1, 
Theorem 11(1) and Theorem 12 and {n-M(S2), x} is a commutative semigroup under x. Hence 
the claim. 


6. Discussions 


The main motive of this paper is to construct strong algebraic structures with two binary 
operations on the NC. Here we are able to get a NC commutative ring structure using the base 
interval as [0, 1). This will lead to future research of constructing Smarandache neutrosophic vector 
spaces and Smarandache neutrosophic algebraic codes using the same interval [0, 1). Now using the 
same interval [0, 1), we construct multiset NC and n-multiset NC 2 < n < oo. On these we were able 
to built only neutrosophic multiset(n-multiplication set) commutative semiring structure. Now using 
these we can construct Smarandache multiset neutrosophic semi vector spaces which will be taken as 
future research. So this is significant first step to develop other strong structures and apply them to 
NC codes and NC cryptography. 


7. Conclusions 


In this paper, authors have made a study of NC on the 4-intervals (0, 1) (0, 1], [0, 1] and [0, 1). 
We define usual + and x on these intervals which is very different from the study taken so far. The main 
properties enjoyed by these NC semigroups are developed. Further of these intervals only the interval 
[0, 1) gives a nice algebraic structure viz an abelian group under usual addition modulo 1, which in 
turn helps in constructing NC commutative ring under usual addition modulo 1 and product, the ring 
has infinite number of zero divisors, whereas all the other intervals are semigroups/monoids which 
are torsion free or weakly torsion free of infinite order under x. Further in this paper we introduce the 
notion of multiset NC semigroups using these four intervals under product. Furthermore, the multiset 
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NC forms a commutative semiring with zero divisors only when the interval [0, 1) is used. Finally we 
introduce n-multiplicity multiset using these NC. They are also semigroups which is torsion free or 
weakly torsion free under product. 

For future research we will be using the product and addition modulo 1 in the place of min and 
max in Single Valued Neutrosophic Set (SVNS) and would compare the results with the existing ones 
when applied as SVNS models to real world problems. 

Apart from all these we can use these NC, multiset NC and n-multiplicity multiset NC to built 
NC codes which is one of the applications to neutrosophic cryptography which will be taken up by the 
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Abstract: In this paper we study and develop the Neutrosophic Triplet Topology (NTT) that was 
recently introduced by Sahin et al. Like classical topology, the NTT tells how the elements of a set 
relate spatially to each other in a more comprehensive way using the idea of Neutrosophic Triplet 
Sets. This article is important because it opens new ways of research resulting in many applications in 
different disciplines, such as Biology, Computer Science, Physics, Robotics, Games and Puzzles and 
Fiber Art etc. Herein we study the application of NTT in Biology. The Neutrosophic Triplet Set (NTS) 
has a natural symmetric form, since this is a set of symmetric triplets of the form <A>, <anti(A)>, 
where <A> and <anti(A)> are opposites of each other, while <neuti(A)>, being in the middle, is their 
axis of symmetry. Further on, we obtain in this paper several properties of NTT, like bases, closure 
and subspace. As an application, we give a multicriteria decision making for the combining effects of 
certain enzymes on chosen DNA using the developed theory of NTT. 


Keywords: neutrosophic triplet set; neutrosophic triplet topolgy; decision making; application 


1. Introduction 


The main aim of the paper is to introduce the Neutrosophic Triplet Topology (NTT) in various 
fields of research, due to its great potential of applicability. However, in order to do so, we first 
study its theoretical properties, such as open and closed sets, base and subspace, all extended 
from classical topology and neutrosophic topology to (NTT). In daily life we are witnessing many 
situations in which the role of neutralities is very important. To control neutralities Smarandache 
initiated the theme of neutrosophic logic in 1995, which later on proved to be a very handy tool 
to capture uncertainty. Thus Smarandache [1], generalizes almost all the existing logics like, fuzzy 
logic, intutionistic fuzzy logic etc. After this many reserchers used neutrosophic sets and logic in 
algebra, such as Kandasamy et al. [2-4], Agboola et al. [5-8], Ali et al. [9-12], Gulistan et al. [13-15]. 
More recently Smarandache et al. [16,17] introduced the idea of NT group which open a new research 
direction. Zhang et al. [18], Bal et al. [19], Jaiyeola el al. [20], Gulistan et al. [21] used NT set in 
different directions. 

On the other hand Munkres [22], studied topology in detail. Chang [23] gave the concept of 
fuzzy topology in 1968. After this further study at fuzzy topology has been done by Thivagar [24], 
Lowen [25], Sarkar [26] and Palaniappan [27] , Onasanya et al. [28], Shumrani et al. [29]. Sahin et al. [30] 
presented the fresh idea of NTT. 

Thus in this aricle, we further extended the theory of NT topology. We study some basic properties 
of NTT where we introduce NT base, NT closure and NT subspace and investigate these topological 
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notions. Moreover, as an application, we give a multicriteria decision making for the combining effects 
of certain enzymes on chosen DNA. 


2. Preliminaries 
In this section we recall some helpful material from [1,16] and for basics of topology we refer the 
reader [22]. 


Definition 1. [1] A neutrosophic set is of the form 


= {(b, TO), [(o),F(b)) 3 > € Ut 

where T,I,F : U-—+]0~,17 |. 
Definition 2. [16] “Let H be a set together with a binary operation x. Then Hr is called a NT set if for any 
> CH, there exist a neutral of “b” called neut(b), different from the classical algebraic unitary element, and an 
opposite of “>” called anti(b), with neut(b) and anti(>) belonging to H, such that: 

bx neut(b) = neut(b)*b =b 

and 

b x anti(b) = anti(b) xb = neut(b).” 
3. Neutrosophic Triplet Topology (NTT) 

In this section, we study NTT in detail. 


Definition 3. [30] Let Hy be a NT set and let H, be a non-empty subset of P(r). If Ht satisfy the 
following conditions: 


¢ ©, in Hy, 
e The intersection of a finite number of sets in H, is also in A, 
e = The union of an arbitrary number of sets in H; is also in Hr. 


then F7, is called a NTT. 


Remark 1. The pair (Hr, H,) is called a NT topological space. The elements of 1, which are subsets of Hr are 
called NT open sets of NT topological space (H'r,A;). 


Example 1. Let Hy be a NT set of Hand H, ={@ Hr}. Then H, is a topology for Hy and it is called the NT 
trivial (or indiscrete) topology. 


Example 2. Let Hr be a NT set of Hand H, =P(Hr). Then Tt is a topology for Hr and it is called the NT 
discrete topology. 


Example 3. Let Hy be a NT set and FH, be the collection of © and those subsets of Hy whose complements are 
finite. Then F, is called the neutrosophic triplet cofinite topology. 


Example 4. Let H= {b1,)2,03} with the binary operation defined by the following table 


* | by | bo | bg 
by | b3 | bo | by 
bo | bo | bg | bg 
b3 | by | ba | b2 
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Then (b1,b3,01),(b2,b2,b2) and (b3,b2,b3) are neutrosophic triplets of H. Lee Hr = 
{ (91,3, b1), (b2, 22,b2), (b3, P2,b3) } be the set of triplets of H. Then 


P(r) = {@, {(b1, 3,1) }, { (2, b2, bo) }, { (b3, ba, bs) f, { (bi, bs, b1), (b2, 2, b2) f, 
{(b2, b2, bz), (b3, D2, b3) }, { (b1, 3, b1), (bs, bz, b3) }, Hr}. 


Consider the following subsets 


FE, = {@, {(b1, 53,01) }, Hr}, 
Fy = {©, {(01,b3,b1) }, {(b2, bo, bo) }, Hr}, 
F3 = {@, {(b3, b2,b3) $, {(b1, bs, b1) }, {(b3, ba, b3), (b1,b3,b1) }, Hr} 


then A and H,3 are NT topologies while H,2 is not NTT. 


Definition 4. Let (7, ) be a topological space. A subset F CF is said to be NT closed if and only if its 
complement Hr \ F is NT open. 


Example 5. Let Hr = {(b1,b3,)1), (b2,b2, 02), (b3,b2,03)} be as in Example 4 with the NTT H; = 
{@, Hr, {(b3, D2, 3), {(b1, 93, b1) }, { (b3, b2, b3), (01,53, b1) }}. Then the NT closed subsets of Hy are 


Fir, D, {(b1,b3, 1), (b2,b2,b2) fy { (ba, D2, ba), (bs, ba, bs) }, { (02, ba, bo) }- 


Remark 2. The NT closed sets of a NT topological space (H,H,) has the following properties, 


1. @,Hrare NT closed. 
2. Finite union of NT closed sets is NT closed set. 
3. The arbitrary intersection of NT closed sets is a NT closed set. 


Definition 5. Two NT topologies H,; and A; of the NT set Hr are said to be comparable if HC Ay or Hz 
C Ay. Further A, and Hy are said to be equal if H-, C Hy2 and Az C Az. If Hz C Ay holds, then we 
say that Fz is finer than H-, and 7, is coarser than Hp. 


Example 6. Let Hr be a NT set having more than one element as a triplet element then any topology on Fir is 
finer than the NT indiscrete topology on Hr and coarser than the NT discrete topology on Ar. 


The intersection of two NT topologies is always a NTT while the union of two NT topologies is 
not in general a NTT as shown in the following example. 


Example 7. Let Hr = {(b1,3,1), (b2, 22, 2), (03, b2, 03) } be as in Example 4. Consider the two NT topologies 
Fry = {@, {(b1,b3,>1)}, Ar} 


Hy = {@, {(b2,b2,b2)}, Hr}. 


Then 
Hyp UH = {@, {(b1, 3,1) }, { (b2, b2, b2) }, Hr} 


is not a NTT. 
Example 8. Let (H;,H, ) be a NT topological space. If for some (b1,)2,b3) €Hr and M €H,, we have 


(b1,2,03) € M, we say that M is a neighborhood of (1,02,53). A set L CH is open if and only if for each 
(b1, 2,3) € L there exists a neighborhood M,,, 5.3) Of (21, 22,03) contained in L. 
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Example 9. Let Hr = {()1,53,)1), (b2, 2,2), (b3, 2,03) } be as in Example 4. Consider the following NTT 


FE = {@, {(b1,3,b1) }, Hr} 


Note that the NT (b1,3,b1) has two neighborhoods, namely {(b1,3,01)} and Hr while Hr is the only 
neighborhood for both (b2,02,b2) and (b3, bz, 03). 


4. Neutrosophic Triplet Bases of Neutrosophic Triplet Topology (NTT) 


In this section, we define and study bases of a NTT for generating NT topologies. 


Definition 6. Let (H-7,H;) be a NT topological space. A family H(B) CH; is called a NT basis (or NT base) 
for 1, if each NT open subset of Hr is the union of members of H(B). The members of H(B) are called basis 
open sets of the topology Hr. 


Example 10. Let Hr be any NT set. Then the collection of all NT subsets of Hr is a basis for the NT discrete 
topology on Fir. 


Example 11. Let Hr = { (51,53, 01), (b2,b2, b2), (b3, b2,b3)} be as in Example 4 with the NIT 
Af, — {Q, { (3, bo, b3)}, {()1, bs, D1)}, { (b3, Do, b3), (b1, b3, b1)}, Hr}. 
Then A(B) = {{(3, 22,03) }, {(b1,b3, b1)} Air} is a NT basis for (Hy,H;). 


Theorem 1. Let (Hy, H;) be a NT topological space. A family 


H(B) C Ay 
is a NT basis for H, if and only if, for each 

H(O) ¢ H, 
and 

(Do, Do, Do) € A (O) y 
there is a 
H(S) € H(6) 

such that 


(borbor bo) € H(S) C H(O). 


Proof. Suppose that H (f) is a NT base for NTT T. By definition each H (O) € H;, is a union of members 
of H,. Let 
H(O) = U{H (Sa): H(Sx) € H(B)}. 


If (b,bo,bo) is an arbitrary NT point of H (O), then (9,20, 29) belongs to at least one H (Sy) in 


the union 
UsH (Sa) =H(O). 
Hence 
(bo, 20, bo) € H (Se) C UnH (S29) = H(O). 
Thus 


(bor bor bo) € H(Sq~) C H(O). 


Conversly, suppose that for each 
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(bo, Po, Po) € H(O), 


there is a 
A (Senate) € F(B) 

such that 
(bo, bo, 00) CH (Sia obe) ) C H(O). 

Thus 
H(O) = U{{(do,P0,00)} : (bo, bo, bo) € H(O)} 

ama) {H (Si¢aobe) : (bo, boy bo) € (0)} CH(O). 
Therefore 


H (0) =U{H (30.5.4) # (borborbo) € (0). 
Thus H (O) is a union of members of H (f) and therefore H (f) is a NT bases for T. 


Theorem 2. A family H(B) of NT subsets of a neutrosophic triplet set(NTS) Hr is a NT bases for some NTT 
on Fr if and only if the following conditions are satisfied: 


(1) Each (b9,99,90) in Hr is contained in some 


H(S) € H(B) 


Ar = U{H(S):H(S) € H(B)}. 
(2) For any H(S1),H(S2) belonging to H(B) the intersection 
Fi (S1) A (Sz) 
is a union of members of H(f) . Equivalently, for each 
(bo, Do, Do) € H(S1) NA (S2) 


there exist a 
Ff (S3) € H(B) 
such that 
(bo, 00,20) € H(S3) CAH(S1) NA (Sy). 


Proof. Suppose that a family H(f) of a NT subsets of NT set Hr is a NT basis for some NTT on 
Hr.Since Hr € H; (is open), then by definition of NT basis, Hy can be written as union of members 
of H(B). Now let H (91), H(S2) be members of H (6). Then H (9), H (Sz) are NT sets and so is 
H (31) NH (S2) . By Theorem 1, for each 


(bay Dies Do) S H (81) Nn H (S92) 


there is a 
Fi (S3) € H(B) 


such that 
(b0, 00,20) € H(S3) CH(S1) NA (S92). 
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Conversly, Suppose that both conditions (1) and (2) hold. Let H; be the family of NT subsets 
of Hr. Which are obtained by taking union of members of H ($). We claim that H, is a NTT on Hr. 
We need to show that the conditions of NTT are satisfied by the member of H,. Let 


{H (Og) : « € O} 
be a class of members of H;. Each H (O,) is a union of members of H () and so 
U{H (Oy) : a € O} 
is also a union of members of H (f) . Hence 


UseoH (On) € Hy. 


Next suppose that 

H(O,),H(Q2) € Hr. 
We shall show that 

N (01) NH (O2) € Hr. 
Let 


(bo, Po, Po) € H(O1) NH (Oz). 
There are sets H (91), H (S2) in H (8) such that 

(bo, bo, bo) S H(S1) Cc H (01) 

and 

(bo, bo, bo) € H(S2) C H (Oz). 

Let H (S23) € H(B) be such that 
(bo, bo, Do) € H(S3) C H(S1) NH (S22). 
Then 
(bo, Po, Po) € H(S3) C H(S1) NA (S2) C H(O1) NH (Oz) 


which means that 
H (O;) OH (O2) 
belong to T. By (1) 
Hr = U{H(S): H(S) € H(p)} 


So Hr € Hr. Also, if we take the union of empty class of members of H (6) we note that @ € Hr. 
Hence H, is a topology on Hr. Since each member of H, is a union of members of H (f) by definition, 
H (6) isa NT basis for H;. 


5. Neutrosophic Triplet Closure 


In this section, we define NT closure of neutrosophic triplet topological space. 


Definition 7. Let (H7,T) bea NT topological space and let H(S') be any NT subset of Hr. A NT ()9,00,00) € 
Hr is said to be NT adherent to H(S) if each NT neighbourhood of (9o,2o,bo) contain a NT point of H(S) 
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(which may be (bo, 50,90) itself). The NT set of all NT points of Hr adherent to H(S) is called the NT closure of 
H(S) and is denoted by H(3) in symbols, 


H (8) = { (bo, bor bo) € Hr: forall F(,,bo,bo)’ FA (b,,bo.bo) (s)} # . 


Equivalently, NT closure of H(S) is the smallest NT closed super set of H(S). Neutrosophic triplet closure 
of H(S) is denoted by H (S) or A(3). 


Remark 3. It is clear from the definition that H(S) CH (8) ; 


Example 12. Let Hr = {(b1,3,51), (b2,b2,b2), (b3,b2,b3)} be as in Example 4 with the NIT tT = 
{¢,{(b1,b3,b1)} Hr }. Let (G1) = {(b1,bs,b1)} and F(S2) = {(b2,b2,b2)}. We will find H(S1) 
and (2) . Since H(31) CH(3y), we have (b1,3,b1) cH(S oF 

Now 

(b2,b2,b2) € Hr. 

Since the only neighborhood of (b2,?2,52) is Hr and HpNH(S1) & ¢, we have that (b2,b2, 2) cH(S1) 
Similarly, we have that (b3,2,b3) €H(S1). Therefore, H(&) =H. 

Next we will find H(S). Since {(b,,b3,b1)} is a neighborhood of (b4,03,>1) and 
{ (b1,03,b1)} NH(S2) = @, we have that (b1,53,51) ¢H(%). Since the only neighborhood of (b2,b2,02) 


is Hr and H-NH(S2) # ¢, we have (b2,52,b2) cH(%). Similarly, we have that (b3,92,b3) cH(S). 
Hence, H(&%) = (52, b2, ba) , (b3, bo, bs) }. 


Theorem 3. H(S) is NT closed if and only if H(S) = H(3). 


Proof. Assume that H (S') is a NT closed. Then H (S&) is a closed set containing H (S'). Therefore, 
H (8) C H(S). However, by definition H(S) C H (8). Hence, H(S) = H (8). Conversely, 


assume that H(S) = H (8). Since H (8) is the smallest NT superset of H(S), so H (3) is NT 
closed, which implies that H (S) is NT closed. 


Theorem 4. Let (Hr, H,) be a NT topological space and let H(S1) and H(Sz) be arbitrary NT subsets of Hr. 
Then 


e o=¢ 

¢ fir =Hr 

© (S81) UH(S2) =H (S81) UA(S2) 

© AS) NH) cCHS)NAS 

© ($1) =f(S1) 

e =6 If H(S1) CH(S2), then H (31) C H(S2) 


(1) It is trivial. 
(2) Hr and Hr are both closed sets and therefore Hr = Hr by Theorem 3. 
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(3) — Let (90,bo,bo) € H(S1). Then each NT neighbourhood Hy,,,,,,) of (20,20, 20) contains some 
point of H(S) and hence Hy,,,,,,) contains some point of H (Sj US). Thus ()9,D0,2o) € 
H (Sj U S2).Therefore, H (S1) C H (S41 U S2). Similarly, H (S2) C H (S41 U S2). Thus 


H(S)) UH(@:) C H(S, US). 


For the converse inclusion, we have , by definition H (S;) C H(S1) and H(S2) C H(S%»). 
Therefore 


H (9; U So) CH(S9,) UH (S94). 


However, H (S,) UH (S2) is a NT closed set containing H (Sj U Sz). Hence by Theorem 3 we 
have 


(4) Since H(S1) C H(S1), and H(S2) C H(S2) we have 


Implies that 


FH (S31) NH (S2) CH (S81) NH(S2). 


(5) | Weapply Theorem 3 to the NT closed set N (31) to obtain 
Pply 


(6) IfH(S1) C H(S2) thenH(S,) UH (S2) = H(S2). Taking closures on both sides and applying 
(3) we have 


Hence, H (1) CH (So). 


Remark 4. The equality 


does not hold in general. 


6. Neutrosophic Triplet Subspace 


In this section, we define the NT subspace. 
Definition 8. Let (Ht, H,) be a NT topological space and H(Y) CH, where H(Y) 4 ¢. Then 
Tay) = {H(V) NAY): A(V) € Ay} 


is a NTT on H(Y), called NT subspace topology. Open sets in H(Y) consist of all intersections of open sets of 
Hr with H(Y). 
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Let us check that the collection Hy) isa NTT on H(Y). 
We shall show that F.,py) satisfies the three properties of a NT topology on H(Y). 
T,: Suppose that 

H (O,),H(Q2),...,H (Opn) 


belong to Hy) then, there are subsets H(U1) , H(Uz),.... (Us) of Hr belonging to H; such that 
H(O;) =H(Y)NH(U;), i=1,2,...,n. 
Now H(O}) al H(O2) 3 


H (On) = (A (Y) NH(U,)) 9 (A (Y) NH (Up))...N (A (Y) NH (Un)) 


A NT open set in H(Y), since 
H (U;) OH (U2) Ferra as | (Un) c€ H; 


Hence 
H (O;) OH (O2) waeEd (On) € TH(Y): 


This finite intersection of members of Fijyy) is again in Ty). 
Ty: Let {Fi (Oy) : a € O} be an arbitrary family of members of Hjy,y). Then there exist a family 
{Uy : « € O} of member of H; such that H(O,) =H(Y) 9M H(Uz) for all a € O. Therefore, 


UsenH (On) = Unea (7A (Y) NA (Ux)) =i (Y) a (Usen Uw) 


Since H, isa NTT on H(Y). 
T, U{H (Uy) : « € O} is in t. Hence 


FE(Y) 9 (UnenUa) € Ary). 


Thus, UseqH(O.) belongs to Ty(y)- Hence arbitrary union of members of Hy) is also in Hzyy). 
T3: H(Y) and ¢ belong to Hy y) since 


H(Y)N Hy = H(Y) 


and 
HY) ¢=9 
Hence, Hyp y) isa NTT on F(Y). 


Example 13. Let Ar = {(b1, 53,51), (b2, D2, 92), (3, 02,03) $ be as in Example 4 with the NTT 
Fr = {, {(01,03,01) } , { (D2, 02,2), {(d1, 23,01) , (02,52, b2)} Air} 


and H(Y) = {(b1,b3, 1) , (b3, b2,b3) $ 
Taking intersection of each member of t with H(Y) . Then 
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gNH(Y) =¢ 
{(b1,b3,b1)} OH(Y) = {(b1,b3,b1)} 
{(b2,b2,b2)} NH(Y) = 
{(b1,b3,b1) , (b2,b2,b2)} NH (Y) = {(b1,b3,b1) } 


Hy NH(Y) = H(Y) 
Tey) = {$, {(b1, 03,51) FH (Y)}- 


7. Applications 


In Mathematics, topology is concerned with the properties of space that are preserved under 
continuous deformations, such as stretching, twisting, crumpling and bending, but not tearing or 
gluing. Like topology, the NTT tells how elements of a set relate spatially to each other in a more 
comprehensive way using the idea of Neutrosophic triplet sets. It has many application in different 
disciplines, Biology, Computer science, Physics, Robotics, Games and Puzzles and Fiber art etc. 
Here we study the application of NTT in Biology. 

Suppose that we have a certain type of DNA and we are going to discuss the combine effects of 
certain enzymes like, S1, 2, 3 on chosen DNA using the idea of NT sets. These enzymes cut, twist, 
and reconnect the DNA, causing knotting with observable effects. Assume the set H= {S'1, S2, S3} 
and assume that their mutual effect on each other is shown in the following table 


* 34 So 33 
S41 33 Yo S41 
Yo Yo So 33 
S3 | S1 | S3 | Se 


Then (S34, 93, $1), (S2, S2, S2) and (S3, Sz, 3) are neutrosophic triplets of H. Here (91, 93, $7) 
means that the enzymes 3, 93 play the role of anti and neut of each other, (Sz, S'2, Sy) means that 
the enzyme S» has no neut and anti and Sj, 3 are anti and neut of each other in different situations. 


Let Hr = {(S1, 93, 91), (S2, S2, S2), (S3, S2, 33) } be the set of triplets of H. Then 


{(S0, So, 39), (Sz, So, 33) }, {(S1, 33, $41), (S3, So, Sa} Hr}. 


Here P(Hr) discuss the all possible outcomes of anti and _neut. Consider 
the following two subsets of P(Hr). %Y = {O,{(91,33,S1)} Hr} and m = 
{@, { (33, S2, 33) }, {(S1, S3, S1) $, { (G3, G2, 33), (S1, 93,31) }, Hr}. Then tT and fj are 
NT topologies and stand for the combination of enzymes that effect the DNA. While 
% = {%, {(S3, So, 33) }, {(S2, So, $2) },Hr} is not NTT and stands for the combination of 
enzymes that does not effect the DNA as union of {(S'3, Sz, S'3) }, { (G2, S2, S2) } does not belongs to 
73. As T and T neutrosophic triplet topologies so T%] 1% = T% and T U T% = 7 is again a neutrosophic 
triplets topology which effects the DNA. The NTT @ stands for the combination of enzymes where we 
can not have any answer while neutrosophic triplet topology P (Hr) stands for the strongest case of 
combination of enzymes which effects the DNA. Now if we want more insight of this problem we may 
use other concepts like, NT neighborhoods etc. 

On the other hand Leonhard Euler demonstrated problem that it was impossible to find a route 
through the town that would cross each of its seven bridges exactly once. This problem leads us 
towards the NT graph theory using the concept of NTT as the route does not depend upon the any 
physical scenario, but it depends upon the spatially connectivity between the bridges. 

Similarly to classify the letters correctly and the hairy ball theorem of algebraic topology can be 
discussed in a more practical way using the concept of NTT. 
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8. Conclusions 


In this article, we used the idea of NIT and introduced some of their properties, such as NT base, 
NT closure and NT subspace. At the end we discuss an application of multicriteria decision making 
problem with the help of NTT. 
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Neutrosophic Fuzzy Matrices and Some 
Algebraic Operations 


Rakhal Das, Florentin Smarandache, Binod Chandra Tripathy 


Rakhal Das, Florentin Smarandache, Binod Chandra Tripathy (2020). Neutrosophic Fuzzy 
Matrices and Some Algebraic Operations. Neutrosophic Sets and Systems, 32, 401-409 


Abstract: In this article, we study neutrosophic fuzzy set and define the subtraction and 
multiplication of two rectangular and square neutrosophic fuzzy matrices. Some properties of 
subtraction, addition and multiplication of these matrices and commutative property, distributive 
property have been examined. 

Keywords: Neutrosophic fuzzy matrix, Neutrosophic set. Commutativity, Distributive, Subtraction 


of neutrosophic matrices. 


1. Introduction 


Neutrosophic set was introduced by Florentin Smarandache [1] in 1998, where each element had 
three associated defining functions, namely the membership function (T), the non-membership (F) 
function and the indeterminacy function (I) defined on the universe of discourse X, the three 
functions are completely independent. Relative to the natural problems sometimes one may not be 
able to decide. After the development of the Neutrosophic set theory, one can easily take decision 
and indeterminacy function of the set is the nondeterministic part of the situation. The applications 
of the theory has been found in various field for dealing with indeterminate and inconsistent 
information in real world one may refer to [2,3,4]. Neutrosophic set is a part of neutrosophy which 
studied the origin, nature and scope of neutralities, as well as their interactions with ideational 
spectra. The neutrosophic set generalizes the concept of classical fuzzy set [10, 11], interval valued 
fuzzy set, intuitionistic fuzzy set and so on. In the recent years, the concept of neutrosophic set has 
been applied successfully by Broumi et al. [12, 13, 14] and Abdel-Basset et al. [15, 16, 17, 18] 

The single-valued neutrosophic number which is a generalization of fuzzy numbers and 
intuitionistic fuzzy numbers. A single-valued neutrosophic number is simply an ordinary number 
whose precise value is somewhat uncertain from a philosophical point of view. There are two 
special forms of single-valued neutrosophic numbers such as _ single-valued trapezoidal 
neutrosophic numbers and single-valued triangular neutrosophic numbers. 

The neutrosophic interval matrices have been defined by Vasantha Kandasamy and Florentin 


Smarandache in their book “Fuzzy interval matrices, Neutrosophic interval matrices, and 


830 


Florentin Smarandache (author and editor) Collected Papers, IX 


applications”. A neutrosophic fuzzy matrix [dij]»xm, whose entries are of the form a + Ib 
(neutrosophic number), where a, b are the elements of the interval [0,1] and J is an indeterminate 
such that I"= I, n being a positive integer. 

So the difference between the neutrosophic number of the form a + Ib and the single-valued 
neutrosophic numbers is that the generalization of fuzzy number and the single-valued 
neutrosophic components <T, I, F> is the generalization of fuzzy numbers and intuitionistic fuzzy 
numbers. Since fuzzy number lies between 0 to 1 so the component neutrosophic fuzzy number a 
and b lies in [0,1]. In the case of single-valued neutrosophic matrix components will be the true value, 
indeterminacy and fails value with three components in each element of a matrix [3, 4, 8]. 

We know the important role of matrices in science and technology. However, the classical 
matrix theory sometimes fails to solve the problems involving uncertainties, occurring in an 
imprecise environment. Kandasamy and Smarandache [7] introduced fuzzy relational maps and 
neutrosophic relational maps. Thomason [8], introduced the fuzzy matrices to represent fuzzy 
relation in a system based on fuzzy set theory and discussed about the convergence of powers of 
fuzzy matrix. Dhar, Broumi and Smarandache [2] define Square Neutrosophic Fuzzy Matrices 
whose entries are of the form a+Ib, where a and b are fuzzy number from [0, 1] gives the definition of 
Neutrosophic Fuzzy Matrices multiplication. 

In this paper our ambition is to define the subtraction of fuzzy neutrosophic matrices, 
rectangular fuzzy neutrosophic matrices and study some algebraic properties. We shall focus on all 
types of neutrosophic fuzzy matrices. The paper unfolds as follows. The next section briefly 
introduces some definitions related to neutrosophic set, neutrosophic matrices, Fuzzy integral 
neutrosophic matices and fuzzy matrix. Section 3 presents a new type of fuzzy neutrosophic 
matrices and investigated some properties such as subtraction, commutative property and 


distributive property. 
2. Materials and Methods (proposed work with more details) 


In this section we recall some concepts of neutrosophic set, neutrosophic matrices and fuzzy 
neutrosophic matrices proposed by Kandasamy and Smarandache in their monograph [3], and also 
the concept of fuzzy matrix (One may refer to [2]) 


Definition 2.1 (Smarandache [1]). Let U be an universe of discourse then the neutrosophic set A is an 
object having the form A = {< x:Ta(x), [a(x), Fa(x)>, x € U}, where the functions T, I, F : U— ]-0, 14+[ 
define respectively the degree of membership (or Truthness), the degree of indeterminacy, and the 
degree of non-membership (or Falsehood) of the element x © U to the set A with the condition. 


0 < Ta(x) + Ia(x) + Fa(x) $ 3+. 
From philosophical point of view, the neutrosophic set takes the value from real standard or 
non-standard subsets of ]-0, 1*[. So instead of ]-0, 1*[ we need to take the interval [0, 1] for technical 
applications, because ]-0, 1*[will be difficult to apply in the real applications such as in scientific and 


engineering problems. 


Definition 2.2 (Dhar et al. [3]). Let Mmxn= {(ai) : aj © K(D}, where K(D), is a 
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neutrosophic field. We call Mmxn to be the neutrosophic matrix. 
Example 2.1: Let R(I) = (R UI )be the neutrosophic field 


5 oO 2:4 
355 3 #5 
ae Me ee ee 
8 —SI JI 


Max denotes the neutrosophic matrix, with entries from real and the indeterminacy. 


Definition 2.3 (Kandasamy and Smarandache [5]) 
Let N = [0, 1]U I where I is the indeterminacy. The mxn matrices Minxn = {(ai) : aij ©[0, 1] U I} is called 


the fuzzy integral neutrosophic matrices. Clearly the class of mxn matrices is contained in the class of 
fuzzy integral neutrosophic matrices. 
The row vector 1xn and column vector mx1 are the fuzzy neutrosophic row matrices and fuzzy 


neutrosophic column matrices respectively. 


05 oO 0.17 


Example 2.2: Let Mas = os = a “4 be a 4 x3 integral fuzzy neutrosophic matrix 
08 O5/ f 


Definition 2.5 (Kandasamy and Smarandache [5)). 


Let Ns = [0, 1] U {bI : bE [0, 1]}; we call the set Ns to be the fuzzy neutrosophic set. Let Ns be the fuzzy 


neutrosophic set. Mixn = {(ai): aijENs i= 1 to m and j = 1 to n} we call the matrices with entries from Ns 
to be the fuzzy neutrosophic matrices. 


Example 2.3: Let Ns = [0,1] U{bI: bE[0,1]} be the fuzzy neutrosophic set and 


05 0 O17 
P= ( I 03 O05 ) 
0 I 0.01 
be a3 x3 fuzzy neutrosophic matrix. 
Definition 2.6 (Thomas [9]). A fuzzy matrix is a matrix which has its elements from the interval [0, 
1], called the unit fuzzy interval. Ama fuzzy matrix for which m = n (i.e. the number of rows is equal 


to the number of columns) and whose elements belong to the unit interval [0, 1] is called a fuzzy 


square matrix of order n. A fuzzy square matrix of order two is expressed in the following way 
x ¥y 
(¢ 2): 
t z 
where the entries x, y, t, z all belongs to the interval [0,1]. 
Definition 2.7 (Kandasamy and Smarandache [5]). Let A be a neutrosophic fuzzy matrix, whose 


entries is of the form a + Ib (neutrosophic number), where a, b are the elements of [0,1] and J is an 


indeterminate such that I= I, n being a positive integer. 
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ae [= + fy, Xz+ a) 
Xgtlys Xt lyy, 
Definition 2.8 Multiplication Operation of two Neutrosophic Fuzzy Matrices 
Consider two neutrosophic fuzzy matrices, whose entries are of the form a + Ib (neutrosophic num- 
ber), where a, b are the elements of [0,1] and J is an indeterminate such that I"= I, n being a positive 
integer, given by 
He ee +Iy, X,+ i) bing +iIn,g m,+ ig 
Xgtiy, xyat ly, | iB = MMs +ing m,+In, 
The Multiplication Operation of two Neutrosophic Fuzzy Matrices is given by 
Mi [= +ly, x,+ i) a +in, m,+ Pag) 
Xgtly,; xgtly,/\m,+In, m,+In, 


Du = [max{ min(xy, my), min(Xz, M 3)} +1 max{ min{(¥y, My), min(¥z, M3)}] 
D2 = [max {min(*%q, M2z), min (*z, Mt,)} + J max {min(¥y, Mz), min(Wz, M)}] 
Doi = [max {min{(%3, My), min (*%q4, MPz)} + I max {min{('3,72,), min (Vg, M3)}] 


D2 = [max {min{(%3, Mz), min (X¥4, Mg)} + I max{ min{(¥z, Mz), min (Va, Ms)}] 


Hence, AB = Fe tg) 


21 22 


3. Results (examples / case studies related to the proposed work) 


In this section we define the subtraction and distributive property of neutrosophic fuzzy matrices 


along with some properties associated with such matrices. 


3.1 Subtraction Operation of two Neutrosophic Fuzzy Matrices 
Consider two neutrosophic fuzzy matrices given by 
x, tly, x,+Iy, 
A= € +ly3 X4t m) 
Xstly,; xgtly¥e 
t,+1z, t,+Iz, 
and B= (« +fiz, t+ ts) 
t-+iz, t,+ Iz, 


Addition and multiplication between two neutrosophic fuzzy matrices have been defined in 


Smarandache [2]. We would like to define the subtraction of these two matrices as follows. 
A-B=C, 


where cj are as follows 
cu = min{x1, ti} + J min{y1, z1} 
c12 = min{x2, t2} + I min{y2, z2} 
ca = min{xs, ts} + I min{ys, zs} 


ca = min{xa4, ta} + I min{ys, za} 
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c31 = min{xs, ts} + I min{ys, zs} 
c32 = min{xe, to} + I min{yo, Zo} 
Since min{a, b} = min{b, a} so based on this we have the following properties. 


Proposition 3.1. The following properties hold in the case of neutrosophic fuzzy matrix for 


subtraction 
(i) A-B = B-A 
(ii) (A- B)- C=A-(B-C)=(B-C)-A=(C-B)-A. 


Proof. Consider three neutrosophic fuzzy matrices A, B and C as follows. 
Gy thf ay t byl Cy ty? Cyz + dal 
A= (= + byl ayy + bat) 8- (ex +dyI Coy + dat) 
gg + Dgyl Gaz + Daal gy + dgyf gy + dao! 
kg tmy! i.+my! 
and C= (i +my!I 13+ ma 
git Mzyl 13, + Mggl 
Gy tbl ayt byl Cy tdyl eqytdyl 
A-B= (=x +b,,F ay+ bt) = (= +d!I G+ én!) = D (say), 
Gg, t+ byl a3 + byyl yy + dyyl 3, + dagl 
where, 


Du= min{@yy, Cyy}+Imin{byy, Ayy} = Xyy + Ly 
Dia= min{@yz, Cyz}+Imin{byz, dyz} = Xyqz + L¥yz 
Du = min{@zy, €z}+Imin{byy, dzy}= Xzy + Ty zy 
Dz = min{@ zz, €z7}+Imin{bzz, dzz} = Xzq +1¥zq 

Da = min{@gq, C3y}+Imin{bgy, d3y} = X3y + 1¥'3q 


D32 = min{@z3, C35 }+Imin{b33, d35} = X35 + T¥3 
Xyy HL¥yy XyqQt LY yy FLVyy  Xyq +1 
D= | XaqgtI¥qq Xqqgt T¥gq ] and B-A= | XaqgtT¥qq Xqq +1 Vaz ] =D, 
Xgy + Ty¥gy Xgq + L¥32 git Tyg, X32 +1Ys2 


[*= min(a, c) = min(c, a)] 


Hence, A-— B=B-A. 
Now we have, 
D-C=(A-B)-C 


Koy tly XqQt I yy tL tmy! btm! 
= & + lye, Xoz+ ro - (i +m z,f i+ mat 
git ly¥3y X3q t+ 1¥32 Igy + mg,I 139 +331 


= F (say), 
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where, 


Fu=min{%qq, Uyy}+Imin{¥yq, Myq} = min{@yy, Cyy, Lyg}+Imin{byy, dyy, Myy} = Nyy + Ikyy 
Fr= min{Xgz, Lyg}+Imin{¥yz, Myg} = min{@yz, Cyz, Lyg}+Imin{byy, dyz, My} = Nyq + Ikyy 
Fa = min{%gq, Ly}+Imin{¥2q, gq} = min{@gy, gy, Lyy}+Imin{byy, dyy, Mzy}= Nzy + Thy 
Fx = min{Xzz, L3}+Imin{¥zz, Mz2}= min{Azz, €zz, 143}+Imin{bzz, dzz, Mz}= Nzq + 1k 
Fa = min{%gq, L3y}+Imin{¥3q, Mg} = min{@3q, Czy, L3y}+Imin{bgy, d3y, M™M3q}= Mg, +1k3, 


Fao = min{%3z, 133}+Imin{¥32, M732} = min{@gzq, Czy, 1gy}+Imin{b3,, dz, MM 3q}= Ngz +132 


(A—B)-C=F=| Yigg tiky, Ry + Ik 


& + ky, My + ie) 
Mz, +Ik3z; Mz + Ik 


Next we have, 


Cy tdyl qytdyl 1, +m b2 tmp! 
B-C=| ey tdyl Cyytdyyl} — [ly tmyl I +myyl | = E (say), 
fy, tds, yy + dgzl Io, +g! Ig, + mg! 


where 


Eu = min{€qq, Uyg}+Imin{@yy, My} = Pyy + 1Qyy 
E12 = min{€ zz, y3}+Imin{dyz, Myz} = Pyz + Iqyz 
En = min{€zq, 1y4}+Imin{dzy, Mz} = Pry +1 q2y 
Ex = min{€zz, 1y3}+Imin{@zz, Mzz}= Pzz +1 G22 
Eai= min{€31, 1 3y}+Imin{@3y, ™3y} = Psy +1434 


Ex = min{€33, 133}+Imin{d3z, M32} = P37 +1q32. 
We have 
Py tly, Paz t+1qy2 
B-C=E=| Py tlqy, Paz +1422 
1 +Iq3; Psz +1q32 
yy + Dyl ayy + Dyyl Py tly, Paz t+1qy2 
A-(B-C)=|@y + byl ay3+Byl}- | Px tla, Pox +1422 J, 
G3, + by,I azz + bgzl 1 +Iq3; Psz +1q32 


where 


min{@yy, Pyy}+Imin{byy, Fay} = min{@yy, Cyy, Lyy}+Imin{by,, ayy, Myx} 
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min{@yz, Pyz}+Imin{Dyz, Fyz} = min{Ayz, Cyz, Lyz}+Imin{Dyy, dyz, My} 
min{@zy, P2y}+Imin{bzy, F2y} = min{@zy, Czy, lyy}+Imin{by,, dz, Mz,} 
min{@ zz, Pzz}+Imin{bzz, Fz2}= min{@zz, €zz, 1y2}+Imin{bzz, dzz, M3} 
min{@3y, P3y}+Imin{bgy, Gq} = min{@gq, Czy, 13y}+Imin{b3,, dgy, My} 


min{@33, P3z}+Imin{b3z, G32} = min{@3q, Czy, 13,}+Imin{b3,, dzy, My} 


Yigg + Eig, Mz + They 
F= | My + Ik Mgq + Ikyy 
Fiz, + Ikz, Maz + Ik 


Therefore, A —(B-C)=F =(A-B)-C. 


3.2 Identity element for subtraction 


TE 


In the group theory under the operation 
*A=A*IN=A. 


the identity element Iv of a set is an element such that In 


Specially the identity element of neutrosophic set is In = {[ai+bil]mxn: aij=1 =Di for all i, j}. 


Result 3.1. For a neutrosophic fuzzy matrix, In is the identity matrix for subtraction. 


Ay + byl ayy + byl 1+fF i+! 
Let A= | Gay + Byf Gy + by! |, and In = (: Ti Ae ) be the neutrosophic identity 


matrix of order 3x2. 


Then we have the following 


Ay t byl ay + byl 1+/ i+! 
A-In= az, + byl az, + bz] -(2 +f 1+1) 
Gz, + byl agg +byf/ ‘1+t 141 


Gy, tbl ayy t byl 
= Az, + b,,1 Ag, al b,51 = In -A = A, 
Gz, + byl azz + Dyyl 


where 


min{@yq, 1}+Imin{byy,1} = @yy + dy T 
min{@ pz, 1}+Imin{Pyz,1}= Ayz + By] 
min{@zq, 1}+Imin{b 4,1} = @zy + BT 
min{@zz, 1}+Imin{bzz,1} = Azz + By51 


min{@3q, 1}+Imin{b3y,1} = @3y + b3,1 
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min{@3z, 1}+Imin{b 3,1} = @3z + b3zf 


3.3 Identity element for addition 
In neutrosophic matrix addition we can define a identity element Iv such that In = {[aij +bil]mxn:  aij= 0 
= by for all i, j} 
Qy tbyl ayy + dl o0+07 O+0/7 
Let A= | Gag + BaF Gay + Bay! | and In = (0 +0F 0+0/ ) be the neutrosophic identity 
Gz, + by;f azz + bgzl 0+07 O0O+0/ 
matrix of order 3x2. 
Then we have the following 
Ay + dy ay + byl 1i+/J i+I 
Qyy tbyl ayy + dyyl 
= & tbyl ay, + bal 
@3, + byl a3 + byl 
=In-A=A, 
where 
max{ aa 
max{@y3, 0}+Imax{Dy>,0}= ays + by 51 
max{@zq, 0}+Imax{B 4,0} = @ 
{@z3, 0}+Imax{b5,0} = Gy 
{@zy, 0}+Imax{B34 ,0} = A34 + 


Result 3.2. The neutrosophic set forms a groupoid, semigroup, monaid and is commutative under 
the neutrosophic matrix operation of subtraction. The distributive law also holds for subtraction, i.e. 
A(B-C)=AB- AC. 

Result 3.3. The neutrosophic set forms a groupoid, semigroup, monaid and commutative under 
the operation of addition. The distributive law also holds for addition, i.e. 


A(B+C)=AB+ AC. 


Thus we have, A(B = C)=AB = AC. 


4. Applications 
The formation of neutrosophic group structure, neutrosophic matrix set and algebraic structure 
on this set, the results are applicable. 


5. Conclusions 

In this paper we have established some neutrosophic algebraic property, and subtraction operation 
addition and multiplication of these matrices and commutative property, distributive property had 
been examine. This result can be applied further application of neutrosophic fuzzy matric theory. 
For the development of neutrosophic group and its algebraic property the results of this paper 
would be helpful. 
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Neutrosophic Quadruple Algebraic Codes over Z2 
and their Properties 


Vasantha Kandasamy, Ilanthenral Kandasamy, Florentin Smarandache 


W.B. Vasantha Kandasamy, llanthenral Kandasamy, Florentin Smarandache (2020). 
Neutrosophic Quadruple Algebraic Codes over Z2 and their Properties. Neutrosophic Sets 
and Systems, 33, 169-182 


Abstract. In this paper we for the first time develop, define and describe a new class of algebraic codes using 
Neutrosophic Quadruples which uses the notion of known value, and three unknown triplets (7, J, F) where 
T is the truth value, J is the indeterminate and F' is the false value. Using this Neutrosophic Quadruples 
several researchers have built groups, NQ-semigroups, NQ-vector spaces and NQ-linear algebras. However, so 
far NQ algebraic codes have not been developed or defined. These NQ-codes have some peculiar properties 
like the number of message symbols are always fixed as 4-tuples, that is why we call them as Neutrosophic 
Quadruple codes. Here only the check symbols can vary according to the wishes of the researchers. Further we 
find conditions for two NQ-Algebraic codewords to be orthogonal. In this paper we study these NQ codes only 
over the field Z2. However, it can be carried out as a matter of routine in case of any field Z, of characteristics 
D. 

Keywords: Neutrosophic Quadruples; NQ-vector spaces; NQ-groups; Neutrosophic Quadruple Algebraic codes 
(NQ-algebraic codes); Dual NQ-algebraic codes; orthogonal NQ- algebraic codes; NQ generator matrix; parity 


check matrix; self dual NQ algebraic codes 


1. Introduction 


Neutrosophic Quadruples (NQ) was introduced by Smarandache in 2015, it assigns a 
value to known part in addition to the truth, indeterminate and false values, it happens to 
be very interesting and innovative. NQ numbers was first introduced by |1] and algebraic op- 
erations like addition, subtraction and multiplication were defined. Neutrosophic Quadruple 
algebraic structures where studied in [2]. Smarandache and et al introduced Neutrosophic 
triplet groups, modal logic Hedge algebras in (3}(4]. Zhang and et al in defined and de- 
scribed Neutrosophic duplet semigroup and triplet loops and strong AG(1, 1) loops. In (3}12], 
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various structures like Neutrosophic triplet and neutrosophic rings application to mathemat- 
ical modelling, classical group of neutrosophic triplets on {Z2p, x} and neutrosophic duplets 
in neutrosophic rings were developed and analyzed. 

Algebraic structures of neutrosophic duplets and triplets like quasi neutrosophic triplet 
loops, AG-groupoids, extended triplet groups and NT-subgroups were studied in [7\[13|/16)/17]. 
Various types of refined neutrosophic sets were introduced, developed and applied to real 
world problems by (18}24]. In 2015, has obtained several algebraic structures on refined 
Neutrosophic sets. Neutrosophy has found immense applications in [25}28}. Neutrosophic 
algebraic structures in general were studied in [29}32]. The algebraic structure of Neutrosophic 
Quadruples, such as groups, monoids, ideals, BCI-algebras, BCI-positive implicative ideals, 
hyper structures and BCK/BCI algebras have been developed recently and studied in [34}{39]. 
In 2016 have developed some algebraic structures using Neutrosophic Quadruples (NVQ, +) 
groups and (NQ,.) monoids and scalar multiplication on Neutrosophic Quadruples. have 
recently developed the notion of NQ vector spaces over R(reals) (or Complex numbers C' or 
Zp the field of characteristic p, p a prime). They have also defined NQ dual vector subspaces 
and proved all these NQ-vectors though are distinctly different, yet they are of dimension 4. 

The main aim of this paper is to introduce Neutrosophic Quadruple (NQ) algebraic codes 
over Zj. (However it can be extended for any Z,, p a prime). Any NQ codeword is an 
ordered quadruple with four message symbols which can be a real or complex value, truth 
value, indeterminate or complex value and the check symbols are combinations of these four 
elements. We have built a new class of NQ algebraic codes which can measure the four aspects 
of any code word. 

The proposed work is important for Neutrosophic codes have been studied Neutrosophic 
codes have been studied by but it has the limitations for it could involve only the inde- 
terminacy present and not all the four factors which are present in Neutrosophic Quadruple 
codes. Hence when the codes are endowed with all the four features it would give in general 
a better result of detecting the problems while transmission takes place. 

It is to be recalled any classical code gives us only the approximately received code word. 
However the degrees of truth or false or indeterminacy present in the correctness of the received 
code word is never studied. So our approach would not only be novel and innovative but give 
a better result when used in real channels. 

The main objective of this study is to assess the quality of the received codeword for the 
received code word may be partially indeterminate or partially false or all the four, we can 
by this method assess the presence of these factors and accordingly go for re-transmission or 


rejection. 
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Hexi codes were defined in which uses 16 symbols, 0 to 9 and A to F. Likewise these 
NQ codes uses the symbols 0, 1, T, I and F. 

This paper is organized into six sections. Section one is introductory in nature. Basic 
concepts needed to make this paper a self-contained one is given in section two. Neutrosophic 
Quadruple algebraic codes (NQ-codes) are introduced and some interesting properties about 
them are given in section three. Section four defines the new notion of special orthogonal NQ 
codes using the inner product of two NQ codewords. The uses of NQ codes and comparison 
with classical linear algebraic codes are carried out in section five. The final section gives the 


conclusions based on our study. 


2. Basic Concepts 


In this section we first give the basic properties about the NQ algebraic structures needed 
for this study. Secondly we give some fundamental properties associated with algebraic codes 
in general. For NQ algebraic structures refer [29}/33}. 


Definition 2.1. A Neutrosophic quadruple number is of the form (x, yT, zI, wF’) where T, I, F 
are the usual truth value, indeterminate value and the false value respectively and 2, y, z,w € 
Zp (or R or C). The set NQ is defined by NQ = {(2, yT, zI, wF)|z, y, z,w € R (or Zp or C); 
p a prime} is defined as the Neutrosophic set of quadruple numbers. 

A Neutrosophic quadruple number (2, yT, zl, wf’) represents any entity or concept which 
may be a number an idea etc., x is called the known part and (yT, zI, wF) is called the unknown 
part. Addition, subtraction and scalar multiplication are defined in in the following way. 
Let x = (41, 22T, r31,a4F) and y = (yi, yoT, ysl, yaF) € NQ. 

at+y = (1+, (v2 + y2)T, (U3 + ys), (v4 + ys) F) 

© —y = (%1— 91, (£2 — ya)T, (a3 — ys)I, (v4 — ya) F) 

For any a € R (or C or Z,) and & = (21, 22T, x31, x4F) where a € R (or C or Zp) will be 


known as scalars and x € NQ the scalar product of a with x in defined by 


ac = a(e1, fel, 231, t4F) 
= (ax, aT, ar3I,ax4F). 


If a = 0 then a.xz = (0,0,0,0). (0,0,0,0) is the additive identity in (VQ,+). For every 


x € NQ there exists a unique element —z = (—2%1,—xeT,—231,—x4F), in NQ such that 
x + (—2x) = (0,0,0,0). x is called the additive inverse of —x and vice versa. 

Finally for a,b € C (or R or Z,) and z,y,€ NQ we have (a+ b).2 = a.a+b.a and 
(a x b).2 =ax (b.z);a(a+y) =anrt+ay. 


These properties are essential for us to build NQ-algebraic codes. 
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We use the following results; proofs of which can be had form (33}. 


Theorem 2.2. (NQ,+) is an abelian group. 
defines product of any pair of elements x,y € NQ as follows. Let x = 
(v1, %2T, r3I,x4F) and y = (yi, y2T, ysl, yak) € NQ. 


LY = (aH; oT, xsl, rak).(y1, yal, ysl, y4F’) 
(xiyi, (tiy2 + oyi + xoyo)T, 
(x1y3 + coy3 + 13y1 + e3y2 + x3y3)l, 


(wiys + eoys + v3y4 + Lays + Vay + Layo + ways) F). 
Theorem 2.3. (NQ,.) is a commutative monoid. 


Now we just recall some of the properties associated with basic algebraic codes. 

Through out this paper Z will denote the finite field of characteristic two. V a finite 
dimensional vector space over F = Zo [40]. 

We call a n-tuple to be C = C(n,k) codeword if C has k message symbols and n — k check 
symbols. For c = (c1,C2,.--,Ck;Ck+1;---Cn) Where (ci,C2,...,Ck) € V (dimension of V over 
Z2) and Ch41,---,Cn are check symbols calculated using the (c1,c2,...,ch) € V. To basically 
generate the code words we use the concept of generator matrix denoted by Gand Gisakxn 
matrix with entries from Z and to evaluate the correctness of the received codeword we use 
the parity check matrix H, which is an —k x n matrix with entries from Zj. We in this paper 
use only the standard form of the generator matrix and parity check matrix for any C(n, k) 
code of length n with k message symbols. The standard form of the generator matrix G for 


an C(n,k) code is as follows: 


G = Ck, Ay) 
where Ij, isa kx k identity matrix and — A” is ak x n—k matrix with entries from Z. Here 
the standard form of the parity check matrix H = (A,In_,) where A is an—k x k matrix 
with entries fromZ_ and I,_, is the n — k x n —k identity matrix. We have GH? = (0). In 
this paper, we use both the generator matrix and the parity check matrix of a NQ code to be 


only in the standard form. 


3. Definition of NQ algebraic codes and their properties 


In this section we proceed on to define the new class of algebraic codes called Neutrosophic 
Quadruple algebraic codes (NQ-algebraic codes) using the NQ vector spaces over the finite 
field Z2. We have defined NQ vector spaces over Zo in [41]. 
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NQ = {(a, bT, cI, dF )|a,b,c,d € Z} 
under + is an abliean group. 
Now we proceed on to define x on NQ. Let 
L=2y +aoT +a3l +24F 
and 
y= t+ yl + ysl + yak 


where xj, yi € R or C or Z, (pa prime) and T,J and F satisfy the following table for product 


yee 


x|T I F 0 
T/T 0 0 0 
I}0 I 0 0 
F/O 0 F O 
0;0 0 0 0 


So the set {T,, F,0} under product is an idempotent semigroup. now we find 


xx y = (a1 + oT + 231 + 24F) x (yr + yoT + y3l + ysF) 


= x1y1 + (yite + L1y2 + eoy2)T + (x3y1 + y3r1 + w3y3)L + (riya + yiva + cays) F EC NQ 
{NQ, x} is a semigroup which is commutative. 
In this section we introduce the new notion of algebraic codes using the set NQ which is a 


group under ’+’ 


NQ = {(0000), (1000), (0700), (0070), (000 F), (1700), (1070), (100 F), 


(0TI0), (OTOF), (O1F), (1TI0), (1 TOF), (101 F), (OTIF), (1TIF)}; 
{NQ,+} is a NQ vector space over Z. = {0,1}. NQ coding comprises of transforming a 


block of message symbols in NQ into a NQ code word ajazga3a4%757%6...%p, Where aja2a3a4 © 
NQ that is ajaga3a4 = (a,a2a3a4) € NQ is a quadruple and 25, 2%6,...,%n belongs to the 
set T = {a+ 6T + cl + dF/a,b,c,d takes its values from Z2 = {0,1}}. The first four terms 
ajaga3a4 symbols are always the message symbols taken from NQ and the remaining n — 4 are 
the check symbols or the control symbols which are from T. 

In this paper NQ codewords will be written as a,a2a304%5%6%7...%p, Where (a ,a2a3a4) € 
NQ and a; € T,4 <i<n. The check symbols can be obtained from the NQ message symbols 
in such a way that the NQ code words a = (a a2a3a4) satisfy the system of linear equations 


Ha! = (0), where H is the n — 4 x n parity check matrix in the standard form with elements 


843 


Florentin Smarandache (author and editor) Collected Papers, IX 


from Z2. Throughout this paper we assume H = (A, Jy~4), with A, an —4 x 4 matrix and 
In_a the n— 4 x n — 4 identity matrix with entries from Z. 

The matrix G = (I4,4,—A”) is called the canonical generator matrix of the linear (n, 4) 
NQ code with parity check matrix H = (A, I,_4). 

We use only standard form of the generator matrix and parity check matrix to generate the 
NQ-codewords for general matrix of appropriate order will not serve the purpose which is a 
limitation in this case. 


We provide some examples of a HQ linear algebraic code. 


Example 3.1. Let C(7,4) be a NQ code of length 7. G be the NQ generator matrix of the 
(7,4) NQ code. 


100 01 1 0 

0 10 00 1 0 
GS 

001 01 0 0 

0001 0 0 1 


G takes the entries from Z2, over which the NQ vector space is defined and the message 
symbols are from NQ. Consider the set of NQ message symbols, P = {(0 0 0 0), (0 T 0 0), (0 
010), (0O00F), OOIF), (O TIF), (LOLF), (0TIO), (0 TOF)} C NQ. We now give the 
NQ code words of 

C(7,4)={ (0000000), (0TOOO0TO), OOOFOOF), OOTOT00), (OOIFIOF), (0 
TIFITF), (101 F1+4+I11F) (OTIOITO), (0 TOFOTF) } which are associated with 
PCNQ. The NQ parity check matrix associated with this generator matrix G is as follows; 


It is easily verified Ha’ = (0); for all NQ code words x € C(7,4). Suppose one receives a NQ 
code word y = (0 1 0 T I 0 0); how to find out if the received NQ code word y is a correct one 
or not. For this we find out Hy’, if Hy’ = (0), then y is a correct code word; if Hy’ 4 (0), 
then some error has occurred during transmission. Clearly Hy’ 4 (0). Thus y is not a correct 
NQ code word. 


How to correct it? These NQ code behave differently as these codewords, which is a 1 x n 
row matrix does not take the values from Zj, but from NQ and T; message symbols from NQ 
and check symbols from T. Hence, we cannot use the classical method of coset leader method 
for error correction, however we use the parity check matrix for error detection. 

We have to adopt a special method to find the corrected version of the received NQ code 


word which has error. 
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Here we describe the procedure for error correction which is carried out in three steps; 


Suppose y is the received NQ code word; 


(1) We first find Hy’, if Hy* is zero no error; on the other hand if Hy! is not zero there is 
error so we go to step two for correction. 

(2) Now consider the NQ received code word with error. We observe and correct only 
the first four component in the y that is we correct the message symbols; if the first 
component is 1 or 0 then it is accepted as the correct component in y; if on the other 
hand the first component is T (or J or F’) and if 1 has occurred in the rest of any three 
components then replace T (or J or F’) by one if 1 has not occurred in the 2nd or 3rd 
or 4th component replace the first component by 0. 

Now observe the second component if it is T accept, if not T but 0 or 1 or I or F, 
then replace by zero if T has not occurred in the first or third or fourth place. If T 
has occurred in any of the 3 other components replace it by T. Next observe the third 
component if it is I accept else replace by I if I has occurred as first or second or fourth 
component. If in none of the first four places I has occurred, then fill the third place 
by zero. Now observe the fourth component if it is F accept it, if not replace by 0 if 
in none of the other places F has occurred or by F if F has occurred in first or second 
or third place, now the message word is in NQ by this procedure. If the corrected NQ 
code word z of y is such that Hz’ = (0) then accept it if not we go for the next step. 
We check only for the correctness of the message symbols. 

(3) For check symbols we use the table of codewords or check matrix H and find the check 


symbols. 


Table of NQ codewords related to P C NQ given in example 2. 


TABLE 1. Table of NQ codewords related to P 


Sno | Message symbols in P | NQ Codeword 
1 (0 0 0 0) (0000000) 
2 (0 T 0 0) (0 TO00T 0) 
3 (0 010) (0010100) 
4 (000 F) (O00 FO0O0F) 
5 (0 OIF) (OOITFIOF) 
6 (0 TIF) (OTIFITF) 
7 (0 T 1 0) (0 TIOIT 0) 
8 (0 T 0 F) (OTOFOTF) 
9 (101 F) (1OIF 1411 F) 
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We provide one example of the codeword given in Example 2.1. Let y= (J1 F014+/1F), 
we see Hy’ is not zero, so we have found the error hence we proceed to next step. We sce 
first component cannot be I so replace I by 1 for 1 has occurred as second component. As 
second component cannot be one we see in none of the four components T has occurred so we 
replace 1 by zero. In the second place. Third component is F which is incorrect so we replace 
it by I as I has occurred in the first place. We observe the fourth component it can be 0 or 
F; 0 only in case F has not occurred in the first three places but F has occurred as the third 
component so we replace the zero of the fourth component by F. So the corrected message 
symbol is (1 0 1 F). In step three we check from the table of codes the check symbols and the 
check symbols matches with the check symbols of the corrected message symbols so we take 
this as the corrected version of corrected code word as (101 F I4+1 1 F). 


We give the definition of the procedure. 


Definition 3.2. Let C(n, 4) be a NQ code of length n defined over Z. The mes- 
sage symbols are always from the set NQ; whatever be n there are only 16 codewords 
only check symbols increase and not the message symbol length, for it is always four. If 
y = (A; Ag Ag Ag a5 ag A7...Gn) is a received NQ codeword and it has some error, then we 
define the rearrangement technique of error correction in the message symbols A; Ay A3 Aq 
only, where if A; Ag Az Ay is to be in NQ then A, can only values 1 or 0, Ay can take values 
0 or T; A3 can take values 0 or J and Ay can take values 0 or F’. If this is taken care of the 
message symbol will be correct and will be in NQ. 

If not the following rearrangement process is carried out; 

Observe if A; is different from 0 or 1 then see values in the 2nd, third and the fourth 
components if 1 has occurred in any one of them replace the first component by 1, if 1 has 
not occurred in any one of the four components fill the first component by zero. Now go for 
the second component Ag if Ag is T then it is correct ;if not and 1 or 0 or I or F has occurred 
and T has occurred in any one of the other three places replace the second component by T; 
if T has not occurred as any one of the four components replace the second component by 0. 
Inspect the third component if it is I then it is correct, if not I and if T or 0 or 1 or F has 
occurred and I has occurred in any of the four components replace the third component by 
I, if I has failed to occur in any of the four places replace the third component by zero. Now 
for the fourth component if it is F it is correct, if not and if F has occurred in any one of the 
other three components replace it by F, if not by zero. After this arrangement certainly the 


message symbols will be in NQ. 


This method of getting the correct code word is defined as the rearrangement technique. 
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4. Orthogonal NQ codes and special orthogonal NQ codes 


In this section we define the notion of orthogonality of two HQ code words and the special 
orthogonal HQ code words and suggest some open problems in this direction in the last section 
of this paper. Now we define first inner product on the NQ code words of the NQ algebraic 
code C(n, 4) defined over Zo. 


Definition 4.1. Let C(n,4) be a NQ code of length n defined over Z. Let x = 
(A, Ag Az Ag G5 ag a7 ... Gn) and y = (By Bo Bs By bs be b7...bn) be any two NQ 
code words from C'(n,4), where A;, B; € NQ, i = 1,2,3,4 and a;,b; € T; 7 = 5,6,...n. We 
define the dot product of x and y as follows: 


x.y = A, x By + Ao x Bo + A3 x B3 + Aq x Batas x b5 +... +n X by 


If x.y = 0 then we say the two NQ codes words are orthogonal or dual with each other. 
Example 4.2. Let C(6, 4) be a NQ code of length 4 defined over Z2; with associated generated 
matrix G in the standard form with entries from Z> given in the following: 


000 1 0 


So 2. oc 


1000 1 
010141 
O20) 2 

The C(6,4) NQ code words generated by G is as follows; C(6,4) = {(000000), (1000 
10), (OTOOOT), (OOTOITD,(000F FO), (1TOOI1T), 1O0I014I1), (100FF+1 
0), (OTIOIT+1), (OTOFFT), (OOIFIGFD,(1TIO14+IT+4+0, (1 TOF14+FT), 
(lOITF14I14FD,0 TIFI+ FI4+T),1TIF1+1+FI14+T)}. 

We see (0 0 0 0 0 0) is orthogonal with every other NQ code word in the NQ code (6, 4). 
Consider the NQ code word (1 0 0 0 1 0) in C (6, 4), NQ code words orthogonal to (1000 1 
0) are {(100010), (000000), (0TOOOT), (1 T001 T) }. The NQ codes orthogonal 
to (0 T 000 T) are given by 

{(000000), (0 TOOOT), (100010), OOIOID, OOOFFO),(1T001T), (100 
F1+F0),(OTIO1L+IT+D, (10101410), (0TOFFT), OOIFI+FI), (11TO 
14IT+4+1),(TOF1+FT), Q0IF1I+I+FD, OTIFI+ FT+D,QTIF1I+4+T 
+F T +1) }=C(6,4). 

Thus every element in C(6,4) is orthogonal with (0 T 0 0 0 T). However (1 0 0 0 0 1) is 
not orthogonal with every element in C(6,4). We call all those NQ codes words which are 
orthogonal to every code word in C(6,4) including it as the special orthogonal NQ code. A 
NQ code word which is orthogonal to itself is defined as the self orthogonal NQ code word. 

We define them in the following; 
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Definition 4.3. Let C(n, 4) be a NQ code of length n. We say a NQ code word is self 
orthogonal if x . x = 0 for x in C(n, 4). A NQ code word x in C(n, 4) is defined as a special 
orthogonal NQ code word if x is self orthogonal and x is orthogonal with every NQ code word 


in C(n, 4). (0 0 0 ...0) is a trivial special NQ code word. 
We give yet another example of a NQ code which has NQ special orthogonal code word. 


Example 4.4. Let C(7, 4) be a NQ code word of length 7. Let G be the associated generator 
matrix of the NQ code C. 


co oO Ff 


0 
1 
0 


oO oO oO 


0 1 0 
0 1 0 
1 0 1 
0 


> Gs 


0 0 1 0 1 
It is easily verified that only the NQ code word (0 01000 J) in C is the special orthogonal 
NQ code word. We have yet another extreme case where every NQ code word in that NQ code 


is a special orthogonal NQ code word. 
We give examples of them. 


Example 4.5. Let C(8, 4) be a NQ code generated by the following generator matrix G 


10000001 

01000 0 1 0 
Cie 

0010 0 1 0 0 

00011 0 0 0 


It is easily verified every NQ code word in C(8,4) is a special orthogonal NQ code word. 
We call such NQ codes as special self orthogonal NQ code or self orthogonal NQ code. 


Definition 4.6. Let C = C(n,4) be a NQ code word defined over Zz. We define C to be a 
NQ special self orthogonal code if every NQ code word in C is a special orthogonal NQ code 
word of C. 


5. Uses of NQ codes and comparison of NQ codes with classical linear algebraic 


codes 


NQ codes are best suited for data transmission where one does not require security. They 
are also very useful in data storage for one can easily retrieve the data even if the data is 
corrupted. The disadvantage of these NQ codes is that they always have a fixed number of 
message symbols namely four. They are not compatible in channels were one needs security. The 
only flexibility is one can have any number of check symbols. NQ codes are entirely different 


from the classical linear algebraic code ; for these code words take the message 
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symbols from NQ and the check symbols from T where as the later take their values from Z» 
(or Zp). 

Classical linear algebraic codes takes its code words from Z,, p a prime or more commonly 
from Zo; and are defined over Z, or Z2; but in case of NQ codes the code words take their values 
from NQ for message symbols and from T' for their check symbols which is a big difference as 
we can only use the standard form of the generator matrix and the parity check matrix, in 
this case also both the matrices take their values from Z (or Zp) only. The similarity is both 
the codes take the entries of the matrices from the finite field over which they are defined. All 
NQ codes are only of a fixed form that is they can have only 4 message symbols from NQ, 
but the classical codes can have any value from 1 to m , mj n, which is a major difference 
between the two class of codes. Both NQ codes and the classical linear code use parity matrix 
to detect the error in the received code word, that is error detection procedure for both of 
them is the same. For error correction we have to adopt a special technique of rearrangement 
of the message symbols once an error is detected in the received NQ code word, as the coset 
leader method of error correction cannot be carried out as the NQ code words do not belong 
to the field over which the NQ code words are defined. 


6. Conclusions 


In this paper for the first time we have defined the new class of codes called NQ codes which 
are distinctly different from the classical algebraic linear codes. All these NQ codes can have 
only fixed number of message symbols viz four. NQ codes are of the form C(n, 4), n can vary 
from 5 to any finite integer. We have defined orthogonality of these NQ codes. This has lead 
us to define NQ special orthogonal code word and NQ special orthogonal codes. We suggest 


the following problems: 


(1) Prove or disprove all NQ codes have a non trivial code word which is orthogonal to all 
codes in C (n, 4). 
(2) Characterize all NQ codes C (n, 4) which are NQ special orthogonal codes. 

For future research we would be defining super NQ structures and NQ codes over Z,, p an 
odd prime. Also application of these codes can be done in case of Hexi codes in McEliece 
Public Key crypto-systems and in coding applications like T-Direct codes and multi 
covering radius with rank metric [46]. 
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Abstract 


During scientific demonstrating of genuine specialized framework we can meet any sort and rate model vulnerability. 
Its reasons can be incognizance of modelers or information mistake. In this way, characterization of vulnerabilities, 
as for their sources, recognizes aleatory and epistemic ones. The aleatory vulnerability is an inalienable information 
variety related with the researched framework or its condition. Epistemic one is a vulnerability that is because of an 
absence of information on amounts or procedures of the framework or the earth [7]. Right now, we examine fourfold 
neutrosophic numbers and their potential application for practical displaying of physical frameworks, particularly in 
the unwavering quality evaluation of engineering structures. Contribution: we propose to extend the notion of standard 
deviation to by using symbolic quadruple operator. 


Keywords: Standard deviation, Neutrosophic Interval, Quadruple Neutrosophic Numbers. 


1.Introduction 


We all know about uncertainty modelling of various systems, which usually is represented by: 

X =x’ + 1.64s (1) 
Or 

X=x’ + 1.96s (2) 


Here, the constants 1.64 or 1.96 can be replaced with k. What we mean is a constant corresponding to bell curve, the 
number is usually assumed to be 1.96 for 95% acceptance, or 1.64 for 90% acceptance, respectively. 


But since s only takes account statistical uncertainty, there is lack of measure for indeterminacy. That is why we 
suggest to extend from 
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X=x't+k.s (3) 
To become neutrosophic quadruple numbers. 


Before we move to next section, first we would mention other possibility, i.e. by expressing the relation as follow 


(Xi + Xu In) =k. (1 + ov In), where In is a measure of indeterminacy (4) 


Actually, we we need to add some results for various In, for example In=0,0.1,0.2,0.3,0.4 etc. Nonetheless, because 
this paper is merely suggesting a conceptual framework, we don’t explore it further here. Interested readers are 


suggested to consult ref. [1-2]. 


2. A short review on quaternions 


We all know the quaternions, but quadruple neutrosophic numbers are different. In quaternions, at+bi + cj + dk you 


have 12 = j*2 = k*2 = -1 = ijk, while on quadruple neutrosophic numbers we have:[3] 


N=a+bT+clI+ dF one has: T’2 = T, 42 =I, F462 =F, (5) 


where a = known part of N, bT+cI+dF = unknown part of N, with T = degree of truth-membership, I = degree of 
indeterminate-membership, and F = degree of false-membership, and a, b, c, d are real (or complex) numbers, and an 
absorption law defined depending on expert and on application (so it varies); if we consider for example the 


neutrosophic order T > I > F, then the stronger absorbs the weaker, .e. 


TI=T, TF=T, and IF =I, TIF =T. (6) 


Other orders can also be employed, for example T <I < F: (see book [1], at page 186.) Other interpretations can be 


given to T, I, F upon each application. 


3. Application: statistical uncertainty and beyond 


Designers must arrangement with dangers and vulnerabilities as a piece of their expert work and, specifically, 
vulnerabilities are intrinsic to building models. Models assume a focal job in designing. Models regularly speak to a 
dynamic and admired rendition of the scientific properties of an objective. Utilizing models, specialists can explore 


and gain comprehension of how an article or wonder will perform under specified conditions.[8] 


Furthermore, according to Murphy & Gardoni & Harris Jr, which can be rephrased as follows: “For engineers, 
managing danger and vulnerability is a significant piece of their expert work. Vulnerabilities are associated with 
understanding the normal world, for example, knowing whether a specific occasion will happen, and in knowing the 
presentation of building works, for example, the conduct and reaction of a structure or foundation, the fluctuation in 


material properties (e.g., attributes of soil, steel, or solid), geometry, and outer limit conditions (e.g., loads or physical 
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limitations). Such vulnerabilities produce dangers. In the standard record chance is the result of a lot of potential 
outcomes and their related probabilities of event (Kaplan and Gerrick 1981), where the probabilities measure the 
probability of event of the potential outcomes considering the hidden vulnerabilities. One significant utilization of 
models in designing danger investigation is to measure the probability or likelihood of the event of specific occasions 
or a lot of outcomes. Such models are regularly alluded to as probabilistic models to feature their specific capacity to 


represent and measure vulnerabilities.” [8] 
Uncertainties come in many forms, for example: 


“The uncertainties in developing a model are: 


* Model Inexactness. This kind of vulnerability emerges when approximations are presented in the plan of a 
model. There are two basic issues that may emerge: blunder as the model (e.g., a straight articulation is 
utilized when the real connection is nonlinear), and missing factors (i.e., the model contains just a subset of 
the factors that influence the amount of intrigue). ... 


* Mistaken Assumptions. Models depend on a series of expectations. Vulnerabilities may be related with the 
legitimacy of such suspicions (e.g., issues emerge when a model accept typicality or homoskedasticity when 
these suppositions are disregarded). 


¢ Measurement Error. The parameters in a model are commonly aligned utilizing an example of the deliberate 
amounts of intrigue and the fundamental factors considered in the model. These watched qualities, in any 
case, could be inaccurate because of blunders in the estimation gadgets or systems, which at that point 
prompts mistakes in the alignment procedure. ... 


¢ Statistical Uncertainty. Factual vulnerability emerges from the scantiness of information used to align a 
model. Specifically, the exactness of one's derivations relies upon the perception test size. The littler the 
example size, the bigger is the vulnerability in the evaluated estimations of the parameters. ... However, the 
confidence in the model would probably increment on the off chance that it was adjusted utilizing one 
thousand examples. The factual vulnerability catches our level of confidence in a model considering the 
information used to adjust the model.” [8] 


With regards to statistical uncertainty, according to Ditlevsen and Madsen, which can rephrased as follows: “It is the 
reason for any estimating technique to produce data about an amount identified with the object of estimation. In the 
event that the amount is of a fluctuating nature with the goal that it requires a probabilistic model for its depiction, the 
estimating technique must make it conceivable to define quantitative data about the parameters of the picked 
probabilistic model. Clearly a deliberate estimation of a solitary result of a non-degenerate arbitrary variable X just is 
sufficient for giving a rough gauge of the mean estimation of X and is insufficient for giving any data about the 
standard deviation of X. In any case, if an example of X is given, that is, whenever estimated estimations of a specific 
number of freely produced results of X are given, these qualities can be utilized for figuring gauges for all parameters 
of the model. The reasons that such an estimation from an example of X is conceivable and bodes well are to be found 
in the numerical likelihood hypothesis. The most rudimentary ideas and rules of the hypothesis of insights are thought 
to be known to the peruser. To delineate the job of the measurable ideas in the unwavering quality examination it is 


beneficial to rehash the most fundamental highlights of the depiction of the data that an example of X of size n contains 
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about the mean worth E[X]. It is sufficient for our motivation to make the streamlining supposition that X has a known 


standard deviation D[X] = o.”[5] 


Now, it seems possible to extend it further to include not only statistical uncertainty but also modelling error etc. It 


can be a good application of Quadruple Neutrosophic Numbers. 


4. Towards an improved model of standard deviation 


Few days ago, we just got an idea regarding application of symbolic Neutrosophic quadruple numbers, where we can 


use it to extend the notion of standard deviation. 


As we know usually people wrote: 


xX'=x+ko (7) 


Where X mean observation, o standard deviation, and k is usually a constant to be determined by statistical bell curve, 


for example 1.64 for 95% accuracy. 


We can extend it by using symbolic quadruple operator: 


X'=x +(ko+mit nf) (8) 


Where X' stands for actual prediction from a set of observed x data, o is standard deviation, i is indeterminacy and f 


falsefood. That way modelling error (falsehood) and indeterminacy can be accounted for. 


Alternatively, one can write a better expression: 


X'=x+(To+lot+Fo) (9) 


where T = the truth degree of s (standard deviation), I = degree of indeterminacy about s, and F = degree of falsehood 
about s. 


A slightly more general expression is the following: 


X'=xta(T.ot+lo+t+F.o) (10) 
where T = the truth degree of s (standard deviation), I= degree of indeterminacy about s, and F = degree of falsehood 
about s. 

Or 
X'=x+(aT.ot+ blo +c.F.o) (11) 
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where T = the truth degree of s (standard deviation), I = degree of indeterminacy about s, and F = degree of falsehood 
about s, and a, b, c are constants to be determined. 


That way we reintroduce quadruple Neutrosophic numbers into the whole of statistics estimate. 


For further use in engineering fields especially in reliability methods, readers can consult [5-7]. 


5. Conclusion 


In this paper, we reviewed existing use of standard deviation in various fields of science including engineering, and 
then we consider a plausible extension of standad deviation based on the notion of quadruple neutrosophic numbers. 
More investigation is recommended. 


REFERENCES 


[1] M. Aslam. “A new attribute sampling plan using neutrosophic statistical interval method,” Complex & Intelligent 
Systems, 5,pp.365—370, 2019. https://doi.org/10.1007/s40747-018-0088-6 

[2] M. Aslam, RAR Bantan, N. Khan. “Design of a New Attribute Control Chart Under Neutrosophic Statistics,” Int. 
J. Fuzzy Syst, 21(2):433-440, 2019. https://doi.org/10.1007/s40815-018-0577-1 

[3] Florentin Smarandache. Symbolic Neutrosophic Theory,” Brussels: EuropaNova asbl., 2015. 

[4] AAA. Agboola, B. Davvaz, F. Smarandache. “Neutrosophic quadruple algebraic hyperstructures,” Annals of Fuzzy 
Mathematics and Informatics Volume 14, No. 1, pp. 29-42, 2017. 

[5] O. Ditlevsen & H.O. Madsen,’ Structural Reliability Methods,” TECHNICAL UNIVERSITY OF DENMARK 
JUNE-SEPTEMBER 2007, p. 36 

[6] Laszlo POKORADI. “UNCERTAINTIES OF MATHEMATICAL MODELING,”Proceedings of the 12th 
Symposium of Mathematics and its Applications "Politehnica", University of Timisoara, November, pp.5-7, 2009 

[7] Armen Der Kiureghian & O. Ditlevsen,“Aleatory or epistemic? Does it matter? ,” Special Workshop on Risk 
Acceptance and Risk Communication - March 26-27, 2007, Stanford University. 

[8] Colleen Murphy, Paolo Gardoni, Charles E. Harris Jr., “Classification and Moral Evaluation of Uncertainties in 
Engineering Modeling,” Sci Eng Ethics, Springer Science+Business Media B.V. 2010, DOI 10.1007/s11948-010- 
9242-2 


857 


Florentin Smarandache (author and editor) Collected Papers, IX 


Some Results on Single Valued Neutrosophic 
Hypergroup 


S. Rajareega, D. Preethi, J. Vimala, Ganeshsree Selvachandran, Florentin Smarandache 


S. Rajareega, D. Preethi, J. Vimala, Ganeshsree Selvachandran, Florentin Smarandache 
(2020). Some Results on Single Valued Neutrosophic Hypergroup. Neutrosophic Sets and 
Systems, 31, 80-85 


Abstract: We introduced the theory of Single valued neutrosophic hypergroup as the initial theory 
of single valued neutrosophic hyper algebra and also developed some results on single valued 
neutrosophic hypergroup. 


Keywords: Hypergroup; Level sets; Single valued neutrosophic sets; Single valued neutrosophic 
hypergroup. 


1. Introduction 


Florentin Smarandache introduced Neutrosophic sets in 1998 [16], which is the 
generalization of the intuitionistic fuzzy sets. In some real time situations, decision makers faced 
some difficulties with uncertainty and inconsistency values. Neutrosophic sets helped the decision 
makers to deal with uncertainty values. Abdel-Basset et.al. used neutrosophic concept in real life 
decision-making problems [1-7]. The concept of single valued neutrosophic set was introduced by 
Wang. et. al [17]. 

As a generalization of classical algebraic structure, Algebraic hyper structure was introduced 

by F. Marty [11]. Corsini and Leoreanu-Fotea developed the applications of hyper structure [9]. 
Algebraic hyperstructures has many applications in fuzzy sets, lattices, artificial intelligence, 
automation, combinatorics. Corsini introduced hypergroup theory [8]. After while the 
hyperstructure theory has seen broader applications in many fields. Some of the recent works on 
hyperstructures related to vague soft groups, vague soft rings and vague soft ideals can be found in 
[12, 13]. 

In this paper we develop the theory of single valued neutrosophic hypergroup and also 

established some results on single valued neutrosophic hypergroup. 


2. Preliminaries 

Definition 2.1 [17] Let X be a space of points (objects), with a generic element in X denoted by x. A 
neutrosophic set A in X is characterized by a truth-membership function T,, an indeterminancy- 
membership function I, and a falsity-membership function F,. T,(x),I,(x) and Fa(x) are real 


standard or non-standard subsets of ]0~, 1*[. 


Ty: X 2]0-,1*[ 
heX S|0— 1 
Fy:X >]0-,1*[ 
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There is no restriction on the sum of T,(x),14(«) and F,(x), so 07 < supT,(x) + supl,(x) + 
supF,(x) < 37. 
Definition 2.2 [17] Let X be a space of points (objects),with a generic element of X denoted by x. A 
single valued neutrosophic set (SVNS) A in X is characterized by Ty, I, and F,. For each point x in X, 
Tl Pi € 10:1); 
Definition 2.3 [17] The complement of a SVNS A is denoted by c(A) and is defined by 

Tecay (x) = Fa (x) 

Toca) (X) = 1 — Tax) 

F.cay(X) = Ta (x), for all x in X. 
Definition 2.4 [17] A SVNS A is contained in the other SVNS B, A S B, if and only if, 

Ta(x) S Ta(x) 

Ta(x) 2 Ip(x) 

Fa(x) = Fg(x), for all x in X. 
Definition 2.5 [17] The union of two SVNS s A and B isa SVNS C, written as C = AUB, whose truth, 
indeterminancy and falsity-membership functions are defined by, 

Te(x) = max(T, (x), Ts (x)) 

Ic(x) = min(a (x), Ip x) 

F¢(x) = min(F, (x), Fg(x)), for all x in X. 
Definition 2.6 [17] The intersection of two SVNS s A and B is a SVNS C, written as C = AN B, whose 
truth, indeterminancy and falsity-membership functions are defined by, 

Tc(x) = min(Ta (x), Tg (x) 

Ic(x) = max(I, (x), Ip(@x)) 

F¢(x) = max(F, (x), Fg(x)), for all x in X. 
Definition 2.7 [17] The falsity-favorite of a SVNS B, written as BVA, whose truth and falsity- 
membership functions are defined by 

Tp (x) = Ta) 

Ip(x) = 0 

Fg(x) = min{F,(x) + I,(x),1}, for all x in X. 
Definition 2.8 [13] A hypergroup (H,°) is a set H equipped with an associative hyperoperation (° 
): H xX H > P(H) which satisfies x o H = Hox = H for all x € H (Reproduction axiom) 
Definition 2.9 [13] A hyperstructure (H,°) is called an H,-group if the following axioms hold: 

(i) x° (yoz)N (Koy)°z#@ forallx,y,z €H, 

(ii) xe H= Hox =H forall xe H. 
If (H,°) only satisfies (i), then (H,°) is called a H,- semigroup. 
Definition 2.10 [13] A subset K of H is called a subhypergroup if (K,°) is a hypergroup of (H,°). 


3. Single Valued Neutrosophic Hypergroup. 
Throughout this section H denotes the hypergroup < H,°> 
Definition 3.1 Let A be a single valued neutrosophic set over H. Then A is called a single valued 
neutrosophic hypergroup over H, if the following conditions are satisfied (i) V p,q € H, 
min{Ta(P),Ta(Q)} S$ inf{Ta): r € pe qh, 
maxtla(p),1a(q)} = suptla(r): r € pe q} and 
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max{F,(p),F4(q)} 2 sup{Fa(r): r € po q} 
(ii) V lp € H,there exists q€H such that p€leq and 

min{T 4 (1), Ta(P)} S T.(Q), 

max{ly(),1a(p)} 2 1a(q) and 

max {Fa (Ll), Fa(p)} = Fa(Q) 
(iii) V l.p € H,there exists r€ H such that pErol and 

min{T4 (1), Ta(P)} S Ta), 

max{la(l),1a(p)} 2 la(r) and 

max{Fa(l), Fa(p)} 2 Fa(r) 
If A satisfies condition (i) then A is a single valued neutrosophic semihypergroup over H. Condition 
(ii) and (iii) represent the left and right reproduction axioms respectively. Then A is a single valued 
neutrosophic subhypergroup of H. 
Example 3.2 If the family of t-level sets of SVNS A over H 

A, ={p €H | Ta(p) 2=t a(p) St and Fy(p) < t} isa subhypergroup of H then, 


A is a single valued neutrosophic hypergroup over H. 


Theorem 3.3 Let A be aSVNS over H. Then A is a single valued neutrosophic hypergroup over H iff 
Al is a single valued neutrosophic semihypergroup over H and also A satisfies the left and right 
reproduction axioms. 


Proof. The proof is obvious from Definition: 3.1 


Theorem 3.4 Let A be a SVNS over H. If A is a single valued neutrosophic hypergroup over H ,then 
vt eé [0,1] A, # @ is a subhypergroup of H. 
Proof. Let A be a single valued neutrosophic hypergroup over H and let p,q € A;, then 
Ta(P), Ta(Q) 2 t 1a (p),1a(q) Stand Fy(p), Fa(q) St. 
Then we have, 
inf{T.,(r):r € pe gq} = min{T, (p), T,(q)} = min{t, t} =t 
sup{l.4(r):r € pe q} <tand 
sup{F ,(r):r€ peg} <t 
This implies r € A;. Then V r€pog ,poqG A. 
Thus Vr € A;, we obtainr° A, © A; 
Now, Let 1, p € A;, then there exist q € H such that p € 1° q and 
{Ta(q)} 2 min{Ty (1), Ta(p)} = minf{t, t} = t 
{14(q)} Stand 
{F.,(q)} < t. This implies q € A; 
This proves that A, Gro A;,. As such A, = ro A; 
Which proves that A; is a subhypergroup of H. 


Theorem 3.5 Let A be a SVNS over H. Then the following are equivalent, 
(i) A is a single valued neutrosophic hypergroup over H 
(ii) V t € [0,1] A, # @ is a subhypergroup of H. 


Proof. (i) > (ii) The proof is obvious from Theorem : 3.4. 
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(ii) > (i) Now assume that A; is a subhypergroup of H. 
Let p,q € A;, and let min{T,(p), Ta(q)} = max{l4(p),14(q)} = max{F4(p), F.x(q)} = to 
Since po q © A,,, then for every r € pq, Ty(1) = to, Iu(®) S to, Fa(r) S to 
min{Ty (p), Tz (q)} S inf{T,(r): r € peg}, 
max{1q(p),14(q)} = sup{l4(r): r € pe q} and 
max{F.4(p), F.4(q)} 2 sup{F,(r): r € pe g} 
Condition (i) is verified. 
Next, let l,p € A;,, for every t, € [0,1] and 
let min{T, (1), Ty(q)} = max{l_4(),14(p)} = max{F.4(), F4(q)} = ty 
Then there exist q € A;, such that p € loq © A;,. Since q E Ay,, 
Ta(q) 2 ty = min{Ty (1), Ta(q)} 
In(q) St, = max{ly (1), 14(q)} 
Fy(q) St, = max{F, (1), Fx(q)} 
Condition (ii) is verified. Similarly, (iii) . 


Theorem 3.6 Let A be a SVNS over H. Then A be a single valued neutrosophic hypergroup over H 
iff V a,B,y € [0,1], Acagy is a subhypergroup of H. 
Proof. The proof is straight forward. 


Theorem 3.7 Let A be a single valued neutrosophic hypergroup over H and V t,,t, € [0,1] Ay, and 
A, be the t-level sets of A with t, = t,, then A;, is a subhypergroup of A,,. 

Proof. Vt,,t, € [0,1], A;, and A;, be the t-level sets of A with t, 2 t, 

This implies that A,, © At, 

By Theorem 3.4. A;, is a subhypergroup of A,,. 


Theorem 3.8 Let A and B be single valued neutrosophic hypergroups over H. Then AN B isa single 
valued neutrosophic hypergroup over H if it is non-null. 
Proof. Suppose A and B be single valued neutrosophic hypergroups over H. 
By Definition: 2.6. AN B = {< p, Tang (Pp), Lana (p), Funs(p) >: p € H} 
where Tyna (Pp) = Ta(p) A Ta(P), Lang(P) = a (P) V Ia(p) and Fung (Pp) = Fa(P) V Fa(p) 
For all p,q € H 
(i) min{T ng (P), Tane(q)} = min{T,(p) A Tg(p), Tx(q) A Tz (q)} 
< min{Ty(p), Ty (q)} A min{Tz (Pp), Ta(q)} 
< inf{T,,(r): r€ po qg}Ainf{Tg(r): r € po gq} 
< inf{T,,(r) ATg(r): r€ peg} 
= inf{Tana(r): r € pe q} 
Similarly, we can prove that max{Il.4ng(p), |ans(q)} = sup{lans(): r € po q} 
max{F yng (P), Fang(q)} 2 sup{Funa(r): r € pe q} 
(ii) V lL, p € H, there exists q € H such that p € lo q, 
min{Tyns (1), Tana (P)} = min{T, (1) A Ts (1)}, {Ta (P) A Ta(P)} 
= min{T, (1), Tz (p)} A min{Ts (1), Ts (P)} 
< Ty (q) AT3(9) = Tana (Q) 
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Therefore, A N B is a single valued neutrosophic hypergroup over H. 


Theorem 3.9 Let A and B be single valued neutrosophic hypergroups over H. Then A U B isa single 
valued neutrosophic hypergroup over H. 
Proof. By Definition: 2.5. 
AUB = {< p, Tyua(P), Laua(P), Faua(p) > : p © H} 
where Tyya(p) = T.4(P) V Ta (Pp), Lauz(P) = La (P) AI p(p) and F.yug(p) = Fa(p) A Fa(p) 

For all p,q € H, 
min{T.4uz(P), Taua(q)} = min{Ty(p) V Ta (p), Ta (q) V Ta (q)} 

S min{T,y(p), T.4(q)} V min{Tg(p), Ts (q)} 

< inf{T,,(r): r € po q} Vinf{Tg(r): r€ po q} 

< inf{T,,(r) V Tg(r): r € po q} 

= inf{T.zug (7): r € pe g} 
Similarly, the other holds. 


Theorem 3.10 Let A be a single valued neutrosophic hypergroup over H. Then the falsity- favorite 


of A (ie., VA) is also a single valued neutrosophic hypergroup over H. 


Proof. By Definition: 2.7. B = VA, where the membership values are Tg(x) = T.,(x), Ig(x) = 0 and 
Fa (x) = min{F.y(x) + 14 (x),1} 
Then we have to prove for Fg, Vp,q € H 
max{Fg(p), Fg(q)} = max{F.y(p) + In(p) A 1, Fa(q) + La(q) 413 
= max{F4(p) + I4(p), Fa(q) + la(qQ)p Al 
2 (max{Fy(p), Fx(q)} + max{ly(p),1a(q)}) A1 
2 (sup{Fy(@) + repeq}+sup{ly(r) + repeqg})Al 
= sup{Fy(r) +]z@) Al: re pog} 
= sup{Fa(r) + re pogq}) 
In similar manner the other conditions holds. 


V 


4. Conclusions 

In this paper, we have developed the theory of hypergroup for the single-valued 
neutrosophic set by introducing several hyperalgebraic structures and some results were verified. 
The future research related to this work involve the development of other hyperalgebraic theory for 
the single-valued neutrosophic sets and interval-valued neutrosophic sets. 
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Polarity of generalized neutrosophic subalgebras 
in BCK/BCl-algebras 


Rajab Ali Borzooei, Florentin Smarandache, Young Bae Jun 


Rajab Ali Borzooei, Florentin Smarandache, Young Bae Jun (2020). Polarity of generalized 
neutrosophic subalgebras in BCK/BCl-algebras. Neutrosophic Sets and Systems, 32, 123-145 


Abstract: k-polar generalized neutrosophic set is introduced, and it is applied to BCK/BCI-algebras. The notions of 
k-polar generalized subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra and k-polar generalized (q, € 
Vq)-neutrosophic subalgebra are defined, and several properties are investigated. Characterizations of k-polar 
generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)-neutrosophic subalgebra are discussed, and 
the necessity and possibility operator of k-polar generalized neutrosophic subalgebra are are considered. W_ show that 
the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets subalgebras by using the k-polar 
generalized (€, € Vq)-neutrosophic subalgebra and the k-polar generalized (q, € Vq)-neutrosophic subalgebra. A k- 
polar generalized (€, € Vq)-neutrosophic subalgebra is established by using the generaliged neutrosophic € Vq-sets, 
conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and a k- 
polar generalized (q, € Vq)-neutrosophic subalgebra are provided. 


Keywords: k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra, k- 
polar generalized (gq, € Vq)-neutrosophic subalgebra. 


1 Introduction 


In the fuzzy set which is introduced by Zadeh [35], the membership degree is expressed by only one function so 
called the truth function. As a generalization of fuzzy set, intuitionistic fuzzy set is introduced by Atanassove 
by using membership function and nonmembership function. The membership (resp. nonmembership) func- 
tion represents truth (resp. false) part. Smarandache introduced a new notion so called neutrosophic set by 
using three functions, i.e., membership function (t), nonmembership function (f) and neutalitic/indeterministic 
membership function (i) which are independent components. Neutrosophic set is applied to BCK/BCI- 
algebras which are discussed in the papers [13, 19, 20, 21, 22, 26, 27, 30]. Indeterministic membership func- 
tion is leaning to one side, membership function or nonmembership function, in the application of neutrosophic 
set to algebraic structures. In order to divide the role of the indeterministic membership function, Song et al. 
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[31] introduced the generalized neutralrosophic set, and discussed its application in BCK/BCI-algebras. Bor- 
zooei et al. [8] introduced the notion of a commutative generalized neutrosophic ideal in a BCK-algebra, and 
investigated related properties. They considered characterizations of a commutative generalized neutrosophic 
ideal. Using a collection of commutative ideals in BCK-algebras, they established a commutative generalized 
neutrosophic ideal. They also introduced the notion of equivalence relations on the family of all commutative 
generalized neutrosophic ideals in BCK-algebras, and investigated related properties. Zhang [36] introduced 
the notion of bipolar fuzzy sets as an extension of fuzzy sets, and it is applied in several (algebraic) structures 
such as (ordered) semigroups (see [12, 7, 10, 28]), (hyper) BCK/BCI-algebras (see [6, 14, 15, 23, 16, 17]) 
and finite state machines (see [18, 32, 33, 34]). The bipolar fuzzy set is an extension of fuzzy sets whose 
membership degree range is [—1, 1]. So, it is possible for a bipolar fuzzy set to deal with positive information 
and negative information at the same time. Chen et al. [9] raised a question: “How to generalize bipolar 
fuzzy sets to multipolar fuzzy sets and how to generalize results on bipolar fuzzy sets to the case of multipolar 
fuzzy sets?” To solve their question, they tried to fold the negative part into positive part, that is, they used 
positive part instead of negative part in bipolar fuzzy set. And then they introduced introduced an m-polar 
fuzzy set which is an extension of bipolar fuzzy sets. It is applied to BCK/BCI-algebra, graph theory and 
decision-making problems etc. (see [4, 2, |, 3, 29, 5, 25]). 

In this paper, we introduce ‘-polar generalized neutrosophic set and apply it to BCK/BCI-algebras to study. 
We define k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (gq, € Vq)-neutrosophic subalgebra and study various properties. We discuss char- 
acterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)-neutrosophic 
subalgebra. We show that the necessity and possibility operator of k-polar generalized neutrosophic subalgebra 
are also a k-polar generalized neutrosophic subalgebra. Using the k-polar generalized (€, € Vq)-neutrosophic 
subalgebra, we show that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets sub- 
algebras. Using the k-polar generalized (q, € Vq)-neutrosophic subalgebra, we show that the generaliged 
neutrosophic q-sets and the generaliged neutrosophic € Vq-sets are subalgebras. Using the generaliged neu- 
trosophic € Vq-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic subalgebra. We provide 
conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and 
a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 


2 Preliminaries 

If a set X has a special element 0 and a binary operation « satisfying the conditions: 
(I) (Vu,v,w € X) (((w* v) * (uw * w)) *(w *v) = 0), 
(ID) (Vu,v € X) ((w* (ux v)) xv =0), 

(I) (Vu € X) (uxu=0), 

CV) (Wave X) oxo] ose = =] v=o), 

then we say that X is a BCI-algebra. If a BClI-algebra X satisfies the following identity: 
(V) (Vue X) (Ox u=0), 


then X is called a BC'K-algebra. 
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Any BCK/BCI-algebra X satisfies the following conditions: 


(Vu € X)(ux0 =u), (2.1) 
(Vu,u,weE X)(u<u > uxw<vew, wev Swe), (2.2) 
(Vu,v,w € X)((uxv) *w = (ux w) *v) (2.3) 


where u < v if and only if wu * v = 0. A subset S of a BCK/BCI-algebra X is called a subalgebra of X if 
uxv€S forall u,v € S. 

See the books [11] and [24] for more information on BCK/BCI-algeebras. 

A fuzzy set js in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if pu(u* v) > min{p(u), p(v)} 
for allu,v € X. 

For any family {a; | i € A} of real numbers, we define 


ae _ f max{a;|i¢ A} if A is finite, 
Via: teal { sup{a;|i€ A} otherwise. 


, _ f min{a;|ie¢ A} if A is finite, 
Mia Nae { inf{a;|7¢€ A} — otherwise. 


If A = {1, 2}, we will also use a, V az and a, A ag instead of \/{a; | i € A} and A{a; | 7 € A}, respectively. 


3 k-polar generalized neutrosophic subalgebras 


A k-polar generalized neutrosophic set over a universe X is a structure of the form: 


ee 


{ gosta | a x, lrr(z) + lrr(z) = i} (3.1) 


where bx —_ tr Fr and C, r are mappings from X into [0, in . The membership values of every element z € X 
in Cr, rr, €rr and Cp are denoted by 


( 
), (m2 0 bir)(2),++ 5 (me © Gr)(2)) 

(3.2) 
) 


( 
(m 0 rr)(2), (m2.0 bre)(2),-++ (me 0 brr)(2)) 


respectively, and satisfies the following condition 
(x; 0 rr) (z) + (mj 0 ltr) (z) <1 


for allz = 1,2,--- ,k. 
We shall use the ordered quadruple fe (@. a ty F; ¢; r) for the k-polar generalized neutrosophic set in 
(3.1). 
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Note that for every k-polar generalized neutrosophic set f= (@. Bx ie F; ¢; r) over X, we have 
(Vz € X) (0 < Op(z) + Girlz) + Gr(z) + Or(z) < 3) 


that is, 0 < (mm; 0 lp)(z) + (m0 lpr) (z) + (0 lr) (z) + (m0 Ep) (2) < 3 for all z € X andi =1,2,--- ,k. 
Unless otherwise stated in this section, X will represent a BCK/BCI-algebra. 


Definition 3.1. A k-polar generalized neutrosophic set f= (@. = bie ge; r) over X is called a k-polar 
generalized neutrosophic subalgebra of X if it satisfies: 


( er(z*y) > (r(2) A (r(y) \ 

ge on eee - (3.3) 
lrr(z* y) S frp(2) v rF(y) 
ie(zwy) <Er(2)VEo(y) 
that is, 

[ (molr)(z*y) > (mio) 2) A(mo Gly) 

(m9 frp) (2 *y) > (mi 0 frp) (2) A (ms 0 fer )(y) (3.4) 
(150 fir) (z *Y) <(m% 0° £ip)(zZ) V (Tm 0 fir )(y) 
\ (m0 lp)(z*y) < (m0 lr) (z) V (m0 lr) (y) 


for? = 1,22 .k, 


oe, 99 


Example 3.2. Consider a BC K-algebra X = {0, a, 3, y} with the binary operation “x” which is given below. 


* 0 a B y 
0 0 0 0 0 
a a 0 a a 
B B B 0 Bp 
Y ¥ Y 2 0 
Let £ := be Dire e F; C, r) be a 4-polar neutrosophic set over X in which ie bre ty Fr and ; r are defined as 
follows: 
( (0.6,0.7,0.8,0.9) if z=0, 
ae 4 (0.4,0.4,0.8,0.5) if z=a, 
@: X01 244 Oso60703) if z= 
( (OS O54 OUR: Sik ge ae 
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( (0.7,0.6,0.8,0.9) if 2 =0, 
a 4 (0.6, 0.4,0.7, 0.5). if 2=a, 
i ae (0.5,0.5,0.4,0.8) if z=8, 
| (0.2,0.6,0.5,0.7) if z=7, 
( (0.2,0.3,0.4,0.5) if 2 =0, 
., 1 (0.4,0.7,0.5,0.8) if z=a, 
oN pee (0.5,0.5,0.8,0.6) if z= 8, 
( (0.7,0.3,0.6,0.7) if z=7, 
( (0.4, 0.4,0.3,0.2) if 2 =0, 
~ j (0.8,0.7,0.5,0.3) if z=a, 
GR Maes? (0.6, 0.5,0.6,0.6) if z= 8, 
| (0.4,0.6,0.8,0.4) if z=7, 


It is routine to verify that C= (@. Le. e; ps e; r) is a 4-polar generalized neutrosophic subalgebra of X. 
If we take z = y in (3.3) and use (III), then we have the following lemma. 


Lemma 3.3. Let £ := (@. = a tr) be a k-polar generalized neutrosophic subalgebra of a BCK/BCI- 
algebr X. Then 


lr(0) > br(z), Grr(0) = Grr (2) 
WAvEX) 9 0) < Girlz), bo(0) < Pel) ) i 


Proposition 3.4. Let Lx (@. bres ty FP; ¢; r) be a k-polar generalized neutrosophic set over X. If there exists 

a sequence {z,,} in X such that lim br (Zn) = i= lim lrr (Zn) and lim Crp(Zn) = (0 = lim lr(Zn), then 
n—- oo nN—-0o n—-oo noo 

C7(0) = i = Crr(0) and Crr(0) = 0 = C(O). 


Proof. Using Lemma 3.3, we have 


a~ a~ 


0 = lim 0jr(z,) > €rr(0) > 0 = lim p(z,) > lr(0) > 0. 


N—->Co noo 


This completes the proof. 


Proposition 3.5. Let Li= (@. Lie e; Ps ¢; r) be a k-polar generalized neutrosophic subalgebra of X such that 


br(z*y) > Cry), lrr(z*y) = Girly) (3.6) 


Vz, a pe oe 
ee tre(y), Pelz y) < Fely) 


> 
lrr(z * y) < 


Then L is constant on X, that is, €r, €rr, €rr and €p are constants on X. 
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Proof. Since z * 0 = z for all z € X, it follows from the condition (3.6) that 


or(z) = br(z * 0) > lr(0), Lrr(z) = Err (z « 0) > Err(0), (3.7) 
lrp(z) = lrr(z * 0) < lp (0), Cn(z) = Ep(z * 0) < bp (0) (3.8) 


for all z € X. Combining (3.5) and (3. 71 induces AG = ¢,(0), err (2) = err (0), lrp(z) = €rr(0) and 
l me =z 0-(0 ) for all z € X. Therefore Ds ¢; IT> ; tr and fp are constants on X, that is, £ is constant on 
Xx. 


Given a k-polar generalized neutrosophic set Lox (@. err, lr, £ r) over a universe X, consider the 
following cut sets. 


(tr, fr) = {2 € X | by(z) > fir}, 
U (Err, firr) = {2 € X | Grr (z) > hurr}, 
L(€rr, trp) = {2 € X | bp(z) < Are}, 
L(tp, fir) = {2 €X | Op(z) < Ae} 


for nr, NIT, NIP, tip € [0, it, that is, 


U (lr, fir) = {z€X | (m0 bp)(z) > fp for alli = 1,2,-+- , kh, 
U (bir, rr) = {2 € X | (m0 lpr) (z) > Ap for all i = 1,2,--+ , k}, 
L(€rr, ftirp) = {2 € X | (1,0 lr)(z) < Ap for all i = 1,2,--- ,k}, 
L(lp, te) = {2 © X | (m0 lp)(z) < Ap for all i = 1,2,--- ,k} 
where hip = (np, np, ++ np), tir = - (nip, Nip, — Nip): fp = (Np, "ips to , pp) and Np = (np, 


ni, tee Np). It is clear that Ca Ne ,U (br, Ar), U(err, rr) = fie Ul(Err, frr)', L(€rp, Arr) = 
Fis L(rr, rr)’ and L(er, nr) = ‘ae _L(ep, hr)’, where 
U(lr, fr)’ = {2 € X | (m0 br)(2) 2 zh, 

(rr, rr)’ = {2 © X | (m0 lrr)(z) = Air}, 
erp, firr)’ = {z € X | (m0 Lrr)(z) < figp}, 
Pi fip)' = {z € X | (m0 lp)(z) < Ap} 
for? = 1,2,--- ,k. 

We handle the characterization of k-polar generalized neutrosophic subalgebra. 

Theorem 3.6. Let £ :— (@. bir, bre, tr) be a k-polar generalized neutrosophic set over X. Then Lisak- 
polar generalized neutrosophic subalgebra of X if and only if the cut sets Uae nr), U (Lar Nir), Llig: Nir) 


and L(lp, Ap) are subalgebras of X for all tr, tir, hie, he € (0, 1F. 


Proof. Assume that Lisa k- -polar generalized neutrosophic subalgebra of X. Let z,y ¢ X. If z,y € 
U(bp, fir) for all Ap € [0, 1]*, then (7; 0 tr)(z) > ni, and (m; 0 lr)(y) > ni, for i = 1,2,--- ,k. It fol- 
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lows that ~ > 7 . 

(m7; 0 lr)(z*y) 2 (mi 0 lr) (z) A (mi 0 Cr) (y) 2 np 
i=1,2,---,k. Hence z*y € U(er, fir), and so U (er, fir) is a subalgebra of X. If z,y € L(€p, Ar) for all 
fip € [0,1]*, then (7; 0 lp)(z) < ni, and (m0 lr)(y) < ni, for i = 1,2,--- ,k. Hence 


(nm; 0 lp)(z*y) < (m0 lp)(z) V (m0 lr) (y) < nip 


i=1,2,---,k,andsoz*y€ L(ln np). Therefore Lbm: Np) is a subalgebra of X. Similarly, we can verify 
that U(C;p, Ar) and L(Crp, Ayr) are subalgebras of X. 

Conversely, suppose that the cut sets U (Cr, nr),U (lr, nr), L(0, IF; Arr) and L(@; F; Rr) are subalgebras 
of X for all Ar, Arr, Arr, fir € [0,1]". If there exists a, 8 € X such that err(a * BY < lrr(a yA err (B), that 
is, 


(a; 0 lyr) (a * B) < (a; 0 lpr) (a) A (m0 Err)(B) 
fori = 1,2,--- ,k,thena, 8 € U(r, irr)! andax8 ¢ U(lrr, Arr)! where fit. = (1;0lrr)(a) A(m0lrr)(8) 
for for 7 = 1,2,--- ,k. This is a contradiction, and so 


a~ 


Crr(z * y) > lrr(z) A Orly) 


a~ 


for all z,y € X. By the similarly way, we know that or(z *Yy) > lr(z) A er(y) for all z,y € X. Now, suppose 
that 0p(a * 8) > lr(a) V €p(G) for some a, 6 € X. Then 


(1; 0 lp) (a * B) > (m0 lr)(a) V (mi 0 Cr)(B) 


for 7 = 1, 2,-++.,,.k. If we take ni, = (7; 0 l)(a) V (mj 0 Cp)(B) for i = 1,2,-++ ,k, then a, 8 € L(€p, Ap)! 
but a * 6 ¢ L(lp, Ap)’, a contradiction. Hence 


a~ 


ep(zxy) < lr(z) V Cry) 


for all z, y € X. Similarly, we can check that Crp(z *Y) < lrr(z) V erry) for all z,y € X. Therefore L is a 
k-polar generalized neutrosophic subalgebra of X. 


Theorem 3.7. Let L := (@. i biz ge; r) be a k-polar generalized neutrosophic set over X. Then Lisa 


k-polar generalized neutrosophic subalgebra of X if and only if the fuzzy sets 7; © a TT; © 0; IT, T° é fe and 
140 lp are fuzzy sriaeos die of X where (7; of e)(z) = 1—- (a; olp)(z ) and (7; ob p)(z )=1-(7; olrp)(z ) 
forall z © X andi =1,2,--- ,k. 


Proof. Suppose that Lis a k-polar generalized neutrosophic subalgebra of X. For any 7 = 1,2,--- ,k, it is 
clear that 7; o @p and 7; 0 (7 are fuzzy subalgebras of X. For any z,y € X, we get 


(mj 0 C)(z *y) = 1— (m0 lp) (z *y) = 1 — (m0 bp) (z) V (m0 Er) (y) 
= (1— (m0 lp)(z)) A (1 — (m0 br) (y)) 
= (1; 0 0%)(z) A (mi 0 £5) (y) 
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and 
(mi 0 ln \(z ky) =1-(m; 0 lrp)(z *y) = 1—- (1; o brr)(z) V (Ti 0 lip) (y) 
= (1— (m0 lrr)(z)) A (1 — (m0 brr)(y)) 
= (1; 0 Cp)(z) A (m0 Bp)(y). 


Hence 7; © ee, and 77; 0 é p are fuzzy subalgebras of X . 


ahaa suppose that the fuzzy sets 7; 0 Des TT; 0 C IT, 1 and 7; © é ‘ are fuzzy subalgebras of X 
for? = 1,2,---,kand let z,y © X. Then 


(mj 0 lp)(z *y) > (m0 lp)(z) A (m0 lr) (y), 
(m; 0 lrr)(z ¥y) > (m0 lrr)(z) A (m0 Lr) (y) 
for all 2 = 1,2,--- ,k. Also we have 
1 — (m0 lp)(z *y) = (mi 0 &)(z *y) > (m4 0 &)(z) A (m0 &)(y) 


( 
= (1— (m0 bp)(z)) A (1- (m0 br) (y)) 
1 — ((m; 0 lp)(z) V (m0 lr) (y)) 


and 


1 — (m0 bjp)(z*y) = (m0 Cir)(2* y) > (mo Cir yz) (1; 0 Cn) (y) 
= (1 — (m0 €rp)(z)) A (1 — (m0 Grr) (y)) 
= 1 -((m0lrr)(z) V (m0 lrr)(y)) 


which imply that (1; 0 0)(z * y) < (1; 0 lp) (z) V (1; 0 Cp) (y) and 


(nm: 0 lrr)(z *y) < (m0 lrr)(z) V (m0 Cre) (y) 


for all2 = 1,2,--- ,k. Hence Lisa k-polar generalized neutrosophic subalgebra of X . 


Theorem 3.8. /f = (@. Dope ty F; t, r) is a k-polar generalized neutrosophic subalgebra of X, then so are 
form (Gr, bir. & 0, & | and O£ := (Gp, be, bis fir). 


Proof. Note that (m;0lrr)(z)+(miolin)(2) = (mio€rr)(2)+1—(miolrr)(2) = Land (miolp)(2)+(miolp)(2) = 
(1; 0 lr) (2 )+1—(mj0 lp)(z ) = 1, that is, £rr(z) + &p(z) = 1 and £p(z) + €4(z) = 1 for all z € X. Hence 


a~ 


= tr, biz. ln, e, and O£ := e Fs e,, t; F, ty fr) are k-polar generalized neutrosophic sets over X. For 


any z,y € X, we get 


(1; 0 Cp)(z *y) = 1— (m0 brr)(z *y) <1 (m0 Lrr)(z) A (m0 Lr) (y)) 
= (1 — (m0 brr)(z)) V (1 = (m0 lr) (y)) 
= (m0 lip)(z) V (mi 0 lip) (y), 


871 


Florentin Smarandache (author and editor) Collected Papers, IX 


(1; 0 €)(z *y) =1— (m0 lp) (zy) <1 — (m0 lp) (z) A (mo &)(y)) 
= (1— (m0 lp)(z)) V (1 (m0 br )(y)) 
= (m0 &%)(z) V (m0 &)(y), 


(1; 0 Cp)(z *y) =1— (m0 lpe)(z *y) > 1— (m0 Cpe) (z) V (m0 Cr) (y)) 
=(1- (ni 0 Cir) 2) A(L— (m0 lrr)(y)) 
= (1; 0 lp) (z) A (mi 0 Gp) (y), 


and 


Therefore OL :— (@. Cie Cn, (i) and OL := G Ps e,, t, F, ty r) are kpolar generalized neutrosophic subal- 
gebras of X. 


Theorem 3.9. Let Ay x Ay <---> x Ax C [0, tHe that is, A; © [0,1] fort =1,2,--- ,k. Let S; = {S:, | t; © Ac} 
be a family of subalgebras of X fori = 1,2,---+ ,k such that 
eae: 3.9) 
tre A; 
(Vsi, ti — Aj) (5; Sip > Ss: Cc St;) (3.10) 


fori =1,2,--- ,k. Let L:= (@. bi i tr) be a k-polar generalized neutrosophic set over X defined by 


(Vz € X) 


(17; er)(z) =Via € Ai | 2 € Sy} = (m0 trr)(2), (3.11) 


(m: 0 lrr)(z) = Afri € Ai | 2 € S,,} = (m0 lr)(2) 
fori =1,2,--- ,k. Then L:= (@. Cia, Ok ir) is a k-polar generalized neutrosophic subalgebra of X. 
Proof. For any i = 1,2,--- ,k, we consider the following two cases. 

ti= {ai © Ail ai < ti} and ts A \/ {ai € As | gi < ti}. 
The first case implies that 


2 €U (lp, ti) (Vai < ti)(z € Sy.) @ 2 € (Sa, 
Gi<ti 
2 €U(brr, ti) (Wa < ti)(z € Sa) @ 2 € [) Sa. 


<li 
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Hence Ula th) = (loa = UCiads: and so U (Ep, ti) and Ua ty) are subalgebras of X for all i = 


qi <ti 


1,2,...,h. Hence U (Er, i= f) U (ep, t;) and U (Err, D= Tf] U (Err, t;) are subalgebras of X. For 
i=1,2,....k i=1,2,...Jk 
the second case, we will show that U(¢r,t;) = U S, = U(érr,ti) for alli = 1,2,...,k. Ifz © U Sy, 


Gatti g2ti 
then z € S,, for some g; > t;. Hence (7; 0 €rr)(z) = (mo lr)(z) => G = ti, and so z € U(lr,t;) and 
z € U(lrr, ti). Ifz € U Sy, then z ¢ Sj, for all q; > t;. The condition t; A \V{q € Ai | qi < ti} induces 

gti 
(t; — €:,t;) A A; = 0 for some ¢; > 0. Hence z ¢ S,, for all gq; > t; — €;, which means that if z € S,, then 
qi < t; — €;. Hence (1; 0 £yr)(z) = (1; 0 lr) (z) < ti — &; < t; and so z ¢ U(£;7,t;) = U(€r,t;). Therefore 
U(lr, ti) = U(Err, ti) C U Sq,. Consequently, U(¢r, t;) = U(lrr,ti) = U Sq, which is a subalgebra of X, 


g2ti q2ti 
and therefore U(¢r, t) = () U(é€r,t;) and U(é;7, t) = (| U(€rr,t;) are subalgebras of X. Now, we 
4=1,2 G1 Dicey k 


genes 


consider the following two cases. 
5, = fri EA; | rT, > si} and s; va fri EA; | T;, > S;}. 
For the first case, we get 


2 € L(typ, 8i)  (Wsi < T(z € S,,) #2 € (7) Sr, 


Ti>Si 


z € L(bp, 81) & (Vs; < ri)(z € Sn.) @ZE [) Sy. 


Ti > Si 


It follows that L(Erp, 33) = L(@; F,5i) = {) S;,, which is a subalgebra of X. The second case induces 
(s;, $; + €;) N A; = 0 for some e; > 0. If z EU S,,, then z € S,, for some r; < s;, and thus (7; © Crr)(z) = 
(1; 0 l)(z) <r; < 8, ie. z € Ome Ze Ln 8;). Mene: |). 8, © EL aca) = L(y, 8;). 
If z ¢ U S,,, then z ¢ S,, for all r; < s; which implies that z ¢ §. for all r; < s; + ¢;, that is, if 
ze Sr; es T, > 8, + &. Thus (1; 0 Cre)(2) = (ay © lr) (z) > s; +6; > s; and soz ¢ L(t, a) = 
L(€p, 8;). This shows that L(¢;7, 5;) = L(€r, si) = Ys Sr which is a subalgebra of X.. Therefore L(¢p, 8) = 


() L(€p, s;) and U (Lip, sj of] L(trp, s;) are subalgebras of X. Using Theorem 3.6, we know that 


i=1,2,...,k i=1,2....,k 


a (@r. le ty F; t; r) is a k-polar generalized neutrosophic subalgebra of X. 


4 k-polar generalized (€, € Vq)-neutrosophic subalgebras 


nn k\ p.. — [ml 2 k\ 6 _ (pl 2 k \ and ®. — (ml m2 
Let ap = (np, Np, +++ Np), Arr = (NEP, Nip, ++ Nip), Nip = (Nip, Nps ++ Np) and Ap = (Np, Np, 


,ni.) in [0, 1]*. Given a k-polar generalized neutrosophic set Le G bigs tr F; tr) over a universe X, 
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we consider the following sets. 


T, (lr, fir) = {2 € X | Op(z) + fir > I}, 
IT, (Err, Arr) = {2 © X | Gir (z) + Are > i, 
IF (lrp, fire) = {z © X | €pp(z) + App < i}, 
F(€p, ir) = {2 © X | €p(z) + fie < i}, 


which are called generaliged neutrosophic q-sets, and 


n~ ve 


Tevqlbr, fr) = {2 € X | Op(z) > fi or Ep(z) + fiz > Il, 
IT evq(Err, fur) = 41276x | err(z) > frp or lpr(z) + Arr > 1}, 
TF evq(€rp, frp) = {2 € X | Op (z) < frp or Crp(z) + Arp < 1}, 
Fevgllp, fir) = {z © X | lp(z) < Ap or Cp(z) + fp < i} 


which are called generaliged neutrosophic €\/q-sets. Then 


é k 
T,(ér, rr) = (Tier, Ar)’, IT, (ér7, trr) = ()IT,(Crr, Arr), 


i=1 i=1 


k k 
IF (ere, fur) =(\IFy(Cir, ftir)’, Fyllr, tr) = () Fyler, iv)’ 
i=1 i=1 
and 
Tevg(lr, tr) =(\Tevalr, fir)’, IDevallrr, rr) = (IT avg Err, fur), 
i=1 i=1 
TF eavq(lrr, hire) =) IF evd(lir, Air)’, Feavg(lr, tr) =) Fevallr, tir)! 
i=1 i=1 
where 


T, (er, ir)’ = {2 € X | (m0 lr) (z) + ni, > 1}, 
IT, (Err, rr)’ = {z © X | (nm, 0 brr)(z) trip > 1}, 
IF (lrp, frp) = {z © X | (m0 lp) (z) t nip < 1h, 
F (lp, fip)' = {z © X | (m0 lp)(z) + ni, <1} 
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and 


Tevallr, fr)’ = {2 © X | (m0 lp)(z) > nt or (mj 0 Lp)(z) tn, > 1}, 

IT eavq(Lrr, fr)’ = {2 € X | (m0 lpr)(z) > nip or (1; 0 Lp) (z) + nip > 1, 

IF evq(lir, tur)! = {2 € X | (nm; 0 bre) (2) < nip oF (m0 lrp)(z) + Nip < 1, 

Fevgllp, tir) = {z € X | (m0 lp)(z) < nin or (m0 lp) (z) + no < 1}. 
It is clear that Tayq(€r,Ar) = U(br, fer) U Ty(€r, Air), IPevg(lrr, tr) = U(brr, irr) U IT, (Cre, Arr), 
TFev(lrp, fire) = L(Crp, Arp) ULF, (Erp, Arp), and Fovq(lp, fir) = L(€p, ip) U F,(€p, ip). 


By routine calculations, we have the following properties. 


Proposition 4.1. Given a k-polar generalized neutrosophic set L := (@. lrr, lire, € r) over a universe X, we 
have 


1. If fur, Airy € [0,0.5]*, then Teyq(lr, ar) = U (bp, rp) and IT evq(Err, Arr) = U (lr, fir). 

2. Iffip, Arp € (0.5, 1], then [Fev (lrp, Arp) = L(lrp, firp) and Feyq(lp,fip) = L(lp, ftp). 

3. ffir, firr € (0.5, 1]*, then Teyq(lr, fir) = Ty (lr, fir) and IT evq(lrr, rr) = IT y(lrr, rr). 
4. If tip, Are € [0,0.5)*, then IFevq(lre, irr) = 1F (Crp, fire) and Feyq(lr, fie) = Fy (lp, rp). 
Unless otherwise stated in this section, X will represent a BCK/BCI-algebra. 


Definition 4.2. Let £ := G Lae t; F; ir) be a k-polar generalized neutrosophic set over X. Then Lis called 


a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if it satisfies: 


(4.1) 
F, ip), YE L(€p, fip) > ZKEYE Fevq(lr, hp) 
for all Z,YE Xap, hip € (0, 1}* and nip, pp E [0, Lar 


Example 4.3. Consider a BC I-algebra X = {0, 1, 2, a, 6} with the binary operation “*” which is given below. 


WR NF O]* 
WDWRNrF ASO 
8S 8k nor 
WR Ora 
PF Ol WR! 
SCT O8 8 8B 
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Let £ = (@. De. ty F; C, r) be a 3-polar neutrosophic set over X in which ie le tr Fr and lp are defined as 
follows: 


( (0.6,0.5,0.5) if z=0, 

: (0.7,0.7,0.2) if z=1, 
Gr: X + [0,1P, 2-4} (07,08,05) if 2=2, 
(0.3,0.4,0.5) if z=a, 

( (0.3,0.4,0.2) if 2=8, 

( (0.6,0.5,0.6) if z=0, 

7 (0.4,0.3,0.7) if z=1, 
lr: X > 0,18, 2+ 4 (0.6,0.8,0.4) if z=2, 
(O:7,0:4,0.1)° af 2a, 

( (0.4,0.3,0.1) if 2=8, 

( (0.3,0.1,0.5) if 2=0, 

7 (0.8,0.3,0.7) if z=1, 
Ge: X + (0,1P, 2-9) (03,08,05) if 2=2, 
(0.7,0.9,0.6) if z=a, 

| (0.8,0.9,0.7) if 2=8, 

( (0.2,0.2,0.5) if z=0, 

7 (0.3,0.9,0.8) if z=, 
fe: X [OIF 2+} (05,0204) if z=2, 
(0.6,0.4,0.6) if z=a, 

| (0.6,0.9,0.8) if z= 8. 


It is routine to verify that Li (@. lie. ty F; t; r) is 3-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.4. /f ae (@. lig. bie t; r) is a k-polar generalized neutrosophic subalgebra of X, then the 


generaliged neutrosophic q-sets Te nr), IT, ins Nir), IF (Crp, Nr) and F.(ep, Np) are subalgebras of 
X for allnar, fir € (0, il? and hip,Apr E [0, 1, 


Proof. Let z,y € T, (er, fr). Then 07(z) + Ar > 1 and p(y) + Ar > i, that is, (7; 0 &p)(z) + ni, > Land 
(1,0 lr)(y) + np > 1 fori = 1,2,--- ,k. It follows that 


(1; 0 br)(z ¥y) + np > (m0 tr)(2) A (m0 €r)(y)) +n 
((m 0 &p)(z) + nr) A (m0 bry) +7)! > 1 


for? = 1,2,--- ,k. Hence er(z*y) +fir > 1, thatis, z*y € T, (lr, fir). Therefore T, (lr, fir) is a subalgebra 
of X. Let Z,YE LP (tre; nin): Then (1; 0 77)(z) +nbp < land (7; 0 L7r)(y) +nbp <1lfori = 1, 2, ne ks 
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Hence 


(1; 0 lrr)(z ¥y) + nip < (mi 0 Cir) (2) V (1; 0 €re)(y)) +i 
= ((m; 0 Crp) (z) + npr)’ V (m0 fre) (y) + ner)’ <1 


fori = 1,2,--- ,k andso Crp(z*y) + frp < 1. Thus z*y € IF (Crp, firp) and IE (lrp, firp) is a subalgebra 
of X. By the similar way, we can verify that [T,(¢rr, Arr) and F,(¢r, rr) are subalgebras of X. 


We handle characterizations of a k-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.5. Let L := (@. en i ¢; r) be a k-polar generalized neutrosophic set over X. Then Lisa 
k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if and only if it satisfies: 


( fr(z*y) > MG), ry), 0-5} \ 
ir(z¥y) > MGrr 05} | oS 
lrr(z*y) < Viere(z), fre(y), 0.5} 

Be(z*y) <VEr(2),be(),03} 


(Vz,yEX) | 


that is, 
( (mo br)(z*y) > Af(mi 0 br)(2), (me © br)(y), 0.5}, 
(1% 0 rr)(z*y) > Mio Grr) (2), (ars 0 Crr)(y), 0.5}, as 
(150 fre )(z *y) S Vi(mi o Lr) (2), (ms © fre) (y), 0.5}, 
L (m0 le )(z*y) < Vi lm o lr) (2), (mi © Lr) (y), 0-5} 
forall z,y © X andi =1,2,--- ,k. 


Proof. Suppose that L:= ti Ce e; ‘pe e; r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X 
and let z,y € X. For any i = 1,2,...,k, assume that (m7; 0 €rr)(z) A (m0 Crr)(y) < 0.5. Then 


(m0 lrr)(z *y) > (m0 lrr)(z) A (mi 0 Err) (y) 
because if (77; 0 rr) (z *Y) < (m0 lrr)(z) A (10 rr) (y), then there exists n‘, € (0, 0.5) such that 
(170 Orr) (z *Yy) < nip < (mo err)(z) A (1% © err)(y). 


It follows that z € = U (err, nr)! and y € U (err, nix)! but zxy ¢ U(lrr, nr). Also (n,0lr)(z*y) tnip an 
ie. z*xy € IT, ‘ (err, ny). Hence z * y ¢ Theale nyr) which is a contradiction. Therefore 


(mi 0 lrr)(z*y) = AL (mi 0 Ler) (2), (mi 0 lrr)(y), 0.5} 


for all z,y € X with (mm O rr) (z }A (140 lrr)(y) < 0.5. Now suppose that (7; olrr)(z) N (i olrr)(y) 200; 
Then z € U(Err, 0. 5) and YE U (Err, 0. ny and so z * YE IT a, (rr, 0.5) = U(r, 0.5)? U IT, (érr, O25): 
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Hence z*y € U (lia 0.5)’. Otherwise, (7; 0 brr)(z *y)+0.5 < 0.54 0.5 = 1, a contradiction. Consequently, 


(1; elie )(z*#y) > Xm £0 bir) (z ), (14 0 rr) (y), 0.5} 


for all z, y € X. Similarly, we know that 
(ni 0 br)(z*y) => \{(mi 0 lr)(2), (mi 0 lr) (y), 0.5} 


for all z,y € X. Suppose that -(z )V erly ) > 0.5; If 0p(z*y) > Op(z 2) V Orly ) := np, then z,y € L(€p, fir), 
zxy¢ L(¢p, fr) and 1 op (z * *y) +fp > hp > 1,1, 2*y ¢ F. | (lp, fir). This is a contradiction, and so 
lp(z*y) = Vi{lr(z ), lr(y), 0.5} whenever (»(2 ) Very /) > 0.5. Now assume that l(z) V lp(y) < 0.5. Then 
zye L(Cr, 0.5 5) and thus z * y € E Fevg(lr, 0.5 dD) = L (lp, 0.5 a) Fe (Er, 0.5 5). Ifz*xy ¢ L(€p, 0.5), that is, 
br(z*y) > 0.5, then lp(z*y) +05 >0.5 +0.5 5=lLie,zey¢F (ep, 0.5 5). This is a contradiction. Hence 
er(z*y) < 0. 0.5 and so Op(z*y) = V{lr(z ), le(y), 0.5} whenever (p(z )V erly )< 0.5. . Therefore 0p(2*y) < 
Vilr(z ), €r(y), 0.5} for all z,y € X. By the similar way, we have ()p(z * y) < Vi{lrr(z ), Cre(y), 0.5} for 
all z,y EX. 


Conversely, let Lim (@. bes ty F; t, r) be a k-polar generalized neutrosophic set over X which satisfies 
the condition (4.2). Let z,y € X and arp = (np, np, --+ nh) € (0, 1]*. Ifz,y € U(ép, fir), then lp (z) > Ar 
and erly ) > fir. If Op (z *Y) < fr, then ne yA erly ; > 0.5. Otherwise, we get 


n~ 


or(z*y) > [\{er(2); (y),0.5} = lp(z) A Cr(y) > ter 


= 


which is a contradiction. Hence 


— 


lp(z«y) + ip > Up(z*y) > 2 A {Er(z), rly), 0.5} = 1 


and so z* y € T, (lr, Ar) C Tevg(€r, fir). Similarly, if z,y € U(Crr, fry), then z * y € IT evq(lrr, fir) for 
hir = = (nip, Nips Nip) € [0, 1]*. Now, let z,y € L(rp, frp) for Rip = Ci es Nip, + nk) € (0,1). 
Then Orp(z ) — aaa and Crr(y) < S fur. If Orp(z x * Y) > TIP, then Orp(z ) V lrr(z) < 0.5 because if not, then 
lrr(z * y) <& Vi{lrr(z), rr(y), 0. 0.5} < Orp(z ) V lrr(y ) < NUIPs which is a contradiction. Thus 


— 


Orp(z *y) thre < 2lpp(z *y) < 2\V {bie(2) erry ys 0.5}=1 


and soz *y € IF, (lt, Arr) ‘eo Taam: Similarly, we know that if z,y € L(€p, nr), then z*y € 
Fi (lr, tr) © Fevg(lr, fir) for Ap = (nb, nd, --+ ,n'5) © [0,1]*. Therefore £ is a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra of X. 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic q-sets subalgebras. 


Theorem 4.6. fl = (@. Le, Lie, tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic q-sets T, (Er, fir), Te nr), IF (Erp, Nip) and F(ep, Nr) are subal- 
gebras of X for all fir, Arr € (0.5, 1]* and tip, Arp € [0,0.5)*. 
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Proof. Suppose that Le (Gr, Grr, i tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of 


X. Let z,y © X. If z,y € IT (Err, Arr) for firr € (0.5, 1)*, then 0yp(z) + fire > Land Crr(y) + Arr > i. It 
follows from Theorem 4.5 that 


Crr(z *y) + Arr > {hir(2), fer), 0.5} + fir 
= Meirl(2) = Arr, €rr(y) + fir, 0.5 + Arr} 
=, 
ie, z*Y E IT, (€rr, fir). Thus IT, (€rr, frr) is a subalgebra of X. Suppose that z,y © FE. (lp, tip) for 
fip € [0,0.5)*. Then (1; 0 €r)(z) + np < Land (7; 0 €r)(z) +n, < 1. Using Theorem 4.5, we have 
(m0 lp)(z *y) + nip < \/{(m 0 be)(z), (mi 0 Ler) (y), 0.5} + ip 
= \/{ (mi 0 fr) (2) + nip, (mi 0 lp)(y) + nip, 0.5 + nip} 
<l 
and thus z*y € F (lp, ip) for alli = 1,2,---,k. Hence z*y € 1 Fa (Cr, fip)' = F (lr, fp), and 


therefore F, ‘(e; F, tip) is a subalgebra of X. Similarly, we can induce that 7; (er, nr) and IF, “(e: IF, frp) are 
subalgebras of X for Ayr € (0.5, 1]* and Ap € [0,0.5)*. 


Using the generaliged neutrosophic € Vq-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra. 


Theorem 4.7. Given a k-polar generalized neutrosophic set Le (@. -_ C, IF; z; r) over X, if the generaliged 


neutrosophic € \q-sets Tsp Or nr), TE le nr), DP alr, Nip) and Fevq(€r, nr) are subalgebras of 
X for all rp, rr € (0, 1)" and fip, are € [0,1)*, then L is a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra of X. 
Proof. Assume that there exist a, 8 € X such that 

(m0 br)(a* B) < A\{(mi 0 &r)(2), (mi 0 br)(8), 0.5} 
fori = 1,2,--- ,k. Then there exists n‘, € (0, 0.5] such that 


(mi 0 lr)(a* B) < nip < \{(m 0 br)(Q), (mi 0 Lr) (8), 0.5}. 


Hence a, 8 € U (lr, fir), and soa, 3 € Ae: - U (br, fer)’ = = U(r, nr) C Tevallr, fr). Since Tevq(lr, fir) i is 
a subalgebra of X, it follows that a * 6 € Tyla fr) =('e, Tallis fir)’. Thus (7; © br)(a <f)  Tp 
or (7; 0 er)(a * 8) +n > 1 fori = 1,2,---,k. This is a contradiction, and thus (7; © br)(z uy) = 
Ai(m © er) (2), (10 er) (y), 0.5} for all z,y € X andi = 1,2,--- ,k. Now, if there exist a, 3 € X such that 


(m0 fr)(a* B) > \/{ (mi 0 Cre)(a), (mi © Lr) (8), 0.5} 
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fori = 1,2,--- ,k, then 
(m0 Crp)(a * B) > nip > \V{(mi 0 lre)(a), (mi 0 Cre) (8), 0.5} (4.4) 


for some n‘,, € [0.5,1). Hence a, 8 € L(rp, tur)’, and soa, € EL, L(G, fr)’ = L(Crp, Arr) = 
I Fevq(lrp, fir). This implies that a * 8 € IF evq(€rp, firr), and (4.4) induces a * 8 ¢ L(€rp,Arp)! and 
(x; 0 lrr)(a * B) + nip > Inip > 1 fori = 1,2,---,k. Thusax 6 ¢ TL, Lie, fire)’ = L(re, fir) 
and a* 8 € KL, IF, (re, Are)’ = 1F (rp, fire). Hence a * 8 ¢ IF evq(€rp, fir) which is a contradiction. 
Therefore 


(m0 lrr)(z*y) <\V{(mi 0 lre)(2); (mi © rr) (y), 0.5} 


for for all z,y € X andi =1,2,--- ,k, ie, Qrp(z*y) < V{lrr(z), Crp(y), 0.5} for all z,y € X. Similarly, 
we show that (m;0l;r)(z*y) > A{(mi0 €rr)(z), (mo frr)(y), 0.5} and (molr)(z*xy) < V{(molr)(z), (mo 
Cr)(y),0.5} for all z,y € X andi = 1,2,---,k. Using Theorem 4.5, we conclude that CL is a k-polar 


generalized (€, € Vq)-neutrosophic subalgebra of X. 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic € Vq-sets subalgebras. 


Theorem 4.8. FL = (@. bre bis tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic € \/q-sets Tale nr), TiO nip), Uh lle Nr) and lO: Np) 
are subalgebras of X for all vp, Arr € (0,0.5]* and ip, ire € [0.5,1)*. 


Proof. Let z,y € Tate. Then 
ZE U((lrr, irr)’ orze IT, ((rr, herr)? 
and 
Ye U( (Err, Arr) ory € IT, ((€rr, furry’ 
for? = 1,2,--- ,k. Thus we get the following four cases: 
(i) z€ U((€rr, Arr)! and y € U((€rr, fir), 
(ii) z € U((Err, firr)' and y € IT, ((Crr, Arr), 
(ii) z € IT, ((€rr, Arr) and y € U((lrr, Arr)’, 


(iv) z €IT,((€rr, yr)’ and y € IT, ( (Err, rr). 


For the first case, we have z * y € ele hyrr)' fori = 1,2,--- ,k and so 
‘ lia =~ 
Z*YE () ITevg((lrr, tur)’ = ITevg(lrr, tur). 
i=1 
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In the the case (ii) (resp., (iii)), y € ITy((Crr, Arr)! (resp.,  € IT, ((Crr, firr)") induce C;p(y) > l—nip > nip 
(resp., rr(z) > 1— nip > ntp), that is, y € U((€rr, Arr)’ (resp., z € U((err,frr)'). Thus z * y € 
TT evq( (rr, Arr) for i = 1,2,--- , k which implies that 


k 
ZEYE (iL eval (Err, Arr)! = [Tevq(rr, Mur). 


i=1 


The last case induces 077(z) > 1 — nip > nip and C;r(y) > 1— nip > nip, ie, z,y € U((Lrr, frr)' for 
i =1,2,--- ,k. It follows that 


k 
Z*YE () ITevq( (Err, fur)’ = IT eval Err, Arr). 


i=1 


Therefore [ Pegll rr; hr) is a subalgebra of X for all Ayr € (0,0.5]". Similarly, we can show that the set 
Tevq(lr, nr) is a subalgebra of X for all Ar € (0,0.5]". Let z,y € Favg(lr, rr). Then 


a~ 


Cn(z) <fip or lp(z) + fip <1 


and 


lr(y) < fp or lr(y) +p < 1. 


If 0p (z) < Tp and ln(y) < Tr, then 


— — 


er(z*y) < \{lr(2), rly), 0.5} < ip V0.5 = ip 
by Theorem 4.5, and so z * y € L(tp, Ar) C Fevgllr, fir). If Cp(z) <p or ln(y) + fp <1, then 
Cr(z*y) < \f {Ce(2), rly), 0.5} < \ fie, i — av, 0.5} = tip 


by Theorem 4.5. Hence z * y € LG atin) = Pag Oritiz). Similarly, if €p(z) + fip < land er(y) < ey 
then z* y € Fa,(lr, rr). If €r(z) +r < 1 and lr(y) +fip < 1, then 


—~ 


er(z*y) < \V {er(z), Cr(y), 0.5} < (1 — ftv) V0.5 = 0.5 < tig 


by Theorem 4.5. Thus z * y € L(€p, Ar) eS Fevq(lp, fi). Consequencly, Fevq(€r, fp) is a subalgebra of 
X for all Ap € [0.5,1)*. By the similar way, we can verify that [Fevq(rr, fir) is a subalgebra of X for all 
hip € (0.5, i, 
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5 k-polar generalized (q¢, € Vq)-neutrosophic subalgebras 


Definition 5.1. Let £ := (@. bie tr PF, ¢; r) be a k-polar generalized neutrosophic set over X . Then Lis called 


a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X if it satisfies: 


2 €T, (br, fir), y € Trlr, tr) > 2*y © Tevallr, fir), 
ZE IT, (rr, rrr), YE IT, (rr, nrr) > ZKYE ITeavq(Err, nr), (5 1 
2 €1F, (Cre, fire), y € [Fy(lre, fre) > 2*Y © Feva( Cre, fur), 


ZE F.(ep, fir), YE FE. (lp, ftp) > Z*YE Po letr) 
for all z,y © X, fir, Arr € (0,1)* and fp, fire € [0,1)*. 


Example 5.2. Let X = {0,1,2,a, 3} be the BCI-algebra which is given in Example 4.3. Let L:= (er, Ga 
lip, £ F) be a 3-polar generalized neutrosophic set over _X in which ¢7, €;7, €;p and ¢p are defined as follows: 


(0.6,0.7,0.8) if z=0, 

7 (0.7,0.0,0.0) if z=1, 
@p: X 3 (0,18, 206 (0.0,0.0,0.9) if z=2, 
(0.0,0.0,0.0) if z=a, 

( (0.0,0.0,0.0) if z=, 

( (06,0:7,08) af 2=0, 

7 (0.7,0.0,0.0) if z=1, 
Qr: X > (0,18, 20 (0.5,0.8,0.9) if z=2, 
(0.0,0.0,0:7) it z= 0, 

{ (0.0,0.0,0.0) if z=, 

( (0.2,0.3,0.1) if =0, 

: (1.0,1.0,0.2) if z=1, 
tip: X + (0,12, 25 (0.3,0.4,1.0) if z=2, 
(0.4,1.0,1.0) if z=a, 

( (1.0,1.0,1.0) if z=, 

( (0.2,0.4,0.4) if z=0, 

7 (0.4,1.0,1.0) if z=1, 
Op: X 3 (0,18, 26 (1.0,0.2,0.1) if z=2, 
(1.0,0.3,1.0) if z=a, 

{ (1.0,1.0,1.0) if z=, 


It is routine to verify that L= (@. a ey P; ¢; r) is a 3-polar generalized (gq, € Vq)-neutrosophic subalgebra 
of X. 
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Using the k-polar generalized (q, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic q-sets and the generaliged neutrosophic € Vq-sets are subalgebras. 


Theorem 5.3. KL = (@. ik Give tr) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic q-sets T (br, nr), PE nr), IF, (Erp, Nr) and F(ep, Np) are subal- 
gebras of X for all fp, frp € (0.5, 1]* and tip, Arr € [0,0.5)*. 


Proof. Let z,y € T, \ (bp, Ar). Then z *y € Teva(lr, fr), and so z*y € U (lr, fir) orz*y€ std 72) 
Ifz*xyeé U(Or, ir), then (77; © er)(z * y) > nin > 1 — ni, since ni, > 0.5 for all i = 1,2,--- ,k. Hence 
zxy €T, (as nr), and so T, \ (er, nr) isa a subalgebra of X. By the similar way, we can verify that 7, (Err, nrr) 
is a subalgebra of X. Let z,y € F.(ep, fir). Then z * y € Fev (lr, ir), and so z*y € L(¢p, Ar) of 
zxy € F,(ép, fir). If z*y € L(€p, fp), then (m0 lp)(z *y) < nib < 1 — ni, since ni, < 0.5 for all 
i = 1,2,---,k. Thus z*«y € F.(ep, fir), and hence FE. (ep, fip) is a subalgebra of X. Similarly, the set 
IF (erp, hyp) is a subalgebra of X. 


Theorem 5.4. If Le (@. ee lie t; r) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic € \/q-sets Tea nr), IP egg Ores Nir), TFevq(€re, Nr) and Pgs Np) 
are subalgebras of X for all up, irr € (0.5, 1* and Ap, Aye € [0,0.5)*. 


Proof. Let z,y € Talat) for rr € (0.5, sl: If z,y € T, (er, Ar), then obviously z * y € Paglbrstir). 
If z € U (lr, fir) and y € T, \ (ep, Ar), then or (z y+ tp Sn S16 s eT ' (ep, fir). It follows that 
ZKYE Taylan ta): We can | prove z*y € Tevqllr, fir) whenever y €  U(lr, fr) and z € T, (Cr, rr) 
in the same way. If z,y € U(tr, fir), then ne \)+fir > 2p > 1 and erly \)+ifir > 2p > 1 and so 
2,y €T, (lr, fr). Thus z*y € Tevg(lr, hr). Therefore Tey, (Cr, fur) is a subalgebra of X for hr € (0.5, 1]*. 
Now, let 2,4 € Fevq(lr, fp) for Ap € (0,0. 5)*. If z,y € F (Er, fr), then obviously z * y € Feva(€r, fir). 
Ifze  L(ln, fie) andy € Fi (er, fir), then (p(z )+ fr < 2p <lie,zeF | (lp, fir). Hence z xy € 
Fevq(lp, fir). Similarly, we can prove that if y € L(ep, hr) and z € F, | (ep, fp), then z*y € Feva(lp, fr). If 
Zye L(¢p, fr), then Op(z \+tnp< 2ip < land only )+iap < 2p < 1, thatis, z,y € F | (pr, fp). Hence 
ZREYE Tons nr). Therefore PAs fp) is a subalgebra of X for all ip € [0,0.5)*. In the same way, we 


can show that IT ay (O rr fr) is a subalgebra of X for irr € (0.5, 1]* and TR eg: Nr) is a subalgebra of 
X for all Are € [0,0.5)*. 


We provide conditions for a k-polar generalized neutrosophic set to be a k-polar generalized (q, € Vq)- 
neutrosophic subalgebra. 


Theorem 5.5. For a subalgebra S of X, let C= (@. bre. Le ¢; r) be a k-polar generalized neutrosophic set 
over X such that 


< 0.5, &p(z) < 0.5), (5.2) 
1 = p(z)). (5.3) 


Then L is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X. 
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Proof. Let z,y € Tq(€r, fir) = (\jizr Ta(€r, fer)'. Then (m;007)(2) +nip > Land (m7; 0lr)(y) +ni, > 1 for all 
i=1,2,---,k. Ifz*xy ¢S, then z € X\Sory € X \S since S is a subalgebra of X. Hence (mio br) (z )=0 
or (77; 0 Ey ) = 0, which imply that ni, > 1, acontradiction. Thus z * y € S and so (7; 0 ér)(2 *y) > 0.5 
by (5.2). aes > 0.5, then (m0 br)(z *y) +ni,> lie, z*y € Ty (br, fer)! for alli = 1,2,--- ,k. Hence 
zZREYE an aly (fr, Ap) = = (lr, fr). Similarly, if z,y € IT, “(Cina tire) then z * y € IT. Oy. yp). Let 
ZYE IF (Cie, fur) = a2 jie (Crp, Arr). Then (1; o lar) (z \tnip < 1 and L (m o lir)(y \tnin <l 
for all i = 1,2,--- ,k, which implies that z * y € S. If yp = 0.5, then (7; © Cre) (z * y) < 0.6 Sais 
for all i = 1,2,--- ,k which shows that z * y € fe L(t, frp)’ = = L(¢ip, frp). If nip < 0.5, then 
(m; 0 Cre)(z *y) + nie < 1 for alli = 1,2,-+-,k and soz*y € (VIF (Cre, fir)! = LF (ere, Aur). 
Similarly way is to show that if z,y € F, | (x, An), then z*y € Fevq( lp, fir). Therefore L is a k-polar 
generalized (q, € Vq)-neutrosophic subalgebra of X. 


Combining Theorems 5.3 and 5.5, we have the following corollary. 


Corollary 5.6. If a k-polar generalized neutrosophic set L:= (Gr, br, bor, @ r) satisfies two conditions 


(5.2) and (5.3) for a subalgebra S of X, then the generaliged neutrosophic q-sets Tle nr), IT, (Err, nr), 
IF, (lip, Are) and F, (lp, tp) are subalgebras of X for all fir, firr € (0.5, 1]* and np, Are € (0, 0.5)*. 


6 Conclusions 


We have introduced k-polar generalized neutrosophic set and have applied it to BCK/BCI-algebras. We have 
defined k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (q, € Vq)-neutrosophic subalgebra and have studid various properties. We have 
discussed characterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)- 
neutrosophic subalgebra. We have shown that the necessity and possibility operator of k-polar generalized 
neutrosophic subalgebra are also a k-polar generalized neutrosophic subalgebra. Using the k-polar gener- 
alized (€, € Vq)-neutrosophic subalgebra, we have shown that the generaliged neutrosophic q-sets and the 
generaliged neutrosophic € Vq-sets subalgebras. Using the k-polar generalized (q, € Vq)-neutrosophic sub- 
algebra, we have shown that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets 
are subalgebras. Using the generaliged neutrosophic € Vq-sets, we have established a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra. We have provided conditions for a k-polar generalized neutrosophic set to be 
a k-polar generalized neutrosophic subalgebra and a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 
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ABSTRACT 


In this paper, we introduce a neutrosophic M/-subalgebra, a (ultra) neutrosophic AN-filter, level sets of these 
neutrosophic A’-structures and their properties on a Sheffer stroke BL-algebra. By defining a quasi-subalgebra of 
a Sheffer stroke BL-algebra, it is proved that the level set of neutrosophic \/-subalgebras on the algebraic structure 
is its quasi-subalgebra and vice versa. Then we show that the family of all neutrosophic NV -subalgebras of a Sheffer 
stroke BL-algebra forms a complete distributive lattice. After that a (ultra) neutrosophic N’-filter of a Sheffer stroke 
BL-algebra is described, we demonstrate that every neutrosophic MV-filter of a Sheffer stroke BL-algebra is its 
neutrosophic AN -subalgebra but the inverse is generally not true. Finally, it is presented that a level set of a (ultra) 
neutrosophic NV -filter of a Sheffer stroke BL-algebra is also its (ultra) filter and the inverse is always true. Moreover, 
some features of neutrosophic V-structures on a Sheffer stroke BL-algebra are investigated. 


KEYWORDS 
Sheffer stroke BL-algebra; (ultra) filter; neutrosophic M/-subalgebra; (ultra) neutrosophic WV-filter 


1 Introduction 


Fuzzy set theory, which has the truth (t) (membership) function and state positive meaning of 
information, is introduced by Zadeh [1] as a generalization the classical set theory. This led scien- 
tists to find negative meaning of information. Hence, intuitionistic fuzzy sets [2] which are fuzzy 
sets with the falsehood (f) (nonmembership) function were introduced by Atanassov. However, 
there exist uncertainty and vagueness in the language, as well as positive ana negative meaning 
of information. Thus, Smarandache defined neutrosophic sets which are intuitionistic fuzzy sets 
with the indeterminacy/neutrality (i) function [3,4]. Thereby, neutrosophic sets are determined on 
three components: (¢, i, f) : (truth, indeterminacy, falsehood) [5]. Since neutrosophy enables that 
information in language can be comprehensively examined at all points, many researchers applied 
neutrosophy to different theoretical areas such as BCK/BClI-algebras, BE-algebras, semigroups, 
metric spaces, Sheffer stroke Hilbert algebras and strong Sheffer stroke non-associative MV- 
algebras [6-15] so as to improve devices imitating human behaviours and thoughts, artificial 
intelligence and technological tools. 
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Sheffer stroke (or Sheffer operation) was originally introduced by Sheffer [16]. Since Sheffer 
stroke can be used by itself without any other logical operators to build a logical system which 
is easy to control, Sheffer stroke can be applied to many logical algebras such as Boolean 
algebras [17], ortholattices [18], Sheffer stroke Hilbert algebras [19]. On the other side, BL-algebras 
were introduced by Hajek as an axiom system of his Basic Logic (BL) for fuzzy propositional 
logic, and he widely studied many types of filters [20]. Moreover, Oner et al. [21] introduced 
BL-algebras with Sheffer operation and investigated some types of (fuzzy) filters. 

We give fundamental definitions and notions about Sheffer stroke BL-algebras, M/-functions 
and neutrosophic W-structures defined by these functions on a crispy set XY. Then a neutrosophic 
N-subalgebra and a (rt, y, e)-level set of a neutrosophic M-structure are presented on Sheffer 
stroke BL-algebras. By defining a quasi-subalgebra of a Sheffer stroke BL-algebra, it is proved that 
every (t, y, p)-level set of a neutrosophic N-subalgebra of the algebra is the quasi-subalgebra 
and the inverse is true. Also, we show that the family of all neutrosophic N/-subalgebras of 
this algebraic structure forms a complete distributive lattice. Some properties of neutrosophic N- 
subalgebras of Sheffer stroke BL-algebras are examined. Indeed, we investigate the case which 
N-functions defining a neutrosophic M-subalgebra of a Sheffer stroke BL-algebra are constant. 
Moreover, we define a (ultra) neutrosophic N-filter of a Sheffer stroke BL-algebra by N’-functions 
and analyze many features. It is demonstrated that (t, y, p)-level set of a neutrosophic N-filter 
of a Sheffer stroke BL-algebra is its filter but the inverse does not hold in general. In fact, we 
propound that (rt, y, e)-level set of a (ultra) neutrosophic N/-filter of a Sheffer stroke BL-algebra 
is its (ultra) filter and the inverse is true. Finally, new subsets of a Sheffer stroke BL-algebra 
are defined by the M-functions and special elements of the algebra. It is illustrated that these 
subsets are (ultra) filters of a Sheffer stroke BL-algebra for the (ultra) neutrosophic N-filter but 
the special conditions are necessary to prove the inverse. 


2 Preliminaries 


In this section, basic definitions and notions on Sheffer stroke BL-algebras and neutrosophic 
N-structures. 


Definition 2.1. [/8] Let = (H,|) be a groupoid. The operation | is said to be a Sheffer stroke 
(or Sheffer operation) if it satisfies the following conditions: 


(S1) x|y=y|x, 

(S2) (|x) | @|y) =x, 

(S3) x1 (OIDIGI2)=(lyI@ly) 12, 

(S4) 1 (IYI OIDDI@ | Y101y»)) =x. 


Definition 2.2. [21] A Sheffer stroke BL-algebra is an algebra (C,v,A,|,0,1) of type 
(2,2,2,0,0) satisfying the following conditions: 


(sBL—1) (C, Vv, A, 0, 1) is a bounded lattice, 

(sBL —2) (C, |) is a groupoid with the Sheffer stroke, 
(sBL — 3) c1 Aco = (e1 | (e1 | (€2 | €2))) | (er | Cer | (2 | €2))), 
(sBL—4) (ci | (C21 ¢2)) V 21 (C1 er) = 1, 

for all cj,c2 EC. 


1=0|0 is the greatest element and 0=1/|1 is the least element of C. 
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Proposition 2.1. [21] In any Sheffer stroke BL-algebra C, the following features hold, for all 
C1,02,03 € CG 


(1) c1 | ((e2 | (c3 | €3)) | (€2 | (€3 | €3))) = €2 | Cer | (3 | €3)) | (er | (3 1 €3))), 
(2) ¢ | (1 |e1) = 1, 
(3) 1] (1 |e) =¢1, 
(4) a |d|)=1, 
(5) (1 | D111) =e1, 
(6) (c1 | €2) | (c1 | e2) S$ €3 Sc] <2 | (3 | €3) 
(7) 1 <c2 iff cy | (C2 | e2)=1, 
(8) ¢1 = cp | (ci | c1), 
(9) cy < (c1 | €2) | €2, 
(10) ta) (er | (er | Co |) | (er | Ce. | 2 ||) Si, 
(b) (e1 | (e1 | (c2 | €2))) | (er | (er | (c2 | €2))) S 2. 
(11) If cy <2, then 
(i) ¢3 | (cy | e1) S 3 | (eo |e), 
(i) (ey || Cs). Cer ay = es | 5) eo 3), 
(itt) 62) (es | C3) = e1 || (e¥| C3); 
(12) ci | (ex |: €2) = (3 | (c1 |: c1)) | (Ce3 | (ea | 2) | (C3. | 2 €2))), 
(13) e1 | (€2 | €2) < (€2 | (e3 | €3)) | Cer | (3 1 €3)) | (er | (e3 | €3))), 
(14) ((c1 V €2) | 3) | (er V €2) | 3) = Cer | €3) | (€1 | €3)) V C(€2 | €3) | (c2 | €3)), 
(15) c1 V cz = (Cer | (€2 | €2)) | (e2 | €2)) A ((e2 | (er | €1)) | (er | c1)). 


Lemma 2.1. [21] Let C be a Sheffer stroke BL-algebra. Then 
(c1 | (c2 | €2)) | (e2 | e2) = (€2 | (er |e) | (en | en), 
for all cj,c2 EC. 
Corollary 2.1. [21] Let C be a Sheffer stroke BL-algebra. Then 
c1 V c2 = (€1 | (C2 | €2)) | (C2 | €2), 
for all cy,c2 EC. 
Lemma 2.2. [21] Let C be a Sheffer stroke BL-algebra. Then 
€1 | ((e2 | (€3 | €3)) | (ca | (3 | €3))) = Cer | (er 1 e2)) | Cer | (€3 | €3)) | (er | (3 | €3))), 
for all c},00,c3 EC. 
Definition 2.3. [21] A filter of C is a nonempty subset PC C satisfying 
(SF —1) if cj,c2 € P, then (c; | cr) | (cy | oo) EP, 
(SF — 2) if cy € P and cj <c2, then co € P. 
Proposition 2.2. [21] Let P be a nonempty subset of C. Then P is a filter of C if and only if 
the following hold: 
(SF —3) 1eP, 
(SF —4) cy € P and cy | (c|c2) € P imply ce€ P. 
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Definition 2.4. [2|] Let P be a filter of C. Then P is called an ultra filter of C if it satisfies 
cé€P or c|ceP, for all ce C. 


Lemma 2.3. [21] A filter P of C is an ultra filter of C if and only if cy; Vc2 € P implies cj € P 
or c2 € P, for all cj,0. EC. 


Definition 2.5. [8] F(X, [—1, 0]) denotes the collection of functions from a set X to [—1, 0] 
and an element of F(X, [—1, 0]) is called a negative-valued function from X to [—1, 0] (briefly, 
N-function on X). An N-structure refers to an ordered pair (X,f) of X¥ and N-function f on X. 


Definition 2.6. [12] A neutrosophic A’-structure over a nonempty universe Y is defined by 
xX x 
Xy i= = :xEeX 
(Tn, In, Fw) (Ty (x), In (x), Fin (X)) 


where Ty,Jy and Fy are N-functions on YX, called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, 
respectively. 


Every neutrosophic M-structure Xjy over X satisfies the condition (Vx € X)(—3 < Ty(x) + 
Ty (x) + Fy (x) < 0). 


Definition 2.7. [13] Let Xy be a neutrosophic N-structure on a set XY and t,y,p be any 
elements of [—1,0] such that —-3<t+y+p <0. Consider the following sets: 


Ty = {x EX: Ty(x) <7}, 

ee = {xe X :In(x) > vy} 

and 

Fe :={x eX: Fy(x) < p}. 
The set 

X(t, y,0):={xeX: Ty(x) <1, In(x) = y and Ty(x) < p} 

is called the (t,y,p)-level set of Xy. Moreover, Xy(t.y,p)=Ty NIV NF. 
Consider sets 

XW = {xe X: Ty (x) < Tu(cy}, 

XN = {x eX Ina) = In(ci} 

and 

Xi = (xe X: Fu) < Fc}, 


for any c;,¢i,c¢ €X. Obviously, c,€ X*,c7¢ XG and cp EX [13]. 


3 Neutrosophic A/-Structures 


In this section, neutrosophic M’-subalgebras and neutrosophic N-filters on Sheffer stroke BL- 
algebras. Unless otherwise specified, C denotes a Sheffer stroke BL-algebra. 
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Definition 3.1. A neutrosophic M-structure Cy on a Sheffer stroke BL-algebra C is called a 
neutrosophic N-subalgebra of C if the following condition is valid: 


min{7Tw(c1), Tn(c2)} < Ty(c1 | (c2 | €2)), 

max{Iy(c1), Iw (c2)} = Iv (cy | (c2 | €2)) and (1) 
max{Fw(c1), Fi (c2)} = Fv (e1 | (c2 | €2)), 

for all c],c. EC. 


Example 3.1. Consider a Sheffer stroke BL-algebra C where the set C = {0,a,b,c,d,e,f, 1} and 
the Sheffer operation |, the join operation V and the meet operation A on C has the Cayley tables 
in Tab. | [P21]. Then a neutrosophic M-structure 


ad x 
=} peed Use Cf, 1 
’ eros 0.26) °*~ | or 57,0001 } 


on C is a neutrosophic N-subalgebra of C. 


Table 1: Tables of the Sheffer operation |, the join operation Vv and the meet operation A on C 


| 0 a b c d e f 1 
0 1 1 1 1 1 1 1 1 
a 1 f 1 1 7 f 1 ra 
b 1 1 e 1 e 1 e e 
c 1 1 1 d 1 d d d 
d 1 f e 1 c f e c 
e 1 f 1 d f b d b 
fi 1 1 e d e d a a 
1 1 vi e d c b a 1 
Vv 0 a b c d e 7 1 
0 0 a b é d e il 1 
a a a d e d e 1 1 
b b d b f d 1 £ 1 
e c e if c 1 e f 1 
d d d d 1 d 1 1 1 
e e e 1 e 1 e 1 1 
- f I A 7 I I ni l 
1 1 1 1 1 1 1 1 1 
A 0 a b c d e f 1 
0 0 0 0 0 0 0 0 0 
a 0 a 0 0 a a 0 a 
b 0 0 b 0 b 0 b b 
c 0 0 0 c 0 Cc c Cc 
d 0 a b 0 d a b d 
e 0 a 0 c a e c e 
f 0 0 b c b c f f 
1 0 a b c d e f 1 
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Definition 3.2. Let Cy be a neutrosophic N-structure on a Sheffer stroke BL-algebra C and 
tT, y, be any elements of [—1,0] such that —3<t+y+ <0. For the sets 


Ty :={c€ C: Ty(c) >t}, 
Ih:={ceC:In@ <y} 


and 
FR = {ce C: Fu(c) < p}, 
the set 


Cn(t,y,p):={c€ C: Tn(c) = 1, In(0) < y and Fy(c) < p} 
is called the (t,y,/¢)-level set of Cy. Moreover, C(t, y,p) = TY NIK Fy. 


Definition 3.3. A subset D of a Sheffer stroke BL-algebra C is called a quasi-subalgebra of C 
if cy | (c2|c2) € D, for all cj,c2 € D. Obviously, C itself and {1} are quasi-subalgebras of C. 


Example 3.2. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then {0,a,f,1} is a 
quasi-subalgebra of C. 


Theorem 3.1. Let Cy be a neutrosophic M-structure on a Sheffer stroke BL-algebra C and 
t,y,p be any elements of [—1,0] such that -3 <1+y+p <0. If Cy is a neutrosophic 
N-subalgebra of C, then the nonempty level set Cy(t,y,e) of Cy is a quasi-subalgebra of C. 


Proof. Let Cy be a neutrosophic N-subalgebra of C and cj,c. be any elements of 
Cn(t,y,p), for t,y,o €[—-1,0] with -3<t+y+p <0. Then Ty (ci), Ty (cz) = t, In (C1), In(c2) Sv 
and Fy(c,),Fy(c2) < p. Since 
tT <min{Ty(c1), Ty(c2)} < Ty (cr | (€2 1 €2)), 

In (cy | (c2 | €2)) < max{In(c1), In(c2)} Sv 


and 


Fy (c1 | (c2 | ¢2)) S$ max{F(c1), Fn (c2)} < p, 
for all cj,c2€ C, we obtain that cy | (c2|o)€ Th, cy | (Qo | aye i and c; | (cr| co) € F%, and so, 
cy | (cr | e2) € TY NT, NFR = Cn(t, y,p). Hence, Cy(t,y,) is a quasi-subalgebra of C. 


Theorem 3.2. Let Cy be a neutrosophic N-structure on a Sheffer stroke BL-algebra C and 
Tindas and Fy be quasi-subalgebras of C, for all t,y,o¢€[—1,0] with -3<t+y+ <0. Then 
Cy is a neutrosophic N-subalgebra of C. 

Proof. Let Cy be a neutrosophic N-structure on a Sheffer stroke BL-algebra C, and T ete 


and FR be quasi-subalgebras of C, for all t,y,o €[—1,0] with -3<1t+y+p<0. Suppose that 
c, and cz be any elements of C such that wy = Ty(cq | (c2 | c2)) < min{Ty(c1), Ty (c2)} = wo, tr = 
max{Iy(c1), In (c2)} < In(c1 | (c2 | €2)) = t2 and ry =max{Fy(c1), Fv (c2)} < Fv(e1 | (c2 | €2)) = 12. If 


1 1 1 
N= piu +w2)€[-1,0), n= 5 {tl +t2)€[-1,0) and p) = 571 +r2) €[—1,0), then w} < tT) < wo, 


th < yi <t) and rj <p1 <rz. Thus, ci,c2€ Ty, c1,c2 Ey and cy,c2E Fy but c1| (2/02) ¢ TH, 
cy | (co |e2) € IH and cy | (co | cr) ¢ Fh, which are contradictions. Hence, min{Ty(c1), Tw(c2)} < 


Tn (ci | (c2 | €2)), In (er | (€2 | €2)) S$ max{Iy(c1), v(c2)} and Fry (cy | (c2 | c2)) S$ max{Fy (c1), Fn (c2)}, 
for all cj,c2 ¢ C. Thereby, Cy is a neutrosophic N-subalgebra of C. 
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Theorem 3.3. Let {Cy, :i¢ N} be a family of all neutrosophic M’-subalgebras of a Sheffer 
stroke BL-algebra C. Then {Cy,:i¢N} forms a complete distributive lattice. 

Proof. Let D be a nonempty subset of {Cy,:i¢ N}. Since Cy, is a neutrosophic N’-subalgebra 
of C, for all ie N, it satisfies the condition (1). Then (]D satisfies the condition (1). Thus, ()D 
is a neutrosophic N-subalgebra of C. Let E be a family of all neutrosophic M-subalgebras of 
C containing ){Cy,:i¢N}. Thus, ()£ is also a neutrosophic M-subalgebra of C. If [jen Cn, = 
Mliew Cn; and Vien Cn, = [E, then ({Cy, :i € N},\VV.A\) forms a complete lattice. Also, it is 
distibutive by the definitions of \/ and /\. 

Lemma 3.1. Let Cy be a neutrosophic N’-subalgebra of a Sheffer stroke BL-algebra C. Then 
Tn(c) < Ty(1), In(c) >In (1) and Fy(c) => Fy), for all ce C. 

Proof. Let Cy be a neutrosophic N-subalgebra of C. Then it follows from Poposition 2.1 (2) 
that 


Ty (c) = min{Ty(c), Ty(c)} < Tu(c| (cle) = Tn), 
Ivy) = In(c | (ec | c)) < max{In(c), Iv (€)} = In (0) 


and 
Fy (1) = Fy(c| (c| c)) < max{Fn(c), Fv (c)} = Fv (©), 
for all cEC. 


The inverse of Lemma 3.1 is not true in general. 


Example 3.3. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic 

N-structure 
x x 
Cy = § — x = a,b, 1} 0 | ——————————: C —{a,b,1 
a | Sao er Japa GN } 

on C is not a neutrosophic N-subalgebra of C since max{Fy(a), Fy(b)} = —0.11 < —0.01 = 
Fy(f) = Fy(a| (6|)). 

Lemma 3.2. A neutrosophic M-subalgebra Cy of a Sheffer stroke BL-algebra C satisfies 
Tn (c1) < Tn (ci | (€2 | €2)), In (1) = In (cr | (€2 | c2)) and Fry (c1) = Fn(c1 | (c2 | ¢2)), for all c1,c2 EC 
if and only if Ty, Jy and Fy are constant. 

Proof. Let Cy be a a neutrosophic N-subalgebra of C such that Ty(c) < Ty (cy | (c2 | ¢2)), 
Ty (c1) = In (cr | (c2 | c2)) and Fy (ce) = Fn (ci | (c2 | €2)), for all cy,c2 € C. Since Ty(1) < Tn (1 | (c | 
c)) =Ty(c), In() = In | (c| 2) =In(©) and Fy(1) = Fv (1 | (c| 2) = Fy (co) from Proposition 2.1 
(3), it is obtained from Lemma 3.1 that Ty(c) = Ty(1), Iy(c) =Iy(1) and Fy(c) = Fy(1), for all 
céC. Hence, Ty,Jy and Fy are constant. 

Conversely, it is obvious since Ty,Jy and Fy are constant. 


Definition 3.4. A neutrosophic M-structure Cy on a Sheffer stroke BL-algebra C is called a 
neutrosophic N-filter of C if 


1. cy <c2 implies Ty(c1) < Ty(c2), In(c2) < In(c1) and Fy(c2) < Fn (c1), 
2. min{Tw(c1), Tn(c2)} < Tn ((e1 | €2) | (e1 | €2)), In (Cer | €2) | (er | €2)) < max{Iy (c1), In (c2)} 
and Fy ((c1 | ¢2) | (cr | ¢2)) < max{Fy (c1), Fy (c2)}, 


for all cj,c2 EC. 
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Example 3.4. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic 
N-structure 


x 


a ee 
N | ae 7 


=ces.1fu| x= 0,ab.d| 


x 
(—1, —0.7,0) 
on C is a neutrosophic N-filter of C. 


Theorem 3.4. Let Cy be a a neutrosophic W-structure on a Sheffer stroke BL-algebra C. Then 
Cy is a neutrosophic N-filter of C if and only if 


min{Tw(c1), Tv (c1 | (c2 | c2))} S$ Tu(c2) < Ty (1), 

In (1) < I (c2) < max{Iy(c1), In (1 | (€2 | €2))} and (2) 
Fy (1) < Fn(co) < max{Fw(c1), Fv(c1 | (c2 | €2))}, 

for all c],@. EC. 


Proof. Let Cy be a neutrosophic N-filter of C. Then it follows from (sBL-3) and Defini- 
tion 3.4 that 


min{7'y(c1), Tn (c1 | (c2|€2))} $ Tw Cer | (1 | (2 |€2))) | (er | (er | (C2 | €2)))) = Tn (C1 Ac2) S Tw (c2) < Tn), 
Ty (1) <I (c2) < In (C1 Ac2) = In (Cer | (1 | (21 €2))) | (er | (1 | (2 | €2)))) S max{In (1), Ln (c1 | (c2 | €2))} 
and 

Fy (1) < Fy (c2) < Fn (C1 Ac2) = Fn ((e1 | (en | (€2 1 €2))) | (1 (en | (€2 | €2)))) S max{Fy (c1), Fv (1 | (C2 | €2))}, 
for all cj,c. EC. 


Conversely, let Cy be a a neutrosophic N-structure on C satisfying the condition (2). Assume 
that cy <c2. Then c | (c2|c2) =1 from Proposition 2.1 (7). Thus, 


Ty (c1) = min{T (ci), Ty(1)} = min{Ty(c1), Tn (c1 | (c2 | €2))} < Tn (C2), 

In (€2) < max{Iy(c1), Ly (C1 | (c2 | €2))} = max{Iy (C1), Iv} = In (1) 

and 

Fy(c2) < max{Fy(c1), Fn (ct | (€2 | c2))} = max{Fy(c1), Fv )} = Fv (C1), 

for all cy,c2 EC. Also, it follows from Proposition 2.1 (9), (S1) and (S2) that 

min{7Ty(c1), Tn (c2)} < min{Ty(c1), Ty (cq | (c1 | c2))} 
= min{T(c1), Ty (er | (Cer | 2) | (er | €2)) | Cer | e2) | (er | €2))))} 
< Ty (ci | c2) | (1 | €2)), 


In (cy | €2) | (C1 | €2)) S$ max{Iy (cy), In (cr | (Cer | 2) | (er | €2)) | Cer | €2) | (er | e2))))} 
= max{/y(c1), Zn (c1 | (c1 | €2))} 
< max{Iy(c1), Iv (c2)} 


and 
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Fn ((cq | €2) | (1 | c2)) S max{Fw (cy), Fn (cq | (Cer | €2) | (er | €2)) | Cer | €2) | (er | €2))))} 
= max{Fw(c1), Fn (cy | (c1 | c2))} 
< max{Fy (c1), Fn (c2)}, 


for all cj,cy ¢ C. Thus, Cy is a neutrosophic N-filter of C. 
Corollary 3.1. Let Cy be a neutrosophic N-filter of a Sheffer stroke BL-algebra C. Then 


1. min{Ty(c3), T(e3 | (C(e2 | (er | e1)) | (er Ler) | Cea | (er Fer) | (cr Ler} S Tn Cer | (c2 | €2)) | 
(c2 | €2)), 
In (cy | (€2 | €2)) | (2 | €2)) S max{Iy(c3), In (e3 | (C(c2 | (er | €1)) | Cer | er) | Ceo | (er | er) | 
(cr | ¢1))))} 
and Fy ((cq | (€2 | €2)) | (e2 | e2)) < max{Fy(c3), Fn (c3 | (((c2 | (er | e1)) | (er | e1)) | Ce2 | (cr | 
c1)) | (cr | e1))))}, 

2. min{Tw(c3), Tn(c3 | (Cer | (e2 | €2)) I (er | (€2 | €2))))} S Ter | (e2 | €2)), 
Ty (ey | (€2 | €2)) < max{Iy (c3), In (c3 | (Cer | (€2 | €2)) | (er | (€2 | €2))))} and 
Fn (c1 | (c2 | 2)) < max{Fw(c3), Fn (3 | ((e1 | (€2 | €2)) | (er | (€2 | €2)))), 

3. min{T y(cy | ((c2 | (c3 | ¢3)) II (c2 | (e3 | €3)))), Trv(e1 | (c2 | €2))} < T(r | (c3 | €3)), 
In (cy | (€3 | ¢3)) < max{In (cy | (Ce2 | (c3 | €3)) | (e2 | (€3 | €3)))), Ln (cr | (€2 | €2))} and 
Fn (cq | (c3 | ¢3)) S$ max{Fw (cq | (cz | (c3 | ¢3)) | (c2 | (c3 1¢3)))), Fv (C1 | (C2 | €2))}, 

4. Tn(cy | (c2 | c2)) = Tn(1), In(e1 | (€2 | c2)) = In(1) and Fy(e | (c2 | e2)) = Fw) imply 
Tn(c1) < Tn(c2), In(c2) < In(c1) and Fy (cz) < Fn(c1), 

for all cj,c2,c3 € C. 
Proof. It is proved from Theorem 3.4, Lemma 2.1 and Lemma 2.2. 


Lemma 3.3. Let Cy be a neutrosophic M-structure on a Sheffer stroke BL-algebra C. Then 
Cy is a neutrosophic N-filter of C if and only if 


min{7w(c1), Tn(c2)} < Tn (c3), 

C1 <2 | (c3| ¢3) implies | In(c3) < max{Iy (ci), IN (c2)} and (3) 
Fy (c3) < max{Fy (c1), Fy (c2)}, 

for all c},00,c3 EC. 


Proof. Let Cy be a neutrosophic N-filter of C and c, < cz | (c3|c3). Then it is obtained from 
Definition 3.4 (1) and Theorem 3.4 that 


min{Ty(c1), Tn (c2)} < min{T (cz), Tw (C2 | (€3 | ¢3))} < Tn (C3), 
Ty (c3) < max{In (2), Ln (C2 | (¢3 | €3))} S max{Ly(c1), Ln (c2)} 
and 

Fy (c3) < max{Fy (C2), Fn (C2 | (€3 | ¢3))} S max{F(c1), Fv (c2)}, 
for all c1,02,03 EC. 


Conversely, let Cy be a neutrosophic MN-structure on C satisfying the condition (3). Since 
it is known from Proposition 2.1 (4) that c<1=c|(1|1), for all ce C, we get that Ty(c) = 
min{Ty(c), Tv(c)} < Ty), In(1) < max{Iy(c), Iv(©)} = In()} and Fy (1) < max{Fy(c), Fn(c)} = 
Fy(©)}, for all ce C. Suppose that cj < cz. Since we have cy < cz =1 | (c2 | C2) from Proposition 2.1 
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(3), it is obtained that Ty(c)) = min{Ty(c1), Ty(1)} < Ty (c2), Iv (c2) < max{Iy(c1), v()} = Iv (e1) 
and Fy (cz) < max{Fy(c1),F(1)} = Fiv(c1). Since cy < (cy | €2) | €z = €2 | (Cer | €2) | Cer | €2)) | Cer | 
cz) | (cy | c2))) from Proposition 2.1 (9), (S1) and (S2), it follows that 

min{Ty(c1), Ty(c2)} < Ty C(e1 | €2) | (cr | €2)), 

Ty ((c1 | €2) | (e1 | c2)) S max{Iny (C1), In (c2)} 

and 

Fw ((e1 | €2) | (1 | ¢2)) < max{F’y (c1), Fn (c2)}, 

for all cj,cy¢C. Thus, Cy is a neutrosophic N-filter of C. 


Lemma 3.4. Every neutrosophic W-filter of a Sheffer stroke BL-algebra C is a neutrosophic 
N-subalgebra of C. 


Proof. Let Cy be a neutrosophic N-filter of C. Since 


((e1 | c2) | (er | €2)) | Cer | (€2 | €2)) | Cer | (€2 | €2))) 
=c1 | ((((e1 | €2) | (er | €2)) | (e2 | €2)) | (Cer | 2) | (er | €2)) | (e2 | €2))) 
= 1 | ((c1 | ((e2 | (€2 | €2)) | (er | (e2 | €2)))) | Cen | Cer | (€2 | €2)) | (e2 | (e2 | €2))))) 
=a l(a |All! ad | ))) 
=c;| (| 1) 
=1 


from Proposition 2.1 (1), (2), (4) and (S3), it follows from Proposition 2.1 (7) that (c1 | c2) | (ct | 
c2) < cy | (c2 | 2), for all cy,c2 EC. Then 


min{7w(c1), Tn (c2)} < Tn ((e1 | €2) | (cr | €2)) < Ty (cr | (e2 | €2)), 
Tn (cq | (C2 | €2)) S In (er | €2) | (er | e2)) < max{Iy (cr), In (c2)} 


and 


Fy (cq | (€2 | €2)) S$ Fn (er | €2) | (C1 | €2)) < max{Fy(c1), Fv (c2)}, 
for all cj,c2 € C. Thereby, Cy is a neutrosophic M-subalgebra of C. 
The inverse of Lemma 3.4 is usually not true. 
Example 3.5. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic 


N-structure 


0 1 x 
oN (-1,0,0)’ 0,—-1,—-) | Ass u| 


on C is a neutrosophic N-subalgebra of C whereas it is not a neutrosophic N-filter of C since 
min{ Ty (a), Ty(b)} = —0.5 > —1 = Ty((a| 6) | | 5)). 


Definition 3.5. Let Cy be a neutrosophic M-structure on a Sheffer stroke BL-algebra C. Then 
an ultra neutrosophic N-filter Cy of C is a neutrosophic N-filter of C satisfying Ty(c) = Ty(1), 
In(c) = In(Q1), Fu() = Fn) or Ty(c | c) = Ty), In(e| 0c) = In(1), Fn(e| 0c) = Fv), for all 
ceC. 
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Example 3.6. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic 
N-structure 


x 
Chee SS rt 
iu | sa =0.77,=00) f 
on C is an ultra neutrosophic N-filter of C. 


Remark 3.1. By Definition 3.5, every ultra neutrosophic N-filter of a Sheffer stroke BL- 
algebra C is a neutrosophic N-filter of C but the inverse does not generally hold. 


x 


re ee he 
(-0.79,—0.05,-041)". ef 


Example 3.7. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then a neutrosophic 
N-filter 


x x 
eis (—0.18,-082,-057). 77°! , cae u| 

of C is not ultra since Ty(a) 4 Ty(1) 4 Ty(a| a) =Tyn(f), In(a) 4 INC) 4 In(a| a) =In(f) and 
Fy(@) #4 Fy() 4 TFy(a| a) = Fy (f). 

Lemma 3.5. Let Cy be a neutrosophic N-filter of a Sheffer stroke BL-algebra C. Then Cy 
is an ultra neutrosophic N-filter of C if and only if Ty(c)) 4 Ty(1), Tw(e2) 4 Tw(1), In(c1) F 
Ty (1), In (c2) AIn (1) and Fy(c1) 4 Fu (1), Fu (c2) # Fu (1) imply Tw (ci | (c2 | ¢2)) = Ty) = Tver | 
(c1 | c1)), In(e1 | (€2 | €2)) = In 1) = In (e2 | (cr | e1)) and Fy (ci | (€2 | c2)) = Fn (1) = Fn (e2 | (c1 | €1)), 
for all cj,c2 EC. 

Proof. Let Cy be an ultra neutrosophic N-filter of C, and Ty(c1) 4 Ty(1), Ty(c2) 4 Ty (1), 
In(c1) £In(), In (C2) 4 In (1) and Fy (ci) 4 Fw (1), Fn (c2) 4 Fw (1), for any ci,c2 € C. Then Ty (ci | 
oy = Ty(1) = Ty (ez | ¢2), In(e1 | 1) = In) = In(c2 | c2) and Fy(cy | ¢1) = Fn (1) = Fr(c2 | 2). 

ince 


(cy | c1) | Cer | (e2 | €2)) | Cer | (2 | €2))) = (2 | €2) | (Cer | Cen Ler) | Cen | Cen Ler) = (ea ez) | | = 1 


and 


(cz | €2) | Ce2 | (er | e1)) | (2 | Cer | €1))) = (1 Ler) | Cea | (€2 | €2)) | (ca | (C2 1 e2))) = Cer Jer) || D=1 
from (S1), (S3), Proposition 2.1 (2) and (4), it follows from Theorem 3.4 that 
Ty (1) =min{Ty (1), Ty (1)}=min{Ty (cr | 1), Ty (cr | e1) | Cer | (e2 | €2)) | Cer | (e2 | €2))))} S$ Tv (er | (c2 1 €2)), 
Ty (c1 | (c2 | €2)) <max{Iy (cy | 1), Cer | e1) | (er | (e2 | e2)) | (er | (c2 | €2))))} =max{y (1), Jv (1)} =I (1), 
Fry (cy | (c2| ¢2)) <max{Fy(c1 | ¢1),F (cr | e1) | (Cer | (e2 | €2)) | (er | (2 | €2))))} =max{Fy (1), Fv(1)} = Fn (1), 
and similarly, Ty (1) < Tn(c2 | (e1 | ¢1)), In (2 | (er | e1)) < In), Frv(e2 | (e1 | e1)) < Fy (1). Hence, 
we obtain from Theorem 3.4 that Tw(cy | (c2 | ¢2)) = Ty) = Tn (2 | (er | ¢1)), In (e1 | (2 | €2)) = 
Iy (1) = In(e2 | (ce | c1)) and Fy(eq | (e2 | c2)) = Fn) = Fn (cz | (c1 | €1)), for all cy,c2 € C. 
Conversely, let Cy be a neutrosophic N-filter of C such that Ty(c1) 4 Ty(1), Ty(c2) 4 Ty (A), 
Iv(c1) A In(1),In(c2) 4 Iv(1_) and Fy(c1) 4 Fv), Fu(c2) # Fv(1) imply Tw(cy | (c2 | ¢2)) = 
Ty (1) = Tn(e2 | (c1 | €1)), In(er | (€2 | €2)) = In(l) = In(e2 | (er | e1)) and Fy (eq | (e2 | €2)) = 
Fy(1) = Fn (co | (ec, | c1)), for all cj,c2 € C. Assume that Ty(c) 4 Ty(1) 4 Ty(0) = Ty(1 | 1), 
Iv(c) AIn() 4 In (0) =Iy(1] 1) and Fy(c) 4 Fy) 4 Fyn(0) = Fy(1 | 1). Hence, Ty(c| c) = Tn | 
(clo l(elo)) =Trle|D=Ty(e| (| D)d1))=Twd), Tv(d |) 1 (elo) = Tn), In(e | 
co =Ind | (clo | (elo) =In(e| D =In(c | (A 1 D1 d 1 )) =Jv0), Ind | 2) | (e| =) = Ind) 
and Fy(c|c)=Fwd | (elo | (clo) =FulelD=Fr(e| (| D1d1)D) =F), Fu(d | D | 


897 


Florentin Smarandache (author and editor) Collected Papers, IX 


(c|c)) = Fy(1) from Proposition 2.1 (3), (4), (S1) and (S2). Suppose that Ty(c|c) 4 TyC) 4 
TyO)=Tw(1| 1), Inc) 4In QC) 4 In) = In (1 | 1) and Fy(c) 4 Fn) 4 Fn 0) = Fr | 1). Thus, 
Tyo) =TvAdlclo)=Tr(elold!DId|)D)=Twd), Ty | 11 (elo | 1) = Tr), 
Inc) =InQA | (clo =Incelol ld! D1 a1 )D) =v), Iwi | D1 Cel o | 1) =I) and 
Fy(c) = Fw | (clo) =Fv((elo || D1 d|D) = Fwd), Fad | DI CcloO | ©1 0) = Fr () 
from Proposition 2.1 (3), (4), (S1) and (S2). Therefore, Cy is an ultra neutrosophic N-filter of C. 

Lemma 3.6. Let Cy be a neutrosophic N-filter of a Sheffer stroke BL-algebra C. Then Cy is 
an ultra neutrosophic N-filter of C if and only if Ty(c1 Vc2) < Tyw(e1) V Ty (2), In (c1) V In (C2) < 
In(c1 V cz) and Fy(c)) V Fn(c2) < Fy(c] V cp), for all cj,0. € C. 

Proof. Let Cy be an ultra neutrosophic N-filter of C. If Ty(cy) = Ty), Iy(c1) = In(1), 
Fy(c1) = Fn) or Ty(c2) = Ty (1), In (c2) = In), Fr (c2) = Fy(1), then the proof is completed 
from Theorem 3.4. Assume that Ty(c}) 4 Ty(1) 4 Tn (co), In (cy) INC) 4 In (cz) and Fy(c)) # 
Fy(1) 4 Fn(c2). Thus, we have from Lemma 3.5 that Ty (c; | (co | c2)) = Ty) = Tn (co | (cy | €1)), 
In (ci | (€2 | €2)) = InCl) = In (2 | (er | c1)) and Fy (cy | (c2 | ¢2)) = Fn) = F(e2 | (c1 | ¢1)), for all 
c1,€2 € C. Since 


Ty (ce) V cr) =min{Tn(1), Ty(e1 V c2)} = min{Ty (cy | (c2 | c2)), TwC(cr | (€2 | c2)) | (C2 | €2))} < Tn (er), 
Ty (cz) S$ max{Iy (cy | (c2 | €2)), Iw (Cer | (2 | €2)) | (2 | e2))} = max{Iy (1), I (c1 V €2)} = In (C1 V €2), 
Fn(c2) < max{Fw(c1 | (c2 | c2)), Fn (cr | (c2 | €2)) | (c2 | c2))} = max{Fy (1), In(c1 V c2)} = F(c1 V c2), 


and similarly, Ty(c) V cr) = Tn(c2 V c1) < Ty (ci), In(e1) < In(e2 V ¢1) = In(e1 V €2), Fn(e1) < 
Fy(c2 V c1) = Fn(e1 V ¢2) from Corollary 2.1 and Theorem 3.4, it follows that Ty(c, V c2) < 
Ty (c1) V Ty(e2), In(e1) V In (c2) < Iv(e1 V c2) and Fy (ci) V Fn(c2) < Fn(c1 V 2), for all c1,¢2 € C. 


Conversely, let Cy be a neutrosophic N-filter of C satisfying that Ty(c) V c2) < Tn(c1) V 
Tn(c2), In(c1) V In (c2) < In(c1 V C2) and Fy (c) V Fn (c2) < Fn (ci V c2), for any cy,c2 € C. Since 
Tn) = Ty(el (clo) = Tn (el (elo 11) 1 (elo | (1) = Tn(ev (cl 0) < Ty) V Tu (C10), 
In(c) V In(c |e) <In(ev (clo) =In(Cel (elo lCloy lela | Clo) =In(e | (cl) = In) 
and 
Fy(c)V Fy(clo) < Fn(cv (clo) = Fuel (elo l(eloy (clo l lo) =Fu(cl (clo) = Fw) 


from Proposition 2.1 (2), (S1), (S2) and Corollary 2.1, it is obtained from Theorem 3.4 that 
Tn(c) V Ty(c| 0) = Ty), In) V In(c| oc) =InC) and Fy(c) Vv Fy(c|c) = Fn(1), and so, Ty(c) = 
Tn(1), In(c) =In(), Fu(c) = Fu) or Ty(c| ec) = Tn), In(c lo) =I), Fn(c|¢) = Fn (1), for 
all ce C. Thus, Cy is an ultra neutrosophic N-filter of C. 

Theorem 3.5. Let Cy be a neutrosophic MN-structure on a Sheffer stroke BL-algebra C and 
T,y,p be any elements of [—1,0] with -3<t+y+ <0. If Cy is a (ultra) neutrosophic N-filter 
of C, then the nonempty subset Cy(t,y,) is a (ultra) filter of C. 

Proof. Let Cy be a neutrosophic N-filter of C and Cy(t,y,e) 49, for t,y,o €[—1,0] with 
—3<tt+y+p<0. Asumme that cj,co € Cy(t,y,p). Since t < Ty(c1),t < Tn(c2), In(c1) < 
y,In(c2) <y, Fn(c1) <p and Fy (co) < p, it follows that 


tT <min{Ty(c1), Ty (c2)} < Ty (cr | €2) | (e1 | €2)), 


In (cy | €2) | (C1 | €2)) S$ max{Iy (C1), In(c2)} Sv 
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and 
Fn (cy | €2) | (cr | e2)) < max{Fy(c1), fn (c2)} < p. 


Then (cq | cz) | (cy | c2) € fgg Ae ke and so, (c1 | ¢2) | (c1 | c2) € Cn(t, vy, ). Suppose that 
cy € Cn(t, y, p) and cy < cp. Since t < Ty(c1) < Ty (C2), In(c2) < In(c1) < y and Fy(c2) < Fn(c1) < 
p, we have that c € ie Ee Le and so, cz € Cy(t,y,p). Hence, Cy(t,y,p) is a filter of C. 
Moreover, let Cy be an ultra neutrosophic N-filter of C. Assume that c; V c2 € Cn(t,y,/). 
Since t < Ty(c, V cz), In(c) V c2) < y and Fy(c} V co) < p, it is obtained from Lemma 3.6 
that t < Ty(c} V ¢2) < Tu(c1) V Ty (C2), In(c1) V In(€2) S Iv(e1 V c2) < vy and Fy (cy) V Fy (c2) < 
Fy(c1 V ¢2) < p, for all cj,c2 € C. Thus, t < Ty(c1), In(c1) < y, Fu(c2) < p or t < Ty(c2), 
In(c2) < y, Fn(c2) <p, and so, cy € Cn(t, y, Pp) Or C2 € Cn(t, y, 2). By Lemma 2.3, C(t, y,:) is 
an ultra filter of C. 


Theorem 3.6. Let Cy be a neutrosophic M-structure on a Sheffer stroke BL-algebra C, and 
Ed, and ae be (ultra) filters of C, for all t,y,0 €[—1,0] with -3<t+y+ <0. Then Cy is 
a (ultra) neutrosophic N-filter of C. 


Proof. Let Cy be a neutrosophic M-structure on C, and T ln and F “4 be filters of C, for 
all t,y,0 €[—1,0] with -3<t+y+p<0. Assume that 


T] = Ty ((eq | €2) | (e1 | e2)) < min{Tw(c1), Tn (c2)} = T2, 
yi =max{Iy (1), In (c2)} < InC(c1 | €2) | (C1 | €2)) = v2 
and 


op, =max{Fy(c1),fn(c2)} < Fn (er | c2) | (cr | €2)) = 02, 


1 1 
for some c},c2 €C. If t= $(T +72), Yo= 5M + 2), P0= 5 (Pl +2) €[—1,0), then t < 19 <1, 


V1 <0 <y2 and pi < po <p2. So, (ci |¢2) | (cr |e2) ¢ Ty Ty. Fy when cic. € Ty Ay, Fy’, which 
contradict with (SF-1). Thus 


min{7w(c1), Tn (c2)} < Tn ((c1 | c2) | (€1 | €2)), 

Ty (Cer | €2) | (e1 | €2)) S$ max{Iy (c1), Ln (c2)} 

and 

Fy ((e1 | €2) | (e1 | e2)) S max{Fy(c1), fv (c2)}, 

for all cj,c2 EC. Let cy <cz. Suppose that Ty(c2) < Ty(c1), In(c1) < In(c2) and Fy(c1) < Fy(c2), 
for some cj,c2 € C. If t* = 5(Tw(er)+Tw(er)) y*= (lor) +Iy(er)) pr= 5 (Fy (cr) +Fy(ex) € 
[—-1,0), then Ty(c2) < t* < Ty(c1), In(c1) < y* < In(c2) and Fw(ci) < p* < Fn(cz). Hence, 


Oper v1, F a but co €T eT Fe which is a contradiction with (SF-2). Therefore, Ty(c1) < 
Tn(c2), In(c2) < In(c1) and Fy(c2) < Fy(c1), for all cyj,c2 € C. Thereby, Cy is a neutrosophic 
N-filter of C. 


Also, let Tusk and By be ultra filters of C, for all t,y,0¢€[—1,0] with -3<t+y+p <0, 
and Ty(cy V co) =T, In(cy V C2) = y and Fy(c) V co) = p. Since cy Veco € Th a a it follows 
from Lemma 2.3 that c) ¢ Ty, 1y,Fy or co € Ty, Ih, Fy. Thus, Ty(ci Vc2) =t < Tn(c1), Tn(c2), 
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Ivy (c1), In (€2) < vy =In(c1 Ver) and Fy (ci), Fn(c2) < p = Fn(c1 Vc2), and so, Ty (c1 V2) < Ty (e1) V 
Ty (cz), In(c1) V In(e2) < Iv(e1 V c2) and Fy (cy) V Fu(c2) < Fn(c1 V €2), for all cj,c2 € C. By 
Lemma 3.6, Cy is an ultra neutrosophic N-filter of C. 


Definition 3.6. Let C be a Sheffer stroke BL-algebra. Define 
Cy = {ee C: Ty) S Ty}, 
Ch = {ce C:In(c) <In(ci)} 
and 
Ch = {ee C: Fv(o) < Fn(ey)), 
for all c;,cj,cy € C. It is obvious that c; € Cyy,ci € Cy, and cp € Gee 
Example 3.8. Consider the Sheffer stroke BL-algebra C in Example 3.1. Let cy =a,cj =), 


cp=cec, 
: : (-0.55 if x=0,1 
Ty(x) —0.18 if x=0,a,f,1 Inte) 0 if x=d,e,f d F(x) Re ie b 
= x)= x)= ¢{-0. if x=a,b,c 
bi —0.29 otherwise, e —1 otherwise merae ah ; 
—0.57 if x=d,e,f. 
Then 


Cy ={xeC: Tn(@) < Tn(x)} = {x € C: —0.18 < Ty(x)} = (0,4, f, 1}, 
cx? ={xe Crln(x) < In(dD)} = {x € C: In(x) < -1} = {0, a,b,c, 1} 


and 


Cy = {x € C: F(x) < Fy()} = {x € C: F(x) < —0.56} = {a, b,c, d,e,f}. 


Theorem 3.7. Let c;,c; and cy be any elements of a Sheffer stroke BL-algebra C. If Cy is a 
(ultra) neutrosophic N-filter of C, then C%, CK and Ce are (ultra) filters of C. 

Proof. Let c;,c; and cy be any elements of C and Cy be a neutrosophic N-filter of C. Assume 
that cj,cr € Ch, Ci, Cy. Since Ty (cr) < Ty(c1), Tn(er) < Tn(c2), Iv(e1) < Iv (ci), Iv (er) < I (ca) 
and F(c1) < Fn(cy), Fn(c2) < Fc), we get that 
Ty (cr) < min{Ty(c1), Tw(c2)} < Ty ((e1 | €2) | (e1 | €2)), 

In (cy | €2) | (C1 | €2)) S$ max{Iy (C1), Ly (C2)} < In (ci) 
and 
Fy (cq | €2) | (1 | ¢2)) S$ max{Fy (c1), Fn (c2)} < Fv (cp). 


Then (cj | ¢2) | (cy | 2) € Cy, Ch, Ce. Suppose that c; € CUCc. and cy < ¢>. Since 
Tn(cr) < Ty(c1) S$ Ty (C2), In (C2) < In(1) S$ In(ci) and Fy (cz) < Fu(c1) < Fu (cf), it is obtained 


that c € Cy), Ch. Ce, THUS CG Ce are filters of C. 
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Let Cy be an ultra neutrosophic N-filter of C and cy Vcz € Cy, Cy, Ce. Since 
Tw(cr) S$ Ty(c1 V €2) < Ty(C1) V Ty (C2), 
Ty (c1) V In (C2) S In(c1 V C2) < In (ci) 
and 
Fy (c1) V Fn (cz) < Fn(c1 V 2) < Fer) 
from Lemma 3.6, it follows that Ty(c;) < Ty(c1), Iv(c1) < In(ci), Fu(c1) < Fu(cy) or Ty (cr) S< 
Ty (C2), Iv(c2) < In(ci), Fn (c2) < Fr(cy). Hence, cy € Cy, Chi, Ge or eye Ci Ch, Ce Therefore, 
Cy. Cay and Gt are ultra filters of C from Lemma 2.3. 


Example 3.9. Consider the Sheffer stroke BL-algebra C in Example 3.1. For a neutrosophic 
N-filter 


xX xX 
Cv= 7 =0, ,b,d U :X=C,e@, sl 
" | cosmo cos ics {| oecess coo chars 


of C, cp =b, c;=c and cy =f € C, the subsets 


Che= {xe C: Ty(b) < Ty} = {x € C:—0.21 < Ty(x)} =C, 

Cy = {x € C: In(x) < In(c)} = {x € C: In(X) < —0.53} = {c,e, f, 1} 
and 

Ch ={x € C: Fy(x) < Fy(f)} = {x € C: Ev(x) < —0.93} = {c,e,f, I} 


of C are filters of C. Also, C2, Cy and c are ultra since Cy is ultra. 
The inverse of Theorem 3.7 does not hold in general. 
Example 3.10. Consider the Sheffer stroke BL-algebra C in Example 3.1. Then 


Cy ={xEC: Ty) < Ty} = {xe C:-0.11 < Ty} =C, 
C4 = {x € C: I(x) < In@)} = {x € C: In(x) <0} =C 

and 

Cy = {x € C: Fy(x) < F(e)} = {x € C: Fy(x) < —0.12}=C 
of C are filters of C but a neutrosophic M-structure 

Cw | sree] px 
is not a neutrosophic N-filter of C since Ty(d) = —0.11 <0=Ty(a) when a <d. 


Theorem 3.8. Let c;,c; and cy be any elements of a Sheffer stroke BL-algebra C and Cy be 
a neutrosophic N-structure on C. 


=a.bfu1| 


Ec, cand Cy are filters of C, then 
Ty (ci) < min{Ty (cp | (c3 | ¢3)), Tw (c2)} > Tn (c1) < Tn (03), 
max{Iy (co | (€3 | ¢3)), Zw (c2)} < In (€1) = In (c3) < Iy(c1) and (4) 
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max{Fy (C2 | (c3 | ¢3)), Fu (c2)} < Fn (c1) > Fn (c3) < F(c1), 


for all c},02,c3 EC. 
2. If Cy satisfies the condition (4) and 


Cy <c2 implies Ty(c1) < Ty (C2), In(c2) < In(c1) and Fn(c2) < Fy(c1), (5) 


for all cj,¢2,c3 € C, then Cy, Cj, and Co are filters of C, for all c,€ Te, Ci eI; and 
cr € Fy 

Proof. Let Cy be a neutrosophic N-structure on C. 

1. Assume that C5j,C}; and Ce are filters of C, for all c),cj,cy € C, and cy,cp and c3 are 
any elements of C such that Ty(c,) < min{7y(c2 | (c3 | ¢3)), Tw (c2)}, max{Iy(c2 | (c3 | 
c3)),1n(c2)} < In(c1) and max{Fy(c2 | (c3 | ¢3)), Fn (c2)} < Fnv(c1). Since cz | (c3 | ¢3),¢2 € 
Cre.. Ce where c; = cj =cy = C1, we have from (SF-4) that c3 € Cyj, Cy, Ce where c;= 
ci=cp =. So, Ty(c1) < Tn (cs), Iv(c3) < In(c1) and Fy(c3) < Fy (cy), for all cy,c2,¢3 € C. 

2. Suppose that Cy be a neutrosophic N-structure on C satisfying the conditions (4) and 
(5), for any c,e Ty! c € Ige and cy € Pe Let c],0. € C%, CoC. Since cz < (c2 | ¢1) | 
cy = cr | (Cer | €2) | (er | €2)) | Cer | €2) | (er | €2))) from Proposition 2.1 (9), (S1)-(S2), 
and Ty(c;) < Ty (¢1), Tn (cr) < Tn (C2), In(e1) < In (ci), In(C2) < In(ci), Fu(c1) < Fu (cp) and 
Fy (c2) < Fy(cy), it follows from the condition (5) that 


Ty (er) <min{Ty(c1), Tn (c2)} <min{Ty(c1), Ty (er | (Cer | €2) | (er |e2)) | er | e2) | (er | e2))))}, 
max{In (c1), Jn (c1 | (((c1 | €2) | (e1 | €2)) | Cer | €2) | (1 | e2)))) } S max {In (C1), Ln (c2)} < In (ci) 
and max{Fy(c1), F(e1 | (C(cr | €2) | (er | e2)) | Cer | e2) | (er | €2))))} < max{Fy (c1), F(c2)} < 
Fw (cp). 
Thus, Tw(c,) < Tw((er | €2) | (er | €2)), Iv Cer | 2) | (er | e2)) < In(ei) and Fw((ey | ¢2) | (er | 
co)) < Fy(cy) from the condition (4), and so, (c | c) | (ci | c2) € CH, CCH Let cy; < co and 
cr € Cut, Co, Cy. Since Tr (ex) < T(e1) < Tw(e2), Iw (cr) < In(c1) < Iv(ci) and Fyy(c2) < Fy(ci) < 


Fy(cr) from condition (5), it is obtained that cp € Cy, Cy, Oe: Thereby, Cy, Cy, and ar are filters 
of C. 


Example 3.11. Consider the Sheffer stroke BL-algebra C in Example 3.1. Let 
—0.84 if x=a,d,e,1 
—0.42 otherwise. 


—0.07 if x=1 


—0.77 otherwise, 


—0.63 if x=e,1 


and Fy(x) = 
0 otherwise, NO) | 


Ty (x)= | In (x) = | 


Then the filters Cj) = C, Cy, = {e.1} and CY! ={a,d,e,1} of C satisfy the condition (4), for the 
elements c;=a,cj;=e and cy=d of C. 


Also, let 


. -xeC—{I}}u : 
(—0.91, —0.23, 0.001) -~ (—0.17, —0.86, 0.79) 


cv={ 
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be a neutrosophic V-structure on C satisfying the conditions (4) and (5). Then the subsets 
Cy = {xe C:Ty(f) < Ty(x)} = {x ¢ C:-0.91 < Ty@}=C, 
Cu = {xe CiIn@) < Iv} = {x € A: Iv) < —0.23} = C 


and 
Cr=(xe C:Fy(x) < Fy()}= {x € C: Fy(x) < —0.79} = {1} 
of C are filtersof C where c,;=f,c;=bandcr=lof C. 


4 Conclusion 


In the study, neutrosophic M-structures defined by N- functions on Sheffer stroke BL-algebras 
have been examined. By giving basic definitions a nd n otions o f S heffer s troke B L-algebras and 
neutrosophic M-structures on a crispy set XY, a neutrosophic N-subalgebra and a (t, y, p)-level set 
of a neutrosophic N-structure are defined on S heffer s troke B L-algebras. We determine a quasi- 
subalgebra of a Sheffer stroke BL-algebra and prove that the (t, y, )-level set of a neutrosophic 
N-subalgebra of a Sheffer stroke BL-algebra is its quasi-subalgebra and vice versa. Besides, it is 
stated that the family of all neutrosophic N-subalgebras of the algebra forms a complete distribu- 
tive lattice. It is illustrated that every neutrosophic M-subalgebra of a Sheffer stroke BL-algebra 
satisfies Ty (x) < Ty (1), INC.) <Jn(x) and Fy (1) < F(x), for allelements x of the algebra but the 
inverse does not generally hold. We interpret the case which N’-functions defining a neutrosophic 
N-subalgebra of a Sheffer stroke BL-algebra are constant. Also, a (ultra) neutrosophic N-filter of 
a Sheffer stroke BL-algebra is described and some properties are analysed. Indeed, it is proved that 
every neutrosophic WV-filter o fa S heffer s troke B L-algebra is t he n eutrosophic N- subalgebra but 
the inverse is not true in general, and that the (t, y, ¢)-level set of a (ultra) neutrosophic N-filter 
of a Sheffer stroke BL-algebra is its (ultra) filter a nd t hei nverseis always t rue. A fter t hat the 


subsets Cj, Cy, and c of a Sheffer stroke BL-algebra are described by means of A-functions 
and any eleméhts c;,¢; and cy of this algebraic structure, it is demonstrated that these subsets are 
(ultra) filters o fa Sheffer s troke B L-algebra i f C vist he (ultra) n eutrosophic N-filter. 

In future works, we wish to study on plithogenic structures and relationships between 
neutrosophic A/-structures on some algebraic structures. 
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Applications of (Neutro/Anti)sophications 
to Semihypergroups 


A. Rezaei, Florentin Smarandache, S. Mirvakili 


Akbar Rezaei, Florentin Smarandache, S. Mirvakili (2021). Applications of (Neutro/Anti)sophications 
to Semihypergroups. Journal of Mathematics, 6649349, 7. DOI: 10.1155/2021/6649349 


In this paper, we extend the notion of semi-hypergroups (resp. hypergroups) to neutro-semihypergroups (resp. neutro- 
hypergroups). We investigate the property of anti-semihypergroups (resp. anti-hypergroups). We also give a new alternative of 
neutro-hyperoperations (resp. anti-hyperoperations), neutro-hyperoperation-sophications (resp. anti-hypersophications). 
Moreover, we show that these new concepts are different from classical concepts by several examples. 


1. Introduction 


A hypergroup, as a generalization of the notion of a group, 
was introduced by F. Marty [1] in 1934. The first book in 
hypergroup theory was published by Corsini [2]. Nowadays, 
hypergroups have found applications to many subjects of 
pure and applied mathematics, for example, in geometry, 
topology, cryptography and coding theory, graphs and 
hypergraphs, probability theory, binary relations, theory of 
fuzzy and rough sets and automata theory, physics, and also 
in biological inheritance [3-7]. The first book in semi- 
hypergroup theory was published by Davvaz in 2016 (see 
[8]). In recent years, several other valuable books in 
hyperstructures have been written by Davvaz et al. [6, 9, 10]. 

M. Al-Tahan et al. introduced the Corsini hypergroup 
and studied its properties as a special hypergroup that was 
defined by Corsini. They investigated a necessary and suf- 
ficient condition for the productional hypergroup to be a 
Corsini hypergroup, and they characterized all Corsini 
hypergroups of orders 2 and 3 up to isomorphism [3]. Semi- 
hypergroup, hypergroup, and fuzzy hypergroup of order 2 
are enumerated in [7, 11, 12]. S. Hoskova-Mayerova et al. 
used the fuzzy multisets to introduce the concept of fuzzy 
multi-hypergroups as a generalization of fuzzy hypergroups, 
defined the different operations on fuzzy multi-hypergroups, 
and extended the fuzzy hypergroups to fuzzy multi- 
hypergroups [13]. 
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In 2019 and 2020, within the field of neutrosophy, 
Smarandache [14-16] generalized the classical algebraic 
structures to neutroalgebraic structures (or neutroalgebras) 
(whose operations and axioms are partially true, partially 
indeterminate, and partially false) as extensions of partial 
algebra and to antialgebraic structures (or antialgebras) 
(whose operations and axioms are totally false). Furthermore, 
he extended any classical structure, no matter what field of 
knowledge, to a neutrostructure and an antistructure. These 
are new fields of research within neutrosophy. Smarandache 
in [16] revisited the notions of neutroalgebras and anti- 
algebras, where he studied partial algebras, universal algebras, 
effect algebras, and Boole’s partial algebras and showed that 
neutroalgebras are the generalization of partial algebras. Also, 
with respect to the classical hypergraph (that contains 
hyperedges), Smarandache added the supervertices (a group 
of vertices put together to form a supervertex), in order to 
form a super-hypergraph. Then, he extended the super- 
hypergraph to n-super-hypergraph, by extending the power 
set P(V) to P” (V) that is the n-power set of the set V (the n- 
super-hypergraph, through its n -super-hypergraph-vertices 
and n -superhypergraph-edges that belong to P”(V), can be 
the best (so far) to model our complex and sophisticated 
reality). Furthermore, he extended the classical hyperalgebra 
to n-ary hyperalgebra and its alternatives m -ary neutro- 
hyperalgebra and n -ary anti-hyperalgebra [17]. The notion of 
neutrogroup was defined and studied by Agboola in [18]. 
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Recently, M. Al-Tahan et al. studied neutro-ordered algebra 
and some related terms such as neutro-ordered subalgebra 
and neutro-ordered homomorphism in [19]. 

In this paper, the concept of neutro-semihypergroup and 
anti-semihypergroup is formally presented. And, new al- 
ternatives are introduced, such as neutro-hyperoperations 
(resp. anti-hyperoperations), neutro-hyperaxioms, and anti- 
hyperaxioms. We show that these definitions are different 
from classical definitions by presenting several examples. 
Also, we enumerate neutro-hypergroup and anti-hyper- 
group of order 2 (see Table 1) and obtain some known results 
(see Table 2). 


2. Preliminaries 


In this section, we recall some basic notions and results 
regarding hyperstructures. 


Definition 1 (see [2, 8]). A hypergroupoid (H,°) is a 
nonempty set H together with a map : H x H —> P*(H) 
called (binary) hyperoperation, where P* (H) denotes the set 
of all nonempty subsets of H. The hyperstructure (H, ©) is 
called a hypergroupoid, and the image of the pair (x, y) is 
denoted by xo y. 

If Aand Bare nonempty subsets of H and x € H, then by 
AcB, Acox, and xeB we mean AcoB= Ugcayegacd, 
Acx = Ao{x}, and xo B= {x}oB. 


Definition 2 (see [2, 8]). A hypergroupoid (H, °) is called a 
semi-hypergroup if it satisfies the following: 


(A) (Va,b,c € H) (ae (bec) = (ach) ec) (associativity). 


Definition 3 (see [2, 8]). A hypergroupoid (H, °) is called a 
quasi-hypergroup if reproduction axiom is valid. This means 
that, for all a of H, we have 


(R) (Vae H) (Hea=acH =H) (ie. 
(dc,d € H) s.t.b €ccoa,bé acd). 


(Va,b € H) 


Definition 4 (see [2, 8]). A hypergroupoid (H, ©) which is 
both a semi-hypergroup and a quasi-hypergroup is called a 
hypergroup. 


Example 1 (see [2, 8]) 


(i) Let H be a nonempty set, and for all x, y ¢ H, we 
define xe y= H. Then, (H,°) is a hypergroup, 
called the total hypergroup. 

(ii) Let G be a group and H a normal subgroup of G, and 
for all x, y € G, we define xo y = xyH. Then, (G, °) 
is a hypergroup. 


Definition 5 (see [2, 12]). Let (H, ) be a hypergroupoid. 
The commutative law on (H, ¢) is defined as follows: 


(C) (Va,b € H) (acb = bea). 


(H, o) is called a commutative hypergroupoid. 
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TABLE 1: Classification of the hypergroupoids of order 2. 


NA 


NC 


AC 


TABLE 2: Classification of the semi-hypergroups of order 2. 


Com Noncom N 
Semigroup 3 2 5 
Group 1 — 1 
Semi-hypergroup 9 8 17 
Hypergroup 6 2 8 


Example 2 (see [13]). Let Z be the set of integers, and define 
°, on Z as follows. For all x, y € Z, 


2Z; 
xy 


2Z +1, otherwise. 
Then, (Z, °,) is a commutative hypergroup. 


if x, y have same partiy, 


(1) 


3. On Neutro-hypergroups and Anti- 
hypergroups 


F. Smarandache generalized the classical algebraic structures 
to the neutroalgebraic structures and antialgebraic struc- 
tures. Neutro-sophication of an item C (that may be a 
concept, a space, an idea, a hyperoperation, an axiom, a 
theorem, a theory, an algebra, etc.) means to split C into 
three parts (two parts opposite to each other, and another 
part which is the neutral/indeterminacy between the op- 
posites), as pertinent to neutrosophy ((<A), <neutA), 
<antiA)), or with other notation (T, I, F)), meaning cases 
where C is partially true (T), partially indeterminate (I), and 
partially false (F), while antisophication of C means to 
totally deny C (meaning that C is made false on its whole 
domain) (see [14, 15, 17, 20]). 

Neutrosophication of an axiom on a given set X means 
to split the set X into three regions such that, on one region, 
the axiom is true (we say the degree of truth T of the axiom), 
on another region, the axiom is indeterminate (we say the 
degree of indeterminacy I of the axiom), and on the third 
region, the axiom is false (we say the degree of falsehood F of 
the axiom), such that the union of the regions covers the 
whole set, while the regions may or may not be disjoint, 
where (T, I, F) is different from (1,0,0) and from (0,0, 1). 

Antisophication of an axiom on a given set X means to 
have the axiom false on the whole set X (we say total degree 
of falsehood F of the axiom) or (0,0, 1). 
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Neutrosophication of a hyperoperation defined on a 
given set X means to split the set X into three regions such 
that, on one region, the hyperoperation is well-defined (or 
inner-defined) (we say the degree of truth T of the hyper- 
operation), on another region, the hyperoperation is inde- 
terminate (we say the degree of indeterminacy I of the 
hyperoperation), and on the third region, the hyper- 
operation is outer-defined (we say the degree of falsehood F 
of the hyperoperation), such that the union of the regions 
covers the whole set, while the regions may or may not be 
disjoint, where (T, I, F) is different from (1,0,0) and from 
(0, 0, 1). 

Antisophication of a hyperoperation on a given set X 
means to have the hyperoperation outer-defined on the 
whole set X (we say total degree of falsehood F of the axiom) 
or (0,0, 1). 

In this section, we will define the neutro-hypergroups 
and anti-hypergroups. 


Definition 6. A neutro-hyperoperation is a map 
o: H x H —> P(U), where U is a universe of discourse that 
contains H that satisfies the below neutrosophication 
process. 

The neutrosophication (degree of well-defined, degree of 
indeterminacy, and degree of outer-defined) of the hyper- 
operation is the following neutrohyperoperation (NH): 


(NR) (Sx,y¢H)(xeyeP*(H)) and (Ax,ye 
H)(xe y is an indeterminate subset, or xo y ¢ P* (H)). 
The neutrosophication (degree of truth, degree of in- 
determinacy, and degree of falsehood) of the hyper- 
group axiom of associativity is the following 
neutroassociativity (NA): 

(NA) (da, b,c € H) (ae (bec) = (acb) oc) and (Ad,e, 
f € Hyde (eo f)# (dee)of or do (eof) = inde- 
terminate, or (doe)o f = indeterminate). 
Neutroreproduction axiom (NR): 

(NR) (da¢H)(Hea=acH=H) and (abe H) 
(H °b, bo H, and H are not all three equal, or some of 
them are indeterminate). 

Also, we define the neutrocommutativity (NC) on 
(H, o) as follows: 


(NC) (da,bé H)(acb=bea) and (Ac,dé€ H) 
(cod#doc, or cod= indeterminate, or doc= 
indeterminate). 


Now, we define a neutro-hyperalgebraic system 
S = (H, F, A), where H is a set or neutrosophic set, F is a set 
of the hyperoperations, and A is the set of hyperaxioms, such 
that there exists at least one neutro-hyperoperation or at 
least one neutro-hyperaxiom and no anti-hyperoperation 
and no anti-hyperaxiom. 


Definition 7. The anti-hypersophication (totally outer- 
defined) of the hyperoperation defines anti-hyperoperation 
(AH): (AH) (Vx, y € H) (xey ¢ P*(H)). 

The anti-hypersophication (totally false) of the hyper- 
group is as follows: 
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(AA) (Vx, y,z € H) (xo (yoz)# (xe y)oZ) 
(antiassociativity) 

(AR) (Va ¢ H)(Hea, aoH, and H are not equal) 
(antireproduction axiom) 

Also, we define the anticommutativity (AC) on (H, e) 
as follows: 


(AC) (Va,b € H with a#b) (acb#bea). 


Definition 8. A neutro-semihypergroup is an alternative of 
semi-hypergroup that has at least (NH) or (NA), which does 
not have (AA). 


Example 3 
(i) Let H = {a,b,c} and U = {a,b, c,d} be a universe of 
discourse that contains H. Define the neutro- 


hyperoperation °, on H with Cayley’s table. 


b 


a Cc 


7) 


a 


b 


a 


b 


a 
{a, b} 


: 


a 
{a, b, d} 


c c H 


Then, (H, °) is a neutro-semihypergroup. Since 
ac,be P*(H),  be,c = {a,b,d} ¢ P*(H), and 
co, b= indeterminate, so (NH) holds. 

(ii) Let H = {a, b,c}. Define the hyperoperation o, on H 
with Cayley’s table. 


b {a,b} {a, b} 


c|c {b,ch H 

Then, (H, 03) isa neutro-semihypergroup. (NA) is valid, 
since (boe,c)°,a = {a,b}o,a = (ao,a)U (bo34) = {a} U 
{b} = {a, b} and bo, (co, a) = be,{c} = be,c = {a,b}. 

Hence, (be3c)0;a=be;(co3,a). Also, {bo,a}o, 
c= {b}o,c =be,c= {a,b} and bo;(ae,c)= boez{a} = 
bo,a = {b}, so (bo, a)°3c#be3 (a3 C). 


Definition 9. A neutrocommutative semi-hypergroup is a 
semi-hypergroup that satisfies (NC). 


Example 4. Let H = {a,b,c}. Define the hyperoperation °, 
on H with Cayley’s table. 


4 


c a {b,c} {b, ch 


Then, (H,°4) is a semi-hypergroup, but not a hyper- 
group, since a°, H = H°,a = {a,c} # H. (NC) is valid, since 
ac,b= {a} = bo,a and co,b = {b,c} #bo,c = {c}. 
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Definition 10. A neutrocommutative hypergroup is a 
hypergroup that satisfies (NC). 


Example 5. Let H = {a,b,c,d,e, f}. Define the operation °, 
on H with Cayley’s table. 


o,f} a b cde f 
ele abed f 
ala bedfee 
b|beaf@ed 
clc f deoba 
d|dcfaeb 
f\f dc ae 


Then, (H, o;,e) is a group and so is a natural hyper- 
group. Also, it is a neutrocommutative hypergroup, since 
ac;b =e = boa and ao,c = d#co,a= f. 


Definition 11. A neutrohypergroup is an alternative of 
hypergroup that has at least (NH) or (NA) or (NR), which 
does not have (AA) and (AR). 


Example 6. Let H = {a,b,c}. Define the hyperoperation ° 
on H with Cayley’s table. 


Then, (H,°,) is a neutrohypergroup. The hyper- 
operation o is associative. (NR) is valid, since 
a°H = (aoa) U (ao,b)U (aogc) = H = (ae a)U (boa) 
U(coga)= Hoga, bog H = (bog a)U (bo¢ b)U (be¢c) = 
{b} #H # {c, b} = (a,b) U (bo6 b) U (cog b) = Ho, b, = and 
co, H = (cog a)U (cob) U (co¢c) = {a,ch #H, but Hogc = 
(ao,c)U (bog c)U (c°¢c) = {a,b,c} = H. 

Note that every neutro-semihypergroup, neutro- 
hypergroup, neutrocommutative semi-hypergroup, and 
neutrocommutative hypergroup are neutro-hyperalgebraic 
systems. 


Definition 12. An anti-semihypergroup is an alternative of 
semi-hypergroup that has at least (AH) or (AA). 


Example 7 


(i) Let N be the set of natural numbers except 0. Define 
hyperoperation °, on N by xo,y = {(x?/x* + 1), y}. 
Then, (N, 7) is an anti-semihypergroup. (AH) is 
valid, since, for all x,y € N, xe,y ¢ P* (N). Thus, 
(AH) holds. 

(ii) Let H = {a,b}. Define the hyperoperation °, on H 
with Cayley’s table. 
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Then, (H, g) is an anti-semihypergroup. (AA) is 
valid, since, for all x,y,z€H, Xog(yogz)# 
(X og Y) og Z. 

(iii) Let H = {a,b}. Define the hyperoperation °, on H 
with Cayley’s table. 


Then, (H, eg) is an anticommutative semi-hypergroup. 
(AC) is valid, since ao9b = H#bo,a = {a}. 
is anti- 


Definition 13. An  anti-hypergroup an 


semihypergroup, or it satisfies (AR). 
Example 8 


(i) Let R be the set of real numbers. Define hyper- 
operation °;, on R by xeyy = {x*?+1,x?- 1}. 
Then, (R, °,9) is an anti-semihypergroup, since, for 
all x, y,Z ER, Xo (V9 Z) F(X 9 Y) 19 z. Be- 
cause X9(V%Z) = Xyo{y* + Ly? - Ip = 
{x19 (y?+ 1), xX y9(y? — 1)} = {x* + 1.x? - 1}, but 
(xe19 ¥) oy % = {x? + 1,x7 = lh oye = (x? +1) 
eg Z)U ((x? - 1) oygz) = | (x2 +1) +1, (x? - 1) 
+1}. Hence, (AA) is valid. 

(ii) Let H = {a,b,c}. Define the hyperoperation °,, on 
H with Cayley’s table. 


Then, (H,,,) is an anti-semihypergroup. The 
hyperoperation °,, is associative. Also, (AR) holds, 
since a°,,H = (ao,,a)U (ao,,b)U (ae,c) = {c}# 
H# {b,c} = (ae,,a)U (be,,a)U (co,,a) = Ho,,a, 
be,H = (bea) U (bo), b) U (bey, c) = {bh} # H # 
{b,c} = (4° ,b) U (b>) U (co1;6) = Hob, and 
CoH = (coa)U (c,b)U (coc) = {c}# HF 
{b,c} = (aey,c)U (beyyc)U (Coc) = Hoye. 

(iii) Let R be the set of real numbers. Define hyper- 
operation °,, on R by xo, y={x,1}. Then, 
(IR, °y)) is an anti-semihypergroup. The hyper- 
operation °,, is associative, since, for all x, y,z € R, 
we have x0)(y22Z) = Xp{y, 1} = (x12 y)U 
(xo), 1) = {x, 1} U {x, 1} = {x, I} and (xe), y)° z= 
{x,l}ouZ= (xepz)U (ley. z) = {x 1}U {LI = 
{x,1}, so X°)(yoZ) = (x y)°4,z. However, 
for a€ R, we have ao,,R= Uy .pdo X= Urner 
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{a,l}={a,1}#R and Reya= Ujepxopa= 
U xer{X% 1} = R. Thus, ao,,R#Re ja. 


Definition 14. An anticommutative semi-hypergroup is a 
semi-hypergroup that satisfies (AC). 


Example 9 


(i) Let H = {a, b}. Define the hyperoperation ° ,; on H 
with Cayley’s table. 


Then, (H, ©,3) is a semi-hypergroup and (AC) is 
valid, since ae ;3b = {a} # be ,,a = H. Thus, (H, °,3) 
is an anticommutative semi-hypergroup. 

(ii) Let H = {a, b}. Define the hyperoperation © ,, on H 
with Cayley’s table. 


Then, (H, °,,4) is an anticommutative semi-hypergroup, 
and the hyperoperation °,, is not associative, since 
(a0 14a)° 14a = {b}o 4a={b}#a° 44 (a 14a) =a°,4{b} = {a}. 

(AC) is valid, since ao ,,b = {a} # bo ,4a = {b}. 


Definition 15. An anticommutative hypergroup is a 
hypergroup that satisfies (AR). 


Example 10 


(i) Let H = {a, b}. Define the hyperoperation °,; on H 
with Cayley’s table. 


%5| 4 b 
a|H a 
b|H H 


Then, (H, °,;) is an anticommutative hypergroup. 
(AC) is valid, since ac ,,b = {a} #bo,,a = H. 

(ii) Let H = {a, b,c}. Define the hyperoperation ° |, on 
H with Cayley’s table. 


H 
H 
H 


Then, (H, °;¢) is an anticommutative hypergroup. 
The hyperoperation °|, is associative. Also, (AC) 
holds, since ac,.b = {a}#bo,,a= {b}, acoyc= 
H#co a= {c}, and boc = H#€0 6b = {ce}. 
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(iii) Let H = {a, b,c}. Define the hyperoperation ©, on 
H with Cayley’s table. 


Then, (H, °,7) isan anticommutative hypergroup, (AC) 
holds, since aoc,,b={b}#boe,,a= {a}, ac,,c={ch# 
co,,a = H, and be ,,c = {c}#c° ,,b = H. 

Note that every anti-semihypergroup, antihypergroup, 
anticommutative semi-hypergroup, and anticommutative 
hypergroup are anti-hyperalgebraic systems. 

In the following results, we use hyperoperation instead of 
neutro-hyperoperation. 

Note that if (H,°) is a neutro-semihypergroup and 
(G, e) is an anti-semihypergroup, then (H NG, ) is not a 
neutro-semihypergroup, but it is an anti-semihypergroup. 
Also, let (H, © ;;) be a neutro-semihypergroup, (G, °G) be 
an anti-semihypergroup, and HNG= 2. Define hyper- 
operation ° on HWG by 


xopy, ifx, y € H, 


xoy= X°GY, if x, y € G, (2) 


{x,y}, otherwise. 


Then, (HwWG, ) is a neutro-semihypergroup, but it is 
not an anti-semihypergroup. 


Proposition 1. Let (H,°) be an antisemihypergroup and 
e € H. Then, (HU {e}, *) is a neutrosemihypergroup, where 
« is defined on HU {e} by 


Proof. It is straightforward. 


xeopy, ifx,yeH, 


{e, x, y}, otherwise. 


x * 


(3) 


Proposition 2. Let (H, ©) be a commutative hypergroupoid. 
Then, (H, ©) cannot be an anti-semihypergroup. 


Proof. Let a¢ H. Then, ae (aca) = (aea)oa, so (H,°) 
cannot be an anti-semihypergroup. 


Corollary 1. Let (H, ©) be a hypergroupoid, and there exists 
a € H such that a’a commuted with a. Then, (H, °) cannot 
be an anti-semihypergroup. 


Corollary 2. Let (H, ) be a hypergroupoid with a scalar 
idempotent, i.e., there exists a € H such that a’a =a. Then, 
(H, ©) cannot be an anti-semihypergroup. 


Proposition 3. Let (H,°,,) and (G,°@) be two neutro- 
semihypergroups (resp. anti-semihypergroups). Then, (H x 
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G,*) is a 
hypergroups), where * 
(x1; Vy), (x; Y>) € HxG, 


(x15 1) * (X25 2) = (%1° Xa Vi °GV2)- 


neutro-semihypergroup (resp. anti-semi- 
is defined on HxG. For any 


(4) 


Note that if (H, ©) is a neutro-semihypergroup, then if 
there is a nonempty set H,CH, such that (Hj, ©) is a semi- 
hypergroup, we call it Smarandache semi-hypergroup. 

Suppose (H, ©,;,;) and (G, °,) are two hypergroupoids. 
A function f: H —> Gis called a homomorphism if, for all 
a,b € H, f (ae yb) = f (a) cf (b) (see [21, 22], for details). 


Proposition 4. Let (H, © ;,) be a semi-hypergroup, (G, °g) 
be a neutro-hypergroup, and f: H — > G be a homomor- 
phism. Then, (f(H),°g) is a semi-hypergroup, where 
f(A) ={f (h): he Hy}. 


Proof. Assume that (H,°,,) is a semi-hypergroup and 
x, y,z € f (H). Then, there exist h,,h,,h3 € f (H) such that 
f(h,) =x, f(h)) = y, and f (h3) = z, so we have 


xog(yogz) = f(y) og(f (kh) eg (hs)) 
7 f(t) ogf (hy ° hs) = f (hy " (hy % uhs)) 
> f(y ° phy) ° hs) = f(h, ° hy) oof (hs) 
= (f (hy) och (hy) Gf (hs) = (xe Gy) eG. 
(5) 


Then, (f(H), °G) is a semi-hypergroup. O 
Definition 16. Let (H,°,,) and (G,°g) be two hyper- 
groupoids. A bijection f: H —> G is an isomorphism if it 
conserves the multiplication (ie, f (a° 4b) = f (a)°c¢f (b)) 
and write H=G. A bijection f: H —= G is an antiiso- 
morphism if for all a,b € H, f(ac,b)# f(b)ocf(a). A 
bijection f: H —> G is a neutroisomorphism if there exist 
a,b € H, f (aoc z,b) = f (b) ocf (a), ie., degree of truth (T), 
there exist c,d € H and f (co,d) or f (c)ocf (d) are in- 
determinate, i.e., degree of indeterminacy (J), and there 
exist e,he H, f(eo,h)#fle)ogf(h), ie, degree of 
falsehood (F), where (T, I, F) are different from (1, 0,0) and 
(0,0,1), and T, I, F € [0,1]. 


Let ° be a _ hyperoperation on H = {a,b} and 
(Aj, Aj Ay}, Ag2) inside of Cayley’s table. 
a} Ay An 
b Ady Ang 
Lemma 1 (see ([5]). Let (H= {a,b},o,,) and 


(G = {a',b'}, °,) be hypergroupoids with Cayley’s tables 
(A, B,C, D) and (A', B',C', D'), respectively. Then, H = G if 
and only if, for all i, j € {1,2}, Aj; = Ajj or 


x 


d 
a 


GNAj;, 


if Aj = H, 
if A, #H, 


(6) 
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where Af, = Ay, A4, = Ay, Ad, = Ay, and AZ, = Aj). 


Lemma 2 (see [6]). If (H,°) is a hypergroupoid, then 
(H, *) is a hypergroupoid when x* y= yox for all 
x,yeH. 


(H, *) in Lemma 2 is called dual hypergroupoid of 
(H, i) ). 


Theorem 1. Let (H = {a,b}, ©). Then, (H, °) = (H, *) if 
and only if (H, ©) is anticommutative. 


Lemma 3. There exist 4 anticommutative anti-semi- 
hypergroup of order 2 (up to isomorphism). 


Proof. Let (H,°) be an  anticommutative anti- 
semihypergroup. By Corollary 2, we have aca#a and 
bob#b. Also, aob#bea. Consider the following. 

If aea=H, then ac(aca)=acH=H= Hoa= 
(aca)ea, a contradiction. Then, we get aca=b and 
bob=a. 

Now, we have 


Case 1. Ifacb =a, then bea = H or boa = b, so we get 


(b,a,b,a) and (b,a,H,a) are two § anti- 
semihypergroups 
Case 2. If acb = b, then boa = H or boa = a, so we get 
(b,b,a,a) and (b,b,H,a) are two — anti- 
semihypergroups 
Case 3. If acb = H, then bea = aor boa = b, so we get 
(b,H,a,a) and  (b,H,b,a) are two — anti- 
semihypergroups 

It can be see that (b,a,H,a) = (b,H,b,a) and 


(b, H,a,a) = (b,b,H,a). Therefore, (b,b,a,a), (b, a,b, a), 
(b,a,H,a), and (b,H,a,a) are 4 nonisomorphic anti- 
semihypergroups of order 2. O 


Corollary 3. There exists two nonisomorphic anti- 
semigroups of order 2:(b,b,a,a) and (b,a,b,a). Anti- 
semigroup (b,b,a,a) is the dual form of the anti-semigroup 
(b, a, b, a). 


Corollary 4. There exists two nonisomorphic anti- 
semihypergroups of order 2: (b,a,H,a) and (b, H,a,a). 
Anti-semihypergroup (b,a, H, a) is the dual form of the anti- 
semihypergroup (b, H,a,a). 


Theorem 2. Let (H, ©) be a hypergroupoid of order 2. Then, 
(H, ©) does not have (NR) or (AR). 


Proof. Let H = {a,b}. Suppose Ha#H, aH#H, and 
Ha# aH. Hence, Ha = {a} or Ha = {b}. First, give Ha = {a}, 
then aH#H and Ha#aH implies that aH = {b}. Then, 
acaCcHa = {b} and acacHa = {a}. Therefore, {b} = aoaca 
= {a}, and this is a contradiction. In the similar way, we 
obtain Hb# H, bH # H, and Hb#bH, a contradiction. 

Using Lemmas 1 and 2 and Theorem 1, we can find 45 
nonisomorphic classes hypergroupoids of the order 2. We 
characterize these 45 classes in Table 1. 
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Note that semi-hypergroups, hypergroups, and fuzzy 
hypergroups of order 2 are enumerated in [7, 11, 12]. 

We obtain anti-semihypergroups | and__ neutro- 
semihypergroups of order 2 and the classification of the 
hypergroupoids of order 2 (classes up to isomorphism). 

R, NR, AR, A, NA, AA, C, NC, and AC in Table 1 are 
denoted in Sections 2 and 3. 

A result from Table 1 confirms the enumeration of the 
hyperstructure of order 2 [11, 23, 24], which is summarized 
as follows. O 


4. Conclusion and Future Work 


In this paper, we have studied several special types of hyper- 
groups, neutro-semihypergroups, anti-semihypergroups, neu- 
tro-hypergroups, and anti-hypergroups. New results and 
examples on these new algebraic structures have been inves- 
tigated. Also, we characterize all neutro-hypergroups and anti- 
hypergroups of order two up to isomorphism. These concepts 
can further be generalized. 
Future research to be done related to this topic are 


(a) Define neutro-quasihypergroup, —_anti-quasihy- 
pergroup, neutrocommutative quasi-hypergroup, 
and anticommutative quasi-hypergroup 


(b) Define neutro-hypergroups, anti-hypergroups, 
neutrocommutative hypergroups, and  anti- 
commutative hypergroups 


(c) Define and investigate neutroHv-groups, antiHv- 
groups, neutroHv-rings, and antiHv-rings 


(d) It will be interesting to characterize infinite neutro- 
hypergroups and  anti-hypergroups up _ to 
isomorphism 

(e) These results can be applied to other hyper- 
algebraic structures, such as hyper-rings, hyper- 
spaces, hyper-BCK-algebra, hyper-BE-algebras, 
and hyper-K-algebras. 
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NeutroGeometry & AntiGeometry are alternatives 
and generalizations of the Non-Euclidean 
Geometries 


Florentin Smarandache 


Florentin Smarandache (2021). NeutroGeometry & AntiGeometry are alternatives and generalizations 
of the Non-Euclidean Geometries. Neutrosophic Sets and Systems 46, 457-476 


Abstract 

In this paper we extend the NeutroAlgebra & AntiAlgebra to the geometric space, by founding the 
NeutroGeometry & AntiGeometry. 

While the Non-Euclidean Geometries resulted from the total negation of only one specific axiom (Euclid’s 
Fifth Postulate), the AntiGeometry results from the total negation of any axiom and even of more axioms 
from any geometric axiomatic system (Euclid’s, Hilbert’s, etc.), and the NeutroAxiom results from the 
partial negation of one or more axioms [and no total negation of no axiom] from any geometric axiomatic 
system. 

Therefore, the NeutroGeometry and AntiGeometry are respectively alternatives and generalizations of 
the Non-Euclidean Geometries. 

In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to NeutroAlgebra & 
AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to NeutroStructure & 
AntiStructure that naturally arise in any field of knowledge. 

At the end, we present applications of many NeutroStructures in our real world. 


Keywords: Non-Euclidean Geometries, Euclidean Geometry, Lobachevski-Bolyai-Gauss Geometry, 
Riemannian Geometry, NeutroManifold, AntiManifold, NeutroAlgebra, AntiAlgebra, NeutroGeometry, 
AntiGeometry, NeutroAxiom, AntiAxiom, Partial Function, NeutroFunction, AntiFunction, 
NeutroOperation, AntiOperation, NeutroAttribute, AntiAttribute, NeutroRelation, AntiRelation, 
NeutroStructure, AntiStructure 


1. Introduction 


In our real world, the spaces are not homogeneous, but mixed, complex, even ambiguous. And 
the elements that populate them and the rules that act upon them are not perfect, uniform, or complete - 
but fragmentary and disparate, with unclear and conflicting information, and they do not apply in the 
same degree to each element. 


The perfect, idealistic ones exist just in the theoretical sciences. We live in a multi-space endowed with a 
multi-structure [35]. Neither the space’s elements nor the regulations that govern them are egalitarian, all 
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of them are characterized by degrees of diversity and variance. The indeterminate (vague, unclear, 
incomplete, unknown, contradictory etc.) data and procedures are surrounding us. 


That’s why, for example, the classical algebraic and geometric spaces and structures were 
extended to more realistic spaces and structures [1], called respectively NeutroAlgebra & AntiAlgebra 
[2019] and respectively NeutroGeometry & AntiGeometry [1969, 2021], whose elements do not 
necessarily behave the same, while the operations and rules onto these spaces may only be partially (not 
totally) true. 


While the Non-Euclidean Geometries resulted from the total negation of only one specific axiom 
(Euclid’s Fifth Postulate), the AntiGeometry results from the total negation of any axiom and even of 
more axioms from any geometric axiomatic system (Euclid’s five postulates, Hilbert’s 20 axioms, etc.), 
and the NeutroAxiom results from the partial negation of one or more axioms [and no total negation of 
no axiom] from any geometric axiomatic system. 

Therefore, the NeutroGeometry and AntiGeometry are respectively alternatives and generalizations of 
the Non-Euclidean Geometries. 

In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to NeutroAlgebra & 
AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to NeutroStructure & 
AntiStructure that naturally arise in any field of knowledge. At 
the end, we present applications of many NeutroStructures in our real world. 

On a given space, a classical Axiom is totally (100%) true. While a NeutroAxiom is partially true, 
partially indeterminate, and partially false. Also, an AntiAxiom is totally (100%) false. 


A classical Geometry has only totally true Axioms. While a NeutroGeometry is a geometry that 
has at least one NeutroAxiom and no AntiAxiom. Also, an AntiGeometry is a geometry that has at least 


one AntiAxiom. 


Below we introduce, in the first part of this article, the construction of NeutroGeometry & 
AntiGeometry, together with the Non-Euclidean geometries, while in the second part we recall the 
evolution from paradoxism to neutrosophy, and then to NeutroAlgebra & AntiAlgebra, culminating with 
the most general form of NeutroStructure & AntiStructure in any field of knowledge. 


A classical (100%) true statement on a given classical structure, may or may not be 100% true on 
its corresponding NeutroStructure or AntiStructure, it depends on the neutrosophication or 
antisophication procedures [1 — 24]. 


Further on, the neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) was restrained or 
extended to all fuzzy and fuzzy extension theories (FET) triplets of the form (Algebra, NeutrorerAlgebra, 
AntirerAlgebra), where FET may be: Fuzzy, Intuitionistic Fuzzy, Inconsistent Intuitionistic Fuzzy (Picture 
Fuzzy, Ternary Fuzzy), Pythagorean Fuzzy (Atanassov’s Intuitionistic Fuzzy of second type), q-Rung 
Orthopair Fuzzy, Spherical Fuzzy, n-HyperSpherical Fuzzy, Refined Neutrosophic, etc. 


1.1. Concept, NeutroConcept, AntiConcept 


Let us consider on a given geometric space a classical geometric concept (such as: axiom, postulate, 
operator, transformation, function, theorem, property, theory, etc.). 
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We form the following geometric neutrosophic triplet: 
Concept(1, 0, 0), NeutroConcept(T, I, F), AntiConcept (0, 0, 1), 
where (T, I, F) € {(1, 0, 0), (0, 0, 1)}. 


{ Of course, we consider only the neutrosophic triplets (Concept, NeutroConcept, AntiConcept) 
that make sense in our everyday life and in the real world. } 


Concept(1, 0, 0) means that the degree of truth of the concept is T = 1, 1=0, F = 0, or the Concept is 
100% true, 0% indeterminate, and 0% false in the given geometric space. 


NeutroConcept (T, I, F) means that the concept is T% true, I% indeterminate, and 0% false in the 
given geometric space, with (T, I, F) € [0, 1], and (T, I, F) € {(1, 0, 0), (0, 0, 1)}. 


AntiConcept (0, 0, 1) means that T = 0, I= 0, and F = 1, or the Concept is 0% true, 0% indeterminate, 
and 100% false in the given geometric space. 


1.2. Geometry, NeutroGeometry, AntiGeometry 


We go from the neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) to a similar 
neutrosophic triplet (Geometry, NeutroGeometry, AntiGeometry), in the same way. 


Correspondingly from the algebraic structuires, with respect to the geometries, one has: 


In the classical (Euclidean) Geometry, on a given space, all classical geometric Concepts are 100% 
true (i.e. true for all elements of the space). 


While in a NeutroGeometry, on a given space, there is at least one NeutroConcept (and no 
AntiConcept). 


In the AntiGeometry, on a given space, there is at least one AntiConcept. 
1.3. Geometric NeutroSophication and Geometric AntiSophication 


Similarly, as to the algebraic structures, using the process of NeutroSophication of a classical 
geometric structure, a NeutroGeometry is produced; while through the process of AntiSophication of a 
classical geometric structure produces an AntiGeometry. 


Let S be a classical geometric space, and <A> be a geometric concept (such as: postulate, axiom, 
theorem, property, function, transformation, operator, theory, etc.). The <antiA> is the opposite of <A>, 
while <neutA> (also called <neutroA>) is the neutral (or indeterminate) part between <A> and <antiA>. 


The neutrosophication tri-sections S into three subspaces: 


- the first subspace, denoted just by <A>, where the geometric concept is totally true [degree of truth T = 1]; 
we denote it by Concept(1,0,0). 
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- the second subspace, denoted by <neutA>, where the geometric concept is partially true [degree of truth 
T], partially indeterminate [degree of indeterminacy I], and partially false [degree of falsehood F], 
denoted as NeutroConcept(T,1,F), where (T, I, F) € {(1,0,0), (0,0,1)}; 


- the third subspace, denoted by <antiA>, where the geometric concept is totally false [degree of falsehood F 
= 1], denoted by AntiConcept(0,0,1). 


The three subspaces may or may not be disjoint, depending on the application, but they are exhaustive 
(their union equals the whole space S). 


1.4. Non-Euclidean Geometries 


1.4.1. The Lobachevsky (also known as Lobachevsky-Bolyai-Gauss) Geometry, and called Hyperbolic 
Geometry, is an AntiGeometry, because the Fifth Euclidean Postulate (in a plane, through a point outside a 
line, only one parallel can be drawn to that line) is 100% invalidated in the following AntiPostulate (first 
version) way: in a plane through a point outside of a line, there can be drawn infinitely many parallels to 
that line. Or (T, I, F) = (0, 0, 1). 


1.4.2. The Riemannian Geometry, which is called Elliptic Geometry, is an AntiGeometry too, since 
the Fifth Euclidean Postulate is 100% invalidated in the following AntiPostulate (second version) way: in 
a place, through a point outside of a line, no parallel can be drawn to that line. Or (T, I, F) = (0, 0, 1). 


1.4.3. The Smarandache Geometries (SG) are more complex [30 — 57]. Why this type of mixed non- 
Euclidean geometries, and sometimes partially Non-Euclidean and partially Euclidean? Because the real 
geometric spaces are not pure but hybrid, and the real rules do not uniformly apply to all space’s 
elements, but they have degrees of diversity — applying to some geometrical concepts (point, line, plane, 
surface, etc.) in a smaller or bigger degree. 


From Prof. Dr. Linfan Mao’s arXiv.org paper Pseudo-Manifold Geometries with Applications [57], Cornell 
University, New York City, USA, 2006, https://arxiv.org/abs/math/0610307 : 


“A Smarandache geometry is a geometry which has at least one Smarandachely denied axiom (1969), i.e., an 
axiom behaves in at least two different ways within the same space, i.e., validated and invalided, or only 
invalided but in multiple distinct ways and a Smarandache n-manifold is a n-manifold that support a 


Smarandache geometry. 


Iseri provided a construction for Smarandache 2-manifolds by equilateral triangular disks on a plane and a 
more general way for Smarandache 2-manifolds on surfaces, called map geometries was presented by the 


author (...). 


However, few observations for cases of n 23 are found on the journals. As a kind of Smarandache 


geometries, a general way for constructing dimensional n pseudo-manifolds are presented for any integer n 
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22 in this paper. Connection and principal fiber bundles are also defined on these manifolds. Following 
these constructions, nearly all existent geometries, such as those of Euclid geometry, Lobachevshy-Bolyai 
geometry, Riemann geometry, Weyl geometry, Kahler geometry and Finsler geometry, etc. are their sub- 


geometries.” 


Iseri ((34], [39 - 40]) has constructed some Smarandache Manifolds (S-manifolds) that topologically are 
piecewise linear, and whose geodesics have elliptic, Euclidean, and hyperbolic behavior. An SG geometry 


may exhibit one or more types of negative, zero, or positive curvatures into the same given space. 


1.4.3.1) If at least one axiom is validated (partially true, T > 0) and invalidated (partially false, F > 
0), and no other axiom is only invalidated (AntiAxiom), then this first class of SG geometry is a 
NeutroGeometry. 


1.4.3.2) If at least one axiom is only invalidated (or F = 1), no matter if the other axioms are 
classical or NeutroAxioms or AntiAxioms too, then this second class of SG geometry is an AntiGeometry. 


1.4.3.3) The model of an SG geometry that is a NeutroGeometry: 


Bhattacharya [38] has constructed the following SG model: 


Fig. 1. Bhattacharya’s Model for the SG geometry as a NeutroGeometry 


The geometric space is a square ABCD, comprising all points inside and on its edges. 
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“Point” means the classical point, for example: A, B, C, D, E, N, and M. 


“Line” means any segment of line connecting two points on the opposite square sides AC and BD, for 
example: AB, CD, CE, (u), and (v). 


“Parallel lines” are lines that do not intersect. 


Let us take a line CE and an exterior point N to it. We observe that there is an infinity of lines passing 
through N and parallel to CE [all lines passing through N and in between the lines (u) and (v) for 
example] — the hyperbolic case. 


Also, taking another exterior point, D, there is no parallel line passing through D and parallel to CE 
because all lines passing through D intersects CE — the elliptic case. 


Taking another exterior point M € AB, then we only have one line AB parallel to CE, because only one 
line passes through the point M — the Euclidean case. 


Consequently, the Fifth Euclidean Postulate is twice invalidated, but also once validated. 


Being partially hyperbolic Non-Euclidean, partially elliptic Non-Euclidean, and partially Euclidean, 
therefore we have here a SG. 


This is not a Non-Euclidean Geometry (since the Euclid’s Fifth Postulate is not totally false, but only 
partially), but it is a NeutroGeometry. 


Theorem 1.4.3.3.1 


If a statement (proposition, theorem, lemma, property, algorithm, etc.) is (totally) true (degree of truth T = 
1, degree of indeterminacy I = 0, and degree of falsehood F = 0) in the classical geometry, the statement 
may get any logical values (i.e. T, I, F may be any values in [0, 1]) ina NeutroGeometry or in an 
AntiGeometry 


Proof. 


The logical value the statement gets in a NeutroGeometry or in an AntiGeometry depends on what 
classical axioms the statement is based upon in the classical geometry, and how these axioms behave in 
the NeutroGeometry or AntiGeometry models. 


Let’s consider the below classical geometric proposition P(L1, L2, L3) that is 100% true: 


Ina 2D-Euclidean geometric space, if two lines L1 and L2 are parallel with the third line L3, then 
they are also parallel (i.e. L1 // L2). 


In Bhattacharya’s Model of an SG geometry, this statement is partially true and partially false. 
For example, in Fig. 1: 


- degree of truth: the lines AB and (u) are parallel to the line CE, then AB is parallel to (u); 
- degree of falsehood: the lines (u) and (v) are parallel to the line CE, but (u) and (v) are not parallel 
since they intersect in the point N. 
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1.4.3.4) The Model of a SG geometry that is an AntiGeometry 


Let us consider the following rectangular piece of land PORS, 


Indeterminate Zone 


| Determinate Zone 


Fig. 2. Model for an SG geometry that is an AntiGeometry 


whose middle (shaded) area is an indeterminate zone (a river, with swamp, canyons, and no bridge) that 
is impossible to cross over on the ground. Therefore, this piece of land is composed from a determinate 


zone and an indeterminate zone (as above). 


“Point” means any classical (usual) point, for example: P, Q, R, S, X, Y, Z, and W that are determinate 
well-known (classical) points, and hi, Iz that are indeterminate (not well-known) points [in the 
indeterminate zone]. 


“Line” is any segment of line that connects a point on the side PQ with a point on the side RS. For 
example, PR, QS, XY. However, these lines have an indeterminate (not well known, not clear) part that is 
the indeterminate zone. On the other hand, ZW is not a line since it does not connect the sides PQ and RS. 
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The following geometric classical axiom: through two distinct points there always passes one single line, is 
totally (100%) denied in this model in the following two ways: 


through any two distinct points, in this given model, either no line passes (see the case of ZW), or only 
one partially determinate line does (see the case of XY) - therefore no fully determinate line passes. Thus, 
this SG geometry is an AntiGeometry. 


1.5. Manifold, NeutroManifold, AntiManifold 
1.5.1. Manifold 


The classical Manifold [29] is a topological space that, on the small scales, near each point, 
resembles the classical (Euclidean) Geometry Space [i.e. in this space there are only classical 
Axioms (totally true)). Or each 
point has a neighborhood that is homeomorphic to an open unit ball of the Euclidean Space 
R« (where R is the set of real numbers). Homeomorphism is a continuous and bijective 
function whose inverse is also continuous. 


“In general, any object that is near ‘flat’ on the small scale is a manifold” [29]. 

1.5.2. NeutroManifold 
The NeutroManifold is a topological space that, on the small scales, near each point, resembles 
the NeutroGeometry Space [i.e. in this space there is at least a NeutroAxiom (partially true, partially 
indeterminate, and partially false) and no AntiAxiom]. 

For example, Bhattacharya’s Model for a SG geometry (Fig. 1) is a NeutroManifold, since 
the geometric space ABCD has a NeutroAxiom (i.e. the Fifth Euclidean Postulate, which is 
partially true and partially false), and no AntiAxiom. 


1.5.3. AntiManifold 


The AntiManifold is a topological space that, on the small scales, near each point, resembles the 
AntiGeometry Space [i.e. in this space there is at least one AntiAxiom (totally false)). 


For example, the Model for a SG geometry (Fig. 2) is an AntiManifold, since the 


geometric space PORS has an AntiAxiom (i.e., through two distinct points there always passes a 
single line - which is totally false). 


2. Evolution from Paradoxism to Neutrosophy then to NeutroAlgebra/AntiAlgebra and now to 
NeutroGeometry/AntiGeometry 


Below we recall and revise the previous foundations and developments that culminated with the 
introduction of NeutroAlgebra & AntiAlgebra as new field of research, extended then to NeutroStructure 
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& AntiStructure, and now particularized to NeutroGeometry & AntiGeometry that are extensions of the 
Non-Euclidean Geometries. 


2.1. From Paradoxism to Neutrosophy 


Paradoxism [58] is an international movement in science and culture, founded by Smarandache in 
1980s, based on excessive use of antitheses, oxymoron, contradictions, and paradoxes. During three 
decades (1980-2020) hundreds of authors from tens of countries around the globe contributed papers to 
15 international paradoxist anthologies. 

In 1995, he extended the paradoxism (based on opposites) to a new branch of philosophy called 
neutrosophy (based on opposites and their neutral) [59], that gave birth to many scientific branches, such 
as: neutrosophic logic, neutrosophic set, neutrosophic probability, neutrosophic statistics, neutrosophic 
algebraic structures, and so on with multiple applications in engineering, computer science, 
administrative work, medical research, social sciences, etc. 

Neutrosophy is an extension of Dialectics that have derived from the Yin-Yan Ancient Chinese 
Philosophy. 


2.2. From Classical Algebraic Structures to NeutroAlgebraic Structures and AntiAlgebraic 
Structures 


In 2019 Smarandache [1] generalized the classical Algebraic Structures to NeutroAlgebraic Structures 
(or NeutroAlgebras) {whose operations and axioms are partially true, partially indeterminate, and 
partially false} as extensions of Partial Algebra, and to AntiAlgebraic Structures (or AntiAlgebras) {whose 
operations and axioms are totally false} and on 2020 he continued to develop them [2,3,4]. 


The NeutroAlgebras & AntiAlgebras are a new field of research, which is inspired from our real world. 


In classical algebraic structures, all operations are 100% well-defined, and all axioms are 100% true, but in 
real life, in many cases these restrictions are too harsh, since in our world we have things that only 
partially verify some operations or some laws. 


By substituting Concept with Operation, Axiom, Theorem, Relation, Attribute, Algebra, Structure etc. 
respectively, into the above (Concept, NeutroConcept, AntiConcept), we get the below neutrosophic 
triplets: 


2.3. Operation, NeutroOperation, AntiOperation 


When we define an operation on a given set, it does not automatically mean that the operation is well- 
defined. There are three possibilities: 

1) The operation is well-defined (also called inner-defined) for all set's elements [degree of truth T = 1] 
(as in classical algebraic structures; this is a classical Operation). Neutrosophically we write: 
Operation(1,0,0). 

2) The operation if well-defined for some elements [degree of truth T], indeterminate for other elements 
[degree of indeterminacy I], and outer-defined for the other elements [degree of falsehood F], where 
(T,LF) is different from (1,0,0) and from (0,0,1) (this is a NeutroOperation). Neutrosophically we write: 
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NeutroOperation(T,I,F). 
3) The operation is outer-defined for all set's elements [degree of falsehood F = 1] (this is an 
AntiOperation). Neutrosophically we write: AntiOperation(0,0,1). 


An operation * ona given non-empty set S is actually a n-ary function, for integern>1, f:S" 9S. 


2.4. Function, NeutroFunction, AntiFunction 


Let U be a universe of discourse, A and B be two non-empty sets included in U, and f bea 
function: f: 4B 


Again, we have three possibilities: 


1) The function is well-defined (also called inner-defined) for all elements of its domain A [degree of 
truth T = 1] (this is a classical Function), ie. Vx € A, f(x) € B. Neutrosophically we write: 
Function(1,0,0). 

2) The function if well-defined for some elements of its domain, i.e. dx € A, f(x) € B [degree of truth 
T], indeterminate for other elements, i.e. dx € A, f(x) = indeterminate [degree of indeterminacy I], and 
outer-defined for the other elements, i.e. Ix € A, f(x) ¢ B [degree of falsehood F], where (T,LF) is 
different from (1,0,0) and from (0,0,1). This is a NeutroFunction. Neutrosophically we write: 
NeutroFunction(T,LF). 

3) The function is outer-defined for all elements of its domain A [degree of falsehood F = 1] (this is an 
AntiFunction), ie. Vx € A, f(x) ¢ B (all function’s values are outside of its codomain B; they may be 


outside of the universe of discourse too). Neutrosophically we write: AntiFunction(0,0,1). 
2.5. NeutroFunction & AntiFunction vs. Partial Function 


We prove that the NeutroFunction & AntiFunction are extensions and alternatives of the Partial 
Function. 


Definition of Partial Function [60] 


A function f: AB is sometimes called a total function, to signify that f(a) is defined forevery a€ 
A. If Cis any set such that C 2 A then f is also a partial function from C to B. 


Clearly if f is a function from A to B then it is a partial function from A to B, but a partial function 
need not be defined for every element of its domain. The set of elements of A for which f is 
defined is sometimes called the domain of definition. 


From other sites, the Partial Function means: for any a € A one has: f(a) € B or f(a) = undefined. 


Comparison 
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i) “Partial” is mutually understood as there exist at least one element a1 € A such that f(a1) € B, 
or the function is defined for at least one element (therefore T > 0). 
Such restriction is released in the NeutroFunction and AntiFunction (where T is allowed to be 


0). 
Example 1. 

Let’s consider the set of positive integers Z = {1, 2, 3, ...}, included into the universe of 

discourse R, which is the set of real numbers. Let’s define the function 

Xx 
{iL oZy phe eetonalh EZ. 

Clearly, the function fi is 100% undefined, therefore the indeterminacy I=1, while T = 

0 and F =0. 

Hence fi is a NeutroFunction, but not a Partial Function. 
Example 2. 


Let’s take the set of odd positive integers D = {1, 3, 5, ...}, included in the universe of 


x 
discourse R. Let’s define the function f, :D — D, f,(x)= 2” for all x ED. 


XxX 
The function f2 is 100% outer-defined, since 5 ¢ D for all x ED. Whence F = 1, T =0, and 


I= 0. Hence this is an AntiFunction, but not a partial Function. 

ii) The Partial Function does not catch all types of indeterminacies that are allowed ina 
NeutroFunction. Indeterminacies may occur with respect to: the function’s domain, 
codomain, or relation that connects the elements in the domain with the elements in the 
codomain. 

Example 3. 
Let’s consider the function g: {1, 2, 3, ..., 9, 10, 11} — {12, 13, ..., 19}, about whom we only 
have vague, unclear information as below: 
g(1 or 2) = 12, ie. we are not sure if g(1) = 12 or g(2) = 12; 
g(3) = 18 or 19, i.e. we are not sure if g(3) = 18 or g(3) = 19; 
9(4 or 5 or 6) = 13 or 17; 
g(7) = unknown; 
g(unknown) = 14. 
All the above values represent the function’s degree of indeterminacy (I > 0). 
g(10) = 20 that does not belong to the codomain; (outer-defined, or degree of falsehood F 
> 0) F 
g(11) = 15 that belongs to the codomain; (inner-defined, or degree of truth, hence T > 0). 
Function g is a NeutroFunction (with I > 0, T > 0, F > 0), but not a Partial Function since 
such types of indeterminacies are not characteristic to it. 


2.6. Axiom, NeutroAxiom, AntiAxiom 
Similarly for an axiom, defined on a given set, endowed with some operation(s). When we define an 
axiom on a given set, it does not automatically mean that the axiom is true for all set’s elements. We have 


three possibilities again: 
1) The axiom is true for all set's elements (totally true) [degree of truth T = 1] (as in classical algebraic 
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structures; this is a classical Axiom). Neutrosophically we write: Axiom(1,0,0). 

2) The axiom if true for some elements [degree of truth T], indeterminate for other elements [degree of 
indeterminacy I], and false for other elements [degree of falsehood F], where (T,LF) is different from 
(1,0,0) and from (0,0,1) (this is NeutroAxiom). Neutrosophically we write NeutroAxiom(T,LF). 

3) The axiom is false for all set's elements [degree of falsehood F = 1](this is AntiAxiom). 
Neutrosophically we write AntiAxiom(0,0,1). 


2.7. Theorem, NeutroTheorem, AntiTheorem 


In any science, a classical Theorem, defined on a given space, is a statement that is 100% true (i.e. true for 
all elements of the space). To prove that a classical theorem is false, it is sufficient to get a single counter- 
example where the statement is false. Therefore, the classical sciences do not leave room for partial truth 
of a theorem (or a statement). But, in our world and in our everyday life, we have many more examples 
of statements that are only partially true, than statements that are totally true. The NeutroTheorem and 
AntiTheorem are generalizations and alternatives of the classical Theorem in any science. 


Let's consider a theorem, stated on a given set, endowed with some operation(s). When we construct the 
theorem on a given set, it does not automatically mean that the theorem is true for all set’s elements. We 
have three possibilities again: 

1) The theorem is true for all set's elements [totally true] (as in classical algebraic structures; this is a 
classical Theorem). Neutrosophically we write: Theorem(1,0,0). 

2) The theorem if true for some elements [degree of truth T], indeterminate for other elements [degree 
of indeterminacy I], and false for the other elements [degree of falsehood F], where (T,I,F) is different 
from (1,0,0) and from (0,0,1) (this is a NeutroTheorem). Neutrosophically we write: 
NeutroTheorem(T,LF). 

3) The theorem is false for all set's elements (this is an AntiTheorem). Neutrosophically we write: 
AntiTheorem(0,0,1). 


And similarly for (Lemma, NeutroLemma, AntiLemma), (Consequence, NeutroConsequence, 
AntiConsequence), (Algorithm, NeutroAlgorithm, AntiAlgorithm), (Property, NeutroProperty, 
AntiProperty), etc. 


2.8. Relation, NeutroRelation, AntiRelation 


1) A classical Relation is a relation that is true for all elements of the set (degree of truth T = 1). 
Neutrosophically we write Relation(1,0,0). 


2) A NeutroRelation is a relation that is true for some of the elements (degree of truth T), indeterminate 
for other elements (degree of indeterminacy I), and false for the other elements (degree of falsehood F). 


Neutrosophically we write Relation(T,LF), where (T,LF) is different from (1,0,0) and (0,0,1). 


3) An AntiRelation is a relation that is false for all elements (degree of falsehood F = 1). 
Neutrosophically we write Relation(0,0,1). 
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2.9. Attribute, NeutroAttribute, AntiAttribute 


1) A classical Attribute is an attribute that is true for all elements of the set (degree of truth T = 1). 
Neutrosophically we write Attribute(1,0,0). 


2) A NeutroAttribute is an attribute that is true for some of the elements (degree of truth T), 
indeterminate for other elements (degree of indeterminacy J), and false for the other elements (degree of 
falsehood F). Neutrosophically we write Attribute(T,I,F), where (T,LF) is different from (1,0,0) and (0,0,1). 


3) An AntiAttribute is an attribute that is false for all elements (degree of falsehood F = 1). 
Neutrosophically we write Attribute(0,0,1). 


2.10. Algebra, NeutroAlgebra, AntiAlgebra 


1) An algebraic structure who’s all operations are well-defined and all axioms are totally true is called a 
classical Algebraic Structure (or Algebra). 

2) An algebraic structure that has at least one NeutroOperation or one NeutroAxiom (and no 
AntiOperation and no AntiAxiom) is called a NeutroAlgebraic Structure (or NeutroAlgebra). 

3) An algebraic structure that has at least one AntiOperation or one Anti Axiom is called an 
AntiAlgebraic Structure (or AntiAlgebra). 

Therefore, a neutrosophic triplet is formed: <Algebra, NeutroAlgebra, AntiAlgebra>, 
where “Algebra” can be any classical algebraic structure, such as: a groupoid, semigroup, monoid, group, 
commutative group, ring, field, vector space, BCK-Algebra, BCI-Algebra, etc. 


2.11. Algebra, NeutrorerAlgebra, AntirerAlgebra 


The neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) was further on restrained or 
extended to all fuzzy and fuzzy extension theories (FET), making triplets of the form: (Algebra, 
NeutrorerAlgebra, AntirerAlgebra), where FET may be: Fuzzy, Intuitionistic Fuzzy, Inconsistent 
Intuitionistic Fuzzy (Picture Fuzzy, Ternary Fuzzy), Pythagorean Fuzzy (Atanassov’s Intuitionistic Fuzzy 
of second type), q-Rung Orthopair Fuzzy, Spherical Fuzzy, n-HyperSpherical Fuzzy, Refined 
Neutrosophic, etc. See several examples below. 


2.11.1. The Intuitionistic Fuzzy Triplet (Algebra, NeutrorAlgebra, AntirAlgebra) 
Herein “IF” stands for intuitionistic fuzzy. 
When Indeterminacy (I) is missing, only two components remain, T and F. 
1) The Algebra is the same as in the neutrosophic environment, i.e. a classical Algebra where all 
operations are totally well-defined and all axioms are totally true (T = 1, F = 0). 
2) The NeutrowAlgebra means that at least one operation or one axiom is partially true (degree of 
truth T) and partially false (degree of partially falsehood F), 


with T, F €[0,1],0<7+F <1, with (7, F’) # (1,0) that represents the classical Axiom, and 
(T, F’) # (0,1) that represents the AntiAxiom, 
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and no AntiOperation (operation that is totally outer-defined) and no AntirAxiom. 
3) The AntirAlgebra means that at least one operation or one axiom is totally false (T =0, F=1), no 
matter how the other operations or axioms are. 


Therefore, one similarly has the triplets: (Operation, NeutrorrOperation, AntirOperation) and (Axiom, 
NeutrorAxiom, AntirAxiom). 


2.11.2. The Fuzzy Triplet (Algebra, NeutroruzzyAlgebra, AntiruzzyAlgebra) 
When the Indeterminacy (I) and the Falsehood (F) are missing, only one component remains, T. 


1) The Algebra is the same as in the neutrosophic environment, i.e. a classical Algebra where all 
operations are totally well-defined and all axioms are totally true (T = 1). 

2) The NeutroruzyAlgebra means that at least one operation or one axiom is partially true (degree 
of truth T), with 7 € (0,1), 
and no AntiruzzyOperation (operation that is totally outer-defined) and no AntifuzyAxiom. 

3) The AntirAlgebra means that at least one operation or one axiom is totally false (F = 1), no 
matter how the other operations or axioms are. 


Therefore, one similarly has the triplets: (Operation, NeutroruzyOperation, AntiruzzyOperation) and 
(Axiom, NeutroruzzyAxiom, AntiFuzzyAxiom). 


2.12. Structure, NeutroStructure, AntiStructure in any field of knowledge 


In general, by NeutroSophication, Smarandache extended any classical Structure, in no matter what 
field of knowledge, to a NeutroStructure, and by AntiSophication to an AntiStructure. 


i) A classical Structure, in any field of knowledge, is composed of: a non-empty space, populated by 
some elements, and both (the space and all elements) are characterized by some relations among 


themselves (such as: operations, laws, axioms, properties, functions, theorems, lemmas, consequences, 
algorithms, charts, hierarchies, equations, inequalities, etc.), and by their attributes (size, weight, color, 
shape, location, etc.). 


Of course, when analysing a structure, it counts with respect to what relations and what attributes we 
do it. 


ii) A NeutroStructure is a structure that has at least one NeutroRelation or one NeutroAttribute, and 
no AntiRelation and no AntiAttribute. 


iii) An AntiStructure is a structure that has at least one AntiRelation or one AntiAttribute. 
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2.13. Almost all real Structures are NeutroStructures 


The Classical Structures in science mostly exist in theoretical, abstract, perfect, homogeneous, idealistic 
spaces - because in our everyday life almost all structures are NeutroStructures, since they are neither 
perfect nor applying to the whole population, and not all elements of the space have the same relations 
and same attributes in the same degree (not all elements behave in the same way). 


The indeterminacy and partiality, with respect to the space, to their elements, to their relations or to 
their attributes are not taken into consideration in the Classical Structures. But our Real World is full of 
structures with indeterminate (vague, unclear, conflicting, unknown, etc.) data and partialities. 


There are exceptions to almost all laws, and the laws are perceived in different degrees by different 
people. 


2.14. Applications of NeutroStructures in our Real World 


(i) In the Christian society the marriage law is defined as the union between a male and a female 
(degree of truth). 


But, in the last decades, this law has become less than 100% true, since persons of the same sex were 
allowed to marry as well (degree of falsehood). 


On the other hand, there are transgender people (whose sex is indeterminate), and people who have 
changed the sex by surgical procedures, and these people (and their marriage) cannot be included in the 
first two categories (degree of indeterminacy). 


Therefore, since we have a NeutroLaw (with respect to the Law of Marriage) we have a Christian 
NeutroStructure. 


(ii) In India, the law of marriage is not the same for all citizen: Hindi religious men may marry only one 
wife, while the Muslims may marry up to four wives. 


(iii) Not always the difference between good and bad may be clear, from a point of view a thing may be 
good, while from another point of view bad. There are things that are partially good, partially neutral, 
and partially bad. 


(iv) The laws do not equally apply to all citizens, so they are NeutroLaws. Some laws apply to some 
degree to a category of citizens, and to a different degree to another category. As such, there is an 


American folkloric joke: All people are born equal, but some people are more equal than others! 


- There are powerful people that are above the laws, and other people that benefit of immunity with 
respect to the laws. 


- For example, in the court of law, privileged people benefit from better defense lawyers than the lower 
classes, so they may get a lighter sentence. 
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- Not all criminals go to jail, but only those caught and proven guilty in the court of law. Nor the 
criminals that for reason of insanity cannot stand trail and do not go to jail since they cannot make a 
difference between right and wrong. 


- Unfortunately, even innocent people went and may go to jail because of sometimes jurisdiction 
mistakes... 


- The Hypocrisy and Double Standard are widely spread: some regulation applies to some people, but 
not to others! 


(v) Anti-Abortion Law does not apply to all pregnant women: the incest, rapes, and women whose life 
is threatened may get abortions. 


(vi) Gun-Control Law does not apply to all citizen: the police, army, security, professional hunters are 
allowed to bear arms. 


Etc. 
Conclusion 


In this paper we have extended the Non-Euclidean Geometries to NeutroGeometry (a geometric 
space that has at least one NeutroAxiom and no AntiAxiom) and to AntiGeometry (a geometric space 
that has at least one AntiAxiom) similarly to the NeutroAlgebras and AntiAlgebras. 


A NeutroAxiom is an axiom that is partially true, partially indeterminate, and partially false in 
the same space. While the AntiAxiom is an axiom that is totally false in the given space. 


While the Non-Euclidean Geometries resulted from the total negation of only one specific axiom 
(Euclid’s Fifth Postulate), the AntiGeometry (1969) results from the total negation of any axiom and even 
of more axioms from any geometric axiomatic system (Euclid’s, Hilbert’s, etc.), and the NeutroGeometry 
results from the partial negation of one or more axioms [and no total negation of no axiom] from any 
geometric axiomatic system. 

Therefore, the NeutroGeometry and AntiGeometry are respectively alternatives and generalizations of 
the Non-Euclidean Geometries. 

In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to NeutroAlgebra & 
AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to NeutroStructure & 
AntiStructure that naturally arise in any field of knowledge. 

At the end, we present applications of many NeutroStructures in our real world. 


Further on, we have recalled and reviewed the evolution from Paradoxism to Neutrosophy, and 
from the classical algebraic structures to NeutroAlgebra and AntiAlgebra structures, and in general to the 
NeutroStructure and AntiStructure in any field of knowledge. Then many applications of 
NeutroStructures from everyday life were presented. 
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On Neutrosophic Quadruple Groups 


F. Smarandache, A. Rezaei, A. A. A. Agboola, Y. B. Jun, R. A. Borzooei, B. Davvaz 
Arsham Borumand Saeid, M. Akram, M. Hamidi, S. Mirvakili 


Florentin Smarandache, Akbar Rezaei, A.A.A. Agboola, Young Bae Jun, Rajab Ali Borzooei, Bijan 
Davvaz, Arsham Borumand Saeid, Muhammad Akram, M. Hamidi, S. Mirvakili (2021). On Neutrosophic 
Quadruple Groups. /nternational Journal of Computational Intelligence Systems, 14, 193. DOI: 10.1007/ 
s44196-021-00042-9 


Abstract 

As generalizations and alternatives of classical algebraic structures there have been introduced in 2019 the 
NeutroAlgebraic structures (or NeutroAlgebras) and AntiAlgebraic structures (or AntiAlgebras). Unlike the classical 
algebraic structures, where all operations are well defined and all axioms are totally true, in NeutroAlgebras and 
AntiAlgebras, the operations may be partially well defined and the axioms partially true or, respectively, totally outer- 
defined and the axioms totally false. These NeutroAlgebras and AntiAlgebras form a new field of research, which is 
inspired from our real world. In this paper, we study neutrosophic quadruple algebraic structures and 
NeutroQuadrupleAlgebraicStructures. NeutroQuadrupleGroup is studied in particular and several examples are provided. 


It is shown that (VQ(Z), +) is a NeutroQuadrupleGroup. Substruc-tures of NeutroQuadrupleGroups are also presented 
with examples. 


Keywords Neutrosophic quadruple number - NeutroAlgebra - NeutroQuadrupleGroup - NeutroQuadrupleSubgroup 


1 Introduction 


It was started from Paradoxism, then to Neutrosophy, and 
afterwards to Neutrosophic Set and Neutrosophic Alge- 
braic Structures. Paradoxism [21] is an international move- 
ment in science and culture, founded by Smarandache in 
1980 s, based on excessive use of antitheses, oxymoron, 
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contradictions, and paradoxes. During the 3 decades 
(1980-2020), hundreds of authors from tens of countries 
around the globe contributed papers to 15 international 
paradoxist anthologies. In 1995, Smarandache extended the 
paradoxism (based on opposites) to a new branch of phi- 
losophy called neutrosophy (based on opposites and their 
neutrals) that gave birth to many scientific branches, such as 
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neutrosophic logic, neutrosophic set, neutrosophic probabil- 
ity and statistics, neutrosophic algebraic structures, and so on 
with multiple applications in engineering, computer science, 
administrative work, medical research etc. Neutrosophy is an 
extension of Yin-Yang Ancient Chinese Philosophy and of 
course of Dialectics. From Classical Algebraic Structures to 
NeutroAlgebraic Structures and AntiAlgebraicStructures. In 
2019 and 2020, Smarandache [16—18] generalized the clas- 
sical Algebraic Structures to NeutroAlgebraicStructures (or 
NeutroAlgebras) whose operations and axioms are partially 
true, partially indeterminate, and partially false as exten- 
sions of Partial Algebra, and to AntiAlgebraic Structures 
(or AntiAlgebra) whose operations and axioms are totally 
false. By considering a space and an operation defined on, in 
general, it does not mean that the operation is well defined 
for all elements of the space. We have three cases, as in 
neutrosophy: either the operation is well defined (as in clas- 
sical algebraic structures), or partially defined and partially 
undefined, or partially outer-defined. Similarly, in general by 
defining an axiom on a given space under some given opera- 
tions it does not mean that the axion is true for all elements 
of the space. Again we gave three cases as in neutrosophy: 
the axiom is true for all elements (as in classical algebraic 
structures), or the axiom is partially true and partially false, 
or the axiom is false for all elements. Motivation is the fact 
that in mathematics, in general, by defining an operation on a 
given set it does not mean that the operation is automatically 
well defined, but many times it is only partially well defined. 
Similarly, by defining an axiom on a given set, in general it 
does not mean that the axiom is true for all elements, but 
only partially true (i.e. true for some elements and maybe 
false for other elements). In the present paper, we study neu- 
trosophic quadruple algebraic structures and NeutroQuadru- 
pleAlgebraicStructures. NeutroQuadrupleGroup is studied in 
particular and several examples are provided. It is shown that 
(NQ(Z), =) is a NeutroQuadrupleGroup. Substructures of 
NeutroQuadrupleGroups are also presented with examples. 


1.1 Operation, NeutroOperation, AntiOperation 


When we define an operation on a given set, it does not 
automatically mean that the operation is well defined. There 
are three possibilities: 

e The operation is well-defined (or inner-defined) for all 
set’s elements (as in classical algebraic structures this is 
classical Operation). 

The operation if well-defined for some elements, indeter- 
minate for other elements, and outer-defined for others 
elements (this is NeutroOperation). 

The operation is outer-defined for all set’s elements (this 
is AntiOperation). 
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1.2 Axiom, NeutroAxiom, AntiAxiom 


Similarly for an axiom, defined on a given set, endowed with 
some operation(s). When we define an axiom on a given set, 
it does not automatically mean that the axiom is true for all 
set’s elements. We have three possibilities again: 


The axiom is true for all set’s elements (totally true) 
(as in classical algebraic structures; this is a classical 
Axiom). 

The axiom if true for some elements, indeterminate for 
other elements, and false for other elements (this is Neu- 
troAxiom). 

The axiom is false for all set’s elements (this is AntiAx- 
iom). 


1.3 Algebra, NeutroAlgebra, AntiAlgebra 


An algebraic structure whose all operations are well- 
defined and all axioms are totally true is called Classical 
Algebraic Structure (or Algebra). 

An algebraic structure that has at least one NeutroOp- 
eration or one NeutroAxiom (and no AntiOperation and 
no AntiAxiom) is called NeutroAlgebraic Structure (or 
NeutroAlgebra). 

An algebraic structure that has at least one AntiOpera- 
tion or Anti Axiom is called AntiAlgebraic Structure (or 
AntiAlgebra). 


Therefore, a neutrosophic triplet structure is formed (see 


[1-8]): 
< Algebra, NeutroAlgebra, AntiAlgebra >. 


“Algebra” can be: groupoid, semigroup, monoid, group, 
commutative group, ring, field, vector space, BCK-Alge- 
bra, BCI-Algebra, K-algebra, BE-algebra, H,-rings, etc. (see 
[9-15] and [20]). 

The sets of natural/integer/rational/real/complex numbers 
are, respectively, denoted by 


NCZCOCRCCE. 


The Neutrosophic Quadruple Numbers and the Absorbance 
Law were introduced by Smarandache [19]; they have the 
general form: 

N=a+bT +cl +dF, where a, b,c, d may be numbers of 
any type (natural, integer, rational, irrational, real, complex, 
etc.), where “a” is the known part of the neutrosophic quad- 
ruple number N, while “bT + cl + dF” is the unknown part 
of the neutrosophic quadruple number N; then the unknown 
part is split into three subparts: degree of confidence (7), 
degree of indeterminacy of confidence—nonconfidence (J), 
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and degree of nonconfidence (F). N is a four-dimensional 
vector that can also be written as: N = (a, b,c, d). 

There are transcendental, irrational, etc. numbers that 
are not well known, they are only partially known and par- 
tially unknown, they may have infinitely many decimals. Not 
even the most modern supercomputers can compute more 
than a few thousands decimals, but the infinitely many left 
decimals still remain unknown. Therefore, such numbers 
are very little known (because only a finite number of deci- 
mals are known), and infinitely unknown (because an infi- 
o number of decimals are unknown). Take for example: 

2=1.4142.... 


2 Arithmetic Operations 
on the Neutrosophic Set of Quadruple 
Numbers 


Definition 1 A neutrosophic set of quadruple numbers 
denoted by NQ(X) is a set defined by 


NO(X) = {(a,bT, cl, dF) : a,b,c,d ER or C}, 


where 7, IJ, F have their usual neutrosophic logic meanings. 


Definition 2 A neutrosophic quadruple number is a number 
of the form (a, bT, cI,dF) € NQ(X). For any neutrosophic 
quadruple number (a, bT, cI, dF) representing any entity 
which may be a number, an idea, an object, etc., a is called 
the known part and (bT, cl, dF) is called the unknown part. 
Two neutrosophic quadruple numbers x = (a, bT, cl, dF) and 
y=(e,fT, gl, hF) are said to be equal written x = y if and 
only ifa=e,b=f,c=g,d=h. 


Example 1 NQ(N), NQ(Z), NQ(Q), NQ(Z) and NQ(C) are 
neutrosophic sets of quadruple natural, integers, rationals, 
real and complex numbers respectively. 


Example 2 The following 
x=2-37+4I-5F € NQ(2), 


3 2 


y= V2- 37 -111- 2F € NOR), 


2=G340)—C4 4307 +4pr= ( 2 i) € NO(C) 


are examples of neutrosophic quadruple of integers, real and 
complex numbers, respectively. 


Definition 3 Let a = (4), 45T, a3I, ayF), 
b = (b,, boT, b3I, bs F) € NO(X). We define the following: 


a+b= (a, + by, (ay + b,)T, (a3 + b3)I, (a4 + b,)F) 
a= b = (a, = by, (ay = b,)T, (a3 = b3)I, (a4 = b,)F). 


935 


Collected Papers, IX 


Definition4 Let a = (a,,a,T, a31,a,F) € NO(X) and let a be 
any scalar which may be real or complex, the scalar product 
a.ais defined by 
Q@.d =A.(a), a,T, a1, ayF) 
=(ad,, @a,T, az], aa,F). 

If a = 0, then we have 0.a = (0, 0, 0, 0) and for any non-zero 
scalars m and n and b = (b,, b,T, b3I, b,F), we have 
(m+n)a = ma-+na, 
m(a + b) = ma+mb, 

mn(a) = m(na), 


—a = (-a,, —a,T, —a3I, —a,F). 


Example 3 From Example 2, we obtain the following: 


xty=(2+ V2) - 2r-1- 2r. 
pps a T eI. 
4 6 
diz = (—4 + 6i) + (6 + 8NT — 81 - (542i. 


Multiplication of two neutrosophic quadru- 
ple numbers cannot be carried out like multi- 
plication of two real or complex numbers. To 
multiply two neutrosophic quadruple numbers 
a = (4), 45T, a31,a,F), b = (by, boT, ba, b4F) € NQ(X), the 
prevalence order of {T,/, F} is required. Consider the fol- 
lowing prevalence orders: 


(1) Suppose in an optimistic way we consider the preva- 
lence order T > J > F.. Then we have 

TI = IT = max{T,/} =T, 

TF = FT = max{T,F} =T, 

IF = FI = max{I/, F} = 7, 


TT =T’ =T, 
H=FP =1, 
FF = F* =F. 
Then 


aXb= (a), a,T, a31, agF).(b,, boT, b31, byF) 
= (a,b, (a, by + dnb, dnb, + and; 
+ dnb, + azb, + ayby)T, (a, bz + azb, 
+ a3b3 + a3b4 + ayb3)I, (a,by + agb, + ayb4)F). 


(ii) Suppose in a pessimistic way we consider the preva- 
lence order T < IJ < F.. Then we have 
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TI = IT = max{T,/} = 7, 
TF = FT = max{T,F} =F, 
IF = FI = max{I, F} = F, 


TT =T* =T, 
H=FP =I, 
FF = F* =F. 
Then 


AX b= (ay, aT, a31, agF).(b,, bT, b3I, by F) 
= (a,b, (a,b, + anb, + anb,)T, 
(a,b3 + ayb3 + a,b, + a,b, + a3b3)I, 
(aby + ayby, 3b, + ayb, + ayby + ayb3 + ayby)F). 


Example 4 From Example 2, we obtain the following: 


(i) For the prevalence order T > J > F, we have 


xxy= (2v2, (37 S 3y2)r, (-# +42), (2 = 5y2)F). 
(ii) For the prevalence order T < J < F,, we have 
695 


xxy= (2v2,(# 3y2)r, ( 36 4 4y/2)1.( ss 5y2)F). 

Two neutrosophic quadruple numbers 
m= (a,,b,T,c,I,d,F) and n = (a9, byT, cyI, dF) cannot be 
divided as we do for real and complex numbers. Since the 
literal neutrosophic components T, J and F are not invert- 
ible, the inversion of a neutrosophic quadruple number or 
the division of a neutrosophic quadruple number by another 
neutrosophic quadruple number must be carried out a sys- 
tematic way. Suppose we are to evaluate m/n. Then we must 
look for a neutrosophic quadruple number p = (x, yT, zl, wF) 
equivalent to m/n. In this way, we write m/n = p. Then 


(a,,0,T, cI, d,F) 


ead OO Gy eT 
Gitta “ee 


if and only if 


(Ay, DoT, Col, dF )(x, yT, U, WF) 
= (a,,b,T, cI, d,F). 
Assuming the prevalence order T > J > F and from the 
equality of two neutrosophic quadruple numbers, we obtain 
from Eq. (1) 
AyX = Ay 
box + (dy + by + Cy +. do)y + doz + bow = by, 
CX + (dy +0, +d,)Z+C,W = Cc, 
dx + (ay + dy)w = d, 


a system of linear equations in unknowns x, y, z and w. 
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By similarly assuming the prevalence order T < I < F, 
we obtain from Eq. (1) 


AX = ay 
DyxX + (dy + by )y = b, 

C2X + Coy + (dy + by + €7)Z = Cy 

d,x + dyy + doz + (dy + by + C, + d,)w = d, 


a system of linear equations in unknowns x, y, z and w. 


Example 5 Let a = (2,-T,/,2F) and b = (1, 2T, -I, F) be 
two neutrosophic quadruple numbers in NQ(R). 


(i) For the prevalence order T > J > F, we obtain 


(2,- ). 


(CA ee) ae 


11 
ae aL Lael —T,31,0F 
G,3T,=1,F) 


3 


(ii) For the prevalence order T < J < F, we obtain 


(? ) 


Theorem 1 Let a, b,c,d,n # 0. Then: 


(2.=7 1,27). - 
(1,2T,-I,F) 


ere ee 
3 3 3 


(na,nbT ncl,ndF) __ 


(i) 


( abt cl d JP) 
+s nanbT ncln 
(ii) (n,0T.0L0F) = (a, bT, cl, dF). 


Proof Straightforward. 


3 Neutrosophic Quadruple Algebraic 
Structures, Neutrosophic Quadruple 
Algebraic Hyper-structures 
and NeutroQuadrupleAlgebraicStructures 


3.1 Neutrosophic Quadruple Algebraic Structures 
and Neutrosophic Quadruple Algebraic 
Hyper-structures 


Let NQ(X) be a neutrosophic quadruple set and let 
*! NQ(X) x NQ(X) — NQ(X) be a classical binary operation 
on NQ(X). The couple (NQ(X), «) is called a neutrosophic 
quadruple algebraic structure. The structure (VQ(X), *) is 
named according to the classical laws and axioms satisfied 
or obeyed by «. 

If x: NO(X) x NO(X) > P(NQ(X)) is the classical hyper 
operation on NQ(X). Then the couple (VQ(X), *) is called a 
neutrosophic quadruple hyper-algebraic structure; and the 
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hyper-structure (VQ(X), *) is named according to the classi- 
cal laws and axioms satisfied by *. 

If (NO(X),*) and (NQ(Y),°c) are two neutro- 
sophic quadruple algebraic structures. The mapping 
@ : (NO(X), *) > (NQ(Y), °) is called a neutrosophic quad- 
ruple homomorphism if @ preserves *, o and literal neutro- 
sophic components T, J and F that is if 


G@) o@*y) = O@)od) Vx,y € NOX). 
Gi) A(T) =T. 
(iii) AD HL 
(iv) $(F) =F. 


Theorem 2 


(i) (NQ(Z), +), (NQ(Q), +), (NO(R), +)and(NO(C), +) are 
abelian groups. 

(ii) (NO(Z),+,x), (NO(Q),+,x), (NO(R),+,x) and 
(NQ(C), +, X) are commutative rings. 

(iii) (NO(Z), X) is a commutative monoid. 

(iv) (NQ(Z), X) is not a group. 

(v) (NQ(Z), +) is not a group. 


Proof See [7]. 


3.2 NeutroQuadrupleAlgebraicStructures 


In this section, unless otherwise stated, the optimistic preva- 
lence order T > J > F will be assumed. 


Definition 5 Let NQ(G) be a nonempty set and let 
*! NQ(G) x NQ(G) — NQ(G) be a binary operation on 
NQ(G). The couple (VQ(G), *) is called a neutrosophic quad- 
ruple group if the following conditions hold: 


(QG1) x*ye€GVx,y € NQ(G) [closure law]. 

(QG2) x*(y*z)=( * y) * zVx,y,z € G [axiom of asso- 
ciativity]. 

(QG3) There exists e € NQ(G) such that x *e=exx=x 
Vx € NQ(G) [axiom of existence of neutral element]. 

(QG4) There exists y € NQ(G) such thatx x y= y*x=e 
Vx € NQ(G) [axiom of existence of inverse element], 
where ¢ is the neutral element of NOQ(G). If in addition 
Vx, y € NO(G), we have 

(QG5) x*y=y * x, then (NQ(G), *) is called a commuta- 
tive neutrosophic quadruple group. 


Definition 6 [NeutroSophication of the law and axioms of 
the neutrosophic quadruple]. 
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(NQ(G)1) There exist some duplets (x, y), (u, v), 
(p,q), € NO(G) such that x * y € G (inner-defined 
with degree of truth T) and [uv * v = indeterminate 
(with degree of indeterminacy I) or p * g € NO(G) 
(outer-defined/falsehood with degree of falsehood F)] 
[NeutroClosureLaw]. 

(NQ(G)2) There exist some triplets (x, y, z), (D, 9,1); 
(u,v, w) € NQ(G) such that x * (y * z)=(* * y) *Z 
(inner-defined with degree of truth T) and 
[[p * (q * r)] or [(— * g) * r] = indeterminate (with 
degree of indeterminacy I) oru * (v * w) 4 (u* v) * Ww 
(outer-defined/falsehood with degree of falsehood F)] 
[NeutroAxiom of associativity (NeutroAssociativ- 
ity)]. 

(NQ(G)3) There exists an element e € NO(G) such 
that x * e =e * x = x (inner-defined with degree of 
truth T) and [[x « e] or [e * x] = indeterminate (with 
degree of indeterminacy I) or x * e # x # e * x (outer- 
defined/falsehood with degree of falsehood F)] for at 
least one x € NO(G) [NeutroAxiom of existence of 
neutral element (NeutroNeutralElement)]. 

(NQ(G)4) There exists an element u € NQ(G) such 
that x * u=u*x=e (inner-defined with degree 
of truth T) and [[x * u] or [u * x)] = indeterminate 
(with degree of indeterminacy I) orx *u#eA#ux*xx 
(outer-defined/falsehood with degre of falsehood F)] 
for at least one x € G [NeutroAxiom of existence of 
inverse element (NeutroInverseElement)] where e is 
a NeutroNeutralElement in NO(G). 

(NQ(G)5) There exist some duplets 
(x, y), (u,v), (p, g) € NO(G) such that x* y=yx*x 
(inner-defined with degree of truth T) and 
[[u * v] or [v * u] = indeterminate (with degree of 
indeterminacy I) or p * gq # q * p (outer-defined/false- 
hood with degree of falsehood F)] [NeutroAxiom of 
commutativity (NeutroCommutativity)]. 


Definition 7 A NeutroQuadrupleGroup NQ(G) is an alterna- 
tive to the neutrosophic quadruple group Q(G) that has at 
least one NeutroLaw or at least one of {NQ(G)1, NQ(G)2, 
NQ(G)3, NQO(G)4} with no AntiLaw or AntiAxiom. 


Definition 8 A NeutroCommutativeQuadrupleGroup NQ(G) 
is an alternative to the commutative neutrosophic quadruple 
group Q(G) that has at least one NeutroLaw or at least one 
of {NQ(G)1, NQO(G)2, NO(G)3, NQ(G)4} and NQ(G)5 with 
no AntiLaw or AntiAxiom. 


Theorem 3 [15] Let U be a nonempty finite or infinite uni- 
verse of discourse and let S be a finite or infinite subset of U. 
Ifn classical operations (laws and axioms) are defined on S 
where n > 1, then there will be (2” — 1) NeutroAlgebras and 
(3” — 2”) AntiAlgebras. 
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Theorem 4 Let (NQ(G), *) be a neutrosophic quadruple 
group. Then 


(i) 
(ii) 


there are 15 types of NeutroQuadrupleGroups, 
there are 31 types of NeutroCommutativeQuadruple- 
Groups. 


Proof Follows from Theorem 3. 


Theorem 5 For positive integers n = 2, 3,4, ---, 


(i) (NO(Z,,), —) is a NeutroQuadrupleGroup. 
(ii) (NQ(Z,,), xX) is a NeutroCommutative Quadruple- 
Group. 


Proof Follows from the definition of NeutroQuadruple- 
Group and subtraction and multiplication of neutrosophic 
quadruple of integers modulo n. Oo 


Theorem 6 


(i) (NQ(Z), —) is a NeutroQuadrupleGroup. 
Gi) (NQ(Z), x) is a NeutroCommutative Quadruple- 
Group. 
(ii) (NQ(Z), +) is a NeutroCommutativeQuadrupleGroup. 


Proof (i) and (ii) are easy. For (iii), let us consider the 
following: 


NeutroClosure of + over NO(Z) 


For the degree of truth, let a = (0, 07, 7,0F) € NQ(Z). Then 
at+a= (1 —k,- ky, 0T, k,1,kF) € NO(Z),k,,k, € Z. 
For the degree of indeterminacy, let 

a= (4,5T, —2I, -7F), b = (0, -6T, 1, 3F) € NO(Z). Then 

‘7, FJ ¢ NO(Z). 

For the degree of falsehood, let a= (0,07, 0/, F), 

b = (0,0T, O/, 2F) € NO(Z). Then 
a+b= (; — k, OT, O1, KF ) ¢ NO(Z),k € Z. 


aztb= 


NeutroAssociativity of + over NO(Z) 


For the degree of truth, let a=(6,67,6/,6F), 
b = (2, 2T, 21, 2F),c = (-1, 07, OF, OF) € NQO(Z). Then 
a+(b+c) =(-3,0T, OF, OF), bou 
(a+ b)+c = (-3,0T, OF, OF). 
For the degree of indeterminacy, let 
a= (4,-T, 21, -7F), 
c = (0,07, 97, —F) € NQ(Z). Then 
a+(b+c)=(?, ?T, 71, 2F). 
(a+b)+c=(?, ?T, 2, ?F). 


t 


b= (0,T, OF, —8F), 
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For the degree of falsehood, let a = (0,5T, O/, OF), 
b = (0,T, 0/, OF), c = (5, OT, OF, OF) € NO(Z). Then 

a+(b+0) = (25—ky ky — ky ki Tyg F) € NOZ), ky, kas ky € Z. 

(azb)ec= ( 16 =k -h—%), 1h, 16, LiF) ¢ NO(Z). 

Existence of NeutroUnitaryElement and NeutroInver- 
seElement in NO(Z) w.r.t. + 


Let a = (0,T, 01, OF), b = (0,07, 1, 0F), 
c = (0,07, 01, F) € NO(Z). Then 
a+a=(1—-k, -—ky - ky kT, kyl GF) (1) 
b=b=(1—k, —k, OT, KL KF) (2) 
c+c=(1—k,0T, OI, KF) (3) 
a+b =(-(k, + hy), TK 1 kyF) (4) 
b=a=(-(ky +k) + ky), kT, kyl, KF) (5) 


where k,k,,k,,k3 € Z. 

For the degree of truth, putting k, = 1,k, =k, =0 in 
Eq. (1), k; = 1,4, = 0 in Eq. (2) and k = 1 in Eq. (3) we 
will obtain a+a=a,b+b=bandc+c=c. These show 
that a, b, c are, respectively, NeutroUnitaryElements and 
NeutroInverseElements in NO(Z). 

For the degree of falsehood, putting k, # 1,k, #k; #0 
in Eq. (1), k, # 1,k, #0 in Eq. (2) and k ¥ 1 in Eq. (3) we 
will obtaina+a#a,b+b#bandc+c ¥#c. These show 
that a, b, c are, respectively, not NeutroUnitaryElements and 
NeutroInverseElements in NQ(Z). 


NeutroCommtativity of + over NO(Z) 


For the degree of truth, putting k; =1,k, =k, =0 in 
Eq. (1), ky = 1,k) = 0 in Eq. (2) and k = 1in Eq. (3) we will 
obtain a+a=a,b+b=bandc+c=c. These show the 
commutativity of + wrt a, b and c NO(Z). 

For the degree of falsehood, putting k, = k, =k; = lin 
Eqs. (4) and (5), we will obtain a+b = (-2,T,/, F) and 
b+a=(-3,T,I, F) #.a~ b. Hence, + is NeutroCommuta- 
tive in NO(Z). 

The proof is complete. oO 
Definition 9 Let (NQ(G), *) be a neutrosophic quadruple 
group. A nonempty subset NO(H) of NQ(G) is called a Neu- 
troQuadrupleSubgroup of NQ(G) if (VQ(A), *) is a neutro- 
sophic quadruple group of the same type as (VQ(G), *). 


Example 6 


(i) Forn = 2,3,4, ---(NQ(nZ), —) is a NeutroQuadruple- 
Subgroup of (VQ(Z), —). 
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Gi) Forn = 2,3, 4, ---(NQ(nZ), x) is a NeutroQuadruple- 
Subgroup of (NQ(Z), x). 


Example 7 


(i) Let NO(A) = {(a,bT,cl,dF) : a,b,c,d € {1,2,3}} 
be a subset of the NeutroQuadrupleGroup 
(NQO(Z,), —). Then (NQ(A), —) is a NeutroQuadru- 
pleSubgroup of (VQ(Z,), —). 

Let NO(K) = {(w, xT, yl, ZF) : a,b,c,d € {1,3,5}} 
be a subset of the NeutroQuadrupleGroup 
(NO(Z,), X). Then (NQO(A), x) is a NeutroQuadru- 
pleSubgroup of (VQ(Z,), x). 


(ii) 


4 Conclusion 


We have in this paper studied neutrosophic quadruple alge- 
braicstructures and NeutroQuadrupleAlgebraicStructures. 
NeutroQuadrupleGroup was studied in particular and several 


examples were provided. It was shown that (VQ(Z), +) is a 
NeutroQuadrupleGroup. Substructures of NeutroQuadruple- 
Groups were also presented with examples. 
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Universal NeutroAlgebra and Universal AntiAlgebra 


Florentin Smarandache 


Florentin Smarandache (2021). Universal NeutroAlgebra and Universal AntiAlgebra. 
NeutroAlgebra Theory, |, 11-15 


ABSTRACT 


This paper introduces the Universal NeutroAlgebra that studies the common properties of the 


NeutroAlgebra structures, and the Universal AntiAlgebra that studies the common properties of the 


AntiAlgebraic structures. 
Keywords: NeutroAlgebra, AntiAlgebra, Universal NeutroAlgebra, Universal AntiAlgebra 
INTRODUCTION 


In 2019 and 2020 Smarandache [1, 2, 3, 4] generalized the classical Algebraic Structures to 
NeutroAlgebraic Structures (or NeutroAlgebra) {whose operations and axioms are partially true, partially 
indeterminate, and partially false} as extensions of Partial Algebra, and to AntiAlgebraic Structures (or 


AntiAlgebra) {whose operations and axioms are totally false}. 
The NeutroAlgebras & AntiAlgebras are a new field of research, which is inspired from our real world. 
In classical algebraic structures, all axioms are 100%, and all operations are 100% well-defined, 


but in real life, in many cases these restrictions are too harsh, since in our world we have things that only 


partially verify some laws or some operations. 


Using the process of NeutroSophication of a classical algebraic structure we produce a NeutroAlgebra, 


while the process of AntiSophication of a classical algebraic structure produces an AntiAlgebra. 
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BACKGROUND 


1. (Operation, NeutroOperation, AntiOperation) 

01. A classical Operation (*,,) is an operation that is well-defined (inner-defined) for all elements of the 
set S, ie. “n(X1, Xo, ... Xm) €S for all x1, X, ..., Xm ES. 

02. An AntiOperation (*,,) is an operation that is not well-defined (i.e. it is outer-defined) for all 
elements for the set S; or *(X1, X2, -...Xm) EU\S for all xj, Xx, ...,Xm ES. 

03. A NeutroOperation (*,,) is an operation that is partially well-defined (the degree of well-defined is 


T), partially indeterminate (the degree of indeterminacy is I), and partially outer-defined (the degree 


of outer-defined is F); where (T, [,F ) F d, 0, 0) that represents the classical Operation, and 
(T, [,F ) F (0, 0, 1) that represents the AntiOperation. 


An operation (*,,) is indeterminate if there exist some elements a, ao, ..., an € S such that *,(a;, a, 


...) Am) = undefined, or unknown, or unclear, etc. 


2. (Axiom, NeutroAxiom, AntiAxiom) 
Al. A classical Axiom is an axiom that is true for all elements of the set S. 
A2. An AntiAxiom is an axiom that is false for all elements of the set S. 
A3. A NeutroAxiom is an axiom that is partially true (the degree of truth is T), partially 
indeterminate (the degree of indeterminacy is I), and partially false (the degree of falsehood is F), 


where (T, I,F ) F d, 0, 0) that represents the classical Axiom, and (T, IF ) F (0, 0, 1) that 


represents the AntiAxiom. 


3. (Algebra, NeutroAlgebra, AntiAalgebra) 
S1. A classical Algebra (or Algebraic Structure) is a set S endowed only with classical Operations 
and classical Axioms. 
S2. An AntiAlgebra (or AntiAlgebraic Structure) is a set S endowed with at least one 
AntiOperation or one AntiAxiom 
S3. A NeutroAlgebra (or NeutroAlgebraic Structure) is a set S endowed with at least one 


NeutroOperation or one NeutroAxiom, and no AntiOperation and no AntiAxiom. 


UNIVERSAL NEUTROALGEBRA AND UNIVERSAL 
ANTIALGEBRA 


1. A Universe of Discourse, a Set, some Operations, and some Axioms 


Let’s consider a non-empty set S included in a universe of discourse U, or S CU. 
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The set S is endowed with n operations, 1 <n < ©, *), *o,..., *n. 


Each operation *;, for ie{l, Dy vans OOF, is an mj-ary operation, where O < m; < ©. {A o-ary operation, 


where “0” stands for zero (or null-ary operation), simply denotes a constant. } 


Then a number of o axioms, 0 < a < ©, is defined on S. 


The axioms may take the form of identities (or equational laws), quantifications {universal quantification ( Vv 


) except before an identity, existential quantification (4 )}, inequalities, inequations, and other relations. 
With the condition that there exist at least one m-ary operation, with m > 1, or at least one axiom. 


We have taken into consideration the possibility of infinitary operations, as well as infinite number of 


axioms. 
2. The Structures, almost all, are NeutroStructures 


A classical Structure, in any field of knowledge, is composed of: a non-empty space, populated by 
some elements, and both (the space and all elements) are characterized by some relations among themselves, 


and by some attributes. 
Classical Structures are mostly in theoretical, abstract, imaginary spaces. 


Of course, when analysing a structure, it counts with respect to what relations and attributes we 


analyse it. 


In our everyday life almost all structures are NeutroStructures, governed by Universal 
NeutroAlgebras and Universal AntiAlgebras, since they are neither perfect nor uniform, and not all elements 
of the structure’s space have the same relations and same attributes in the same degree (not all elements 


behave in the same way). 
Conclusions 
Since our world is full of indeterminacies, uncertainties, vagueness, contradictory information 


almost all existing structures are NeutroStructures, since either their spaces, or their elements or their 


relationships between elements or between are characterized by such indeterminacies. 
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On Some NeutroHyperstructures 


Madeleine Al-Tahan, Bijan Davvaz, Florentin Smarandache, Osman Anis 


Madeleine Al-Tahan, Bijan Davvaz, Florentin Smarandache, Osman Anis (2021). 
On Some NeutroHyperstructures. Symmetry, 13, 535. DOI: 10.3390/sym13040535 


Abstract: Neutrosophy, the study of neutralities, is a new branch of Philosophy that has applications 
in many different fields of science. Inspired by the idea of Neutrosophy, Smarandache introduced 
NeutroAlgebraicStructures (or NeutroAlgebras) by allowing the partiality and indeterminacy to be 
included in the structures’ operations and/or axioms. The aim of this paper is to combine the concept 
of Neutrosophy with hyperstructures theory. In this regard, we introduce NeutroSemihypergroups as 
well as NeutroH,-Semigroups and study their properties by providing several illustrative examples. 


Keywords: NeutroHypergroupoid; NeutroSemihypergroup; NeutroHy-semigroup; NeutroHyper- 
ideal; NeutroStronglsomorphism 


1. Introduction 


In 1995 and inspired by the existence of neutralities, Smarandache introduced Neu- 
trosophy as a new branch of Philosophy that deals with indeterminacy. During the past, 
ideas were viewed as “True” or “False”; however, if we view an idea from a neutrosophic 
point of view, it will be “True”, “False”, or “Indeterminate”. The indeterminacy is the 
key that distinguishes Neutrosophy from other approaches. In the past twenty years, 
this field demonstrated important progress in which it grabbed the attention of many 
researchers and different works were done from both a theoretical point of view and from 
an applicative view. Unlike our real world that is full of imperfections and partialities, 
abstract systems are constructed on a given perfect space (set), where the operations are 
totally well-defined and the axioms are totally true for all spacial elements. Starting from 
the latter idea, Smarandache [1-3] introduced NeutroAlgebra, whose operations are par- 
tially well-defined, partially indeterminate, and partially outer-defined, and the axioms are 
partially true, partially indeterminate, and partially false. Many researchers worked on 
special types of NeutroAlgebras by applying them to different types of algebraic structures 
such as groups, rings, BE-Algebras, BCK-Algebras, etc. For more details, we refer to [4-10]. 

On the other hand, hyperstructure theory is a generalization of classical algebraic 
structures and was introduced in 1934 at the eighth Congress of Scandinavian Mathemati- 
cians by Marty [11]. Marty generalized the notion of groups by defining hypergroups. 
The class of algebraic hyperstructures is larger than that of algebraic structures where the 
operation on two elements in the latter is again an element, whereas the hyperoperation of 
two elements in the first class is a non-void set. For details about hyperstructure theory and 
its applications, we refer to the articles [12-15] and the books [16-18]. A generalization of 
algebraic hyperstructures, known as weak hyperstructures (Hy-structures), was introduced 
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in 1994 by Vougiouklis [19]. The axioms in the latter are weaker than that of algebraic 
hyperstructures. For details about H,-structures, we refer to [19-22]. 

As a natural extension of NeutroAlgebraicStructure, NeutroHyperstructure was de- 
fined recently [23,24] where Ibrahim and Agboola [23] defined NeutroHypergroups and 
studied a special type. Our paper is concerned about some NeutroHyperstructures and is 
organized as follows: Section 2 presents some basic preliminaries related to hyperstructure 
theory. Section 3 defines NeutroSemihypergroups, NeutroH,-Semigroups, and some re- 
lated new concepts and illustrates these new concepts via examples. Moreover, we study 
some properties of their subsets under NeutroStrongHomomorphism. 


2. Algebraic Hyperstructures 

In this section, we present some definitions and examples about (weak) algebraic 
hyperstructures that are used throughout the paper. For more details about hyperstructure 
theory, we refer to [16-20]. 


Definition 1 ([16]). Let H be a non-empty set and P*(H) be the family of all non-empty subsets 
of H. Then, a mapping o : H x H — P*(H) is called a binary hyperoperation on H. The couple 
(H, 0) is called a hypergroupoid. 
If A and B are two non-empty subsets of H and h € H, then we define: 
AoB= VU aob,hoA={h}oAand Aoh= Ao fh}. 
A 
beB 
A hypergroupoid (H,°) is called a semihypergroup if the associative axiom is satisfied. 
ie., for every x,y,z € H, x0 (yoz) = (xoy) oz. Inother words, 


U xou= U voz. 
uUcyoz vExoy 


An element h in a hypergroupoid (H, 0°) is called idempotent if hoh = h. 


Example 1. Let H be any non-empty set and define “x” on H as follows. For all x,y € H, 
xxy = {x,y}. Then (H, x) is a semihypergroup. 


Example 2. Let Ho = {e,b,c} and (Ho, +) be defined by the following table. 


b c 
{e,b} {e,c} 
{e,b} {e,c} 
{e,b} {e,c} 


Then (Ho, +) is a semihypergroup and e is an idempotent element in Ho. 


ae alt 
WR WR RIA 


As a generalization of algebraic hyperstructures, Vougiouklis [19,20] introduced H,- 
structures. Weak axioms in Hy-structures replace some axioms of classical algebraic hyper- 
structures. 


Definition 2 ([19,20]). A hypergroupoid (H,0) is called an Hy-semigroup if the weak associative 
axiom is satisfied. i.e., (xo (yoz))N ((xoy)oz) €Oforall x,y,z € H. 


Example 3. Let H; = {0,1,2,3} and “+” be the hyperoperation on Hy, defined by the follow- 


ing table. 
+ 0 1 2 3 
0 0 1 {0,2} 3 
1 1 2 3 0 
2 2 3 0 1 
3 3 0 1 2 
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Then (H,,+) isan Hy-semigroup. 
Remark 1. Every semigroup is a semihypergroup and every semihypergroup is an Hy-semigroup. 


Definition 3 ([17]). Let (H,°) be a semihypergroup (Hy-semigroup) and M # © C H. Then M 

isa 

1. subsemihypergroup (Hy-subsemigroup) of H if (M,°) is a semihypergroup (Hy-semigroup). 

2. left hyperideal of H if M is a subsemihypergroup (Hy-subsemigroup) of H and hoa C M for 
allh € H. 

3. right hyperideal of H if M is a subsemihypergroup (Hy-subsemigroup) of H and aoh C M for 
allh € H. 

4. hyperideal of H if M is both: a left hyperideal of H and a right hyperideal of H. 


Remark 2. Let (H,0°) be a semihypergroup (Hy-semigroup) and M # © C H. To prove that M 
is subsemihypergroup (Hy-subsemigroup) of H, it suffices to show that ao b C M for alla,b € M. 


3. NeutroHyperstructures 


In this section, we define NeutroSemihypergroups and NeutroH,-Semigroups, present 
some illustrative examples, and study several properties of some important subsets of 
NeutroSemihypergroups and NeutroH,-Semigroups. 

Definition 4. Let A be any non-empty set and “-” be a hyperoperation on A. Then “.” is called 

a NeutroHyperoperation on A if some (or all) of the following conditions hold in a way that 

(T,1,F) € {(1,0,0), (0,0,1)}. 

1. There exist x,y € A with x -y C A. (This condition is called degree of truth, “T”). 

2. There exist x,y € A with x-y £ A. (This condition is called degree of falsity, “F”). 

3. There exist x,y € A with x -y is indeterminate in A. (This condition is called degree of 
indeterminacy, “I”’). 


“on 


Definition 5. Let A be any non-empty set and “-” be a hyperoperation on A. Then “:” is called an 


AntiHyperoperation on A ifx-y £ A forall x,y € A. 

Definition 6. Let A be any non-empty set and “:” be a hyperoperation on A. Then “.” is called 

NeutroAssociative on A if there exist x,y,z,a,b,c,e,f,g € A satisfying some (or all) of the 

following conditions in a way that (T,1,F) ¢ {(1,0,0), (0,0,1)}. 

1. x-(y-+z) = (x-y)-z; (This condition is called degree of truth, “T”). 

2. a-(b-c) € (a-b) - c; (This condition is called degree of falsity, “F”). 

3. e-(f +g) is indeterminate or (e - f) - g is indeterminate or we cannot find if e- (f - g) and 
(e- f) - g are equal. (This condition is called degree of indeterminacy, “I”). 


Definition 7. Let A be any non-empty set and “-” be a hyperoperation on A. Then “.” is called 
AntiAssociative on A ifa-(b-c) # (a-b)-c foralla,b,c € A. 
Definition 8. Let A be any non-empty set and “.” be a hyperoperation on A. Then “-” is called a 


NeutroWeakAssociative on A if there exist x, y,z,a,b,c,e, f,g € A satisfying some (or all) of the 
following conditions in a way that (T,1,F) € {(1,0,0), (0,0,1)}. 

[x- (y-z)] MN [(x-y) +z] 4 QD; (This condition is called degree of truth, “T”). 

[a-(b-c)] M[(a-b) -c] = @; (This condition is called degree of falsity, “F”). 

e- (f - g) is indeterminate or (e- f) - g is indeterminate or we cannot find if e- (f - g) and 
(e- f) - ¢ have common elements. (This condition is called degree of indeterminacy, “I”). 


1 
Zz: 
3. 


Definition 9. Let A be a non-empty set and “-” be a hyperoperation on A. Then (A,-) is called a 


1. NeutroHypergroupoid if “.” is a NeutroHyperoperation. 
2. NeutroSemihypergroup if “.” is NeutroAssociative but not an AntiHyperoperation. 
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3. NeutroHy-Semigroup if “.” is NeutroWeakAssociative but not an AntiHyperoperation. 


Example 4. Let A = {0,1} and (A, +) be defined by the following table. 


+ 0 1 
0 | {0,1} oO 
1 1 0 


Then (A, +) is a NeutroSemihypergroup and NeutroH,-Semigroup. This is clear as 
0+ (0+0) = {0,1} = (0+0)+0and (1+1)+1=041=1+(1+1). 


“i 


Example 5. Let R be the set of real numbers and define “x” on R as follows. 


ey) fay 
x 


meat) SYS 
0 ifx=y=0; 
© fx=y A. 


Then (IR, x) is a NeutroSemihypergroup. This is clear as (1*1)*1 =1=1x(1x«1) and 
(1*2) «2 = {5} U[L2] A [4,1] =1* (22). 


Example 6. Let M = {m,a,d} and (M,-) be defined by the following table. 


m a d 
m m m 
a m {m,a} d 
d m d d 


Then (M,-) isa NeutroSemihypergroup. This is clearasm-(m-m) =m = (m-m)-mand 
a-(a-d) =d #4 {m,d} = (a-a)-d. 


Remark 3. It is well known in classical algebraic hyperstructures that every semihypergroup is 
a hypergroupoid. This may fail to occur in NeutroHyperstructures. In Example 6, (M,-) is a 
NeutroSemihypergroup that is not a NeutroHypergroupoid. 


Proposition 1. Every Hy-semigroup that is not a semihypergroup and has an idempotent element 
is a NeutroSemihypergroup. 


Proof. Let (H,o) be an Hy-semigroup with h? = h for some h € H. Thenho(hoh) =h= 
(hoh) oh. Since (H,°) is not a semihypergroup, it follows that there exist x,y,z € H with 
xo(yoz) € (xoy) oz. Therefore, (H,°) is a NeutroSemihypergroup. 


Example 7. Let M = {m,a,d} and (M,°) be defined by the following table. 


© m a d 
m m {ad} d 
a | {a,d} d m 
d d m a 


Then (M,©) is an Hy-semigroup having m as an idempotent element and hence, it is a 
NeutroSemihypergroup. 
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Remark 4. It is well known in algebraic hyperstructures that every semihypergroup is an Hy- 
semigroup. This may not hold in NeutroHyperstructures. 1.e., A NeutroSemihypergroup may not 


be a NeutroHy-Semigroup. 
The Hy-semigroup (M,«) in Example 7 is a NeutroSemihypergroup that is not NeutroHy- 


Semigroup. 
Example 8. Let Z be the set of integers and define “” on Z? as follows. For all m,n, p,q € Z, 
(m,0) & (0,0) = (0,0) & (m,0) = {(0,0), (m,0)}, 
(0,1) © (0,0) = (0,0) © (0,2) = {(0,0), (0,n)}, 
and if (1, p,q) # (0,0,0), (m, p,q) # (0,0,0) 
(m,n) & (p,q) = (p,q) ® (m,n) = (m+ pn +4). 
Then (Z*, @) is a NeutroSemihypergroup. This is clear as 
[(1,2) @ (1,3)] ® (1,4) = (3,9) = (1,2) ® [(1,3) © (1,4)] 
and 
[(1,0) @ (1,0)] ® (0,0) = {(2,0), (0,0)} A {(2,0), (1,0), (0,0)} = (1,0) & [(1,0) © (0,0)]. 
Example 9. Let Z be the set of integers and define “©” on Z? as follows. For all m,n, p,q € Z, 


(mp,nq) if (m,n) # (1,1) and (p,q) 4 (1,1); 
(m,n) © (p94) = § {(p,9),(1,1)} if (m,n) = (1,1); 
{(m,n),(1,1)} if (p,q) = (1,1). 


Then (Z*, ©) is a NeutroSemihypergroup. This is clear as 
[(1,2) © (1,3)] © (1,4) = (1,24) = (1,2) © [(1,3) © (1,4)] 


and 


(1,1) © [(2,2) © (3,3)] = {(L,1), (6,6)} 4 {(1,1), (3,3), (6,6)} = [(1,1) © (2,2)] © (3,3). 


Example 10. Let Z¢ be the set of integers under addition modulo 6 and define “EA” on Ze¢ as follows. 


xBy=(x+y) mod 6forall (x,y) ¢ {(0,3),(0,5)}, 


0H3 = {0,3}, and0H5 = {0,5}. 
Then (Z6, 1) is a NeutroSemihypergroup. This is clear as 0H (00) = 0 = (00) HO 
and 0 (12) = {0,3} 43 = (0B1) H2. 


Example 11. Let M = {m,a,d} and (M,e) be defined by the following table. 


° a d 
m a a d 
a |{m,as om d 
d d d m 


Then (M,e) is a NeutroH,-Semigroup. This is clear as 


[me (me m)| 9 [(mem) em] = {a}N {m, a} £@ 
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and 
[me (ded)] 7 [(med) od] = {a} M{m} =9. 


Moreover, (M,e) is a NeutroSemihypergroup as de (ded) = (ded) ed. 
Remark 5. Every NeutroSemigroup is both: a NeutroSemihypergroup and a NeutroH,-Semigroup. 
So, the results related to NeutroSemihypergroups (NeutroHy-Semigroups) are more general than 


that related to NeutroSemigroups and as a result, we can deal with NeutroSemigroups as a special 
case of NeutroSemihypergroups (NeutroHy-Semigroups). 


Example 12. Let S; = {s,a,m} and (S,,-1) be defined by the following table. 


ial! 


Za sis 


S32 %/8 


2 
3 3 2I]oa 


In [6], Al-Tahan et al. proved that (S1,-1) is a NeutroSemigroup. Thus, (S1,-1) is a Neu- 
troSemihypergroup. 


Theorem 1. Let (H,°) be a NeutroSemihypergroup (NeutroHy-Semigroup) and “x” be defined 
on Hasxxy = yox forall x,y © H. Then (H,x) is a NeutroSemihypergroup (NeutroHp- 
Semigroup). 


Proof. The proof is straightforward. 


Example 13. Let M = {m,a,d} and (M, e) be the NeutroSemihypergroup defined in Example 11. 
By applying Theorem 1, we get that (M, ®) defined in the following table is a NeutroSemihypergroup 
and a NeutroH,-Semigroup. 


® m a d 
m a {m,a} d 
a a m d 
d d d m 


Definition 10. Let (H,0) be a NeutroSemihypergroup (NeutroHy-Semigroup) and S #@ C H. 
Then S is a NeutroSubsemihypergroup (NeutroHy-Subsemigroup) of H if (S,0) is a NeutroSemi- 
hypergroup (NeutroHy-Semigroup). 


Remark 6. Let (H,©) be a NeutroSemihypergroup (NeutroHy-Semigroup) and S # © C H. 
Unlike the case in algebraic hyperstructures (Remark 2), proving thataob C S forall a,b € S does 
not imply that S is a NeutroSubsemihypergroup (NeutroHy-Subsemigroup) of H. 


As an illustration of Remark 6,0*«0 = {0} C {0} in Example 5 but {0} is not a 
NeutroSubsemihypergroup of R. 


Definition 11. Let (H,0©) be a NeutroSemihypergroup (NeutroH,-Semigroup) and S A © CH 

be a NeutroSubsemihypergroup (NeutroH,-Subsemigroup). Then 

(1) Sisa NeutroLeftHyperideal of H if there exists x € S such thatrox CS forallr € H. 

(2) Sisa NeutroRightHyperideal of S if there exists x € S such that x or C S forallr € H. 

(3) Sis a NeutroHyperideal of H if there exists x € S such thatrox C Sandxor CS for 
allr € H. 


A NeutroSemihypergroup (NeutroHy-Semigroup) is called simple if it has no proper 
NeutroSubsemihypergroups (NeutroH,-Subsemigroups). 
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Example 14. Let (A, +) be the NeutroSemihypergroup defined in Example 4. Then A is simple. 
This is clear as {0} and {1} are the only options for any possible proper NeutroSubsemihypergroup 
and ({0},+) and ({1}, +) are AntiHypergroupoids. 


Example 15. Let (M,e) be the NeutroSemihypergroup defined in Example 11. Then {m,a} isa 
NeutroSubsemihypergroup of M. 


Example 16. Let (Z?,@) be the NeutroSemihypergroup defined in Example 8, M, = {(x,0) : 
x € Z},and Mz = {(0,x) : x € Z}. Then My, Mp are NeutroSubsemihypergroups of Z?. 


Remark 7. The intersection of NeutroSubsemihypergroups may fail to be a NeutroSubsemihypergroup. 
This is clear from Example 16 as {(0,0)} = MyM Mg is not a NeutroSubsemihypergroup of Z7. 


Lemma 1. Let (H,o) be a NeutroSemihypergroup (NeutroHy-Semigroup) and A,B be hyper- 
groupoids. If A, B are NeutroSubsemihypergroups (NeutroHy-Subsemigroups) of H then A U B is 
a NeutroSubsemihypergroup (NeutroHy-Subsemigroup) of H. 


Proof. Let A, B be NeutroSubsemihypergroups. Since A and B are hypergroupoids, it 
follows that “o” is NeutroAssociative on both of A and B. The latter implies that there exist 
x,y,z,a,b,c,e,f,g € A C AUB satisfying some (or all) of the following conditions in a 
way that (T,1,F) ¢ {(1,0,0), (0,0,1)}. 

1. T: x0 (yoz) = (xoy) oz; 

2. F:ao(boc) 4 (aob)oc; 

3. I: e0(f 0g) is indeterminate or (eo f) o g is indeterminate or we cannot find if eo (f 0g) 

and (eo f) o g are equal. 


Therefore, A U B is a NeutroSubsemihypergroup of H. The proof of (NeutroH,- 
Subsemigroup is done similarly. O 


Example 17. Let (Z*, ©) be the NeutroSemihypergroup defined in Example 9, Ny = {(x,y) € 
Z? : x,y > 1}U{(0,0)}, and No = {(x,y) € Z*: x,y < 1}U {(0,0)}. Then Nj, No are 
NeutroHyperideals of Z?. We show that N, is a NeutroHyperideal of Z* and Nz may be done 
similarly. Since 


[(1,2) © (1,3)] © (1,4) = (1,24) = (1,2) © [(1,3) © (1,4)] 
and 
(1,1) © [(2,2) © (3,3)] = {(1,1), (6,6) } # {(L 0), (3,3), (6,6)} = [(1,1) © (2,2)] © (3,3), 
it follows that Ny is a NeutroSubsemihypergroup of Z*. Having (0,0) € Ny and forall (r,s) € Z?, 


(0,0) if(ns) AM: © 


N: 
{(0,0),(1,1)} otherwise. . 


(r,s) © (0,0) = (0,0) 0 (r,s) = 


implies that N is a NeutroHyperideal of Z?. 


Remark 8. The intersection of NeutroHyperideals may fail to be a NeutroHyperideal. This is clear 
from Example 17 as {(0,0), (1,1)} = N,N Np is not a NeutroHyperideal of Z?. 


Lemma 2. Let (H,o) be a NeutroSemihypergroup (NeutroHy-Semigroup) and A,B be hyper- 
groupoids. If A,B are NeutroLeftHyperideals (NeutroRightHyperideals or NeutroHyperideals) of 
H. Then A U B is a NeutroLeftHyperideal (NeutroRightHyperideal or NeutroHyperideal) of H. 


Proof. Let A, B be NeutroLeftHyperideals of H. Lemma 1 asserts that A U B is a Neutro- 
Subsemihypergroup (NeutroH,-Subsemigroup) of H. Since A is a NeutroLeftHyperideal 
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of H, it follows that there exists a € A such that roa C A for all r € H. The latter 
implies that there exists a € AUB such thatroa C AUB forallr ¢ H. Thus, AUBisa 
NeutroLeftHyperideal of H. 


Definition 12. Let (H,o), (H', x) be NeutroSemihypergroups (NeutroH,-Semigroups) and ¢ : 
H — H' bea function. Then 


(1) is called NeutroHomomorphism if (x oy) = (x) x p(y) for some x,y € A. 

(2) is called Neutrolsomomorphism if $ is a bijective NeutroHomomorphism. 

(3) is called NeutroStrongHomomorphism if for all x,y € A, o(x oy) = o(x) x p(y) when 
xoy CH, p(x) *«@(y) ZH’ when xoy £ H, and $(x) x p(y) is indeterminate when 
xo y is indeterminate. 

(4) is called NeutroStronglsomomorphism if $ is a bijective NeutroOrderedStrongHomomor- 
phism. In this case we say that (H,o) “s; (H',x). 


Example 18. Let (M,e) and (M,@) be the NeutroSemihypergroups defined in 
Examples 11 and 13, respectively. Then (M,e) =s; (M,@®) as @ : (M,e) > (M,@) isa 
NeutroStonglsomorphism. Here, 


go(m) =a,o(a) =m, and g(d) =d. 
Theorem 2. The relation “=,” is an equivalence relation on the set of NeutroSemihypergroups 
(NeutroHy-Semigroups). 
Proof. By taking the identity map, we can easily prove that “s,” is a reflexive relation. 
Let A gs; B. Then there exists a NeutroStronglsomorphism ¢ : (A,*x) — (B,@®). We 
prove that the inverse function ¢~! : B — A of ¢ is a NeutroStronglsomorphism. For all 
by, b2 € B, there exist 41,42 € A with (a1) = b and #(az) = bz. We have 


p (by ® by) = & '(P(a1) ® O(a) 


We consider the following cases for $(a1) ® (az). 
Case $(a1) ® @(a2) C B. Having ¢ a NeutroStrongIlsomorphism and (a1) ® $(a2) C 
B imply that a, x a2 C A and hence, 


p (by ® bz) = & '(G(a1) ® G(a2)) = & | (P(ay * az) = ay kay = P 1 (by) * P| (ba). 


Case (a1) ®f(az) £ B. Suppose, to get contradiction, that p !(p(a1)) «~~ !((a2)) = 
a, x a2 C A or indeterminate. Then by using our hypothesis that ¢ is NeutroStronglsomor- 
phism, we get that $(a,) ® @(az) C B or indeterminate. 

Case (a1) ® (az) is indeterminate. Suppose, to get contradiction, that p~!(#(a1)) * 
p '(p(az)) = a, *ay C A ora, xa & A. Then by using our hypothesis that ¢ is Neu- 
troStronglsomorphism, we get that (a1) ® (a2) C B or $(a1) ® (a2) Z B. 

Thus, B =s; A and hence, “=s;” is a symmetric relation. Let A =s; Band B sg; C. 
Then there exist NeutroStronglsomorphisms ¢ : A — B and p : B > C. One can easily see 
that the composition function po g: A — C of p and ¢ is a NeutroStronglsomorphism. 
Thus, A &s; C and hence, ““s7” is a transitive relation. 


Lemma 3. Let (H,0), (H’,*) be NeutroSemihypergroups (NeutroHy-Semigroups) and ¢ : 
H — H' bean injective NeutroStrongHomomorphism. If M C H is a NeutroSubsemihyper- 
group (NeutroHy-Subsemigroup) of H then @(M) is a NeutroSubsemihypergroup (NeutroH,- 
Subsemigroup) of H’. 

Proof. Let M be a NeutroSubsemihypergroup of H. If “o” 
M then it is clear that “x” is NeutroHyperoperation on @(M). If 


is NeutroHyperoperation on 
“o” is NeutroAssociative 
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then there exist x, y,z,a,b,c,d,e, f € Msatisfying some (or all) of the following conditions 
in a way that (T,I,F) ¢ {(1,0,0), (0,0,1)}. 
1. T: x0 (yoz) = (xoy) oz; 
2. F:ao(boc) 4 (aob)oc; 
3. I: eo (fog) is indeterminate or (e 0 f) o g is indeterminate or we cannot find if eo (f og) 
and (eo f) o g are equal. 
The latter and having ¢ an injective NeutroStrongHomomorphism imply that some 
(or all) of the following conditions are satisfied in a way that (T,1,F) ¢ {(1,0,0), (0,0, 1)}. 
1. T: p(x) & (PY) * P(Z)) = (P(X) * O(Y)) * PZ) 
2. F: p(a) * (p(b) x p(c)) F (P(4) x G(b)) * P(e); 
3. I: p(e) x (P(f) * $(g)) is indeterminate or (p(e) * P(f)) * $(g) is indeterminate or we 
cannot find if p(e) x (p(f) * $(g)) and (P(e) * P(f)) * (g) are equal. 
Thus, @(M) is a NeutroSubsemihypergroup. The proof that ¢(M) is a NeutroH,- 
Subsemigroup of H’ is done similarly. 


Example 19. Let (M,e) and (M,@) be the NeutroSemihypergroups defined in 
Examples 11 and 13, respectively. Example 15 asserts that {m,a} is a NeutroSubsemihyper- 
group of (M,e). Using Example 18 and Lemma 3, we get that {a,m} = {p(m),(a)} isa 
NeutroSubsemihypergroup of (M,®). 


Lemma 4. Let (H,0), (H', x) be NeutroSemihypergroups (NeutroHy-Semigroups) and p: H > 

H! be a NeutroStrongIlsomomorphism. If N © H! is a NeutroSubsemihypergroup (NeutroHy- 

Subsemigroup) of H' then @~!(N) is a NeutroSubsemihypergroup (NeutroHy-Subsemigroup) 

of H. 

Proof. Let N C H’ be a NeutroSubsemihypergroup of H’. If “x” is NeutroHyperop- 

eration on N then it is clear that “o” is NeutroHyperoperation on @~!(N). Let “x” be 

NeutroAssociative. Having ¢ is an onto NeutroStrongHomomorphism implies that there 

exist p(x), p(y), 6(z), (a), p(b), P(c), P(d), P(e), (f) € N satisfying some (or all) of the 

following conditions in a way that (T, I, F) ¢ {(1,0,0), (0,0, 1)}. 

1. T: p(x) * (PY) * P(Z)) = (P(x) * PY) * PZ); 

2. PF: pa) * (P(b) x plc) (PCa) * P(b)) * P(e); 

3. I: P(e) * (P(f) * #(g)) is indeterminate or (P(e) * H(f)) * (g) is indeterminate or we 
cannot find if p(e) x (p(f) * (g)) and (P(e) * P(f)) * P(g) are equal. 


Having ¢ be an injective NeutroStrongHomomorphism implies that there exist x, y, Z, 4, 
b,c,d,e,f € @ !(N) satisfying some (or all) of the following conditions in a way that 
(lL F) € 1 (10,0), (0,019). 

1. T: x0 (yoz) = (xoy) oz; 

2. F:ao(boc) 4 (aob)oc; 

3. I: eo (fog) is indeterminate or (e 0 f) o g is indeterminate or we cannot find if eo (f og) 
and (eo f) o g are equal. 

Thus, @~!(N) is a NeutroSubsemihypergroup of H. The proof that @~!(N) is a 
NeutroH,-Subsemigroup of H may be done similarly. 


Theorem 3. Let (H, 0), (H’, x) be NeutroSemihypergroups (NeutroHy-Semigroups) and p : H + 
H! be a NeutroStrongIsomorphism. Then M C H is a NeutroSubsemihypergroup (NeutroHy- 
Subsemigroup) of H if and only if @(M) is a NeutroSubsemihypergroup (NeutroH»-Subsemigroup) 
of H’. 


Proof. The proof follows from Theorem 2 and Lemmas 3 and 4. 


Corollary 1. Let (H,o), (H’,«) be NeutroSemihypergroups (NeutroHy-Semigroups) and @ : 
H — H' be a NeutroStronglsomorphism. Then H is simple if and only if H' is simple. 
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Proof. The proof follows from Theorem 3. 


Lemma 5. Let (H,0), (H', x) be NeutroSemihypergroups (NeutroHy-Semigroups) and @ : H > 
H' be a NeutroStronglsomorphism. If M C H is a NeutroLeftHyperideal (NeutroRightHyperideal 
or NeutroHyperideal) of H then ~(M) is a NeutroLeftHyperideal (NeutroRightHyperideal or 
NeutroHyperideal) of H’. 


Proof. Let M C H be a NeutroLeftHyperideal of H. Lemma 3 asserts that @(M) is a 
NeutroSubsemihypergroup (NeutroH,-Subsemigroup) of H’. Having M a NeutroLeftHy- 
perideal of H implies that there exists x € M such that rox C M forallr € H. Having ¢ an 
onto NeutroStrongHomomorphism implies that p(r) * (x) C $(M) forall s = p(r) € H’. 
Thus, ¢(M) is a NeutroLeftHyperideal of H’. The proofs of NeutroRightHyperideal and 
NeutroHyperideal are done similarly. 


Lemma 6. Let (H,0), (H’, x) be NeutroSemihypergroups (NeutroHy-Semigroups) and @ : H + 
H! be a NeutroStronglsomorphism. If N C H' is a NeutroLeftHyperideal (NeutroRightHyperideal 
or NeutroHyperideal) of H' then @~!(N) is a NeutroLeftHyperideal (NeutroRightHyperideal or 
NeutroHyperideal) of H. 


Proof. Let N C H’ be a NeutroLeftHyperideal of H. Lemma 3 asserts that p!(N) isa 
NeutroSubsemihypergroup (NeutroH,-Subsemigroup) of H. Having N a NeutroLeftHy- 
perideal of H’ implies that there exists y € N such thats xy C N for alls € H’. Since 
¢ is an NeutroStrongHomomorphism, it follows that @(ro x) C N for all r € H where 
y = (x). The latter implies that there exists x € @~!(N) withrox C @7!(N) forallr € H. 
Thus, @~!(N) is a NeutroLeftHyperideal of H. The proofs of NeutroRightHyperideal and 
NeutroHyperideal are done similarly. 


Theorem 4. Let (H,o), (H',x) be NeutroSemihypergroups (NeutroH,-Semigroups) and  : 
H — Ht! be a NeutroStronglsomorphism. Then M C H is a NeutroLeftHyperideal (Neu- 
troRightHyperideal or NeutroHyperideal) of H if and only if ¢(M) is a NeutroLeftHyperideal 
(NeutroRightHyperideal or NeutroHyperideal) of H'. 


Proof. The proof follows from Theorem 2, Lemmas 5 and 6. 


Let Hy be any non-empty set for all a € I and “-,” be a hyperoperation on H,. We 
define “o” on [yer Hy as follows: For all (xa), (Ya) € Tver Har (Xe) © (Ya) = {(ta) : ta € 
Xa cw Yah. 


Theorem 5. Let (H1,0,) and (H2,02) be hypergroupoids. Then (H, x H2,0) is a NeutroSemi- 
hypergroup (NeutroHy-Semigroup) if and only if either (H,,0,) is a NeutroSemihypergroup 
(NeutroH,-Semigroup) or (Hz, 02) is a NeutroSemihypergroup (NeutroH,-Semigroup) or both are 
NeutroSemihypergroups (NeutroHy-Semigroups). 


Proof. The proof is straightforward. 


Example 20. Let (IR, <) be the semihypergroup defined as: x * y = {x,y} for all x,y € Rand 
(M, -) be the NeutroSemihypergroup defined in Example 6. Then the following are true. 


1. (Rx M,0) is a NeutroSemihypergroup, 
2. (Mx R,0) is a NeutroSemihypergroup, and 
3. (Mx M,0) is a NeutroSemihypergroup. 


In what follows, we present a way to construct anew NeutroSemihypergroup (NeutroH>- 
Semigroup) from an existing one. This tool is of great importance to prove that for any pos- 
itive integer n > 2, there exists at least one NeutroSemihypergroup (NeutroH,-Semigroup) 
of order n. 
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Let (H,o) be a NeutroSemihypergroup (NeutroH,-Semigroup) and J be any non- 
empty set such that HM J = ®@ and (HoH) MJ = ©. The extension H|J] of H by J is given 
as H|J] = HU J. We define the hyperoperation “©” on H{J] as follows. 


xoy  ifx,y€ dH; 
xOy= 
HUJ _ otherwise. 


Theorem 6. Let (H,°) be a NeutroSemihypergroup (NeutroHy-Semigroup) and J be any non- 
empty set such that HN J = ®and (HoH) J = @. Then (H{J], ©) is a NeutroSemihypergroup 
(NeutroH,-Semigroup). 

Proof. Let (H,o) be a NeutroSemihypergroup. If “o” is a NeutroHyperoperation then 
there exist u,v,w,x,y,z € H with uov C H representing “T”, wo x ¢ A representing 
“PF”, yo z is indeterminate representing “I”. Where (T,1,F) ¢ {(1,0,0), (0,0,1)}. Since 
(HoH)NJ =@, it follows that there exist u,v, w,x,y,z € H with uov C H[{]J] representing 
“T”’,wox £ H{]J]| representing “F” (aswox £¢ Hand wox ¢ J), yoz is indeterminate 
representing “I”. Where (T,1,F) ¢ {(1,0,0), (0,0,1)}. Thus, “©” is NeutroHyperoperation 
on HJ]. If “o” is NeutroAssociative on H then it is clear that “©” is NeutroAssociative on 
H[{J]. Therefore, (H[J], ©) is a NeutroSemihypergroup. The case (H|J],©) is a NeutroH,- 
Semigroup is done similarly. 


Example 21. Let (M,-) be the NeutroSemihypergroup defined in Example 6 and N = {n}. Then 
M{N] = {m,a,d,n} and (M[N], ©) is the NeutroSemihypergroup defined by the following table. 


© m a d n 

m m m m {m,a,d,n} 
a m {m, a} d {m,a,d,n} 
d m d d {m,a,d,n} 
n {m,a,d,n} {m,a,d,n} {m,a,d,n} {m,a,d,n} 


Theorem 7. Let n > 2 be an integer. Then there is at least one NeutroSemihypergroup of order n. 


Proof. The proof follows from Example 4 and Theorem 6. 


Corollary 2. There are infinitely many NeutroSemihypergroups up to NeutroStronglsomorphism. 


Proof. The proof follows from Theorem 7. 


Theorem 8. Let n > 2 be any integer. Then there is at least one NeutroHy-Semigroup of order n. 


Proof. The proof follows from Example 4 and Theorem 6. 


Corollary 3. There are infinitely many NeutroHy-Semigroups up to NeutroStronglsomorphism. 


Proof. The proof follows from Theorem 8. 


4. Conclusions 


In this paper, we discussed the properties of some NeutroHyperstructures. More 
precisely, we introduced NeutroSemihypergroups (NeutroH,-Semigroups), constructed 
several examples, and studied some of their important subsets under NeutroStronglsomor- 
phism. It was shown through examples that some of the well known results for algebraic 
hyperstructures do not hold for NeutroHyperstructures. Moreover, it was proved that 
there is at least one NeutroSemihypergroup (NeutroH,-Semigroups) of order n where n is 
any integer greater than one. The results in this paper may be considered as a base for any 
possible study in the field of NeutroHyperstructures. 
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For future research, we raise the following ideas. 


1. Find all NeutroSemihypergroups (NeutroH,-Semigroups) of small order (up to Neu- 
troStrongIsomorphism). 

2. Find bounds for the number of finite NeutroSemihypergroups (NeutroH,-Semigroups) 
of arbitrary order n (up to NeutroStrongIlsomorphism). 

3. Classify simple NeutroSemihypergroups (NeutroH,-Semigroups) up to NeutroStrong]- 
somorphism. 

4. Define other NeutroHyperstructures such as NeutroPolygroup, NeutroHyperring, etc. 

5. Find applications of NeutroHyperstructures in some fields like Biology, Physics, 
Chemistry, etc. 
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ABSTRACT 


The purpose of this paper is to introduce the notation of single-valued neutrosophic hyper BCK-subalgebras and a novel concept 
of neutro hyper BCK-algebras as a generalization and alternative of hyper BCK-algebras, that have a larger applicable field. In 
order to realize the article’s goals, we construct single-valued neutrosophic hyper BCK-subalgebras and neutro hyper BCK- 
algebras on a given nonempty set. The result of the research is the generalization of single-valued neutrosophic BCK-subalgebras 
and neutro BCK-algebras to single-valued neutrosophic hyper BCK-subalgebras and neutro hyper BCK-algebras, respectively. 
Also, some results are obtained between extended (extendable) single-valued neutrosophic BCK-subalgebras and single-valued 
neutrosophic hyper BCK-subalgebras via fundamental relation. The paper includes implications for the development of single- 
valued neutrosophic BCK-subalgebras and neutro BCK-algebras and for modelling the uncertainty problems by single-valued 
neutrosophic hyper BCK-subalgebras and neutro hyper BCK-algebras. The new conception of single-valued neutrosophic hyper 
BCK-subalgebras and neutro hyper BCK-algebras was given for the first time in this paper. We find a method that can apply these 


concepts in some complex networks. 


1. Introduction 


The theory of logical (hyper) algebra is related to the study of 
certain propositional calculi and tries to solve logical prob- 
lems using (hyper) algebraic methods. Jun et al. [1] has in- 
troduced a logical (hyper) algebra named hyper BCK-algebras 
as development of BCK-algebras, which were initiated by 
Imai and Iseki [2] in 1966 as a generalization of the concept of 
set-theoretic difference and propositional calculus. The theory 
of neutrosophic set as an extension of classical set and 
(intuitionistic) fuzzy set [3], and interval-valued (intuition- 
istic) fuzzy set, is introduced by Smarandache for the first time 
in 1998 [4] and mentioned second time in 2005 [5]. This 
concept handles problems involving imprecise, indetermi- 
nacy, and inconsistent data and describes an important role in 
the modelling of unsure hypernetworks in all sciences. Re- 
cently, due to the importance of these subjects, by combining 
the neutrosophic sets and (hyper) BCK-algebras, some re- 
searchers worked in more branches of neutrosophic (hyper) 
BCK-algebras such as MBJ-neutrosophic hyper BCK-ideals in 
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hyper BCK-algebras, an approach to BMBJ-neutrosophic 
hyper BCK-ideals of hyper BCK-algebras, structures on doubt 


neutrosophic ideals of (BCK/BCI)-algebras under 
(S, T)-norms, BMB)J-neutrosophic subalgebras in 
(BCI/BCK)-algebras, MB)J-neutrosophic ideals of 


(BCK/BC]I)-algebras, implicative neutrosophic quadruple 
BCK-algebras and ideals, neutrosophic hyper BCK-ideals, 
implicative neutrosophic quadruple BCK-algebras and ideals, 
bipolar-valued fuzzy soft hyper BCK ideals in hyper BCK- 
algebras, single-valued neutrosophic ideals in Sostak’s sense, 
and multipolar intuitionistic fuzzy hyper BCK-ideals in hyper 
BCK-algebras [6-16]. Recently, a novel concept of neu- 
trosophy theory titled neutro (hyper) algebra as development 
of classical (hyper) algebra and partial (hyper) algebra is 
introduced by Smarandache [17]. 

A neutro (hyper) algebra is a system that has at least one 
neutro (hyper) operation or one neutro axiom (axiom that is 
true for some elements, indeterminate for other elements, 
and false for the other elements), while a partial (hyper) 
algebra is a (hyper) algebra that has at least one partial 
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(hyper) operation, and all its axioms are classical (i-e., ax- 
ioms true for all elements). Smarandache proved that a 
neutron (hyper) algebra is a generalization of a partial 
(hyper) algebra and showed that neutro (hyper) algebras are 
not partial (hyper) algebras, necessarily. Hamidi and 
Smarandache [18] introduced the concept of neutro BCK- 
subalgebras as a generalization of BCK-algebras and pre- 
sented main results in neutro BCK-subalgebras as an ex- 
tension of BCK-algebras structures and their applications. In 
addition, the concept of neutro (hyper) algebra is studied in 
different branches such as neutro algebra structures and 
neutro (hyper) graph [19, 20]. 

Regarding these points, one of the aims of this paper is to 
introduce the concept of single-valued neutrosophic hyper 
BCK-subalgebras and extendable single-valued neu- 
trosophic BCK-subalgebras and generalize the notion of 
single-valued neutrosophic hyper BCK-subalgebras by 
considering the notion of single-valued neutrosophic BCK- 
subalgebras. Also, we want to establish the relationship 
between single-valued neutrosophic BCK-algebras and 
single-valued neutrosophic hyper BCK — algebras. So a 
strongly regular relation is applied on any hyper BCK-al- 
gebras using the concept of single-valued neutrosophic 
hyper BCK-subalgebras, and a quotient hyper BCK-algebras 
(BCK — algebras) can be obtained. The main aim of this 
study is to introduce the notation of neutro hyper BCK- 
algebras as a generalization of neutro BCK-algebras in 
regard to single-valued neutrosophic hyper BCK-sub- 
algebras. In the study of neutro hyper BCK-algebra, despite 
having key mathematical tools, there are some limitations. 
The union of two neutro hyper BCK-algebra is not neces- 
sarily a neutro hyper BCK-algebra so the class of neutro 
hyper BCK-algebra is not closed under any given algebraic 
operation. In addition, neutro hyper BCK-algebras are 
different with (intuitionistic fuzzy) hyper BCK-algebras and 
single-valued neutrosophic hyper BCK-algebras so could not 
generalize the capabilities of (intuitionistic fuzzy) single- 
valued neutrosophic hyper BCK-algebras to neutro hyper 
BCK-algebras. 


2. Preliminaries 


Definition 1 (see [2]) Let X#@. Then a universal algebra 
(X, 9,0) of type (2,0) is called a BCK-algebra if, for all, 
x,y,Z€ xX: 

(BCI — 1) ((xey)e(xez))e(zey) = 0, 

(BCI — 2) (xe(xey))ey = 0, 

(BCI — 3) xex = 0, 

(BCI — 4) xey = 0 and yex = 0 imply x = y, 

(BCK — 5) 0ex = 0, where 0 (x, y) is denoted by xey. 
Definition 2 (see [1]). Let X#D and 
P* (X) = {Y|@#YC¢ X}. Then fora map 9: X? —> P* (X), 
a hyperalgebraic system (X, 9,0) is called a hyper BCK- 
algebra if, for all, x, y,z € X: 

(H1)(x9z)9 (y9z)«xdy, 

(H2) (x9 y)9z = (x9z)9y, 
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(H3)x9X «Kx, 

(H4)x «< y and y«x imply x = y, 

where x<y is definedb yOex9y ,VA,BCH, 
AKxBesVaceAdbe Bs.ta«b, 


(A9B) = Ugeapeg (a 9b), and 9 (x, y) is denoted by 
xdy. 


We will call X is a weak commutative hyper BCK-algebra 
if Vx, y € X, (x9 (x 9y))N (v9 (y9x)) #@ [21]. 


Theorem 1 (see [1]). Let (X, 9,0) be a hyper BCK-algebra. 
Then Vx, y,z € X and A, BCX: 


(i) (090) =0,0«x, (09x) =0, 
A<0=>A=0 
(ii) x«x,x9y«xand y«zimplies thatx9z«x9y 
(iii) ADB«<A, Ax Aand ACB implies A<B 


xé€(x90) and 


Definition 3 (see [22]). Let (X, 9,0) be a hyper BCK-al- 
gebra. A fuzzy set uw: X —> [0,1] is called a fuzzy hyper 
BCK-subalgebra if Vx, y € X, A (u(x9y))>Tinin (U(X), 
u(y). 


Definition 4 (see [5]). Let V be a universal set. A neu- 
trosophic subset (NS) X in V is an object having the fol- 
lowing form: X = {(x, Ty (x),Iy (x), Fx (x))|x €V}, or 
X: V — [0,1] x [0,1] x [0, 1], which is characterized by a 
truth-membership function Tx, an indeterminacy-mem- 
bership function Iy, and a falsity-membership function Fy. 
There is no restriction on the sum of Ty (x),Ix (x), and 
Fy (x). 


3. Single-Valued Neutrosophic Hyper 
BCK-Subalgebras 


In this section, the concept of single-valued neutrosophic 
hyper BCK-subalgebras will be considered as a general- 
ization of single-valued neutrosophic BCK-subalgebras, 
and some of its properties will be investigated. We will 
also prove that single-valued neutrosophic hyper BCK- 
subalgebras and single-valued neutrosophic BCK-sub- 
algebras are related, and single-valued neutrosophic hyper 
BCK-subalgebras and single-valued neutrosophic BCK- 
subalgebras can be constructed from single-valued neu- 
trosophic hyper BCK-subalgebras via a fundamental re- 
lation. We will define the concept of extendable single- 
valued neutrosophic BCK-subalgebras and will show that 
any infinite set is an extended single-valued neutrosophic 
BCK-subalgebra. 

Throughout this section, we denote hyper BCK-algebra 
(X, 9,0) by X. From now on, for all, x,y € [0,1], 
T nin (> y) =min{x, y} and S,.,, (x,y) =max{x, y} are 
considered as triangular norm and triangular conorm, re- 
spectively. In the following definition, the notation of single- 
valued neutrosophic hyper BCK-subalgebra of any given 
nonempty is defined. 
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Definition5.A s__ ingle-valuedn —_eutrosophic set 
A=(T,4,14,F,4) in an X is called a single-valued neu- 
trosophic hyper BCK-subalgebra of X, if 
(i) A (Ta (x9 y)) 2 Tin (T4 (%) Ts (y)) 
(ii) V4 (% 9) S Snax La (%), Ta Cy) 
The importance of the following theorems is to deter- 
mine the role and the effect of truth-membership function 


T,, indeterminacy-membership function I,, and falsity- 
membership function F, on the element 0 € A. 


Theorem 2. Let A= (T4,I,,F,) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then 
(i) T, (0) 2>T, (x) 
(ii) A(T ,4(x90)) = Ty (x) 
(iii) N (T 4(09x)) = T 4 (0) 


Proof 
(i) Let xeX. Since O€ xx, we get that 
T4(0)> A (Ty (x 9X)) > Twin (T 4 (x), T 4 (x)) = T 4 (x). 
(ii) Let xe xX. Since xe€x90, we get that 
Ta (x)= A(T 4(x90)) = Tain (T'4 (x), 4 (0)) = T(x). So 
A(T 4(x90)) = T(x). 
(iii) Immediate by Theorem 1. O 


Theorem 3. Let A= (T,4,1,,F,4) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then 
(i) I, (0) <I, (x) 
(ii) V(14 (x 90)) = I, (x) 
(iii) V(14 (09 x)) = I, (0) 


Proof 


(i) Let x € X. Since 0€ x 9x, we get that I,(0)< 
V (14 (x 9x)) < Spay D4 (x), 14 (x)) = D4 (x). 
(ii) Let xe xX. Since xe€x90, we get that 
T(x) <V(14 (x 90)) < Sax 4 (x), D4 (0)) = I, (x). 
So V(I4 (x 90)) = I, (x). 
(iii) Immediate by Theorem 1. O 


Corollary 1. Let A= (T 4,14, F 4) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then 
(i) F4(0)< F4(x) 
(ii) V(F4 (x 90)) = Fa (x) 
(iii) V(F4(09x)) = F,(0) 
(iv) Tin (T' 4 (x), I, 
(0), F4 (0)) $ Twin (T.4 (0), D4 (x), Fy (x) 


In the following theorem, we construct single-valued 
neutrosophic subset on any nonempty set. 


Theorem 4. Let 0¢ X#@. Then there exist a hyper- 
operation “9,” a_ single-valued neutrosophic subset 
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A= (T4,I4,F 4) of X' = XU{0} such that (X', 9,0) is a 
hyper BCK-algebra and A is a single-valued neutrosophic 
hyper BCK-subalgebra of X". 


Proof. Let x,yéX’. Define “9” on X’ by 
0, ifx =0, 

xdy= {.m, if x = y,x#0,. Clearly, (X', 9,0) is a 
Xx, otherwise 

hyper BCK-algebra. Now, it is easy to see that every single- 

valued neutrosophic set A= (Ty,,I,,F,) that 


T 4 (0) = 1, I, (0) = F,4(0) = 0 a single-valued neu- 
trosophic hyper BCK-subalgebra of X’. 

Let SVNh={A = (T 4,14, F,)| Aisa single— 
valued neutrosophic hyper BCK — subalgebra of X}, whence 
X is a hyper BCK-algebra and |X|>1. O 


is 


Corollary 2. Let X #@. Then X can be extended to a hyper 
BCK-algebra that |SVNh| = |RI. 


Proof. Let X = {x}. Then (X, 9,x) is a hyper BCK-algebra 
such that x 9x = {x}. Then for a single-valued neutrosophic 
set, A= (T,,1,,F,4) by T4(x) =I, (x) = Fy(x) =a is a 
single-valued neutrosophic hyper BCK-subalgebra of X, 
where a € [0,1]. If |X|>2; then by Theorem 4, we can 
construct at least a hyper BCK-subalgebra on X. Now, 
Va € [0,1] define A = (T,>Ta Fa.) by 


1, ifx=0, 

Ta, (9) -|i if x #0, 
0, ifx=0, 

I, (x) -|¢ if 2940, (1) 
0, ifx=0, 

Fa, (%) ae if x #0. 


Obviously, A= (T,,I,,F,) a single-valued neu- 
trosophic hyper BCK-subalgebra of X and so 
ISVNA| = |[0, 1]]. 

Let X be a hyper BCK-algebra, A = (T4,1,, F 4) a single- 
valued neutrosophic hyper BCK-subalgebra of X and 
a,B,y € [0,1]. Define T4 ={xe X|T,(x) zat, rh 
{x € X|I4(x)<P}, Fy ={x € X|F,4(x)<y}, and Ae” 
=(eeX|T,(X2a,1, (<p, F(x) sy 

Considering the relation between single-valued neu- 
trosophic hyper BCK-subalgebras and (fuzzy) hyper BCK- 
subalgebra is the main aim of the following results via the 
level subsets. oO 


Theorem 5. Let A= (T4,1,4,F 4) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then 


(i) 0 ¢ AB”) = TN TE FY, 
(ii) A‘“8Y is a hyper BCK-subalgebra of X 


(iii) If O0<a<a' <1, then TX CT%,I% 21% and FS 2F% 


Proof 


(i) Clearly, A(@BY) = A% 7 AP AY and by Theorems 2 and 
3, and Corollary 1, we get that 0 € A(™8”). 
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(ii) Let x, y € T%. Then T,,;, (T 4 (x), T4(y)) =a. Now, 
for any, zex9y,T,(z) >inf(T,(x9y)) >Trin(T, 
(x), T,(y)) =a. Hence, z € T4, and so x 9 yCT%. In similar 
a way, x,y € I',MF), implies that x9 y¢ (I4,N F),). Then 
A‘“BY) is a hyper BCK-subalgebra of X. 

(iii) Immediate. O 


Corollary 3. Let A= (T4,1,4,F,) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. If 0<a< a’ <1, then 
A‘ -“2) is a hyper BCK-subalgebra of A‘). 


Let X be a hyper BCK-algebra, S be a hyper BCK- 
subalgebra of X and a, a’, B, B's ys y' € [0,1]. Define 


ple! (x) a’, ifxeS, 
Vit 
= a, ifxé€S, 
' ifxeS, 
789 24 P> B* (2) 
= B, ifx¢S 
! A 
piv (x) = y, ifxes, 
= y, ifx¢S 


Thus, we have the following theorem. 


Theorem 6. Let X be a hyper BCK-algebra and S be a hyper 
BCK-subalgebra of X. Then 
(i) pee) is a fuzzy hyper BCK-subalgebra of X 
(ii) ae is a fuzzy hyper BCK-subalgebra of X 
(iii) F””) is a fuzzy hyper BCK-subalgebra of X 
(iv) A= prion rl ey is a single-valued neu- 
trosophic hyper BCK-subalgebra of X 


Proof 


(i) Let x, y € X. If x, y € S, since S is a hyper subalgebra of 
X, we get that x9 yCS and so 


ATi] (x9 y)> aT"! (8) = a' > Tl TA (x), Te] ( »). 
(3) 
If (x € Sand y ¢ S) or (x ¢Sand y € S) or (x ¢Sand y / 
¢€S), then arier) (x9 y) € {a,0'}. Thus, ariee) (x9 y) 
>T min (Tie) (x), i aa (y)), and so Tie] is a fuzzy hyper 
BCK-subalgebra of X. 
(ii) and (iii) They are similar to (i). 


(iv) Let x, y € X. If x, y € S, since S is a hyper BCK- 
subalgebra of X, we get that x9ycCS, and so 
vi” (eo yeval 6) =a! 2s, Oy). 
If (x € Sand y ¢ S) or (xeSand y € S) or (xe@Sand yes), 
then VIBE) (x9 y) € {B,B'}. Thus, vTBFl (x9 y)< 
Siias (188 (x), 1/68 (y)). In a similar way, we can see that 
VEY! (x9 y)< Sway (FY?! (x), FY”! (y)) an by item (i), 
A= rine), 'B8 J F, [yy']) is a  single-valued neu- 
trosophic hyper BCK-subalgebra of X. 
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Let X be a hyper BCK-algebra and x, y ¢ X. Then 
xpy = An EN, (a, 
...5d,) € X" and Ju € 9 (a,,...,a,)such that{x, y} Cu. 
The relation f is a reflexive and symmetric relation but not 
transitive relation. Let C(f) be the transitive closure of f (the 
smallest transitive relation such that contains f). Borzooei 
et al. in [21], proved that for any given weak commutative 
hyper BCK-algebra X, C(f) is a strongly regular relation on 
X, and ((X/C(f)),e,0) is a BCK-algebra, where 
C(B)(x)@C(B)(y) = C(B)(x 9 y) and 0 = C(B) (0). 

Considering the relation between single-valued neu- 
trosophic hyper BCK-subalgebras and single-valued neu- 
trosophic BCK-subalgebras has very important, especially in 
extension of single-valued neutrosophic BCK-subalgebras. 
So we prove the following theorems and corollaries. O 


Theorem 7. Let X be a weak commutative hyper BCK- 
subalgebra and A= (T4,I,;F,) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then t here e x istsa 
single-valued neutrosophic set A = (T4,14,F 4) of BCK-al- 
gebra ((X/C(f)), 9,0) that Vx, y € X, 

(i) T4(C(B)(0)) = T 4 (C(B)(x)) 

(ii) if yC(B)x, then T,(C()(x)) = T,(C(B)(y)) 

(iii) T4(C(B) (0)) <T4(C(B) (x)) 

(iv) if yC(B)x, then I, (C(B) (x)) = T4(C(B) (y)) 

(v) F,(C(B) (0) s Fa (C(B) (x)) 

(vi) if yC(B)x, then F4(C(B)(x)) = F4(C(B)(y)) 


Proof. Let x,y,t¢€X. Then on (X/C()), define 
FCO = Tg lsh erie 

recone [O cg, SAECO, an 
FAICBO)= ela otherie, > USPR 


Theorems 2 and 3, we get that: _ 
(i) T,(C(B)(0)) =T4 (0) = Apes a(t’) = Ta (C(B) 
(x)) 
___ (ii) Since xC(B)y and C() is transitive, we get that 
T, (C(B) (x)) = A ic(pyxl a(t) 2 Nic(pyl a (t) = T, (C (B) 
(y)) 
(iii) 
(x)) 
___ iv) Since xC(B)y and C(f) is transitive, we get that 
I, (C(B)(x)) = Vic pata (f) = Vicipyla (O) = 4 (C(B) (y)) 
(v) and (vi) They are similar to (iii) and (iv), 
respectively. | 


T,(C(B) 0)) = 14 (0) S$ Ve cela (') = Ta (COB) 


Theorem 8. Let X be a weak commutative hyper BCK- 
subalgebra and A= (T'4,I,,F,) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then there exists a 
single-valued neutrosophic subset A = (T 4,14, F 4) of BCK- 
algebra ((X/C(B)), 9,0) that Vx, y € X: 


(i) There exists t €x9y such that Ti(Cp) (x9 y)) 
= T,(t) 
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(ii) There exists tre x9 y such that I,(C(B)(x9y)) = 
I, @) 

(iii) There exists tu€ x9 y such that F,(C(B)(x9 y)) = 
F, (t) 


Proof 


(i) Let x, y ¢ X. Applying Theorem 7, 


T 4 (C(B) (x)eC (B) (y)) = Ta (C(B) (x9 y)) 


= T,{C(B)(m)|me x9 y} = eon T 4 (s). 
mex dy 


(4) 


Now, since sC (B)m and m € x9 y, then s € x 9 y, and so 
there exists t € x 9 y such that T, (t) = 4 sc(B)m T,4(s). 
(ii) Let x, y ¢ X. Then mex 9 y 


T, (C(B) (x)@C (B) (y)) = Ta, (C(B) (x 9 y)) 


= 1,{C()(n)|n€ x9 y} = Non TA: 
nex dy 


(5) 
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Now, since tC($)n and n€ x9 y, then t € x9 y, and so 
there exists t' € x 9 y such that I,(t') = Arc(gyn Ty (t). 

nexdy 

(iii) It is similar to item (ii). 

Some categorical properties of single-valued neu- 
trosophic BCK-subalgebras is investigated in the following 
theorem based on the categorical properties of single-valued 
neutrosophic hyper BCK-subalgebras. | 


Theorem 9. Let X be a weak commutative hyper BCK-al- 
gebra and A= (T4,I,,F,) be a single-valued neutrosophic 
hyper BCK-subalgebra of X. Then there exists a single-valued 
neutrosophic BCK-subalgebra B= (T3,1p, Fz) of 
((X/C(B)), Fp,C(B)(0)) that (Tg 9m) ST 4, (Ip 97) 
>I, and(Ip9 Fp) >F,) or the following diagrams are quasi 
commutative: 


XT [0p Aregye X (0 Ud ucey XP (0 Ul escegy 6) 
; — —_ -= Tp (C(B) (x9 y)) = Ty (0), 
Aen ent Ip =I, and Fz, =F,. Then by Ty(C(B) (x9 y)) = I, (40), (a) 
T3(C(B)(0)) > Tp (C(B)(x)), Fz (C(B) (x9 y)) = F, (tn). 
I (C(B)(0)) < Ip (C(B) (x); (7) So 
Fg (C(B)(0)) < Fg(C(B) (x). 
(ii) By Theorem 8, Vx,y¢X; there exists 
{t,t',t"}ox9y that 
Tz (C(B)(x)eC (B)(y)) = Tp (C(B) (x9 y)) = Ta (t)2 A (Ta(x9y)) 
> Tin (T(x), T 4 (Y)) = Tin (Tp (C (B) (x), Tp (C(B) (y))); 
Tz (C(B) (x)eC (B) (y)) = Ip (C(B) (x9 y)) = I, (ts V (Ly (x 9 y)) ei 


s Srnae (I, (x), I,(y)) s Didar (Ip (C(B) (x)), Iz (C(B) (y))) 
Fz (C(B)(x)eC(B)(y)) = Fg (C(B) (x9 y)) = Fa (tr) <V(F4 (x9 y)) 


S Snax (F4 (%)s Fa (Y)) S$ Smax (Fp (C (B) (x)), Fa (C (B) (y)))- 


Therefore, B= (T'g,1p,F,) is a single-valued neu- 
trosophic BCK-subalgebra of (X/C(f)), (Tg,972)<T,; 
(1,97) >I1,, and (I, 97)>F,. 

Based on the fundamental relation, we can obtain the 
single-valued neutrosophic BCK-subalgebras, and _ single- 
valued neutrosophic BCK-subalgebras are derived from 


some single-valued neutrosophic hyper BCK-subalgebras. In 
this regard, it is important that single-valued neutrosophic 
BCK-subalgebras are derived from single-valued neu- 
trosophic hyper BCK-subalgebra with minimal order. So the 
concepts of (extended) extendable single-valued neu- 
trosophic BCK-subalgebra are introduced as follows. O 
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Definition 6 


(i) Let (X, 0,0) be a BCK-algebra and (Y, 9,0) be a hyper 
BCK-algebra. We say that the BCK-algebra X is derived 
from the hyper BCK-algebra Y if X is isomorphic to a 
nontrivial quotient of Y (X = (Y/C(f))). 

(ii) A single-valued neutrosophic BCK-subalgebra A = 
(T4,I4,F,4) of X is called an extendable single-valued 
neutrosophic BCK-subalgebra, if there exist a hyper BCK- 
algebra (Y, 9,0), a single-valued neutrosophic hyper BCK- 
subalgebra B= (T3,Ig,Fz) of Y, and néN such that 
|(X, 9, A)| = |(Y, 9, B)| —n, and BCK-algebra X is derived 
of hyper BCK-algebra Y. If X = Y and almost everywhere 
(T4,I4,F 4) = (Tp,1p, Fg) ((T 4.14, F 4) = (Tp, Ip, Fp)a-e 
that means |{x;T, (x) #T g(x), I, (x) #Ig (x), F, (x) #Fp 
(x)}] = 1), we will say that it is an extended single-valued 
neutrosophic BCK-subalgebra. 

The following example introduces an extendable single- 
valued neutrosophic BCK-subalgebra. 


Example 1. Let X = {-1,-2,-3,—4}. Then A = (T,y,I,, F,) 
is a single-valued neutrosophic BCK-subalgebra of BCK- 
algebra (X, 9,-1) (see Table 1). 

Now, set Y = {0,-1,-2,-3,-4} = XU{0}. Then 
B = (T3,1,, Fg) is a single-valued neutrosophic hyper BCK- 
subalgebra of (Y, 9,0) (see Table 2). 


(T(x), 14 (x), F4 (x) 9 (T4(9),14() Fay) = (Ta (x9 y), Ty (x9 y), Fa (x9 y)). 


It can be easily seen that (T',(x),I, (x), F,4(x)) 
«I(T, (y), 1,4 (y), Fa (y)) = x « y. It is easy to see that 
(X, 9', (T.4(0), I, (0), F4(0))) is a hyper BCK-algebra. 


(Ts (x), I, (x), F4(x))o(T4() 14), Fa) = | 


We just prove BCI-4. Let x, y ¢ X and 


(T4 (%), 14 (%), Fa (x))0 (Ta) La), Fa (y)) 
= (Tq (%), 14 (2), Fa ())0 (Ta), 14) Fa) 
= (T 4 (0), 1, (0), Fs (0)). 
(12) 
Since A is a one to one map, 0 € x9 y and 0€ yx. It 
follows that (T4(x),I4(x),Fa(x)) = (T,(y)14(y) Fa 
(y)). It is easy to see that BCI-1, BCI-2, BCI-3, and BCK-5 


are valid, and so (X,0, (T, (0), 1, (0), F4(0))) is a BCK- 
algebra. | 


Corollary 4. Let (X, 9, (T,(0), 1, (0), F4(0))) be a hyper 
BCK-algebra and A= (T4,I,4,F 4) be a single-valued neu- 
trosophic hyper BCK-subalgebra of X. Then there exists a 


(T(x), 14 (x), F4(x)), 
(VT 4(x9y), Aly (x9 y), AF4(x9y)) otherwise. 
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Clearly, (Y/C(f)) =X, |Y|=|X|+1, and so 
A=(T,4,1I4,F,4) is an extendable single-valued neu- 
trosophic BCK-subalgebra of (X, 9,-1). 

In the following theorem, we try to generate BCK-al- 
gebras based on single-valued neutrosophic hyper BCK- 
subalgebras. 


Theorem 10. Let (X, 9,0) be a hyper BCK-algebra, A = 
(T4,I4,F 4) be a single-valued neutrosophic hyper BCK- 
subalgebra of X, and X = {(T 4 (x), 1, (x), F4(x)) |x € X}. 
If A is one to one map, then: 


(i) There exists a hyperoperation “9'” on X such that 
(X, 9, (T,(0),1,4(0),F4(0))) is a hyper BCK- 
algebra 

(ii) There exists a single-valued neutrosophic hyper BCK- 
subalgebra A=(Ty,14,F,4) of X related to 
A= (T,;,I4,F 4) 

(iii) There exists an operation “Qo” (relatedto 9) on X 
that (X, 0, (T4 (0), 14 (0), F.4(0))) is a BCK-algebra 


Proof 
(i) Let x, y € X. Define a hyperoperation 9’ on X, by 


(10) 


(ii) Let x€X. Define A(A(x)) = A(x). Clearly, 
A= (T,4,I4,F,) is a single-valued neutrosophic hyper 
BCK-subalgebra of (X, 9’). 


(iii) Assume x, y € X. Define an operation @ on X by 


if y = 0, 
“e (11) 


oy 


binary operation “ge” on X, such that (X,0, (T4(0),I,4 
(0), F4(0))) is a BCK-algebra. 

In the following theorem, we try to generate hyper BCK- 
algebras based on single-valued neutrosophic hyper BCK- 
subalgebras. 


Theorem 11. Let X be a nonempty set, 0¢ X and 
X' = XU {0}. Then there exist a hyperoperation “9” on X', a 
hyperoperation “9' ” on X', a binary operation “g” on X', a 
single-valued neutrosophic subset A = (T 4,14, F 4) of X', and 
a single-valued neutrosophic subset B = (T',Ip,F,) of X' 
that: 


(i) (X', 9,0) is a hyper BCK-algebra, and 
A=(T,4,I4,F,4) is a single-valued neutrosophic 
hyper BCK-subalgebra of X' 
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TABLE 1 
0 -1 -2 -3 -4 
-1 -1 -1 -1 -1 
-2 -2 -1 -2 -2 
-3 -3 -3 -1 -3 
-4 -4 -4 -4 -1 
-1 -2 -3 -4 
Ta 1 0.2 0.4 0.6 
I, 0.1 0.3 0.7 0.9 
F, 0.05 0.25 0.45 0.65 
TABLE 2 
9 0 -1 -2 -3 -4 
e {0} {0} {0} {0} {0} 
-1 {-l} {0, -1} {0,-1} {e, -1} {0,—1} 
-2 {—2} {—2} {0,-1} {—2} {-2} 
=3 {—3} {—3} {-3} {0, -1} {-3} 
=4 {-4} {-4} {-4} {-4} {0,-1} 
0 -1 -2 -3 -4 
Tz 1 1 0.2 0.4 0.6 
Ip 0.1 0.1 0.3 0.7 0.9 
Fz 0.05 0.05 0.25 0.45 0.65 


(ii) (x, 9, (T, (0), 1, (0), F.(0))) is a hyper BCK-al- 
gebra, and A=(T,,I,4,F,4) is a_ single-valued 
neutrosophic hyper BCK-subalgebra of X' 

(iii) (X', 0, (T 4 (0), 14 (0), F4(0))) is a BCK-algebra, 
and B = (T,,1p, Fx) is a single-valued neutrosophic 
BCK-subalgebra of X' 

(iv) |X"| = |X"| +1 


Proof. Let |X|>2 and b € X be fixed. For any x, y € X’, 
define a binary hyperoperation 9 on X’ as follows: 


0, ifx =0, 
{0,b}, ifx = yandx#0, 
xdy= 4 {b}, ifx = band y = 0, (13) 
{0,b}, ifx = band y#0, 
x; otherwise. 


Now, we show that (X’, 9,0) is a hyper BCK-algebra. 
We just check that conditions (H1) and (H2) are valid. 

(H1): Let x, y,z € X'. If x =0, then (x9z)9(y9z) = 
{0}9 (y9z) ={0}«x9y. If x=b, then (x9z)9(y9z) 
C{0,b}9 (y9z)C{0,b}« xy. If x ¢ {0,b}, we consider 
the following cases: 


Case 1: x=y#z. Then 
=x9x={0,b} <{0,b}=x9y. 
Case 2: x=z#y. Then (x9z)9(y9z) = {0,b}9 
(y9z) = {0,b} «x=xdy. 

Case 3: y=z#x. Then (x9z)9(y9z)Cx9{0,b} = 
{0,b}«Kx=xdy. 


(x9z)9(y9z)=x9y 


Case 4:x# y#z. Then (x 9z)9(y9z)=x9y=x«x 
=x0y. 
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Case 5: x= y=z. Then (x9z)9(y9z)={f0,« 
{0,b} =x9y. 


(H2): Let x,y,z¢€X. The proof of (x9y)9z= 
(x 9z) 9 y is similar to that of (H1), and then it is easy to see 
that (X', 9,0) is a hyper BCK-algebra. Consider a single- 
valued neutrosophic subset A = (T' 4,14, F 4) of X' such that 
T,4 (0) = T,4(b) = 1, 1,(0) = 1,4 (b) = F4 (0) = Fy (b) = 0; 
by equation (2) and some modifications, we get that 

A(T 4 (x9 y)) > Tmin (Ta (x) T 4 (y)); 
V(I4 (x9 y)) s Srnas (La (x), I, (y)); 


V(Fa(x9y)) $ Snax (Fa (x), Fa (y)). 


(14) 


Hence, A = (T',,I,, F 4) is a single-valued neutrosophic 
hyper BCK-subalgebra of (X’, 9,0). Now, Vx, y € X; define 
a hyperoperation 9’ on X' by 

A(x) 9'A(y) = (Ta (x)s 14 (%)s Fa (x) 9'(T 4 (9) La) Fa ()) 
= (Ta (x9 y), Ly (x9 y), Fa (x9 y)). 
(15) 

Define a single-valued neutrosophic subset B = (Tz, Ip; 
Fz) of X’ by 

B(A(x)) = A(x), 
or (T3(T4(x)), 1g (14 (x), Fp (Fa (x))) = (Ta ()5 14 (x), Fa (x); 
(16) 


and an operation @ on a by 


(T 4 (x), 14 (x), Fa (x))0 (Ta) Ia (1), Fa) 
=(V(T a(x) 9'T,(y)), A Ta (x) Ty (y)), A (Fa (x) 9 Fa (y)))- 
(17) 


It can be easily seen that (T4(x),I, (x),F, (x)) 
ST a dal 4) Sao ney, C9 CO, 
(0), F4(0))) is a hyper BCK-algebra, A = (T4(x),I, (x), 
F,(x)) is a single-valued neutrosophic hyper BCK-sub- 
algebra of X’, (X', 9, (T4 (0), I, (0), F4(0))) is a BCK-al- 
gebra, and B= (T3(x),Ig(x),Fg(x)) is a single-valued 
neutrosophic BCK-subalgebra of X’, and _ since 
T', (0) = T,(b) = 1, I, (0) = 1, (0) = F, (0) = Fy () = 0, 
we get that [X'| = |X] 41. 


O 


Corollary 5. Each nonempty set can be constructed to an 
extendable single-valued neutrosophic BCK-subalgebra. 


4. Neutro Hyper BCK-Algebras 


Smarandache in [17] introduced the concept of neutro hyper 
operation. An n-ary (for integer n>1) hyperoperation 
9: X" —> P(Y) is called a neutro hyper operation if it has 
n-plets in X” for which the hyperoperation is well-defined 
9 (a,,a),...,a,) € P(Y) (degree of truth (T)), n-plets in X” 
for which the hyperoperation is indeterminate (degree of 
indeterminacy (J)), and n-plets in X” for which the 
hyperoperation is outer-defined 9 (a,,a,,...,a,) ¢ P(Y) 
(degree of falsehood (F)), where T,I,F € [0,1], with 
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(T, 1, F)# (1, 0,0) that represents the n-ary (total) hyper 
operation and (T,I, F)# (0,0,1) that represents the n-ary 
anti hyper operation. 

In this section, we introduce a novel concept of neutro 
hyper BCK-algebras as a generalization of neutro BCK-al- 
gebras and analyze their properties. The main motivation of 
the concept of neutro hyper BCK-algebra is a generalization 
of neutro BCK-algebra, which is defined as follows. 


Definition 7. Let X #@ and P*(X) = {Y| O@#YC X}. Then 
for a map 9: X? —> P*(X), a hyperalgebraic system 
(X, 9,0) is called a neutro hyper BCK-algebra if it satisfies 
in the following neutro axioms: 


(H1) (Ax, y,z € X that (x9z)9(y9z)«xdy) and 
(Ax',y',z’ € X that (x'9z')9(y'9z') Kx'9y' or 
indeterminate) 

(H2) (Ax, y,z € X that (x9 y)9z= (x9z)9y) and 
(ax', y',z’€X that (x' 9y')9z1¢ (x'9z')9y' or 
indeterminate) 

(H3) (Axe X that x9X<«<x) and (Ax’ € X that 
x' 9X €x' or indeterminate) 

(H4) (Ax, y € X that if x« y and y«x imply x = y) 
and (Ax', y’ € X that if x'«y' and y’«<x' imply 
x Ft y’' or indeterminate), 

where a<b is defined by 0€a9b, and VA,BCH, 
A<Be>=Vae Albee Bsta«b 


If (X, 9,0) is a neutro hyperalgebra and satisfies in 
condition (H1) to (H4), then we will call it is a neutro hyper 
BCK-algebra of type 4 (i.e., it satisfies 4 neutro axioms). 

Investigation of partial order relation on neutro hyper 
BCK-algebra plays a main role in Hass diagram, so we have 
the following results. 


Theorem 12. Let (X, 9,0) be a neutro hyper BCK-algebra, 
x,y,z € X and A,B,CC X. Then 

(i) Ax, y € X such that (x9 y)«x 

(ii) 4x, y € X such that (x9 y) Kx 

(iti) x € X such thatx«x 

(iv) dx € X such that x Kx 

(v) JA, BCX such that AKA 

(vi) JA, BCX such that AKA 


Proof. We prove only the item (ii), and other items are similar 
to it. Since (X, 9,0) is a neutro hyper BCK-algebra, there exists 
x € Xsuch that (x 9X) « X. It follows that there exist a, y € X 
such that a € x9 y and a Kx. Hence, (x 9y) Kx. O 


Theorem 13. Let (X, 9,0) be a neutro hyper BCK-algebra, 
x,y,z € X and A,B,CCX. Then 


(i) if AX B, then (AUC) « (BUC) 
(ii) if AKB, then (AUC) K (BUC) 
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Proof 


(i) Let a € A be arbitrary. Since A « B, there exists b € B 
such that a«<b. Hence, for aé€ (AUC), there exists 
b € (BUC) such that a«b and so (AUC) « (BUC). 

(ii) Since A < B, there exists a € A such that for all, 
b € B, we have a &b. Hence, there exists a € (AUC) such 
that for all, be (BUC), we get that a&b and so 
(AUC) & (BUC). O 


Example 2. (i) Every neutro BCK-algebra (X, 9,0) is a 
neutro hyper BCK-algebra. Since, for all, x, y € X, can define 
a hyperoperation 9 on X by x9 y = {xey}. 


(ii) Consider N* = {0, 1,2, 3,...}. Define 
{0,x} ifx<y 
_ 40 (x, y) = (2,3) or (x, y) = (3,2) 
xdy= 5 Po pele eet) . Clearly, 
x otherwise 


(N*, 9,0) is a neutro hyper BCK-algebra. 
The following theorem shows that neutro hyper BCK- 
algebras are the generalization of hyper BCK-algebras. 


Theorem 14. Every hyper BCK-algebra can be extended to a 
neutro hyper BCK-algebra. 


Proof. Let (X, 9,0) bea hyper BCK-algebra and a ¢ X. For 
all, x,y € XU {a}, define 9, on XU {a} by x9 ,y=xOy, 
where, x,y € X and whence a € {x,y}, define x9,y is 
indeterminate or x9 ,y € XU {a}. 

We show that how to construct neutro hyper BCK-al- 
gebras from BCK-algebras. O 


Example 3. Let X = {0,1,2,3,4} and consider Table 3. 
Then 


(i) If a=0, then (X, 9,0) is a neutro hyper BCK- 
algebra and if a=1, then (X\{3,4,5}, 91,0) is a 
hyper BCK-algebra 

(ii) (X, 95,0) is a neutro hyper BCK-algebra and 
(X\{4, 5}, 95,0) is a hyper BCK-algebra 

(iii) If s = z = 0, w = 3, then (X, 93,0) isa neutro hyper 
BCK-algebra, and for s = 1, z = 3, (X\{5}, 93,0) is 
a hyper BCK-algebra. If s = z=0, w= v2, then 
(X, 93,0) is a neutro hyper BCK-algebra of type 4 


The importance of the following theorem is to construct 
of neutro hyper BCK-algebra from any given nonempty set. 


Theorem 15. Let 0 ¢ X#@. Then there exists a hyper- 
operation “9” on X' = XU {0} such that (X', 9,0) is a 
neutro hyper BCK-algebra. 


Proof. Let 0¢ X49. Using Theorem 4, there exist a 
hyperoperation “9” on X’ = X U {0} such that (X', 9,0) isa 
hyper BCK-algebra. Now, apply Theorem 14; there exist a 
hyperoperation “9'” on X' = XU {0} such that (X’, 9’ , 0) is 
a neutro hyper BCK-algebra. 
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TaBLE 3: Neutro hyper BCK-algebras. 


9, 0 1 : 3 4 5 
0 0 0 0 0 2 0 
1 1 0 a : 4 3 
2 2 2 0,2 0 2 0 
3 3 0 1 ) 4 5 
4 1 4 2 1 4 3 
5 0 4 0 1 4 0 
9 0 1 2 3 4 5 
0 0 0 0 0 2 0 
1 1 0,1 0 0,1 4 5 
2 P| 2 0 2 5 0 
3 3 3 3 0 0 0 
4 2 1 2 4 1 a 
5 5 0 4 0 0 x 
95 0 1 2 3 4 5 
0 0 0 0 0 0 5 
1 1 0,2 1 1 s 0 
2 2 0,2 0,2 0,2 0,2 3 
3 3 3 3 0,2 Zz 0 
4 4 4 4 4 0,2 1 
5 ) 0 2 2 2 w 


Let (X,, 9,,0,) and (X,, 95,0,) be two neutro hyper 
BCK-algebras. Define 9 on X, x X, by (x, y)9(x', y') = 
(x9,x', y9,y'), where (x, y), (x',y’) €X, x X, and say 
that (x, y)« (x',y') <= (0),0,)€ (x,y) 9(x', y'). The 
following theorem investigates the properties of partial order 
relation on product of Neutro hyper BCK algebras. O 


Theorem 16. Let (X,,9,,0,;) and (X,, 9,,0,) be two 
neutro hyper BCK-algebras. Then 


(i) V(x, y), (x', y’) € X, x X,; (x,y) « (x) => 

(x &,x')and (y Ky’) 

(ii) V(x, y), (x', y') € Xx Xa, (xy) K (x, y') 
(x «,x')or (y«y’) 

(iii) A(x, y)s eo y’) € XxX, x X», (0;, 05) € ((x; y)d 
(x', y')) 9 (x, y) 

(iv) A(x, y), (x', y') € X1 x X5, (01,05) ¢ (x, y) 9 
(x', y')) 9 (x, y) 


Proof 


(i) Immediate 

(ii) Let (x, y), (x', y')€ X,x X,. Then (0,,0,) € 
(x, y)9(x',y'), if and only if (0,,0,)€ 
(x9,x',y9,y'), if and if only 0,¢x9x' or 
0, ¢ y9 y’, and if and only if (x « ,x’) or (y«,y’) 

(iii) Since (X,, 9,,0,) and (X,, 95,05) be two neutro 
hyper BCK-algebras, there exist x,y € Suey 
€ X, such that 0,€(x9y)9x and 
0, € (x 9y') 9x". It follows that 4(x, y), (x', y’) 
€ X, x X,, (0;,0,) € ((x, y) 9 (x', y'))9 (x, y) 

(iv) Since (X,, 9,,0,) and (X,, 9,,0,) be two neutro 
hyper BCK-algebras, there exist x,y € X,,x 
ty’ €X, such that 0,¢(x9y)9x and 
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0, ¢ (x' 9y') 9x". It follows that A(x, y), (x’, y’) 
€ X, x Xz, (0),0,) A(x, y) 9 (x', y')) 9 (x, y) 


We need to extend neutro hyper BCK-algebras to a 
larger class of neutro hyper BCK-algebras, so we apply the 
notation of product on neutro hyper BCK-algebras as 
follows. O 


Theorem 17. Let (X,,9,,0,) and (X,,9,,0,) be two 
neutro hyper BCK-algebras. Then (X, x X3, 9, (0,,0,)) isa 
neutro hyper BCK-algebra. 


Proof. We prove only the item (H4), and other items by 
Theorem 16 are valid. Since (X,, 9,,0,) and (X,, 95,0,) are 
neutro hyper BCK-algebras, there exist (x,,x ), (V1, V2); 
(850): is Po) © Xx Ay that Tt ey <<) i Ke); 
then x, = y,, andif (x,<« 5, y, « »x,), then x, = y. Also, 
if (4, <i¥i91 Kix). then x, ¢y, and if ( 
"KV Vo K 2X2), then x, # y>. By (i), it follows that there 
EXist Ors %)s (Vis Va): Rds (Vi. HD € Ay Xe that. 
(X32) K (Yys Yo)> (Vs Yn) K (X1,X), we have (x1, x,) = 
(Vis Pads and if (20, ,%5)< Gis Vo). Cina) © Cas Xa)s WE 
have (x1,x3) # (yp 3). 

Let (X,, 9,,0,) and (X,, 9,,0,) be hyper BCK-alge- 
bras, where X,NX,=@. For some x,y € X, define a 
hyperoperations 9,, 9, as follows: 


(x9 y)\{O,}, ifx,y € X,\Xp, 


x95y; if x, y € X,\X,, 

xO,y= 
; ifxe X,, ye X, 
0,, ifx e X,, ye X,, 
2 : 2» y 1 (18) 
xO1y, if x, y € X,\X,, 
(x9,y)\{O.}, ifx, y € X\X,, 

x9 y= ; 
S, ifxe X,, ye X, 
01; ifx e X,, ye Xj, 

and 0, 9,0, = 0, 9,0, = 0,9,0, = 0,, 0, 9,0, 


=0,9,0,=0,9,0, =0,, where 0,#t€ X,,0,4#5€ X. 
Thus, we have the following theorem. 

We want to extend neutro hyper BCK-algebras to a 
larger class of neutro hyper BCK-algebras, so we apply the 
notation of union on neutro hyper BCK-algebras as 
follows. O 


Theorem 18. Let (X,,9,,0,) and (X,, 9,,0,) be hyper 
BCK-algebras, where X,NX, = @ and X = X,UX,. Then 
(i) For all, AC X,,A K {0,, ¢} 
(ii) For all, ACX,,A K0, 
(iii) For all, AC X,, A&A, and for all, BC X,,BKB 
(iv) For all, AC X,,A & {0,, s} 
(v) For all, AC X,,A 0, 
Proof 


(i) Let ACX,. Then A9,0, = Uge,(a9,0;)= Urge, 
((a 90,)\{0,}). It follows that 0, ¢ A9,0,, so AK {0,}. In 


Florentin Smarandache (author and editor) 


addition, A9,t = U,.4(a9,t) = {t} and 0, ¢ 9,0). It fol- 
lows that 0, ¢ A9,0,, so A & {t}. 

(ii) Let AC X,. Then A9,0, = U,c4(a9,0,) = {t} and 
0, ¢£9,0). It follows that 0, ¢ A9,0,, so A & {0,}. In ad- 
dition, A9,t = U,c,(a9,t) = {t} and 0, ¢£9,0,. It follows 
that 0, ¢ A9,0,, so A & {t}. 

(iii) Let ACX, and BCX,. Since AD,A= Ugg, 
(a9,a') = Ugaca((a9,a')\{0,}) and B9S= Uppyes 
(b9,b') = Upyeg ((b9 ,b')\{0,}), we get that 0, /A 9,A and 
0,989 ,B. Thus AKA and B&B. 

(iv) and (v) are similar to (i) and (ii), respectively. O 


Theorem 19. Let (X,,9,,0,) and (X,,9,5,0,) be hyper 
BCK-algebras, where X,0 X, = @ and X = X,UX,. Then 


(i) (X, 9,,0,) is a neutro hyper BCK-algebra 
(ii) (X, 9,,0,) is a neutro hyper BCK-algebra 


Proof 
(i) (H,:) For some, x,y,z € X5\X,, (x9,z)9, 
(y9,z)« (x9,y). Since, for x € X,, (((x90,)\{0,})\ 


{0,}) 9,0, =t #0), we get that 
(x 9,0;) 9, (0, 9,0,) = ((x 90;)\{0,}) 9,0; 
= ((x 90,)\{0; $)\{01} <0, = 0, 9,05. 
(19) 
(H,:) For some, x,y,z € X,\X,, (x9,y)9,z= 
(x 9,z)9,y. In addition, for x € X,, 
(x 9,0)) 9,0, =£9,0, = 0, #t = ((x 90,)\{0,}) 9,0, 
= (x 9,0,) 9,05. 
(20) 
(H;: ) For some, x € X,X,,x9,X = x9X,«X,=X. 
Since £9,0, = 0, and (U yex, ((0; 9x) {0,})) 9,0, = (Uxex, 
((0, 9 x)\{0, }))\{0,}, we get that 


0, 9,X = (0, 9,X,)U (0, 9,X3) = (uy. (0, 2,x)) uU (uy (0, 2.y)) 
(4, (0, 9x)\{0,} 


(H;:) Because 0,«0, and 0,€0,9,0, and 
0, € 0, 9,0,, while 0, #05, we get the item (H;;: ) is valid. 
Therefore, (X, 9,,0,) is a neutro hyper BCK-algebra. 
(ii) It is similar to item (i). 


Jui <K0;. 
(21) 


O 


4.1. Application of Neutro Hyper BCK-Algebras and Single- 
Valued Neutrosophic Hyper BCK-Subalgebras. In this sub- 
section, we describe some applications of neutro hyper BCK- 
algebra and single-valued neutrosophic hyper BCK-sub- 
algebra in some complex (hyper) networks. 
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TABLE 4: Neutro hyper BCK-algebra of an economic network. 


9 a b c d e f 
a a a a a a f 
b b a,c b b a a 
c c a,c a,c a,c a,c d 
d d d d a,c a a 
e e e e e a,c b 
f c a c ic c 22? 


TaBLE 5: Single-valued neutrosophic hyper BCK-subalgebra of a 
data network. 


9 a b c d e 
a {a} {a} {a} {a} {a} 
b {b} {a, b} {a, b} {e, b} {a, b} 
c {c} {c} {a, b} {c} {c} 
d {d} {d} {d} {a, b} {d} 
e {e} {e} {e} {e} {a, b} 
a b c d e 
T 1 1 0.2 0.4 0.6 
Iz 0.1 0.1 0.3 0.7 0.9 
Fz 0.05 0.05 0.25 0.45 0.65 


Example 4 (economic network). Let X = {a = China,b 
= Italy, c = Iran, d = Spain, e = Germany, f = USA} bea set 
of top countries, which are in an economic network. Suppose 
9 is the relations on X, which is described in Table 4, and for 
x#y, x* y =D means that D is the set of countries that 
benefit from this economic partnership, whence the country 
x starts to country y, and for x = y, it means that the country 
x maintains its capital. 

Clearly, (X, *,China) is a neutro hyper BCK-algebra 
in this model. We obtain that the USA is main source of 
this network; since if the USA starts to any other country, 
it does not benefit. In addition, if the USA starts to itself, 
this participation becomes indeterminate. Also, if any 
country starts to China, we conclude that China loss, else 
with USA, and if China starts to any other country, then 
China benefit else USA. 


Example 5 (data network). Let Y = {a, b,c, d, e} be a set of 
mobile sets, which are in a data network. Suppose 9 is the 
relations on Y, which is described in Table 3, and for all, 
x#,x* y=D means that D is a set of mobile sets that 
receive contents of messages that mobile set x starts to 
mobile set y, and for x = y, it means that the mobile set x 
retains its information. In addition, for any 
y €Y,T,(y), Ip(y), Fg(y) are the cryptographic power, 
battery life, and RAM of mobile set y, respectively. Then 
B= (Tz,Ig, Fg) is a single-valued neutrosophic hyper 
BCK-subalgebra of (Y, 9,a) in Table 5. 

It is clear that if mobile set named “a” starts, then none of 
the devices receive the message, and if other devices start to 
name a mobile set “a”, then this device (mobile set a) cannot 
receive their messages; hence, it is not suitable node in this 
network, since furthermore to its complex cryptography, its 
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battery life, and RAM is weak. Also, one can see that the 
mobile set b is the best in this regard. 


5. Conclusion 


To conclude, the current paper has presented and analyzed 
the notion of single-valued neutrosophic hyper BCK- 
subalgebras and neutro hyper BCK-algebras and investi- 
gated some of their new useful properties. We defined the 
concept of the extended single-valued neutrosophic BCK- 
subalgebras and showed that for any @ € [0, 1] and a single- 
valued neutrosophic subset hyper BCK-subalgebra, 
A=(Tasly Fa), A= (Tygolag Faq) is a hyper BCK- 
subalgebra. Through the concept of fundamental relation 
C($), we have generated the single-valued neutrosophic 
BCK-subalgebras from single-valued neutrosophic hyper 
BCK-subalgebras, so some categorical properties of single- 
valued neutrosophic BCK-subalgebras are investigated 
based on the categorical properties of single-valued neu- 
trosophic hyper BCK-subalgebras. In addition, on any 
nonempty set, we have constructed at least one single- 
valued neutrosophic BCK-subalgebra and one extendable 
single-valued neutrosophic BCK-subalgebra. The concept 
of neutro hyper BCK-algebra as a generalization of neutro 
BCK-algebra is introduced in this study, and it is con- 
structed the class of product of neutro hyper BCK-algebras 
and union of neutro hyper BCK-algebras via hyper BCK- 
algebras. In study of neutro hyper BCK-algebras, despite 
having key mathematical tools, there are some limitations. 
The union of two neutro hyper B CK-algebras is n ot nec- 
essarily; a neutro hyper BCK-algebras so the class of neutro 
hyper BCK-algebras is not closed under any given algebraic 
operation. In addition, neutro hyper BCK-algebras are 
different f rom s ingle-valued n eutrosophic h yper BCK- 
subalgebras so could not generalize the capabilities of 
single-valued neutrosophic hyper BCK-subalgebras to 
neutro hyper BCK-algebras and conversely. In final, we can 
apply these concepts in real world, especially in some 
complex (hyper) networks. 

We hope that these results are helpful for further studies 
in single-valued neutrosophic logical algebras. In our future 
studies, we hope to obtain more results regarding single- 
valued neutrosophic (hyper) logical-subalgebras, neutro 
(hyper) logical-subalgebras, and their applications. 
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On Complex Neutrosophic Lie Algebras 


M. Parimala, F. Smarandache, M. Al Tahan and C. Ozel 


M. Parimala, Florentin Smarandache, Madeleine Al-Tahan, Cenap Ozel (2022). On 
Complex Neutrosophic Lie Algebras. Palestine Journal of Mathematics, 11(1), 235-242 


Abstract Complex neutrosophic Lie subalgebras and complex neutrosophic ideals of Lie al- 
gebras are defined in this paper. Each component in complex neutrosophic Lie algebra has mag- 
nitude and phase terms. Some characteristics of complex neutrosophic Lie subalgebras (ideals) 
and some of their operations like intersection and Cartesian product are also discussed. More- 
over, the relationship between complex neutrosophic Lie subalgebras (ideals) and neutrosophic 
Lie subalgebras (ideals) is investigated. Finally, the image and the inverse image of complex 
neutrosophic Lie subalgebra under Lie algebra homomorphisms are defined and the properties of 
complex neutrosophic Lie subalgebras and complex neutrosophic ideals under homomorphisms 
of Lie algebras are studied. 


1 Introduction 


L. Zadeh’s [18] fuzzy sets and fuzzy logic have been implemented in vague, unclear situations of 
real world problems. Atanassov’s Intuitionistic fuzzy set [3] have been developed from fuzzy set 
by including one more component called non-membership function into fuzzy set. His theory 
gained an extensive recognition as a very valuable tool in area of science, Technology, Engi- 
neering, Medicine, etc. Smarandache [14] further extended Atanassov’s theory and he named 
it as neutrosophic theory, in which he included a third component called indeterminacy into 
Atanassov’s theory. Smarandache’s neutrosophic theory deals with imprecision, 
indeterminacy, and inconsistent data. Later, Ali and Smarandache [1] developed novel 
complex neutrosophic sets and this theory extends the range of components from unit interval 
to the unit disc in com-plex plane. Each of its components has amplitude values and phase 
values. Simultaneously, complex neutrosophic set has been appLied in science and 
engineering field. Lie algebras are a special case of general linear algebra and was named 
after being developed by Sophus Lie (1842-1899). Lie groups classifies the smooth 
subgroups. After the development of this theory, it was appLied in mathematics and physics. 
Lie subalgebras and their properties were developed and investigated further in [2, 6, 12, 13, 
15]. 

This paper is concerned about complex neutrosophic sets in Lie algebras and it is constructed 
as follows: After an Introduction, in Section 2, we present some definitions that are used through- 
out the paper. In Section 3, we extend neutrosophic Lie algebra by including some components 
into complex neutrosophic Lie algebra and further we extend each component range from unit 
interval to unit disc in complex plane. Additionally, we introduce complex neutrosophic Lie 
subalgebras (ideals) and investigate their properties such as their intersection and their Cartesian 
product. Finally, in Section 4, we study complex neutrosophic Lie subalgebras (ideals) under 
homomorphism of Lie algebras. 


2 Preliminaries 


We include some descriptions, comments and findings in this section, that are important and are 
used all over the paper regularly. 

A description of complex neutrosophic structure was introduced by M. Ali and F. Smarandache 
[1] and is as follows. 
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Definition 2.1. [1] An object G defined on a universe of discourse Lis called complex neutro- 
sophic set (CNS), if it can be expressed as G = {(¢, (Q(¢), 3(¢), F(¢))) : ¢ © U}. The values 
M(¢),5(¢), F(¢) and their number can be in the complex plane all inside the unit circle, and 
so is in the following form, IN(¢) = p(¢)ei#),5(C) = a(Qe’”, FO) = r(C)e) where 
p(C), a(¢), r(¢) and (¢),(¢), w(¢) are respectively the amplitude terms and the phase terms, 


1(¢),u(¢),w(¢) € [0, 1], with “0 < p(¢) +4(¢) +r(¢) < 3° and u(¢), v(¢), w(¢) are real valued 
with 7 = /—I. The scaling factors yu, v and w € [0,27]. 


Definition 2.2. A vector space £ over a field 6 (equal to 9% or D) on which £ x & > L denoted 
by (a, 8) — [a, 6] is defined as a Lie algebra, if the following axioms are satisfied: 


(i) [a, 6] is bilinear, 
(ii) [a, a] = 0 forall a € £, 
(iii) [[a, 8], y] + [[6, 7], a] + [[y, a], 6] = 0 for all a, 8, y € £, (Jacobi identity). 


Lis used to denote a Lie algebra(LA). It is noted that the multiplication in a Lie algebra is not 
associative, i.e., it is not true in general that [[a, 3], y| = [a, [6,7]. But it is anti commutative, 


i.e. [a, 8] = —[8, a]. 
A subspace § of £ that is closed under |',’] is a Lie subalgebra. We define a subspace 6 of £ as 
a Lie ideal of £, if 6 is with the property [6, £] C 6. Clearly, any Lie ideal is a Lie subalgebra. 


3 Complex Neutrosophic Lie Algebra 


In this section, we introduce new concepts related to complex neutrosophic sets. In particular, 
we define and study complex neutrosophic Lie subalgebras as well as complex neutrosophic Lie 
ideals of Lie algebra. 


Definition 3.1. A complex neutrosophic triplet set € = (IN, 7, F) on L is said to be a complex 
neutrosophic Lie subalgebra if it satisfies the following conditions: 


Gi) Me(at+f) = A(Me(a), Me(B)), Te(at+B) < VJe(a), Je(S)), Fe(at+B) < V(Fe(a), Fe(B)), 
(ii) Me(Ca) > Me(a), Je(Ga) < Je(a), Fe(Ca) < Fe(a), 
(iii) Me([a, B]) => A{Me(a), Me(B)}, Fe (lo, B]) < V{Te(a), Je(B)}, Fe (la, 6]) < V{Fe(a), Fe(B)}, 


where, 


for alla,8¢ Lando Ee F 


Definition 3.2. A complex neutrosophic triplet set € = (IN, 7, F) on L is said to be a complex 
neutrosophic Lie subalgebra if it satisfies the following conditions: 


(i) Me(at+fB) = A(Me(a), Me(B)), Te(at+B) < Vela), Je(S)), Fe(at+S) < V(Fe(a), Fe(S)), 
(ii) Me(Ca) > Mela), Te(Ca) < Je(a), Fe(Ca) < Fe(a), 
(ii) Me([a, B]) > A{Me(a), Me(B)}, Te([a, 8]) < V{Te(@), Je(B)}, Fe([a, 8]) < ViFe(a), Fe(4)}, 


where, 


for alla, 8 € Sand ¢ € F. 


Remark 3.3. If € is a complex neutrosophic subalgebra of £ then it may not be a complex 
neutrosophic ideal of £. (See Example 3.4.) 
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Example 3.4. The set of all 3-dimensional real vectors R? = {(a, 8,y)|a, 8,7 € KR} forms a 
Lie algebra over § = R and with the usual cross product x. We define the set € = (IN, 5, F), 
where IN, 3, F : R? > E? (E7 is the unit disc), by 


0.8e) 7 ,ifa =B=7y=0 
Me(a) = 4 0.5e73 ,ifa 40,6 = 
0, otherwise 
O,ifa=B=y7y=0 
Je(a) = 4 0.6e47 ,ifa 40,8 =y=0 
O7ei F , otherwise 
O,ifa=B=y7=0 
Se(a) = 4 0.6e/7 ,ifa 40,8 =7=0 


. Qa A 
O7e? 3 , otherwise 


0 


Then it is clear that € is a complex neutrosophic subalgebra of £ = R*. But it is not a 
complex neutrosophic Lie ideal since Ne = ([(1,0,0), (1, 1,1)]) = Me(0,-1,1) = 0 F 
Je(1,0,0),3¢ = ({(1,0,0), (i, 1, 1)]) = Je(0, I, 1) =i rs Je(1,0,0), and §¢ = ({(1, 0,0), 
(1,1, 1)]) = Fe(0,-1,1) =1 £ &e(1,0,0). 


Remark 3.5. Every complex neutrosophic Lie ideal is a complex neutrosophic Lie subalgebra. 


Theorem 3.6. Let £ be a neutrosophic Lie algebra and € = (M, 3, ¥) be a complex neutrosophic 
set on it. Then € = (IM, I, ) is a complex neutrosophic Lie subalgebra £ if and only if the non- 
empty complex neutrosophic upper s-level cut(NCU s-lc) 


Un (s) = {a € L|M(a) > s} 
and the non-empty complex neutrosophic lower t-level cut(NCL t-lc) 
Go (t) = {a € L/F(a) < t}, Vs (t) = {a € LF(a) < Gh 


are Lie subalgebras of &, for all s, lies in the complex unit disk in the plane. 

Proof: Let € = (M,3,¥) be a complex neutrosophic Lie subalgebra on & and 5, lies in the 
complex unit disk in the plane, be such that Usn(s) £0. Let a, 8 € & be such that a € Usn(s) 
and 8 € Ugn(s). It follows that 


Me(a +B) > A(Me(a), Me(B)) = 5, 
Me(Ca) > Me(a) > s, 
Me([a, B]) = Mela), Me(B)) = 5, 


and hence, a+ 8 € Um(s), Ca € Usr(s) and |a, 8] € Um(s), Thus, Usr(s) forms a Lie 
subalgebra of &. For the case of U3(t), and Uz (t) the proof is similar. 
Conversely, suppose that Un (s) # 0 is a Lie subalgebra of & for every s € (0, 1eI7 01, Assume 
that Me(a + B) < A(Me(a), Me(B)), for some a, B € L. Now taking $5 := ${Me(a+ B) + 
A(Me(a), Me(B))}- 
Then we have that Ne(a+ B) < 55 < Me(A(Me(a)3))}. and hencea+ B ¢ Me(s), 
a € Me(s) and B € Me(s). However, this is clearly a contradiction. Therefore Me(a+ B) > 
A(Me(a), Me(B)) 
for all a, 8 € &. Similarly we can show that Me(Ca) > Me(a), 
Me (la, B]) > A(Me(a), Me(B)), hence Usy(s) is a complex neutrosophic Lie subalgebra of & 
For the case of %3(t), and Wz(t) the proof is similar. 


Theorem 3.7. Let € = (9M, 35, F) be a complex neutrosophic subset of &. Then the following 
statements are equivalent: 


(i) € is a complex neutrosophic ideal of &, 
(ii) The complex neutrosophic upper s-level cut Ssy(s) is an ideal of & for every s © Im(Me). 


(iii) The complex neutrosophic lower t-level cuts U3(t) and Wz(t) are ideals of & for every 
te Im(Je) and t € Im(¥e) respectively. 


970 


Florentin Smarandache (author and editor) Collected Papers, IX 


Theorem 3.8. Let €, = (2,,5,,%1) and €, = (9M.,35,, 
Lie subalgebras over &, then the intersection €; = €, 
neutrosophic Lie subalgebra over &. 
Proof. For each a, 8 € Sand¢ € F. 


Me, (at B) = A{Me, (a + B), Me, (a + Bf) 
2 A{A{Me, (a), Me, (B)}, A{Me, (a), Me, 
— A{A{ Me, (a), Me, (a)}, A{Me, (8) Me, 

= MMe (a), e(D)} 


<viv{Se. (a),3e. (3)},V{Je.(a),Je. (8) 
= V{V{3e, (a), Je, (a)}, V{Je, (B), Je. (B) 
= ViSe, (a), Je,(2)} 


2) be two neutrosophic complex 
€, = (M;,53,F;) is a complex 


Be, (a+ 8) = Vie, (a+), Se, (a+ 6)} 
< V{V{Fe, (a), Fe, (B)}, ViFe. (a), Fe, (B)}} 
= V{V{¥e, (a), Fe, (a)}, V{Fe, (8), Fe. (8) }} 


= ViFe, (a), Fe, (8)} 
Me, (Ca) = A{Me, (Ca), M e.(Ga)} > > A{Me, a), Me, (a)} = Me, (a) 
Ge. (Ca) = V{Je, (Ca), Je, (Ca)} < V{Te, (a), Fe, (a)} = Je, (a) 
Be, (Ca) = pag? (Ca), Fe, (Ca)} < Vie, (2), Fe, a = e, (a) 


a Mame (a), M \}s A{Me, (a), Me, a 
= A{A{Me, (a), Me a)}, {Me, (8 B), Me, 
= MMe, (a), Me, (B)} 
Je, (le, B]) = V{Se, ([a, the ea (le, A)} 
2 Vivige, (a), Je, (8 


B)}, 
=V{V{Je, (a), Je, (a . 


e, (la, as »([a, 5]), Me, ([ 
( 


> (a ) Be, (3)}, v{Se,() 
= ViV{Fe, (a), Fe.(a dh 
Vite (ai aie 


Theorem 3.9. Let {€;|i € A} be a collection of complex neutrosophic subalgebras of & such 
that €; is homogenous with €, for all j,€ € A. Then icq Ci = (Moyeseis Inicatis Bricaei) is a 
complex neutrosophic subalgebra of &, where 

Nica Gi = = (Nn, cati sleiy cACi ton ica@i )= ((AicaPe, je MEAIS) (Viet, je? Yee"en, 

(Vieare, eI icAWE, i) 


We omit the proof as it is similar to the proof of Theorem 3.8. 


Theorem 3.10. Let €, = (91,51, 81) and €, = (M., 52, F2) be two neutrosophic complex 
Lie subalgebras over £&, then the cartesian product €; = €, x €, = (IM;,5;,5;) = (Mu x 
M,,51 x 32,51 x F2) isa complex neutrosophic Lie subalgebra over 2 x &. 

Proof. For each a = (a1, a2), 8 = (G1, G2) € £ x Sand ¢ € F. Then 


Me, (at B) = (Me, x Me, )(at B) = (Me, x Me, )((a1,a2) + (81, 62)) = 
A{Me, (a1 + 61), Me, (az + B2)} 
> AMA{Me, (a1), Me, (G1), LMe, (a2), Me, (B2)} 
= A{A{Me, (a1), Me, (a2)}, (Me, (81), Me, (G2) }} 
=A{Me, x Me, (a1,a2), Me, x Me, (81, B2)} 
=A{Me, x Me, (a), Me, x Me, (B)} 
Je, (at B) = (Je, x Je, )(a+ 8) = (Je, x Fe,)((a1, a2) + (61, 62)) = 
V{Je, (a1 + 61), 5e, (a2 + B2)} 
< V{V{Je, (a1), Je, (F1)}, V{(Fe, (a2), Je, (G2) }} 
= V{V{Je, (a1), Fe, (a2) }, V{Te, (61), Je, (G2) }} 
=V{(Je, x Je, )(a1, 2), (Je, x Fe, )(F1, 62)} 
=V{(Je, x Je, )(@), (Je, x Te, (8)} 
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5e,(a + B) = Be, x Fe. (a+ 8) = (Ge, x Fe, )((a1, a2) + (Fi, 2)) = 
V{Se, (a1 + 41), Fe, (a2 + B2)} 
< Viv{8e, (a1), Fe, (G1) }, Ve, (a2), Fe, (G2) f} 
= V{V{Be, (a1), Fe, (a2) }, V{iFe, (41), Fe, (G2) fF 
= V{(Ge, x Fe, )(a1, 02), (Fe, x Fe, )(F1, F2)} 
=V{(Fe, x Fe, )(a), (Fe, x Ke, (4)} 
Me, (Ca) = (Me, x Me, (Ca) = (Me, x Me, )(G(a1,a2)) = A{Me, (Car), Me, (Go2))} 
> A{Me, (a1), Me, (a2))} = (Me, x Me, )(a1, a2) = Me, (a) 
Je, (Ca) = (Je, x Je, (Ca) = (Je, x Je, )(C(a1,a2)) = V{Je, (Car), Fe, (Co2))} 
< V{Te, (a1), Je, (a2))} = (Je, x Fe, )(a1, a2) = Fe, (a) 
Be, (Ca) = (Ge, x Fe.) (Ca) = (Ke, x Fe, )(C(a1, a2)) = V{Fe, (Car), Fe, (Ca2))} 
< V{Be, (a1), Fe, (a2))} = (Ke, x Ke. )(a1, a2) = Fe, (a) 
Me, (la, 5]) = (Me, x Me, )([a, B]) = (Me, x Me, )([(a1, a2), (B1, 2))) = 
A{Me, (lar, 1]), Me, ([a2, B2])} 
=> A{A{Me, (a1), Me, (B1)}, A{Me, (a2), Me, (82) }} 
= A{A{Me, (a1), Me, (a2)}, Me, (81), Me, (42) }} 
=A{(Me, x Me. )((ar, 03]). (Me, x Me, )([F1, b2])} 
= A{(Me, x Me, )(a), (Me, x Me, )(B)} 
Je, (la, B]) = (Je, x Je, (la, 6]) = (Ge, x Fe, )([(a1, 2); (Bi, B2)]) = 


V{Se, (for, F1]), Je, ([a2, 52])} 
< V{V{Je, (a1), Je, (61) }, V{Te, (a2), Te, (62) }} 
= V{V{Je, (a1), Je, (a2) }, V{Te, (41), Te, (G2) }} 
ate 


ve, 
Be, ({a2, Bp 
< V{V{8e, (a1), Fe, (61) }, ViFe, (a2 
= V{V{Se, (a1), Fe. (a2)}, V{Fe, (B1 
= V{(Se, x Fe, )([a1, a]), 

=W{(Se, x $e. )(a), (Be, x Fe.)(B)} 


This shows that €, x €, is a complex neutrosophic Lie subalgebra of & x &. 


ae a a 


4 On complex neutrosophic Lie algebra homomorphisms 


In this section, we investigate the properties of complex neutrosophic Lie subalgebras and com- 
plex neutrosophic ideals under homomorphisms of Lie algebras. 


Definition 4.1. Let £, and £, be two Lie algebras over a field ¥. Then a linear transformation 
f: £, > L, is called a Lie homomorphism if f([a, 8]) = [f(@), f(B)] holds for all a, B € Ly. 


For the Lie algebras £, and £,, it can be easily observed that if f : £, — &, is a Lie 
homomorphism and € = (Mt, 3, %) is a complex neutrosophic Lie subalgebra of £,, then the 
complex neutrosophic set f~!(€) of £, is also a neutrosophic Lie subalgebra, where 


f-!(Me)(a) = Me(f(a)) = pe(fla))eFH(Ho)), f-!(Je)(a) = Je(f(a)) = qe(f(a)) ei) 
f(Fe)(a) = Fe(f(a)) = te(f(a) eA) 


Theorem 4.2. Let € : £ > L be a Lie algebra homomorphism. If € = (9N,5,F) is a com- 
plex neutrosophic Lie subalgebra of £' with a membership, indeterminacy and non-membership 
functions are Me(B) = pe(B)ei#e), Fe(B) = qe(B)e%”e), and Fe(B) = te(Beiwe), 
respectively , then the complex neutrosophic set €~'(€) is also a complex neutrosophic Lie sub- 
algebra of &. 

Proof. First, we need to show ieee '(€) is homogeneous. Note that if a € £, then Me-1(¢)(a) = 
Me(E(a)) = pete eel) = (peE(a) ee El), Fe_s(@) (a) = Je (E(a)) = gelE (a ye ne 
(qeE(a))e?”E(), and Fer a ) = Bel(E(a)) = ve (E(a))eFee(eCa) = (teé(a))efele)), 
Now, if a1,02 € Swi (Peé)(an) < (Pe€)(a2), that is ae 1)) S Pe(E(a2)), oT 

¢ 


ay) = 
(qe€)(a2), that is qe(E(a1)) = qe(E(a2)), (te€)(a1) = (te€) (a2), that is te(E(a1)) > te(E(a2)), 
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then from the homogeneity of €, we have (we€)(ay) < (We€) (a2), that is ue(E(ar)) < we(E(az)), 
(vef)(a1) 2 (vek)(a2), that is ve(E(a1)) 2 ve(E(o2)), (we€)(a1) 2 (we§)(a2), that is 
we(E(a1)) > we(E(a2)). Thus shows €—'(€) is homogenous. Let aj,a. € £ and ¢ € F. 
Then 


> MMe(E(ar)), 
= A{Me-1(¢) (a1), Me Ness 
Je-1(¢) (21 4 ae ad JelE(ar + a2)) 


< a 


< Mele son) Bll) 
Mery (Ca) = Me(ElCa)) = eco a) 


~~ 
ad 


> A{Me(E(a1)), Me (E(a 2))} 
= A{Me-1(@) (a1), Me-1(e) (a2) }, 
Je-1 a Je(E la 
= Je([E(a1), €(a2)]) 
< V{Te(E(a1)), Fe(E(a2))} 
= V{Je-1(¢) (a1), Je- e az)}, 
eee aa) 5e( 
= Fe([E(a1), €(a2) 
< V{Fe(E(a1)), Fe (E(a2))} 
= V{Fe-1(¢) (1), Fe-1(e) (2) }, (€ is homomorphism). 


Theorem 4.3. Let £ : £ > L' be a Lie algebra homomorphism. If € = (IN, 3,8) is a complex 
neutrosophic ideal of £' with a membership, indeterminacy and non-membership functions are 
Me (8) = pe(BeMe), Fe(B) = qe(B)el”™, and Fe(8) = ve(B)ele), respectively , then 
the complex neutrosophic set €~'(€) is also a complex fuzzy ideal of £. 

Proof. The proof is similar to that of Theorem 4.2. 


Theorem 4.4. Let € : £ > L be a surjective Lie ee homomorphism. If © = OM, 3,8), 
where Me(a) = pe(ajee™, Te(a) = qe(aje”'), and Fe(a) = re(a)ete(, for any 
a € &, isa complex neutrosophic Lie subalgebra of &, then €(€) is also a complex neutrosophic 
Lie subalgebra of &'. 

Proof. We prove that €(€) is homogenous. Suppose 8 € £'. Then 


Mee) (8B) = SUPace-1(8){Me(a)} = supace-r(a){Pe(a)ee} 
=supace-1(a){Pe(B) pe? Pace ay {He (A)} = ie )(B)etMese) (8). 
Jee) (8) = inface-1(8){Fe(a)} = Picea ae aeivelo)} 
=in face-1(ay{de(B) pe? Pacey tve (FI = qeee) (B)ervesor®), 
Fe(e)(8) = iMface-(){Fe(a)} = inface-1(a) {te(a)e*e} 
=in frce-1(ay{te(B) pe? Pacey lve (Ft = tee e) (B)eiveste) (8), 
Now let 8), 8) € &' with peee)(G1) < Peee) (52) and Lee(e)(2) < Meee )(61). Then there 


exista a, € €—'({B,}), such Ee Meee ‘(B) < pe(ay). eerie If wa € €—'({B2}), then 
e(a) < pe(ar), and so, from the een of €, we obtain pe(a) < pe(ai). Thus, 
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SUPoce-(,) {Pe(a)} < Pe(ar) and so, Peee)(G2) < Pee(e)(F1), which is a contradiction. 
Similarly we can prove for indeterminacy and non-membership functions. This shows &(€) is 
homogenous. 

Since € is a complex neutrosophic subalgebra, € = {(a, (®e(a), 1 — Je(a), Me(a)))|a € L} 
is a neutrosophic subalgebra of &, and so the images of the components are neutrosophic subal- 
gebra of £'. Hence, for 81, 82 € &' and ¢ € F, we have 


(i) nel e)(B1 + Bo) > A(Mere) (81), Mee) (F2)), 
e(e)(C1) = AMee)(F1), 
Mee) ([G1, F2]) = AMece )(B1), Mere) (B2)) 


(ii) Fe e)(B1 + 62) < Vee) (81), Fe(e) (42), 
e(e) (C81) < V3 ee (a1), 

e(e)([B1, 52]) < Vee (81), Sere) (82) 
(iii) i e) (81 + Bo) < eee) 
e(e)(CA1) < Ve ee) (41), 


5 e) (181, B2]) < V(Bee) (41), Fee) (92) 


Now our result follows from the homogeneity of &(€). 


Theorem 4.5. Let € : £ > L be a surjective Lie aleelra homomorphism. If € = mt, 3,8), 
where Me(a) = pe(aje#e™, Te(a) = qe(ajei”e™, and Fe(a) = te(a)ei“e™, for any 
a € &, is a complex neutrosophic ideal of £, then €(€) is also a complex neutrosophic ideal of 


Ls 3 


Theorem 4.6. Let £ : £ > L be a surjective Lie homomorphism. If ©, = (9%,,51,81) and 
€, = (M-.,5.,F2) are complex neutrosophic ideals of £ such that €, is homogeneous of €2, 


then €(€, + €,) = €(€1) + €(€2). 


Proof. For 8 € £’, we have 


(i) Mere, )+e(e.) (8) = Supp e(a){Mte, +e, (a) } 
= supg- oo spot )A Me, (6) }} 
= supg=e(a)+e(o) {Me, (a) A Me, (b)} 
= SUPpB=m ee &(a ){Me, (a )} A SUPm=e( &(a {Me, (6 )}} 
= supp=m+n{ Mee, (mM) A Mee, (m)} 
=Mee,)+e(€2) (4). 


(ii) Jece,)+e(€.) (8) = infe=e(a) (Fe, +e, (a)} 
= infg- t(a) infos atb{Je, (a )V Se, (6) }} 
= infg—e(a)+e(b) (Ie, (4) V Je, (6) } 
= infg=m i Ce a)} V inf &(a Je, (6 eas 
= infg=m+n{Jece,)(M) V Jere, )(1)} 
=Je(e,)+e(€.) (8). 


(iit) See alas infasea) {¥e,+¢, (a)} 
= infg- oe wolbe. (a ) V Fe, (6) }} 
= infg—e(a)+e(v) {e, (a) V Fe, (6)} 
= infg=m en: m=é(a) (de, (a)} V in fmae(ay{Fe, (6) }} 
= infg-min{ See, )(m mvee ¢,)(n n)} 
eee iesth) 
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Abstract 


In this paper we recall our concepts of nt*-Power 
Set of a Set, SuperHyperOperation, SuperHyperAxiom, 
SuperHyperAlgebra, and their corresponding Neutro- 
sophic SuperHyperOperation, Neutrosophic SuperHyper- 
Axiom and Neutrosophic SuperHyperAlgebra. In gen- 
eral, in any field of knowledge, one actually encoun- 
ters SuperHyperStructures (or more accurately (m,7n)- 
SuperHyperStructures). 


1 Introduction 


One recalls the SuperHyperAgebra and Neutrosophic SuperHyperAlgebra introduced and devel- 
oped by Smarandache [16, 18, 19] between 2016-2022. 


1. Definition of classical HyperOperations: 


Let U be a universe of discourse and H be a non-empty set, H C U. 
A classical Binary HyperOperation 03 is defined as follows: 


of} : H? + P,(H), 


where H is a discrete or continuous set, and P,(H) is the powerset of H without the empty-set Q, 
or P.(H) = P(H) \ {0}. 
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A classical m-ary HyperOperation o*, is defined as: 


o,, : H™ > P,(A), 


m 


for integer m > 1. For m = 1 one gets a Unary HyperOperation. 

The classical HyperStructures are structures endowed with classical HyperOperations. 

The classical HyperOperations and classical HyperStructures were introduced by F’. Marty [12] in 
1934. 


2. Definition of the n**-Power Set of a Set: 
The n‘*-Powerset of a Set was introduced in [16, 18, 19] in the following way: 
P"(H), as the n**-Powerset. of the Set H, for integer n > 1, is recursively defined as: 
P?*(H) = P(P(H)), P?(H) = P(P?(H)) = P(P(P(H))), 


P"(H) = P(P-)(H)), where P°(H) © H, and P!(H) © P(H). 


The n‘*-Powerset of a Set better reflects our complex reality, since a set H (that may repre- 
sent a group, a society, a country, a continent, etc.) of elements (such as: people, objects, and 
in general any items) is organized onto subsets P(H), and these subsets are again organized onto 
subsets of subsets P(P(H)), and so on. That’s our world. 


3. Neutrosophic HyperOperation and Neutrosophic HyperStructures [12]: 


In the classical HyperOperation and classical HyperStructures, the empty-set ) does not belong 
to the power set, or P.(H) = P(H) \ {0}. 
However, in the real world we encounter many situations when a HyperOperation o is indetermi- 
nate, for example ao b = —) (unknown, or undefined), 
or partially indeterminate, for example: cod = {[0.2, 0.3], O}. 
In our everyday life, there are many more operations and laws that have some degrees of indeter- 
minacy (vagueness, unclearness, unknowingness, contradiction, etc.), than those that are totally 
determinate. 
That’s why in 2016 we have extended the classical HyperOperation to the Neutrosophic Hyper- 
Operation, by taking the whole power P(H) (that includes the empty-set ( as well), instead of 
P,(4) (that does not include the empty-set 0), as follows. 


3.1 Definition of Neutrosophic HyperOperation: 


Let U be a universe of discourse and H be a non-empty set, H C U. 
A Neutrosophic Binary HyperOperation ©2 is defined as follows: 


09: H* + P(H), 


where H is a discrete or continuous set, and P(H) is the powerset of H that includes the empty-set 


0. 


A Neutrosophic m-ary HyperOperation 0,, is defined as: 


Om: H™ > P(A), 


977 


Florentin Smarandache (author and editor) Collected Papers, IX 


for integer m > 1. Similarly, for m = 1 one gets a Neutrosophic Unary HyperOperation. 
3.2 Neutrosophic HyperStructures: 
A Neutrosophic HyperStructure is a structured endowed with Neutrosophic HyperOperations. 
4. Definition of SuperHyper Operations: 
We recall our 2016 concepts of SuperHyperOperation, SuperHyperAxiom, SuperHyperAlgebra, 
and their corresponding Neutrosophic SuperHyperOperation Neutrosophic SuperHyperAxiom and 


Neutrosophic SuperHyperAlgebra [16]. 


Let P’(H) be the n‘-powerset of the set H such that none of P(H), P?(H), ---, P"(H) 
contain the empty set 0. 


Also, let P(H) be the n*-powerset of the set H such that at least one of the P(H), P?(H),---, 
P"(H) contain the empty set @. 


The SuperHyperOperations are operations whose codomain is either P/’(H) and in this case 


one has classical-type SuperHyperOperations, or P”(#) and in this case one has Neutro- 
sophic SuperHyperOperations, for integer n > 2. 


4.1 A classical-type Binary SuperHyper Operation (an) is defined as follows: 
Sbay? 1? = PPA); 
where P”(H) is the n‘*-power set of the set H, with no empty-set. 
4.2 Examples of classical-type Binary SuperHyperOperation: 


1) Let H = {a,b} be a finite discrete set; then its power set, without the empty-set @), is: 
P(H) = {a,b, {a, b}}, and: 


P?(H) = P(P(H)) = P({a, b, {a, b}}) a {a, b, {a, b}, {a, {a, b}}, 1), {a, b}}, {a, 6, {a, b}}}, 
Ofo,2) : H? > P?(H). 


Coa) | a e 
a | {a,{a,b}} — {b, {a, b}} 
b a {a, b, {a, b}} 


Table 1: Example 1 of classical-type Binary SuperHyperOperation 


2) Let H = [0,2] be a continuous set. 


P(A) = P((0,2]) = {A| AC [0,2], A = subset}, 
P?(H) = P(P((0,2])). 
Let c,d e€ H. 


Ofo,2) : H? > P?(H). 
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2,2) | ¢ d 
c | {]0,0.5),[1,2]} {0.7,0.9, 1.8} 
d {2.5} {(0.3, 0.6), {0.4, 1.9}, 2} 


Table 2: Example 2 of classical-type Binary SuperHyperOperation 


4.2 Classical-type m-ary SuperHyperOperation (or a more accurate denomination (m,n)- 
SuperHyperOperation) 


Let U be a universe of discourse and a non-empty set H, H C U. Then: 
or »H™ > PP(A), 


where the integers m,n > 1, 


H™ =HxHx.::--xH, 
n——— 
m times 


and P"(H) is the n‘*-powerset of the set H that includes the empty-set. 


This SuperHyperOperation is an m-ary operation defined from the set H to the n**-powerset 
of the set H. 


4.3 Neutrosophic m-ary SuperHyperOperation (or more accurate denomination Neu- 
trosophic (m,n)-SuperHyperOperation): 


Let U be a universe of discourse and a non-empty set H, H Cc U. Then: 
(m,n) :H™ 3 Boye): 


where the integers m,n > 1, 
and P"(#) is the n-th powerset of the set H that includes the empty-set. 


5. SuperHyperAxiom: 


A classical-type SuperHyperAxiom or more accurately a (m,n)-SuperHyperAxiom is 
an axiom based on classical-type SuperHyperOperations. 


Similarly, a Neutrosophic SuperHyperAxiom (or Neutrosphic (m,n)-SuperHyperAxiom) 
is an axiom based on Neutrosophic SuperHyperOperations. 


There are: 


e Strong SuperHyper Axioms, when the left-hand side is equal to the right-hand side as in 
non-hyper axioms, 


e and Week SuperHyperAxioms, when the intersection between the left-hand side and the 
right-hand side is non-empty. 
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For examples, one has: 


e Strong SuperHyperAssociativity, when (xo y)oz = xo(yoz), for all x,y,z € H™, where the 
laW Span ett” PPA): 


e and Week SuperHyperAssociativity, when [(x 0 y) oz] [xo (yo z)] #9, for all x,y,z € H™. 
6. SuperHyperAlgebra and SuperHyperStructure: 


A SuperHyperAlgebra or more accurately (m — n)-SuperHyperAlgebra is an algebra 
dealing with SuperHyperOperations and SuperHyperAxioms. 


Again, a Neutrosophic SuperHyperAlgebra (or Neutrosphic (m,n)-SuperHyperAlgebra) 
is an algebra dealing with Neutrosophic SuperHyperOperations and Neutrosophic SuperHyperAx- 
ioms. 


In general, we have SuperHyperStructures (or (m — n)-SuperHyperStructures), and corre- 
sponding Neutrosophic SuperHyperStructures. 


For example, there are SuperHyperGrupoid, SuperHyperSemigroup, SuperHyperGroup, Su- 
perHyperRing, SuperHyperVectorSpace, etc. 


7. Distinction between SuperHyperAlgebra vs. Neutrosophic SuperHyper Algebra: 


i. If none of the power sets P*(H), 1 < k <n, do not include the empty set (@, then one has a 
classical-type SuperHyperAlgebra; 


ii. If at least one power set, P*(H), 1 < k <n, includes the empty set 0, then one has a 
Neutrosophic SuperHyperAlgebra. 


8. SuperHyperGraph (or n-SuperHyperGraph): 


The SuperHyperAlgebra resembles the n-SuperHyperGraph [17, 18, 19], introduced by Smaran- 
dache in 2019, defined as follows: 


8.1 Definition of the n-SuperHyperGraph: 


Let V = {v1,v2,--+ ,Um}, for 1 < m < «~, be a set of vertices, that contains Single Vertices 
(the classical ones), Indeterminate Vertices (unclear, vague, partially known), and Null Vertices 
(totally unknown, empty). 


Let P(V) be the power of set V, that includes the empty set 0), too. 
Then P"(V) be the n-powerset of the set V, defined in a recurent way, i.e.: 
P(V), P?(V) =P(P(V)), P8(V) = P(P?(V)) = P(P(P(V))), --- 


P"(V) = P(P’-Y(V)), for 1 < n < 00, where by definition P°(V) ey. 
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Then, the n-SuperHyperGraph (n-SHG) is an ordered pair: 
n-SHG = (Gp, En), 


where G, C P"(V), and En C P"(V), for 1<n< oo. 
G, is the set of vertices, and E,, is the set of edges. 


The set of vertices G,, contains the following types of vertices: 
a Singles Vertices (the classical ones); 
a Indeterminate Vertices (unclear, vagues, partially unkwnown); 


a Null Vertices (totally unknown, empty); 
and: 


a Super Vertex (or Subset Vertex), i.e. two ore more (single, indeterminate, or null) vertices put 
together as a group (organization). 


a n-SuperVerter that is a collection of many vertices such that at least one is a (n — 1)- 
Super Vertex and all other r-SuperVertices into the collection, if any, have the order r < n—1. 


The set of edges E,, contains the following types of edges: 
m Singles Edges (the classical ones); 
a Indeterminate Edges (unclear, vague, partially unknown); 


a Null Edges (totally unknown, empty); 
and: 


a HyperEdge (connecting three or more single vertices); 
a SuperEdge (connecting two vertices, at least one of them being a SuperVertex); 


a n-SuperEdge (connecting two vertices, at least one being an n-SuperVertex, and the other of 
order r-SuperVertex, with r < n); 


a SuperHyperEdge (connecting three or more vertices, at least one being a SuperVertex); 


a n-SuperHyperEdge (connecting three or more vertices, at least one being an n-Super Vertex, 
and the other r-SuperVertices with r < n; 


a MultiEdges (two or more edges connecting the same two vertices); 


a Loop (and edge that connects an element with itself). 
and: 
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a Directed Graph (classical one); 
a Undirected Graph (classical one); 


a Neutrosophic Directed Graph (partially directed, partially undirected, partially indeterminate 
direction). 


2 Conclusion 


We recalled the most general form of algebras, called SuperHyperAlgebra (or more accurate de- 
nomination (m,n)-SuperHyperAlgebra) and the Neutrososophic SuperHyperAlgebra, and their ex- 
tensions to SuperHyperStructures and respectively Neutrosophic SuperHyperAlgebra in any field 
of knowledge. 


They are based on the n‘*-Powerset of a Set, which better reflects our complex reality, since a 
set H (that may represent a group, a society, a country, a continent, etc.) of elements (such as: 
people, objects, and in general any items) is organized onto subsets P(H), and these subsets are 
again organized onto subsets of subsets P(P(H)), and so on. That’s our world. 


Hoping that this new field of SuperHyperAlgebra will inspire researchers to studying several 
interesting particular cases, such as the SuperHyperGroupoid, SuperHyperMonoid, SuperHyper- 
Semigroup, SuperHyperGroup, SuperHyperRing, SuperHyperVectorSpace, etc. 
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On Single Valued Neutrosophic Regularity Spaces 
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ABSTRACT 


This article aims to present new terms of single-valued neutrosophic notions in the Sostak sense, known as single- 
valued neutrosophic regularity spaces. Concepts such as r-single-valued neutrosophic semi £-open, r-single-valued 
neutrosophic pre-£-open, r-single valued neutrosophic regular-£-open and r-single valued neutrosophic w£-open 
are defined and their properties are studied as well as the relationship between them. Moreover, we introduce the 
concept of r-single valued neutrosophic 6£-cluster point and r-single-valued neutrosophic y£-cluster point, r-O£- 
closed, and 9£-closure operators and study some of their properties. Also, we present and investigate the notions 
of r-single-valued neutrosophic 6£-connectedness and r-single valued neutrosophic 5£-connectedness and inves- 
tigate relationship with single-valued neutrosophic almost £-regular. We compare all these forms of connectedness 
and investigate their properties in single-valued neutrosophic semiregular and single-valued neutrosophic almost 
regular in neutrosophic ideal topological spaces in Sostak sense. The usefulness of these concepts are incorporated 
to multiple attribute groups of comparison within the connectedness and separateness of 0£ and 65£. 


KEYWORDS 


Single valued neutrosophic @£-closed; single valued neutrosophic 0£-separated; single valued neutrosophic 
d£-separated; single-valued neutrosophic 6£-connected; single valued neutrosophic d£-connected; single 
valued neutrosophic almost £-egular 


1 Introduction 


A neutrosophic set can be practical in addressing problems with indeterminate, imperfect, and 
inconsistent materials. The concept of neutrosophic set theory was introduced by Smarandache [1] 
as a new mathematical method that corresponds to the indeterminacy degree (uncertainty, etc.). 
Bakbak et al. [2] and Mishra et al. [3] applied the soft set theory successfully applied in several 
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areas, such as the smoothness of functions, as well as architecture-based, neuro-linguistic pro- 
gramming. Wang et al. [4] proposed single-valued neutrosophic sets (SVNSs). Meanwhile, Kim 
et al. [5,6] inspected the single valued neutrosophic relations (SVNRs) and symmetric closure of 
SVNR, respectively. Recently, Saber et al. [7-9] introduced the concepts of single-valued neutro- 
sophic ideal open local function and single-valued neutrosophic topological space. Many of their 
applications appear in the studies of Das et al. [10]. Alsharari et al. [11-13]. Riaz et al. [14]. 
Salama et al. [15-17]. Hur et al. [18,19]. Yang et al. [20]. El-Gayyar [21], AL-Nafee et al. [22]. 
Muhiuddin et al. [23,24] and Mukherjee et al. [25]. 


First, we define single-valued neutrosophic 6£-closed and single-valued neutrosophic 5£-closed 
sets as well as some of their core properties. We also present and explore the properties and 


characterizations of single valued neutrosophic operators namely 6£-closure (Cle, -) and é£- 


closure (CIs; z) in the single valued neutrosophic ideal topological space (F, 1875, £295). We 
then define the concept of single valued neutrosophic regularity spaces. Next, we study single- 
valued neutrosophic 6£-separated and single-valued neutrosophic é£-separated with giving some 
definitions and theorems. Furthermore, we also introduce single-valued neutrosophic 6£-connected 
and single valued neutrosophic é6£-connected relying on the single valued neutrosophic 6£-closure 
and 6£-closure operators. 


We define a fixed nee F to be a finite set of objects and ¢ a closed unit interval [0, 1]. 
Additionally, we denote ¢7 as the set of all single-valued neutrosophic subsets of F. 


2 Preliminaries 
This section provides a complete survey, some previous studies, and concepts associated with 
this study. 


Definition 1. [1] Let F be a non-empty set. A neutrosophic set (briefly, NS) in F is an object 
having the form ay = {(v, Oa, (UV), Fa, (@), Sa,(v)): vu € F} where 


0: F>)-0,1'|,6: F>J)-0,17|,¢: F+J-0,1*| and “0 <6, (v) + 6a, (v) + Sy,(v) <3* = (D 


Represent the degree of membership (@q,,), the degree of indeterminacy (d,,), and the degree 
of non-membership (¢,,,) respectively of any v € F to the set ap. 


Definition 2. [4] Suppose that F is a universal set a space of points (objects), with a generic 
element in F denoted by v. Then a, is called a single valued neutrosophic set (briefly, SVNS) 
in F, if a, has the form a, = {(U, Oa, (V), Fa, (V), Sa,(V)): UE F}. Now, Odn> Fon» Sa, indicate 
the degree of non-membership, the degree of indeterminacy, and the degree of membership, 
respectively of any v € F to the set ap. 


Definition 3. [4] Let an, = {(U, Oa, (UV), Fa, (V), Sa, (V)): UE F} be an SVNS on F. The comple- 
ment of the set a, (briefly, af) defined as follows: @y¢(v) = Sa, (V), Fa, (V) = [Fa,]° (V), Sag (V) = 
Ca, (V). 

Definition 4. [26] Let F be a non-empty set and ay,&, € cF be in the form: a, = 
{(U, Can (V), Fay (V)s Sa,(V)): VE F} and &y = {(v, Ge, (V), Fe,(V), Se,(V)): vu € F} on F then, 


(b) Qn =€n iff on C ep and oy D En. 
(c) 0=(0,1,1) and 1 = (1,0,0). 


(a) on C én for every VE F; Ga, (V) < Ge, (V), Fay (V) > Ge, (V), Ga, (V) > Ee, (V)- 
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Definition 5. [20] Let on,&n €¢7. Then, 
(a) anNé, is an SVNS, if for every vé F, 
On Mn =((Oe, VOe,) (V), (Fon UFen) (VY); (Sa, U Se,) (Y)), (2) 
where, (a, Gc,)(V) = Ga, (V) MGe,(V) and (Gay U Fe,)(V) = Sa,(v) U Se, (v), for all ve F, 
(b) a, Ue, is an SVNS, if for every ve Ff, 
on UEn = ((Be, UOe,) (VY); (Feary Fen) Y) + (See, Fe) (V))- (3) 


Definition 6. [15] For an any arbitrary family {a;}i<; € cF of SVNS the union and intersection 
are given by 
(a) (ie len]i = (Mie fO fan): UV)» Vie FFfan]; (UV), Viej Sfanli(V)), 
(b) Vie; Leni = (Vie (Ofer (UV), Vie{F orn] (V)s Vie Son] (V))- 


Definition 7. [21] A single-valued neutrosophic topological spaces is an ordered (F, 72, 7°, 75) 
where 72,7°,7°: ¢* +¢ is a mapping satisfying the following axioms: 

(SVNT1) £2(0) = 72(1) = 77 (0) = 7° (1) =0 and 750) =7$(1) =1. 

(SVNT2) 72 (nN En) > £2 (an) N F8 (En), F7 (tn MN En) < T% (Gn) U T° (En), FS (in M En) < FS (Gp) U 
75 (en) for every, n,n C7 

(SVNT3) T° (Ujer[On])) a Njert(an]), 7° (Vjer[an])) = Ujert? ([ornl;) TS (Ujer[an]) = Ujer tS (lanl), 
for every [an]; € cF . 


The quadruple (F, 72, 7,75) is called a single-valued neutrosophic topological spaces (briefly, 


SVNT, for short). Occasionally write 1°°S for (¢2,7%,75) and it will cause no ambiguity. 
Definition 8. [7] Let (F,72°5) be an SVNTS. Then, for every a, €¢7 and r€ %. Then the 

single valued neutrosophic closure and single valued neutrosophic interior of a, are define by: 

C002 (tn.t) =( {en €o7 : on <€n, T8((en|) = 0,0" ((enl) <1 —4, 78 (eal) <1 —4} (4) 


int ,55¢(on,t) =|_Jlen E57: on > €n, t8 (En) > 1,09 (Cn) <1 —1, 15 (en) < 1-1) (5) 


Definition 9. [7] Let (F) be a nonempty set and ve F, let se 0,1], te [0,1) and ke [0,1), 
then the single-valued neutrosophic point x5,% in F given by 


(s,t,k), if x=vu 
Xs,t,k (v) = 
(0,1,1), otherwise. 


We define that, X54) € On iff s < Og, (VU), = Gu,(v) and k= ry (uv). We indicate the set of all 


single-valued neutrosophic points in F as Proik (F). A single-valued neutrosophic set a, is said 
to be quasi-coincident with another single-valued neutrosophic set ¢,, denoted by agen, if there 
exists an element v € F such that O9,(v)+0¢,(v) > 1, 6u,(v) + Ge,(V) < 1, Sa,(V) + Se, (V) < 1. 
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Definition 10. [7] A mapping £°,£°,£5: c* > ¢ is called single-valued neutrosophic ideal 
(SVNI) on F if, it satisfies the following conditions: 


(£1) £200) =1 and £°(0)=£5 (0) =0. 

(£2) If on < Yn> then £2(E,) = £2(an), £2 (En) = Su (a) and £5 (En) = £5 (an), for n,n € e 

(£3) £2 (ay UEn) = £2 (an) NEP (En), - ()UEn) < ad (an) UE® (€n) and a (Q,UEn) < £5 (on) UES (En), 
for On, En € C7. 


_ The tribal (F, 1275 £275) is called a single valued neutrosophic ideal topological space in 
Sostak sense (briefly, SVNITS). 


Definition 11. [7] Let (F, r29°5, £275) be an SVNITS for each ay € c*. Then, the single valued 


neutrosophic ideal open local function [a,]©(t2°S,£2°S) of a, is the union of all single-valued 
neutrosophic points x,,, such that if e, € O,aee(Xs4,4.1) and £°(@n) > 1r, £7 (@n) < 1-1, £5 (an) < 


1—r, then there is at least one ve F for which 


Qu, (VI +Qe, V)—-1> Oy, (V), Fa, (V)+G¢e, (V)-1<6o,(V), Sa, (V)+Se, (V)-1< Su, (YU) (6) 


Occasionally, we will write [a,J© for [a,]©(r2°s,£2°5) herein to avoid ambiguity. 


Remark 1. [7] Let (F, 1275, £275) be an SVNITS and a, €¢*. Hence, we can write 


Cl 5a2 (On, 1) = On U [wn] int® (On,1) = nM [omy] cd) 


1066 
Clearly, Cli, 2 is a single-valued neutrosophic closure operator and (12°(£), t7°(£), rS°(£)) 
is the single-valued neutrosophic topology generated by Clie ie, TO(T)(Qn) = UfriCl ez 
(a7.1) =a}. 
Theorem 1. [7] Let {[anJi}icy C cF be a family of single-valued neutrosophic sets on F and 


(F,, £275 £05%) be a SVNITS. Then, 


(a) (Ulan])e: iE J) < Ulan]: Te NS, 
(b) (N(e@n]i): reye = (Nando: ie J). 


Theorem 2. [7] Let (F,12%°, £25) be an SVNITS and ré€,0n,& €¢7. Then, 


(a) intee2 (Qn V En 1) < inte: (Qn,1) V inte: (€n,1)s 
. . © 
(b) intzos¢ (Qn, 1) < ints; 5 - 


(c) CIS... ((an]°,r) = [int?,.- (an. 1)]°, 


(Qn, 7) < om < CIE 


z06E (Qn,1) < Czae2(An,1), 


FOFS Zoos 
() [CI 52 (an, )]° = int 52 (onl), 


(e) intee2 (yn A En, 1) = inte psc (Qn,1) A int 5 (€n,1). 


Definition 12. [8] Let (F, 2°5) be an SVNITS. For every An, En, On € cF , @, and é€, are called 
r-single-valued neutrosophic separated if for r€ fo, 


Cl a6z (ns) Nn = Cl ace (€n,1) Nn =0 (8) 
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_ An SVNS, wy is called r-single-valued neutrosophic connected if r-SVN SEP an, &n € cF — 
{0} such that w,=a,Ue, does not exist. A SVNS ay is said to be r-single-valued neutrosophic 


connected if it is r-single-valued neutrosophic connected for any re€ op. A (F, 7275) is said to be 
r-single-valued neutrosophic connected if 1 is r-single-valued neutrosophic connected. 


3 Single Valued Neutrosophic 6£-Cluster Point and Single Valued Neutrosophic 0£-Cluster Point 

In this section, we introduce the r-single-valued neutrosophic 6£-cluster point (abbreviated 
SVN6£-cluster point) and r-single-valued neutrosophic £-closed set (abbreviated SVN£C). Fur- 
thermore, we analyze the single-valued neutrosophic d£-closure operator (6£-closure operator for 
brevity) and single-valued neutrosophic 6£-closure operator (6£-closure operator for brevity). 


Definition 13. Let (F, 1°75, £275) be an SVNITS and a, €¢7, re %. Then, 

(a) ap is said to be r-single valued neutrosophic f£-open (briefly, r-SVN£O), if and only if 
Ans int a6 (enl?, r), 

(b) a, is said to be r-single valued neutrosophic semi-£-open (briefly, r-SVNS£O) if and only 
if ay < Cle (int za6¢ (fon], rst) 
(c) a, is called r-single valued neutrosophic pre-£-open (briefly, r-SVNP£O) if and only if a, < 
intzae¢ (Cl zae¢((an]?.7).1), 

(d) a, is called r-single valued neutrosophic regular-£-open (briefly, 7-SVNRE£O) if and only if 
an = intzaee (Clee (eal, r),1), 

(e) a, is said to be r-single valued neutrosophic af£-open (briefly, r-SVNa£O) if and only if 
An < iIntzaée (oie (int 5 ([anl?. r) ; r) ; 

(f) a, is said to be r-single valued neutrosophic *-open set (briefly, 7-SVN * O) if and only if 
An = Cle (Qn, 1). 

The complement of an r—SVNE£O (resp, r-SVNS£O, r-SVNP£O, r-SVNRE£O, 1r-SVNa£O, 
t-SVNxQO) is said to be an r—SVNEC (resp, r-SVNSE£C, r-SVNPEC, r-SVNREC, r-SVN&£C, 
tr-SVNxC) respectively. 

Remark 2. r-single valued neutrosophic open set (r —-SVNO) and r-SVNEO are independent 
notions as shown by the following example. 


Example 1. Let F ={a,b,c} be a set. Define €,,7),@n € cF as follows: 
En = ((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3,0.3)); 2, = ((0.4, 0.4, 0.4), (0.4, 0.4, 0.4), (0.4, 0.4, 0.4)) , 
@y = ((0.5,0.5, 0.5), (0.2, 0.2, 0.2), (0.1,0.1,0.1)). 


We define an SVNITS(r2°*, £255) on F as follows: for each ay, €¢*F, 


1, if ay = {0,i}, 1, if on =0, 

~O 2 ‘ fa 2 : 

T* (Qn) = 3 if On = {En, Tn}, £° (Qn) = 3° if 0 <n <p 
0, otherwise, 0, otherwise, 
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0, if an = {0,1}, 0, if a=, 


[ [ 

c @)= j if On={en, tn}, £° On) = | 
1, otherwise, 

[ [ 

| | 

| | 


if 0 <n <n, 


1, otherwise, 


0, if on = {0,1}, 0, if an =, 


if Un ={En, Hn}, £9 (@n) = if 0 <0tn <n, 


1, otherwise, 1, otherwise. 


Based on e, = ((0.3,0.3,0.3), (0.3, 0.3,0.3), (0.3,0.3,0.3)), it’s clear that, 4 — SVNO is set 
because 12(((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3))) > i, tr (((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3,0.3))) < 
5.75 (((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3))) < 3. 

However €, is not an r-SVNE£O set, and for that, we must prove that ¢, £ 
int zae< ((enl?, 2). So, we must first obtain [en]? Based on Eq. (11), 1, n,n € O56 (X5,t,k5 x) and 
£2(((0.5,0.5,0.5), (0.2, 0.2, 0.2), (0.1,0.1,0.1))) > z, £7 (((0.5, 0.5, 0.5), (0.2, 0.2, 0.2), (0.1,0.1,0.1))) < 
5, £5 (((0.5, 0.5, 0.5), (0.2, 0.2, 0.2), (0.1,0.1,0.1))) < 4, 
such that by using Eqs. (2), (3) and (6) we obtain, 

Oe, (V) + 07 (V) — 1 > Oo, (UV), Fe, (UV) +47] (V) — 1S Ga, (UV), Sen (VU) + Sj (UV) — 1 S Su, (Vv). 
(0.3, 0.3,0.3) (v) +d, 1, 1) (v) — 1 # (0.5, 0.5, 0.5) (v), 

(0.3, 0.3, 0.3) (v) + (0,0, 0) (v) — 1 < (0.2, 0.2,0.2) (v), 

(0.3, 0.3,0.3) (v) + (0,0, 0) (v) — 1 < (0.1,0.1,0.1) (v), 

Ge, (V) + Ox, (V) — 1 > Oo, (UV), Fe_ (V) + Ox, (V) — 1S Ge, (VY), Se, (V) + Sx, (V) — 1S So, (V)- 
(0.3, 0.3, 0.3) (v) + (0.4, 0.4, 0.4) (v) — 1 # (0.5, 0.5, 0.5) (v), 

(0.3, 0.3, 0.3) (v) + (0.4, 0.4, 0.4) (v) — 1 < (0.2,0.2, 0.2) (v), 

(0.3, 0.3, 0.3) (v) + (0.4, 0.4, 0.4) (v) — 1 < (0.1, 0.1, 0.1) (v) 

Oe, (V) + Oe, (V) — 1 > Oey (VV), Fen (V) + Fe, (UV) — 1S Fey, (UV), Se, (V) + Sen (UV) — 1S So, (V)- 
(0.3, 0.3, 0.3) (v) + (0.3, 0.3, 0.3) (v) — 1 $ (0.5, 0.5, 0.5) (v), 

(0.3, 0.3, 0.3) (v) + (0.3, 0.3, 0.3) (v) — 1 < (0.2,0.2,0.2) (v), 

(0.3, 0.3, 0.3) (v) + (0.3, 0.3, 0.3) (v) — 1 < (0.1,0.1, 0.1) (v) 


Therefore, [en]9 = (0). Subsequently, using Eg. (7) we obtain intzge (enl?, 4) = intzss< (0, 4) =0, 
3 3 


which implies that 


2 - 
((0.3,0.3, 0.3), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3)) = én £ intzase (az =) =0. 
3 
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Hence, €, is not an r-SVNEO set. 


Definition 14. Let (F,12%5,£2%5) be an SVNITS, on € 6%, xXs2k € Psrg(F) and r € &. 
Then, 


(a) a» is an r-single valued neutrosophic Q,s<-neighborhood of X5,.% if Xs,,4q¢on with T2(an) > 
r,t? (ay) <1—r,t$ (an) < 1-1; 

(b) X54 is an r-single valued neutrosophic 6£-cluster point (r-5£-cluster point) of a, if for every 
En € Oz6e (Xs,1,k,1), we have angintzss: (C1252 (En."),"); 

(c) d£-closure operator is the mapping of Cli, z: cF x fy > cF defined as 


CE: (Qy,r) =U {x51 EPs tk (#) > Xs44 is r—d£—cluster point of an| ; 


Definition 15. Let (F,72%5,£2%5) be an SVNITS, a € 6%, Xsi¢ € Pyrg(F) and r € %. 
Then, 


(a) a», is called r-Single valued neutrosophic oe is z-heighborhood of X14 if Xs..nqg@n and an 
is r-SVNRIO. We denote R*,,. = {a ELF Ix, 1 (Goins On is T— SVNRIO}, 


(b) X54 18 called r-single valued neutrosophic 6£-cluster point (r-0£-cluster point) of a» if for 
any €n € Ozaae (Xs1,4.7), we have ong Cle55 o (Ens), 


(c) 6£-closure operator is mapping CI%..: CF xl CF defined as 


Zoos 


Ce 52 (@n,") =U {sk €Pstk (#) > Xs2k 8s r—O£L—cluster point of an (9) 


Example 2. Let F ={a,b,c} be a set. Define &,,7 € cF as follows: 


en = ((0.4, 0.4, 0.4), (0.4, 0.4, 0.4), (0.4, 0.4, 0.4): = ((0.2, 0.2, 0.2), (0.2, 0.2, 0.2), (0.2, 0.2, 0.2)) . 


We define an SVNITS(r2°*, £255) on F as follows: for each ay, €¢F, 


{i if oan =0, Ls if am =0, 
e 1 
1, ifa,=1, 3? if T= En 
T° (On) = 4 2 ; £° (on) = 2 
ae if On = En, 3 if 0 <ay <p 
0, otherwise, 0, otherwise, 
0, if Qn = 0, 0, if an =0, 
2-4 
0, if a, =1, 3° if Tn = En 
aa (Qn) =} 1 ; a (Qn) = 1 
3° if On =€n, 7 if 0 <an <In 
1, otherwise, i, - otherwise: 
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0, if ay = 0, 0, if An = 0, 
= 2 a 
0, if a,=1, 3° if Tn = En 
zs (an) = 1 £s (Qn) = 1 
3° if On = En, 3” if 0 <Any < Ty 
1, otherwise, 


1, otherwise, 
From using (9) we get, we obtain 
0, if Ay = 0, 
as 1 2 
CI 2 (Qn,1r) = con if OF an <eé,,r< 3° t=—7> 3° 


1, otherwise. 


Theorem 3. Let (F,12%°,£2%%) be an SVNITS, r€ % and ay,&) € ¢*. Then the following 
properties are holds: 
(a) Qn < Ch (Qn, P), 
(b) If ay <&,, then CU sz (Qy,r) < Cle 52 (€n,1), 
(c) intzae< (Clo sz (an,1),r) is r-SVNRIO, 
(d) CRE, - (nr) = Men € SF ln < En, &n is t-SVNRIC}, 
(e) Clzeee(Qn,1) < CIsz (Qn, 1). 
Proof. (a) and (b) are easily proved from (9). 


(c) Let e, € cF and ¢é, = int zeae (CIS 5 (Qy,1),r). Then, we have 


Int za6¢ (oe: (Qy,1) , r) = intzaee ‘coe (int avs (cigs (Qy,1), r) ; r) ; r) 
< intzae< (C1322 (Cl2 2 (Qn, r), r), r) 
a ies © = 
= intzgee (cigs (Qy,1), r) =Ep. 
Since €, = intzase (En, 1) < intzase (Clo32 (En,r),1), we have intzge< (Clee (€n,1),1) = En. 


(d) Based on P=Mey € CF lan < €n,€, is r-SVNRIC}, let CI°*.-(a,,r) # P; therefore, v € F 
Zoos 
and se (0, 1], t¢[0,1),4 €[0, 1)] exist such that 
Ocrt (on,F) (v) <s< Op (v) 
O cyst (on,") (v)=>t>op(v) 


(10) 
S crit (on,") (v)>k>cp(v) 
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Therefore, x,,; is not an r-d£-cluster point of a. As such, & € Ozas2 (Xsr4.") and ay < 
[int=as2(€n,r)|°. Consequently, a, < [intz3e¢ (C12 epee Enst)»1)\° = Cleese (int sz (eal t)2): 

Since Claes Cint§,, - ( ([en]®,r),r) is r-SVNRIC, we have Op(v) < Gci,a int®, (enke.n.r) Y) < 
S,Op(V) > Gq ca int > ((en}°1).) (v) >t and Cp(v) > Sq pe lint, (en}n.n) > k. This is a contradiction 


to Eq. (10). Therehars CI. _(a,,r) =P. 


TOTS 


Meanwhile, by setting CU sz z(Qn,1) £P, then an r-d£-cluster point of Vy tk, © Psit(F) of ay, 
exists such that 


Q cr (apr) V) > 81 > Op) 
F C7* (apr) V) SH SOP) (11) 
S C1 (cen,0) 0) <hk< cp) 


Owing to P, there exists r-SVNRIC €é, € cF with an < é€, such that Qcrit feiss) (v) > S1 > Oc, = 
op (y), Cots (or) 0) S11 S Oc, < Fp (y) and Sc1¥€ (a, <ki < Oe, < Ep). Therefore, [é,]° € 
O75%¢ (Vs,,t1-K1). SO, On < En = [intzaee (CIS,;; (enl’.1), 1°. Hence, ongintsae2 (C12 soee (En]®.r).1). 

Additionally, ys, 4,4, 18 not an r-d£-cluster point of an, that is, Garis ens 81, O cyst (ant) Y) 2 


th, Scyse (os nW) >k,. This is a contradiction to Eq. (11). Therefore, CHE. -(Qy,r) <P, 
zs nse 


TOTS 


(e) Suppose that Clyase(on,r) £ CI%5;2(an,1); therefore, v € F and [s € (0, 1], t€ [0,1), k € [0, 1)] 
exist such that 
OCI, 5 (nr) (UY) > 8 > cr (ayn) (UY) 
O CI5 (ent) (V) SES 6 Cp¥t @, ») (V) 1) 


SCI. 5 (en1)(V) SKS S crt (ten @)> 


Since, oct, 5(@n,t) (V) < S, OCLs (an, rn (v) = t, SCI. (an,r) (V) = k, we have xs; not r-d£-cluster 
point of a,. Therefore, there exists ¢, € Qzase(Xsr%,7) and ay, < [int; 7005 (C1252 (Ens). ON. 
Hence, QCl.5(an,") (v) < Ofint,5 (C12, enn. (v) < 8s, FC. (On,") (v) < Clint, (CP, (en. (v) >t and 
SClez (an, rv) < Lint, < (CIP (en.r) ye U) >k. It is a contradiction for Eq. (12). Thus Clzasz(an,r) < 


CI£.. (an, 7). 


zoos 


Theorem 4. Let (F,12°5,£2°5) be an SVNITS, for each re fo and ay, €n € cF . Then the 
following properties hold: 


(a) Xn < CI, 2 (On, r), 
(b) If & <p, then C1. (on, f) CI fet), 


Ose pore 


(c) Clease (On, r) < UlXs tk €Psik(F)iXstk is r-O£-cluster point of ap}, 
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(d) CI®, - (on, 1) = Men € CF lot <imt?;- (En), T2([En}®) =r, T (en]*) < 1-4, 18 ((en}*) < 1-1}, 


(e) CI 2 (Om .t) = Men € C7 lon < en, En is r-S5£-cluster point of op} 


(f) Xs.tk is r-O£-cluster point of On iff xst_ € Cle, (ast), 


(g) Xstk is r-d£-cluster point of Xp iff Xsik € CL. (Xn, 1), 


(n,1),1), then i (Xn, r) = Xp, 


(h) If a, = Cleese (intl 


7056 
(1) OX < Clase (Xn, r) < i (Xn, r) < Clee sz (On; r), 
(j) W (a V Ent) = W (Xn, Fr) V W (En, Fr) for each W = 1s CE 2 

(kK) C155, 2 (C15, 2(on, 1), 1) = C125, 2 (an, 4). 

Proof. (a) and (b) are easily proved from Definition 14. 

(c) Set P = Ulxsix € Pork (F )IXs,4 as an r-d£-cluster point of a,}. Suppose that 
Cl sz (On,r) £ PB. Then there exists ve F, and [se (0, 1], €[0, 1), k €[0, 1)] such that 
OCI. 3 (enn) (V) > 8 > Op (V) 
OCLs (On,1) (v) St< op (v) (13) 


SCl.z (en,r) (V) ai k = Spl(v) 
Consequently, x54, is not r-d£-cluster point of a,. So, there exists &) € Q ase (Xs,44,7) and 
: a © . c 
An < | Mtzaee Cligsz (€n,1) 41 < [en] 


Based on Eq. (4), Oct.g(an,r) UY) S Ofenye (UV) < 8, 61.5 (ann) (VU) 2 
Ffen\e (V) >t and CC7_z(an,r) (V) 2 Sfeqe (V) =k. 
It is a contradiction for Eq. (13). Thus Clase (an, r) < P. 


(d) y =MfEn € 67 lay < intense (Ener), T?(len]°) =r, tT? ((en]’) < 1-74, tS (en]®) < 1-7}. 
Suppose that CIs = (ns) bs y, then there exists ve€ F and [s € (0, 1], t€[0,1), k €[0,1)] such 

that 

Bcitt, (a, Y) <8 ay (v) 

o cyte (a,.r) (V) >t 2 oy (v) (14) 

Sct (a,,r) (VU) > k= Sy (v) 


Consequently, x54 18 not r-0£-cluster point of a,. So, there exists én € O,as2(Xs,4k51) » An < 
(Clee (en, ON. Thus, oy < (C352 (en. = GntQse (el. . tn) =r, T° (En) S 1-7, 
t§(€n) <1—r}. Hence, Gy (v) < Ge, (V) <5, Fy (V) < Ge, (V) <b Sy (UV) S Sfeyye (V) <k. 


It is a contradiction to Eq. (14). Thus CI. (an, 1) > y. 


qors 
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Suppose that CI2..(@n,r) £ y, then there exists r-0£-cluster point of ap. Vs,t ky € Ps ik(F) 


z066 

of a,, such that 

QI (apr) VY) > 81 > Oy W) | 

F C7 (ey) V) < HS Fy ) (15) 
Ecrtt (an. V) <A S Sy) 


By the definition of y, there exists é,) € cF with t2(e,) =r, t? (en) < 1 —7,t8 (en) <1 —3 
and om < int; (€n,r), sit BIE (ann) V) > 81 > Ben W) 2 By W) Fe ay) V) <1 S Gen Y) S Gy YY) 
and Scrtt (env) (v) < ky < es, (v) < Sy (y). Additionally, [e,]6 € OR Os,,t,.4.27)- Ay < inte se (€n,17) = 
fee 


© 
TOoS T 


((én]°,r)]*, implies angCl 552 en]. 1). Hence ys, 7,4, 18 not an r-O£-cluster point of ay. It is 
a contradiction for Fg. (15). Thus cle, 2(Qp,1) <y. 

(e) Similar results are shown in (c) and (d). 

(f) (=), clear. 

(<=) Suppose that x54 is not an r-6£-cluster point of a,. There exists én € Q,ase(Xs,2,4,7) Such 
that Cis 2(En,P) < On. Thus om < [Cl sean l= Cl 2(len}’.r). By (d), Bowe (a,,r) U) S Ofenye (V) < 
S, el iets (VU) = Ofe,)¢ (Vv) > t and See (r,,r) VY) > Ctele(v) > t. Hence xs 14 ¢ cl z (ns). 


(g) is similarly proved as in (f). 
(h) The validity of this axiom is obvious from Theorem 3 (4). 
(i) Based on Theorem 3(e), we show that CI%£.-(a,,r) < CI%.-(a,,r). Suppose that 


z056 z066 
CL, (nr) g CPs (Gn?) then there exists v €¢ and [se (0, 1], t€[0, 1), k €[0, 1)] such that 


Ocist (Qn,1) (v) ON Oct (Qn,1) (v) 
F CHE (ays) VU) > FZ F Cp (e,,r) U) oo 


Scr (a_.r)(U) >k = Scitt gay?) 


Since Oct (1p,r) U) <5, Oot (om r) UV) < ¢ and Scie (ip,r) UY) <k, then we have x,;, is not 


r-0£-cluster point of a, So, there exists & € Q,a6eWs,,r,k,51)> On < [Cl 52 (En IS implies 


Aqintzee¢ (Clee (ns 7) 7). Hence, xs; 18 not r-d£-cluster point of a, by (7), we can get than, 

Ocye ty pv) < 8, OCpsE (ey nv) > t, Ccpse tee pv) > k. It is a contradiction for Eq. (16). Thus, 
70 No zo Ns eG Ns 

CH=. (an, 7) < CI. . (an, 1). 


Zoos Zoos 
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(€n,7) V CI. . (on) $ CIE, . (in V Ens). Then there exists v € F such that 


GOS Zoos 


; b£ 
(Gj) Let CVE, 

O crit (€n,r) (ayy Qc (On,1) (v) ea O crit (OnVEn,r) (v) 
F C1 (ent) VU) YF Cp (ayn) (V) > E> F CHE ayve,) Y) (17) 


S cpt (en.1) U) v S crit (ay,r) UV) ee Scytt (nV En!) (v) J 
Since Ccr't (on r) (UY) <5 fora: (om r) (YU) > 6 Scr ano k and Ope (e_,r) (V) <5; Sorts ees 
t, Scyse ea > k. We obtain, xs,% 1s not r-d£-cluster point of a, and e€, So, there exists 
ze Ns 


[onli Lenhi € Q,ae¢ (Xs..407), and Qn < [intzare(Cl52Conhi.1).].€n < [intzae (Close Cen. NV 
Thus, [om}) A[Enli € Q,062 (Xs,1,k51) - 
Using Eqs. (4) and (5) we obtain, 


On V En < [inteas (C1922 (fon) 1) .r) A intzaee (Ca. ([enh st) ay) 
< [intzae2 (C12,52 andi.) A C152 Cent.) 91° 
Cc 
2 [intoas (cle,, = (only A [enh 57) .r)| 


Therefore, @, V Eng intzeae (Clo 42 (fon: A [enli.7),7). Hence, x54 is not r-d£-cluster point 


of an V En, by (g), QC1®, (anVensr) (VY) < 5,5 C1 anvenn UV) > t and FCI. (anvensr) Y) >k. It is a 


contradiction for Eq. (17), and hence, Cre, GV ent) = elien Hea?) V CLE, seit), 

Meanwhile, a, V & > @, and a» V &) > En. Hence Cle (An V Ent) > Ch, (En,7) V 
CIs, < (@n,t). Therefore, CI, - (en, 7) V C125, 2 (@n.t) = C15 ,< (On V ns). 

(k) Since a, < cr, z(Qn,1), we have Cr; z(Qn,1) < Cr, 2(CI5 z(@n,r),r). On the other hand, 


suppose that CI°£.- (a), r) # CI%, . (CEE, (an,r),r). Then there exists v € F and [s€ (0, 1], ¢€[0, 1), 


pore pore TOTS 


k €[0,1)] such that 
Berti amr) (Y) <8 < ope (C1 (cn.0),r) m) 
7 CHE (ant) UperS * cr# (C1 (n.r),r) m) ee) 


Ss ge (a,n(V)>k26 eners (aty,r),r) U) | 


Since Ccrt (om,r) VY) <5 Type fe. > 1 Scie el > k, we have xs; 1s not an r-d£- 


cluster point of a. So, there exists &) € Q,ase(Xs,14,r) Such that a, < [intzaé< (Clige (Cnnol = 
Clzaee (inte... (en,r,r), since, Cleaee (inte 52 (€n,7,7) is r—SVNRIC. Then by Theorem 3(d), 


TOTS 


Cee. (an, 7) < Clease (int? - (En, 1,1). 


(CI. (G_,r),7) < CPE. . (Cleaez (int® 


oad ote rac (Ens"),1)7) = Cleace (nt, (En.1),1)- 


Zoos 


Similarly, C25, 
Hence, 
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Cl 5. (CIE, (Ons), r) < Clyase (int? < (En), r) <Xs7x- It is a contradiction for Eq. (18). 


Theorem 5. Let (F, 129°, £275) be an SVNITS, for r€% and an,én€¢*. Then the following 
properties hold: 


(a) ay is r-SVNPIC iff Clzez(@n,1) = C1552 (Ont), 


(b) ay is r-SVNSIC iff Clae2(@n,1) = CIs 52 (Qn), 
(c) ay is r-SVNolO iff Cl ace (on, 1) = CIE, - (tn, 1) = CI%, : (@n,7). 


pore 


Proof. (a) Let a be an r-SVNPIC. Then on < Clzaez(@n,r), and by Theorem 3 (3) and (4), 
we have 


Clee (Qn,1r) < Cre: (Claes (imt®,,. (Qn,1), r), r) = Clesee (int®,,. (Qn,1), r)< < Clesse (An,1) 


= C522 @n1). 
Conversely, suppose that there exist v € F and [s € (0,l], ¢ € [0,1), k € [0,1)] such 
that Oct (en,r) (v) >s> QCl.6 (an,t) (Y) Fp (ay) (v) <t< Clg (an.r) (VU) and Scrtt inn OP) = k< 
Clg (on) (v). Then xs;,% 1s not r-d-cluster point of a,. So, there exists &) € Q,ae2(Xs,1K,1), 
with a, < [en]© Since x,;, is r-d£-cluster point of a@,, for &, € Q,aae(Xs14.1), We have 
int zae< (ole (En,1),1)gGan. Since, 
intzace (C193. (En; r)st ’ r)< = intzace (C12,;. (fon) SP) .r) 9 
we obtain, a, > [int zase (Clo5¢(En."), OI = > [intzase (CIS; 2 onl’, r), n° = Clase (int$,;- (Con), r),1). 
Hence, a, is not r-SVNIC set. 
(b) Let a, is an r-SVNSIC set. Then, ay, < inte 52 (Cleasz((an]°.r),1) andr? (Cls (fan, )]° = 


r, ? (Clee ({an.r)|° <7, t$ ((Clzz({an, r)|° <r. By Theorem 4(d), we have C12. -(ap,r) < Cl: z0e¢ (On, 1), 


Tose 
Conversely, suppose that there exist a, € cF yp Eo,UE F and [s € (0, 1],¢ € [0,1), & € [0,1] 
such that Cc1?® (ay,r) (v)>t> QCl.5 (an, A (), O cys inp) = tS Clg (on,r) (VU) and crt Gani < 
t< SClez (on) (v). Then [Clzaee (an, r]°) = intzoee (aie r) € O, 062 (Xs,4,4.7) Since Xs14 18 r-O£-cluster 
point of a@,, we have CIE, 5 < Gntzaa2 Con]? ,1),r)qan. It implies a, re [C Lose (intzae<e ([an]°.r),r)]° = 


inteie2(C lee< (Qn, r),1r). Thus, a, is not an r-SVNSIC. 


(c) Similar results are shown in (a) and (b). 
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4 r-5£-Closed and r-6£-Closed 
In this section, we firstly introduce and analyze the r-d£-closed and r-6£-closed of an 


SVNITS(F, 1275, £2°5). Subsequently, we define and analyze the single-valued neutrosophic £- 
regular and the single-valued neutrosophic almost £-regular of F. The findings have resulted in 
many theorems. 


Definition 16. Let (F, 12%*, £255) be an SVNITS. For r€ fp and on,& €¢7. Therefore, 
(a) a, is said to be r-d£-closed ([ay]sg) [resp. r-O£-closed [ayJo¢] iff CL, < (Ons) =a, (resp. 
CI’, 2 (Qn,7) =n). We define 


ie (On, 1) = ”"{En|On < En, En = CU: (En,r)} (19) 
Chm (On, 1) = "{EnlOn < En, En = oe (En,")} (20) 


(b) The complement of r-é£-closed (resp. r-6£-closed) set is called r-5£-open (resp. r-6£-open). 


Theorem 6. Let (F,1°°5,£2°5) be an SVNITS. For re€ fo and ay, € cF . Then the following 
properties are holds: 


(c), Ate, .(on,r)= Cl, (Gn?) 


066 z056 
(d). A®%£..(ay,,r) is r-5£-closed, 
ZOE 
(@% (Qn, r), r), 


zoos 


(e). OF. (Qn,1) = Cle 


zaee 
(f). O52 (Ant) is r-0£-closed, 
(g). (ia (Qn, 1) < Oe (Qn, 1). 


zoos 


Proof. (1) Based on Theorem 4(ij), a < CE*.- (ap, r) = CE*. - (CI. - (an,r),r), which implies 


z056 zoe Ch gee 
AX, ¢ (On?) < CI, < (On, 1). Suppose that AY (n.N) Pa CIs, < (On. 7). Then there exist v €e F 
and [s € (0,1],¢ € [0,1), k €[0,1)] such that O,se fe (Uv) < 5 < Ocyse ei) (VU), Ose nah (v)>t> 
<0 % z0 Nos zo Nes 


cyst iui (v) and CAE (ey pv) >k> SCE (ey pv). Based on Eq. (19), there exist é, € cF and 
goue™ zm er 

An < En = CMe 52 (€n,r) such that Oat (ay. (v) < O¢, (UV) <5 < Ca¥ (om,0) (¥) Ogee (on r) UV) > O¢,(v) > 

i> Oct (o,r) (V) and Save (ost) U) 2 Oen(U) > k > Scat (tn r) U): 


Meanwhile, cr, 2(Qn,1) < cr, :(€n,1) = €n, which is a contradiction. Hence, Ares slag = 
CI=., (tn, 1). 
TOTS ? 
(b) is similar to Theorem 4 (k). 
(c) Let on <[én]i = CI25,- ([enli,r). Therefore, Alen < C1 2 (A Lenin’) < Cre (enn Sle: 
Consequently, Ajer[én]i < Corr (Aierlén|i.r). Hence, OF 2 (ap, 1) = CI (Orie: (an,1),1). 


(d) It is directly obtained from (c). 
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(an,r) < CI, . (0%, (ann. = 


org \~ zoas 


(e) Since ay, < Oe (Ont), by (c) and Eq. (19), Clos, 
OE 5¢ (Ons). 
Definition 17. Let (F, 12*5, £275) be an SVNITS, an, €n €£7, and r€ fp. Then F is called, 
(a) single valued neutrosophic £-regular (SVN£-regular) if for any a, € Ozase(Xs74%,1), there 
T obs 
exists &, € Ozaee(Xs4,k.17) Such that Cl (Ens) Sn, 
(b) single valued neutrosophic almost £-regular (SVNA£-regular), if for any a, € Wes z(Xstko1), 


© 


then there exists e, € ae z(Xs,1,k51) such that Cligs 2 (Ens1) < Qty. 


Theorem 7. Let (F,7275,£2°5) be an SVNITS, an,€n € cF and r € fg. Then the following 
statements are equivalent: 


(a) (F, 127%, £2°5) is called SVNE-regular, 
(b) For each xs14% € Pork (#) and am € Q,ose (Xs,r,4.1), there exists e, € ae = (Xs,1k.7) such 
(€n,1) < intzaee (Clo, (Qn, 1), r) : 


(c) For each xs¢4 € Ps ik (#) and each ap € Q,sse (Xs14.1), there exists &n € O06 (Xs.1.451) 


that C12 


qoos 


such that Cl 52 (En.1) < Mtzas¢ Ce (Qn.1), r) , 

(d) For each xs 7% € Psik(F) and 1r-SVNRIC set wy € cF with Xs1% ¢ @n, there exists & € 
Q062(Xs,t,k.7) and a, is r-SVNx-open set such that w, <a, and Clos zn, r)GCl, z (Ens), 

(e) For each x51% € Pstk (#) and r-SVNRIC set w, € ¢7 with Xk ¢ Wn, there exists &, € 
O08¢ (Xs,24.1) and ay is r-SVNx-open set such that w, <a, and Cl = (Ens) Gon, 

(f) For each r-SVNRIO set a, €¢€7 with w,ga,, there exists r-SVNRIO set e, € 7 such that 
Ongen < Wee (En, 1) < On. 

(g) For each r-SVNRIC set ay € cF with wy , Qy, there exists r-SVNRIO set e, € cF and is 
r-SVNx-open set 1), € cF such that w@ngén, An <M and engry. 

Proof. The proof of (a)=(b) and (b)=(c) are clear. 

(c)=(a): Xs,tk © PuilF) and a, € Ne (Xs.1,k01). Then, by (c), there exists €, € Q,06¢ (Xs,4,401) 

such that Cl° 


saz (Ent) < intzaee (CI 52 (on,1),7) = Qp. since, &) € Qase(Xs14,7) we have 
; © £ 

Intza6¢ (Clizse (En, 1),1) € Roose (Xs,4,ko1). 

© 


: : © © © 
Moreover, since, wy, = intzae¢ (Clizee (€n1),r) < Clge¢ (En, 1), we have Clgee (Wy, 1) < Cliaee (En,1), 


and hence x5+4q@n < Cl z(@nt) S Clos (Ens!) <Q Where wy € De z(%s,t,ko1)- 
(c)=>(d): Let w, be an r-SVNRIC set in F and x,€ Pyik(F ) with x5 74 ¢ @p. Then x5 + ¢q[@n]° 
and [a,]° « Kt (Xsnko1) C O,aee(Xs,4k.1). By (c), there exists mp € O,ae2(X5,1,4,7) such that 


oas 


C12,5¢ (tn) < int gees (az. ([con] 7), r) =i: 


998 


Florentin Smarandache (author and editor) Collected Papers, IX 


Next, x5 -,4qintzas¢ (ee (Tn); r), then intza6< (cIo,, (n,1),1) € O.06¢ (Xstks)s and hence 


TOaS TO5¢ 
by hypothesis, there exists €, € Q,as2(X%s,74,1) such that cle. sb6 se (EnV) < intzase (cle. sba6 (%n,1),r). Then, 


On < [C12 fae Tnst), NI. Put om = [CIo..-(,,1r),1)]° then a, is r-SVNxO set. Hence 


ZOa¢ 
CI9.52 nr) <[intzeas (CIs: Gtnr).1)] [C152 en”). 
Therefore, Cle (Ens r)qcl? 5856 (Qty, 1). 
(d)>(e): It is trivial. 
(e)=(f): Suppose that a, is an r-SVNRIO set with @ngan, then wy £ [an]°. Hence there exists 
Xs € Py it(F) such that x, ;4 € @, and wy £ [an] where [a,]° is r-SVNRIC set. By (e), there 
exists En € Qrase(Xs4k.17) and my € tF is r-SVNxO set such that [a,]° <2, and Cle (En, 1)GIn. 


From én € Q,ase(Xs,i451) we have X57 4Gen < iMtzes¢ (Clo5¢(En1),). 


By setting [en]; = intzac< (CI... -(En, 17), 1), we have anglén|t and [en], is r-SVNRIO set such that 


GOTS 


Ond len] < = Cla ([enh > r) < Cle (En,1) < 1- Ty San 


(f)>(g): Let a, be an r-SVNRIC set ay € cF with w, Zz dy. Therefore, w,g[a,]° and hence 
by, then there exists an r-SVNRIO set &) € cF such that @y,gén < Cl z(En,1) <[an]°. Then, & is 
an r-SVNRIO set and [CI°,.-(en,r)]° is an r-SVNxO set such that wpgéen, ay <[CI2,.-(en,r)]° and 


FOaS qos 
Engl Clos (En, 1) ]°. 
(g)=(a): Let an € eo 2(Xs2k1) Then x54 £[an]° and [a,]° is an r-SVNRIC set. By (g), there 


exist r-SVNRIO set &y € cF and it is r-SVNxO set my, € CF such that xs %g&n, [on]© < a and 
Engin. Then, &n € ies Osa: Since, 2, is r-SVN«O set, Cis 2(€n,1)Gmn. Therefore, X549En < 


CI... (En.r) < [7n]6 <n. Hence (F, 1975, £275) is SVNE£-regular. 


OTS 


Theorem 8. Let (F,17275,£2°5) be an SVNITS, ap € cF and r € ¢. Then the following 
statements are equivalent: 

(a) (F, 1975, £2°5) is called SVN£-regular, 

(b) For each xs, 4 € Prtx(F), An € oie with t® ([a]°) 2Y, 0? (fan]°) ag ee t§ ({orn]°) <7, 
and Xs 1% ¢ Mn, there exists &, € c* with ¢, is r-SVNxO such that Xstnk € Clese(En,r) and 
An < En, 

(c) For each Xs.tk & Psik(F), An € Ge with 78 ({an]°) =T, c? (fon] <1—-r, t§ ({an]°) ce aa e 
and X54 ¢ Qn, there exists, &€, € Q,a6e(Xs,14,7) and my € cF with zt, is r-SVNxO such that 
Oy <p, and EnQItn, 

(d) For each an, an €¢7 with t&((ap]°) =r, T° (on]®) < 1—r, 15 (an]®) < 1—r, and wy £ om, then 
there exists & € Q,ase(Xs14,7) and €p,7n € cF with 18(e,) > 1,07 (en) <1 —r, 18 (en) <1 —9 
and zy, is r-SVNxO sets such that @ygén, An < My and engGrp. 
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Proof. Similar to the proof of Theorem 7. 


Theorem 9. An SVNITS (F, 1275, £275) is SVNAé£-regular iff for each a, € cF and re 


ay Cie. (Qn,1) = Ci: (Qn,1). 
Proof. From Theorem 4(i), we only show that cr, 2(Qn,r) = Ci, 2(Qp,1). 


Suppose that Cle (an,r) Z Cie 2 (a»,r). Then there exist ue F and [se (0, 1],te[0,1), ke 
[0, 1)] such that 
Oca (eyr) UY) <8 < Acres (ayn) U) 
F Cp (apr) V) > E> F Cp (ay) (Y) (21) 


SCH (ay) (Y) > > Sc7%* (a) 


Because O¢)5¢ )(v) < 5, Ocyse om py) > t, Scot i pv) >k, and x,;, 1s not an r-d£-cluster 
70 zoe aon oe 


(Qn, 
point of a». So, there exists &) € Qzase(Xs,14,7) with ay < [int 362 (ClQ52(€n.r), 7] Since é€, € 
© _2(éy,F).7) € ie (Xs.,41). By SVNA£-regularity of F, there 


Tose 
Fone (OnsT),1) S intzaas (Cloi52(En,7),7). Thus, 


Ozaee(Xs.1k,7) we have intzgse (Cl 
existS Wy € Dee z(%s,1,4,1) Such that Cl 
Cc (& 
An < [int ees (Glas. (€n,1), r)| < [gee (on,7)] = into 52 (ona) ; 
and t2(wy) > r,t? (wn) < 1 — r,tS(@_) < 1 — +r. By Theorem 4(d), Ocyve ws (Vv) < Ofw, je (Vv) < 
70 n 
S, Oops ey) > Ofo,je(v) > t and Sct we? > Cfo, (v) > k. It is a contradiction for Eq. (21). 
£ 


Toss 
Cp any) U)>S > Clary (Y) = cp" dagen UY) and kK < Say (Y) = Sczst Ganyn Y)- Since, 


Conversely, let a € Rr552(%s,1,k5") C Ozeee(Xs,r,4). Then by Theorem 4(h), s > Ofa,j(v) = 


CIs, (anl’.) = C15, < (an)’.7), Xs. iS not an r-6J-cluster point of [a,]°. Then there exists 
En © Ozaee(Xs4,k,7) Such that [an|°GCl?. (€n,r) implies Cle 


Zoos 


and by Theorem 7(c), (F,, 1875 £275) is SV NAE£-regular. 


(En,1) < On = intzaae (CIE, 2 (@n.1),.1) 


Theorem 10. An SVNITS(F, 12%°, £295) is SVNA£-regular iff for each r-SVNRIC set on € 67 
and €o, Ci (an, 1) = On. 


Proof. The proof is similar to Theorem 9; additionally, r-SVNRIC set is r-d£-closed. 


Conversely, let a, be any r-FRIC set with x; ¢ a,. Then, x; ¢ Cr, z(@,r) and hence, x; is not 
eg 2(€n,1). Thus, 
An < [Cee (En, 1)|* = @, and w, is r-SVNxO implies ong a5 2 (€n,r). Hence, by Theorem 4(e), 


(F, 1275, £275) is SVNAf-regular. 


r-O£-cluster point of a, so, there there exists én € Q,ase(Xs,r4,17) such that an,gC 


Lemma 1. If ay,,é, € cF , r€ fq such that a,ge, where e, is r-d£-open, then cr, z(Qns1)GEn- 
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Proof. Let ange, where é, is r-d£-open. Then, a, < [en]° = cre ({én]°, by Theorem 4(k), 


ZOTS 
CLE, 2 (Gn, 1) = CI. (CUE (eal, = CL, Cen) = lel’. Hence, CIs, .(A4, 7) gen. 


Lemma 2. Let (F, 129°, £275) be an SVNITS and om €¢% is 5£-open iff for each Xxtk € 
O62 (X5,14,1) With X574GOn, there exists r-SVNRIO set &, € cF such that x. 44G&n < Qn. 


Proof. Let xx1% € Psik(F) with xy44q% Then x4 ¢ an]°. Since a, is an r-d£-open set, 
Xx ek ¢ [an]® = Cre. e([an]°,r). Thus, xx,% is not r-d£-cluster point of [a,]°. So, there exists @y € 
O62 (X5,14,7) such that [an]~GCleas< (cle (@n,r),1). Put én = intzaez (Clee 


i Zoe 


r-SVNRIO set with xy149En < On. 
Conversely, let [a,]° 4 CI* 


zoos 


(@n,1),1), SO, En iS an 


({a,]°,r), then there exist v€ F and s,t,k € fp such that 


Qlanje (V) <5 < Ocyst (arn]er) Y) 
SF larn|e (v)>t> o cyst ({oenl’.r) (v) (22) 


Stan (Y) > > S cpt (agle) Y)- 


Because of x x74@On, then there exists an r-SVNRIO set €, such that xy 74G&n < My. This 
implies [ay]° < [€n]” = Clzase (inte, e(lén]",1), 17). By Theorem 3(d), we have Ccrt (orn].0) (V) O<(fe,y) (V) < 
8, FCP (an}e.r) (VU) <(fe,p) (VU) > t and SCH (ar) U)S< Cen) (VY) > k. It is a contradiction for 


Eq. (22). Hence, [on] = CI 52 ([an]°, 7), 1.€., @, is an r-d£-open set. 


Lemma 3. If 12 (on) > 1, t° (@n) < 1—r,t (an) <1 —r, then Clasz(an,r) = C15; < (Ons). 

Proof. Follows easily by virtue of Theorem 4. 

Theorem 11. Let (F, 12°5,£2°5) be an SVNITS. Then the following statements are equiva- 
lent: 

(a) (F, 1875, £2°5) is SVNAE£-regular, 

(b) For each r—65£-open set a, €¢7 and each Xxtk € Pyik(F) with x;;4qA, there exists r-d£- 


© 


open set ¢, €¢7 such that x.14G€n < Clijee (Ens?) < On. 


Proof. (a)=>(b): Let a, be r-fuzzy 6Z-open set such each x5 ;4Gan. Then by Lemma 3, there 


exists an r-SVNRIO set my € cF such that x5 ¢497n <n. By SVNA£-regularity of X, there exists 
an r-FRIO set €, (which is also r-d£-open such that x5 74Gén < Cle e(EnsT) Sn Sp. 


Therefore, (b) (a) is clear. 
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5 Single Valued Neutrosophic 6£-Connected 


The aim of this section is to introduce the r-single-valued neutrosophic 6£-separated and 
r-single-valued neutrosophic 5£-separated. Moreover, we introduce r-single-valued neutrosophic 
6£-connected and r-single valued neutrosophic 5£-connected related to the r-single valued neutro- 
sophic operator 6 and 6 defined on the set F. 


Definition 18. Let (F,, 1875, £055) be an SVNITS. For reé fo and ay, €, € CF, Then, 


(a) Two non-null SVNSs ay, én € cF are said to be r-single-valued neutrosophic 6£-separated 
if onglenleg and endglonos. 


(b) Two non-null SVNSs ay, &y € cF are said to be r-single-valued neutrosophic 5£-separated 
if anglen|se and Englon|oe, 


Remark 2. For any two non-null SVNSsap, éy € cF , and by Eq. (8). The following implications 
hold: r-single-valued neutrosophic 9£-separated => r-single-valued neutrosophic 5f£-separated => r- 
single-valued neutrosophic separated. 


The following example shows that the concept of r-single-valued neutrosophic 5£-separated is 
weaker than that of r-single-valued neutrosophic 6£-separated. 


Example 3. Let F = {a,b,c} be a set. Define [en]1,[en]2 € cF as follows: 
[en], = (d, 1,0), (dl, 1,0), a, 1,0)) 3 [En]o = ((0, 0, 1), (0,0, 1), (0, 0, 1)) : 


We define an SVNITS(r2°5, £275) on F as follows: for each a, € cF : 


(1, if &m =0, 

1, if on =1, 

I . i 
Pugen ge Y Sail Fa=|" — 

| (9: otherwise, 

5? if &=[En)o, 


0, otherwise, 


0, if a=0, 
0, if a=1, 
if & =[En]] » £3 ee 0, if dn =1, 


; 2 
T° (Qn) = ca 
\ 1, otherwise, 

a 


> if Xn — lenh > 


1, otherwise 
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0, if an = 0, 

0, if ay = 0, 

De. - 
zs (Qn) = 5 if ay = len) ’ ra (cn) = {° if An 1, 

1 rf 1, otherwise. 

5? if an = leno ‘5 


1, otherwise, 
Therefore, we obtain 
0, if am =0,r € bo, 


>: 


1 
Es, if Qn <[En]) 7 < gon he 
CHE (G37) = 


WIN NI Re 


1 
Ei, if On <leh rs 3.l-re 


5) 


0, otherwise. 


Ifr< i and 1—r> 3, then [e,]5 and [é,]2 are not r-single-valued neutrosophic 0£-separated for 


rs 5 and 1—r> z. ihr S ; and 1—r< ‘, we have [éy]5 and [e,]2 are r-single-valued neutrosophic 
separated. 


Theorem 12. Let (F, 127°, £25) be an SVNITS. For r€% and on,&, €¢7. 


(a) If a, and é, are single-valued neutrosophic 6£-separated, and [ay]),[en]1 € ¢7 such that 
[enli <Qn[Enl) < én, then [@,]; and [e,]; are also single-valued neutrosophic 6£-separated, 

(b) If a,gée, either both are r-6£-open or r-d£-closed, then a, and eé, are single-valued 
neutrosophic 6£-separated, 

(c) If a, and e, either both are r-6f£-open or r-d£-closed and if [@y]j =an A [en|© and w2 = 
En Q[an]®, then [w,]; and [w,]; are single-valued neutrosophic 6£-separated. 


Proof. (a) Since [an]; < a, we have [[an]ileg < [enlog. Then, &, < [anlog > [enhi < loenlog > 
[ent < [[onilog. Similarly [on)}i < [[enlilog. Hence [a]; and [e,]; are single-valued neutrosophic 
0£-separated. 

(b) When a, and ¢, are r-d£-closed, then a = [ap]g¢ and én =[Enlog. Since angen we have 
[enloegen and [enloggon. 

When a, and é€, are r-0£-open, [a,]° and [é,]© are r-0£-closed. Then angen > ay < [En]~ > 
fonloe < [len] lee =lenl® = [onleegen. Similarly, [enloeGoan. Hence a, and ¢, are single-valued neutro- 
sophic 6£-separated. 

(c) When a» and é, are r-6£-open, [a,]° and [e,]° are r-6£-closed. Since [wy]i < [En]*, [[enlilos < 


[[en]“log =[En]® and so [[on|ilosgen. Thus [on)2g[[onhilog. Similarly, [n]1q[[@n]2leg. Hence [nj and 
[wn]; are single-valued neutrosophic 6£-separated. 
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When a, and ¢é, are r-6£-closed, a, =[apnlog and &, = [enleg. Since [my] <[en]®, [enlosglonh 
and hence [[@,]2]e¢g[@n]1. Similarly, [[@n]ilosgi@njz. Hence [w,]; and [@,]; are single-valued neutro- 
sophic 6£-separated. 


Theorem 13. Two non-null a, é; € cF are single-valued neutrosophic 0£-separated if and only 
if there exist two r-O£-open sets w, and 2, such that a, <@pn, €n <n, AngHn and €,Gan. 


Proof. Let a, and ¢, be single-valued neutrosophic 6£-separated. Putting 2, = [[an]o¢g]® and 
@n=[[enlog]®, then w, and mz, are r-6£-open such that a, <@pn, En) <n, AnGHn and EnGan. 


Conversely, let w, and a, be r-6£-open sets such that ay < @yn, &) <n, AnGHy and &ngGan. 
Since [z,]° and [w,]° are r-0£-closed, we have [anlog < [7n]° < [En] and [enor < [@n]* < [an]°. Thus 
[enlozgen and [enloggan. Hence a, and ¢é, are single-valued neutrosophic 6£-separated. 

Definition 19. An SVNS which cannot be expressed as the union of two single-valued 


neutrosophic 6£-separated is said to be single-valued neutrosophic 6£-connected. 


Definition 20. An SVNS a, in a SVNITS (F,12°5, £275) is said to be single-valued neutro- 
sophic d5£-connected if a, cannot be expressed as the union of two single-valued neutrosophic 
d5£-separated. 


For an SVNS ay in a SVNITS(F, 12°5, £275), the following implications hold: single-valued 
neutrosophic connected = single-valued neutrosophic 5£-connected = single-valued neutrosophic 
6£-connected. If t8(a,) > 1, t° (Qn) < 1—1r, tS (ay) < 1—r, then these three properties are equivalent. 


_ Theorem 14. Let a, be a non-null single-valued neutrosophic @£-connected in a SVNITS 
(F, t°°S, £2°S). If a, is contained in the union of two single-valued neutrosophic 0£-separated ¢, 
and @,, then exactly one of the following conditions (a) or (b) holds: 


(a) ay <&, and a,N@, = 0, 
(b) ay <@y and ay, Ney, =0. 


Proof. We first note that when ay, @, = 0, then a, < &y, SINCE Ay < €, Uy. Similarly, when 
An En =0, we have ay < wy. Since ay < E, U@p, both a, e,=0 and a, Ma, =0 cannot hold 
simultaneously. Again, if a, é, 40 and a, N@, 40, then, by Theorem 12 (1), a, N@, and a,Neép 
are single-valued neutrosophic 6£-separated such that a, = (@nM én) U (an Nan), contradicting the 
single-valued neutrosophic 6£-connectedness of a@,. Hence, exactly one of the conditions (1) or (2) 
above must hold. 


Theorem 15. Let {[apJ]j|j ¢ J} be a collection of single-valued neutrosophic 6£-connected in 


(F, 12S, £255), If there exists i€ J such that [ay]; [an]: 40 for each je J, then on = U{fan] |i ¢ J} 
is single-valued neutrosophic 6£-connected. 


Proof. Suppose that a, is not single-valued neutrosophic 6£-connected. Then there exist single- 
valued neutrosophic @£-separated ¢, and w, such that a = &M@,. By Theorem 14, we have 
either (a) [an]; < én with [on]; 1@_,=0 or (b) [an]; < @q with [ay]; &, =0 for each j € J. Similarly, 


either (a’)[on]; < én with [an]; @, =0 or (b’)[an]i < On with [on];N en, =0 for each ic J . We may 
assume, without loss of generality, that [a,]; is non-null for each j ¢ J, and hence exactly one of 
the conditions (a) and (b), and exactly one of (a’) and (b’) will hold. 


Since [an]; [en]; #0 for each j €J, the conditions (a) and (b’) cannot happen, and similarly 
(b) and (1’) cannot hold simultaneously. If (a) and (a’) hold, then [ay]; < én with [an]jN on —0. 
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Then ay < € with an 1 an = 0 and thus w, =0 a contradiction. Similarly, if (b) and (b’) hold, 
then we have ¢, =0 again a contradiction. 


Lemma 4. An SVNITS(F, 12°5, £275) is SVNAf-regular iff [a,]s¢ =[anJog for every ay € cF, 
Proof. Obvious. 
Theorem 16. Let (F,12%°,£2%%) be an SVNITS, on € C7, re fo. If (F,12%%, £255) is 


SVNA£-regular and a, is single-valued neutrosophic 6£-connected set, then a, is single-valued 
neutrosophic 6£-connected set. 


Proof. Follows easily by virtue of Lemma 4. 


Corollary 1. For a om € ¢* of SVNA£-regular space (F, 129%, £295), the following are 
equivalent: 


(a) a, is r-single-valued neutrosophic connected, 
(b) a, is r-single-valued neutrosophic é£-connected, 
(c) @, is r-single-valued neutrosophic 6£-connected. 


Proof. Follows easily by virtue of Theorem 16. 


6 Conclusion 


The neutrosophic set theory has been established and applied extensively to many problems 
involving uncertainties. Herein, we provided clear definitions of single-valued neutrosophic opera- 


tors CI%5,- and CI25,- created from an SVNI topological space (F GOES LOTS ) and we established 


that CI 


oF ee (Ant) = Clea (On,r) when £275 = £5°°. In addition, we presented the idea of r-single- 
valued neutrosophic @£-connectedness based on a single-valued neutrosophic ideal £275 which has 
kindred with a preceding r-single-valued neutrosophic connectedness and the relationships among 
them are inspected. Moreover, we introduced an r-single-valued neutrosophic éd£-connectedness 
connected to a single-valued neutrosophic 6 on the set F and analyzed some of their properties. 
This study not only provides a hypothetical basis for additional requests in neutrosophic topology, 


but also for the expansion of other methodical aspects. 
Discussion for further works: 
The current concept can be extended by 


e Investigating neutrosophic metric topological spaces; oe teas 
e Investigating the products of connected and Hausdorff spaces for (F, 17°°5,£9°°5). 
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